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ABSTRACT

In this thesis, we examine stability and Lipschitz stability concepts for set-valued dif-
ferential equations, particularly focusing on systems affected by initial time differences
(ITD) and perturbations in the spatial variable. Set-valued systems provide a natural
framework for modeling uncertainty, and understanding their long-term behavior re-
quires strong theoretical foundations. Lyapunov’s second method has been used as a
key analytical tool to study stability without the need for explicit solutions.

Classical stability concepts are extended to the context of set-valued differential equa-
tions, and new stability definitions based on ITD are introduced. Lyapunov-like func-
tions are used to derive several results, and a unified stability concept based on two
measures is proposed, which integrates existing stability notions. Furthermore, nonlin-
ear variation of parameters theory is extended to account for initial time differences.

Our findings demonstrate that a set-valued differential equation can be stable without
necessarily being Lipschitz stable, but if it is Lipschitz stable, it must also be stable.
This highlights that Lipschitz stability imposes stricter conditions than classical stabil-
ity. The results contribute to the development of a more generalized framework for
stability analysis, with potential applications in control theory, nonlinear systems, and
applied mathematics, where stability plays a central role.

Keywords: Set-Valued Differential Equations, Stability, Lipschitz Stability, Ini-
tial Time Difference, Lyapunov Functions, Variation Of Parameters, Nonlinear
Systems.
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OZET

Bu tezde, kiime degerli diferansiyel denklemleri i¢in stabilite ve Lipschitz kararlilik in-
celenmistir. Ozellikle, baslangigc zaman farklar1 (ITD) ve mekansal degiskenlere bagl
bozulmalarla etkilenen sistemler iizerinde durulmustur. Kiime-degerli sistemler, belir-
sizlikleri dogal bir sekilde modellemekte olup, uzun vadeli davraniglarinin anlagilmasi
giiclii teorik ¢erceveler gerektirir. Lyapunov’un ikinci yontemi, agik ¢dztimler bulmaya
gerek kalmadan kararlilig1 incelemek i¢in anahtar bir analitik ara¢ olarak kullanilmak-
tadur.

Klasik kararlilik kavramlari, kiime degerli diferansiyel denklemler genisletilmis ve
ITD temelli yeni kararhilik tanimlar1 gelistirilmistir. Lyapunov benzeri fonksiyonlar
kullanilarak ¢esitli sonuglar elde edilmis ve mevcut yaklagimlar: birlestiren iki Olciliye
dayal1 birlesik bir kararlilik kavrami onerilmistir. Ayrica, baslangi¢ zaman farklarini
hesaba katan dogrusal olmayan parametre varyasyonu teorisi detaylandirilmistir.

Bulgularimiz, bir kiime degerli diferansiyel denklemin Lipschitz kararli olup olmadan
kararli olabilecegini, ancak tersinin her zaman gecerli olmadigin1 géstermektedir; yani,
Lipschitz kararlilik, klasik kararlilig1 zorunlu kilar. Bu durum, Lipschitz kararliligin
daha kisitlayici bir kriter oldugunu ortaya koymaktadir. Bu gore, kararliligin merkezi
bir rol oynadig1 kontrol teorisi, dogrusal olmayan sistemler ve uygulamali matematik
gibi alanlarda potansiyel uygulamalara olanak tanimaktadir.

Anahtar Kelimeler: Kiime-Degerli Diferansiyel Denklemler, Kararhhk, Lips-
chitz Kararhhk, Baslangi¢c Zaman Farki, Lyapunov Fonksiyonlari, Parametrelerin
Degisimi, Dogrusal Olmayan Sistemler.
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LIST OF SYMBOLS VE ABBREVIATIONS

R : Real Numbers.

K(R™) : Nonempty compact subsets of n dimesional real space.

C(R™) : Nonempty closed subsets of n dimesional real space.

Ke(R™) : Nonempty compact convex subsets of nth dimesional real space.
Ik . Integral.

lim :  Limit.

dy(B,A) : Hausdorff metric of B from A.

D(A,B) : Hausdorff distance between A and B.

DyU(t) : The Hukuhara derivative.

U(t) : Compact and convex set-valued function that changes over time.
Se(A) : {z €eR":d(x,A) <€} (open ball)

d(xz,F(.)) : T — Rismeasurable for each z € R".

0 . The zero element of the space of K (IR"), i.e., the singleton {0}.
iff : if and only if.

ITD :  Initial Time Difference.

VEq : Variation Equation.

VPs : Variation of Parameters.

SDE :  Set Differential Equations.

LS : Lipschitz Stability.

ITDLS :Initial Time Difference Lipschitz Stability.
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1. INTRODUCTION

Set-valued differential equations (SDEs) offer a powerful framework for modeling un-
certainty in dynamic systems where the solution is naturally expressed as a set. These
equations have found applications in various fields such as thermal analysis, signal pro-
cessing, optics, and system control. Theoretical developments by researchers such as
Lakshmikantham [22], [1], [23] and C. Yakar [24], [2] have significantly advanced the
understanding of existence, uniqueness, and extremal solutions for SDEs in settings

such as quasi-linear and Hausdorff spaces [3].

Stability plays a crucial role in the analysis of these equations. Classical stability the-
ory, particularly the use of Lyapunov-like functions, has been extended to set-valued
frameworks to evaluate the robustness of systems under perturbations [25], [26], [27].
A special focus has been given to systems with initial time differences (ITD), which
require generalized comparison principles and methods such as nonlinear variation of

parameters [4], [5].

This thesis investigates both classical and Lipschitz stability properties of SDEs, with
a focus on systems influenced by ITD. The concept of Lipschitz stability is studied as
a stronger condition that implies stability, although the reverse does not hold in general
[6, 5]. By constructing specific set-valued differential systems, we demonstrate this
asymmetry, and we develop related criteria using Lyapunov-like functions and ITD-

based analysis.

The thesis is structured as follows: we begin with preliminary definitions and theoret-
ical foundations, followed by classical and set-valued notions of stability. Then, we
introduce ITD comparison techniques and develop a generalized variation of parame-
ters method. Finally, Lipschitz stability is defined and analyzed within the context of
set-valued systems. This study contributes to the literature by clarifying the relation-
ship between classical and Lipschitz stability and by enhancing the theory of stability

in set-valued differential systems.



2. BASIC DEFINITIONS

In this chapter, we introduce essential notions from set calculus and set-valued differ-

ential equations, which are foundational for the subsequent analysis.

We begin by discussing key concepts and preliminary results needed to explore differ-
ential systems involving sets. The Hukuhara difference is defined, and the conditions
under which its corresponding derivative exists are analyzed in detail. Additionally,
we consider the differentiability of set-valued functions in the context of the Bochner
integral, which is central to describing integrability and constructing solutions in this

setting.

The metric space (K¢ (R"), D), where K (R™) stands for the family of all nonempty
compact convex subsets of R” endowed with the Hausdorff metric D, is also introduced.
This space is known to be complete and serves as a suitable framework for investigating

the behavior and stability of set-valued differential inclusions.

These foundational definitions and structures are crucial for the formulation and study
of systems whose solutions are not single-valued but rather lie within set spaces. The
theoretical background provided in this section builds upon classical references in the
literature on differential inclusions and set-valued analysis [20, 28]. For more recent

developments regarding the Hukuhara derivative, see for instance [7].

2.1. Preliminaries

Let A, B C R" be nonempty sets, and let 4 € R. The Minkowski addition and scalar

multiplication of these sets are defined as follows:
A+B={a+b:ac Abe B}, puA={pa:ac A}
A set A C R" is said to be convex if for any a1, a; € Aand A € |0, 1], the combination
a= a1+ (1 —Nay

also belongs to A.



We consider the following collections of subsets of R™:
C(R") ={A C R": Ais nonempty and closed},
K(R™) ={A C R": A is nonempty and compact},
Ke(R™) = {A € K(R") : A is convex}.
Ifo, 5 € Rand XY, Z € Ko(R™), then

X + 0 = 0+ X where 0 is the zero element of R™ treated as singleton
X+YV)+Z=X+Y+2),
X+Y=Y+X,
X+7Z=Y+Zimplies X =Y,
a(X+Y)=aX+aY,
a(pX) = (af)X,

1X =X.
If a, 8 > 0, then we have the equality (« + )X = aX + 8X.

The set Ko (R™), consisting of all nonempty, compact, convex subsets of R™, and
A, B,C € K¢(R™); forms a complete metric space when equipped with the Hausdorff

metric D, defined as:

D[A, B] = max {sup d(z, A), sup d(y, B)} ,

reB yeA
where d(z, A) = inf{||z — y| : y € A}

This metric satisfies the following properties for all A, B,C' € Ko(R™) and p € R, :

DIA,B] =0 < A= B,
D|A, B] = D|B, A],
D[A+ C,B+ C] = D|[A, B], 2.1)
D[uA, pB] = pDI[A, B,
D[A, B] < D[A,C] + DIC, B).

3



Given A, B € K¢ (R™), if there exists C' € K (R™) such that A = B + C, then C'is
called the Hukuhara difference of A and B, denoted A — B.

A mapping F' : Q@ — K¢(R") is said to possess a Hukuhara derivative Dy F'(t) at
t € Q if both limits

i FOER ZF(@) ()~ Pt h)
h—0t+ h h—07+ h

exist in the metric space (Ko (R™), D) and are equal. In this case, Dy F(t) € Ko (R™).
The derivative satisfies linearity properties:

Dy(F + G)(t) = DyF(t) + DuG(t), Dyu(kF)(t) = kDyF(t), &€ R.

If F' is Hukuhara differentiable, then the function ¢ +— Diam(F'(¢)) is nondecreasing

on (2. Note that the converse is not necessarily true.

By embedding the space K- (R™) as a cone in an appropriate Banach space, and em-
ploying results related to the Bochner integral, one can establish the differentiability of
certain set-valued functions. Suppose a function F' : 2 — K (R") can be expressed

as
t
F@:%+/®@@,
0
where Uy € K¢(R™) and ® are Bochner integrable. Then F is Hukuhara differentiable

almost everywhere and satisfies

DyF(t) = ®(t), ae.onf.

The Hukuhara integral of a set-valued function F' : Q@ — Kg(R") over a compact

domain €2 C R, is defined as
/ F(s)ds = {/ f(s)ds : f is a continuous selector ofF} :
Q Q

If I and GG are integrable set-valued functions and A € R, the following properties
hold:

AW+GWM$iLMQ®+AG@M&
QAMDQM%:AAF@M&
D[F(-),G(")] : @ — R, is integrable,

DUQF()ds,/QG ds] /D )] ds.

4



Moreover, for any a < ¢ < b, the additivity of the integral holds:

/abF(s)czs:[F(s>ds+/cbp<s)ds.

Using the Hausdorff metric, for any set A € Ko (R™), we define the norm by

DIA, 0] = [|A[] = sup [|a],

a€cA
where 0 denotes the singleton containing the vector in R”.

Let F': 2 — Ko (R™) be a continuous mapping. Then the function

G =Gi) + [ FQac

to

is Hukuhara differentiable on €2, and we have Dy G(t) = F(t) for all t € .

Furthermore, if F' is Hukuhara differentiable and its derivative Dy F' is Bochner inte-

grable, then for ¢ € () the fundamental theorem of calculus yields:
t
F(t) - F(t)) = | DuP(O)dc.
to
Let F,G : [0,1] — Ko (R™) be integrable. Then their pointwise distance function
D[F(t),G(t)] : [0,1] = R
is also integrable, and the following inequality holds:

D ( /0 1 F(t)dt, /0 1 G(t) dt) < /0 1D[F(t),c:(t)] dt. 2.2)

These results establish that, under appropriate conditions, the integration and differen-

tiation of set-valued functions are inverse operations in the sense of Hukuhara. [0]



3. BASIC THEORY

This chapter introduces foundational results related to comparison techniques in the
context of set-valued differential equations. These tools play a key role in analyzing

the behavior and stability of such systems.

Our methodology relies on the concept of the Hukuhara derivative, which provides a
natural extension of classical differentiation to set-valued functions. The theoretical
framework is influenced by the seminal work of Lakshmikantham and Leela on differ-
ential inequalities [23], as well as the significant developments made by C. Yakar, who

extended these ideas to multivalued systems [8].

These comparison principles allow for the estimation of solutions and the investigation
of their qualitative features, such as boundedness and stability. Moreover, they form

the basis for more advanced results presented in the subsequent chapters of this thesis.

3.1. Comparison Principles

We consider the initial value problem (IVP) for a set-valued differential equation of the

form:
DyU(t) = F(t,U(t)), Ul(to) =Uy € Ke(R"), to=>0, (3.1)
where the mapping F’ belongs to the space of continuous functions
FeCRy xKe(R"),Ke(R")],

and DyU (t) denotes the Hukuhara derivative of U(t).

Let J = [to, to + o] with a > 0, and assume that U € C[J, K¢ (R")]. Then U is said

to be a solution of (3.1) on the interval J if it satisfies this equation atall ¢ € J.

Since U (t) is continuously differentiable in the sense of Hukuhara, we can express it

as

U(t) =U0+/ DyU(s)ds, teJ. (3.2)

Substituting the expression of Dy U from (3.1) into (3.2), we obtain the equivalent



integral formulation:

Ut)=Uy + /tF(s,U(s)) ds, teJ, (3.3)

to
where the integral is interpreted as the Hukuhara integral.
Thus, a function U solves the differential problem (3.1) if and only if it satisfies the

integral equation (3.3) on the interval .J.

Theorem 3.1.1: Let F' € C' [J x K¢(R™), Ko (R™)], and suppose that for all ¢ € J and
U(t),V(t) € Ko(R™), the following inequality holds:

DIF(t,U(t)), P, V()] < g(t, DU(®),V(1)]), (3.4)
where g € C[J xR, R, ] is nondecreasing in its second argument for each fixed t € J.

Assume further that the scalar differential equation
w' = g(t,w), w(ty) =we >0, (3.5)

has a maximal solution (¢, to, wy) defined on J. Then, for any pair of solutions U (¢), V' (¢)
of the set differential equation (3.1), corresponding to the initial conditions U () = U,

V(to) = Vo, it follows that:
DIU®), V(1)] < r(t, to, wo), forallt e J, (3.6)

provided that D[Uy, V5] < wy.

Proof Let us define m(t) = D[U(t),V(t)], so that m(ty) = D[Up, Vo] < wp. Using
the integral representation of the solutions and the properties of the Hausdorff metric,

we have:
t

m(t) =D [Uo+/tF(3,U(3))d37%+/

to to

F(s,V(s)) ds]
t t
<D [/ F(S,U(s))ds,/ F(S,V(S))d8:| + D[Uy, Vol
to to
By applying the sub-additivity of the Hausdorff metric and the assumption (3.4), it
follows that:

m(t) < mf(to) —l—/t D[F(s,U(s)), F(s,V(s))]ds

< m(to) + / 4(s, DIU(s), V(s)]) ds

to

= m(to) +/ g(s,m(s)) ds.

to



Using the result of the comparison of Theorem 1.9.2 in Lakshmikantham and Leela
[29], we conclude:

m(t) < r(t,to,wp), forallt e J.
0

Remark 1: It is worth noting that if one utilizes the theory of differential inequalities in
place of integral inequalities, the requirement that ¢(¢, w) be monotonic in w as stated
in Theorem 3.1.1 can be removed. This observation forms the basis of the subsequent

comparison result.

Theorem 3.1.2 : Assume that all conditions of Theorem 3.1.1 are satisfied, except the
requirement that g(¢, w) be nondecreasing in w. Then the conclusion (3.6) remains

valid under these relaxed assumptions.

Proof-Let h > 0 be sufficiently small such that the Hukuhara differences
U(t+h)—U(t)and V(t+h) — V(t) exist forall ¢ € J. Define m(t) = D[U(t), V(t)].
Then:

m(t+ h) —m(t) = DUt + h),V(t+ h)] — D[U(t), V(t)].

Applying the properties of the Hausdorff metric D, particularly inequality (2.1) from
[0], we estimate:
D[U(t+ h),V(t+h)] < D[U({t+ h),U(t) + hF(t,U(t))]
+ D[U(t) + hF(t,U(t)),V(t) + hF(t,V(t))]
+ D[V (t) + hE(t,V (1)), V(t + h)].

Now, dividing both sides by h and using the triangle inequality:

mi(t + h})L —m(t) %D[U(t +h),U(t) + hF(t,U(t))]
+ 3 DIVt + 1), V() + hE(E, V(1)
+ 3 DIE(, U(), hE (L V()]



Taking the upper limit as ~ — 0T, we obtain the right derivative estimate:

D*m(t) < limsup % (m(t+ h) —m(t))

h—0Tt
< limsup D [U<t +h) = U F(t, U(t))]
+ limsup D {F(t, V() Vit+ h;i - V(ﬂ

+ D[F(t,U(1)), F (£, V(1))].
To justify this, we note that:

DUt +h),U(t) + hE(t,U(t))] = DIU(t) + Z(t,h),U(t) + hF(t,U(t))]
= D[Z(t,h), hF(t,U(1))]
where Z(t,h) =U(t + h) — U(t).
Now, using the fact that both U and V" are solutions of (3.1), and applying the result of
Theorem 1.4.1 from [29], the desired inequality:
DU, V()] < r(t,to,wp), tE€EJ,

follows. L

The next comparison result provides an estimate under even weaker conditions.

Theorem 3.1.3 : Suppose that F' € C[J x Ko (R"), Ko (R™)], and let the inequality

lim sup 1 [D(U(t) +hF(t,U()), V(L) + hF(t, V(1))

h—0Tt h

~ DU, V)| < gt D), V1))

hold for all ¢ € J, where U,V € K¢(R™) and g € C[J x R, R]. Let r(t,to, wp)
denote the maximal solution of the scalar differential equation (3.5) on J. Then the

conclusion of Theorem 3.1.2, namely the inequality (3.6), still holds.

Proof-We proceed analogously to the argument used in Theorem 3.1.2.



Let m(t) = D[U(t), V (t)]. Then, for sufficiently small ~ > 0, we have:

m(t+h) —m(t) = D[U(t+ h),V(t+ h)] — D[U(t),V(t)]
< D[U(t+ h),U(t) + hF(t,U(t))]
+ D[V (t+h),V(t)+hF(t,V(t))]
+ D[U(t)+ hF(t,U(t)),V(t) + hF(t,V(t))] — D[U(t), V(¢)].

Dividing both sides by 4 > 0 and taking the upper limit as » — 0T, we obtain:

D*m(t) = limsup mt+h) = m(t)
h—0+ h

Then:

D*m(t) < limsup % [D(U() + hE(t,U(t)), V(t) + hE(t,V(t))) — DU(t), V(t))]

+ limsup D (U(t + h})L —U) (1, U(t)))

N V(t+h)—V(t)
7 h ) *

+ limsup D (F(t, V(1))

h—0t

Using the assumption and the fact that U(¢) and V' (¢) satisfy the differential equation

(3.1), we get:

Dm(t) < g(t, D[U(L), V(D)) = g(t,m(t)), teJ.

Applying the comparison theorem (Theorem 1.4.1) from Lakshmikantham and Leela
[29], the result follows. O

Corollary 1: Let F' € C[J x Ko(R™), Ko (R™)], and suppose that at least one of the
following conditions is satisfied:

(i) DIF(t,U(t)),0] < g(t, D[U(t),0]),

(i) lim sup% [D(U(t) + hE(t,U(t),0) — D(U(t),0)| < g(t, D[U(t),0]).

h—0t+

If the initial condition satisfies D[Uy, 0] < wy, then the following estimate holds:

D[U(#),0] < r(t,to,wy), € J,

where r(t, tg, wo) denotes the maximal solution of the scalar differential equation (3.5)

on J.

10



Corollary 2: Consider the function g(¢, w) = A(t)w, where \(¢) is a nonnegative con-
tinuous function. Then, under the assumptions of Theorem 3.1.2, we obtain the differ-

ential inequality:

m(t) < m(to) + /t A(s)m(s)ds, teJ.

to

By applying Gronwall’s inequality, this leads to the estimate:

nlt) < o) o /t:Ms) &), el

which, in terms of the Hausdorff metric, yields:

DIU#), V(#)] < D[Us, Vi) exp </tt)\(s) ds) L ted

Corollary 3: Now consider the case g(t,w) = —\(t)w, where A(¢) > 0 is continuous,

as in Corollary 2. Then, under the setting of Theorem 3.1.3, we obtain:
t
D), V(1) < D[Uo, Vil exp (— [ ) ds) el
to
In particular, if A(f) = A > 0 is a constant, this simplifies to:

D[U(t),V ()] < D[Uy, Vple Mt0) - e J.

Moreover, when J = [tg, 00), it follows that

lim D[U(t), V(£)] = 0,

t—o00

illustrating the asymptotic behavior of solutions and emphasizing the effectiveness of

Theorem 3.1.3.

3.2. Local Existence and Uniqueness

Theorem 3.2.1 : Let the following conditions be satisfied:

())The function F' € C(Ry, Ko (R™)) satisfies the bound D[F(t,U),0] < M,,

where

Ro = J x B(Up,b), B(Uy,b) = {U € Kc(R") : D[U,Uy) < b}.

11



(i)Let g € C(J x [0,2b],R), with g(t,w) < M, ¢(t,0) =0, and w(t) = 0 being

the only solution to
w' =g(t,w), w(ty) =0, te. (3.7)
Moreover, ¢(t,w) is decreasing in w for each fixed ¢ € J.
(i11)The inequality
DIF(t,U(1)), F(t, V(1)) < g(t, DIU(#), V(1)])
holds for all (¢,U(t), V(t)) € R.
Then the sequence defined by successive approximations

t
Upis (£) = U0+/ F(s,Up(s))ds, n=0,1,2,... (3.8)

to

exists and converges uniformly on the interval Jy = [to, ¢ + 1), where
) b
7 = min {a, —} , M = max{M,, M}.
M
The limit function U (t) is the unique solution of the IVP (3.1) on Jj.
Proof.Using induction and the properties of the Hausdorff metric, we first observe:
t
DU (£),Us] < / DF(s, Un(s)),0] ds < Mo(t — to) < Moar < b.
to

This shows that {U,,(¢)} remains within the ball B(Uj,b), and thus the sequence is

well-defined on Jj.

Now define:

t
wolt) = M(t— o), wnpn(t) = / 9(5,1wa(s)) ds.
to
By monotonicity and boundedness of ¢, the sequence {w,, () } is decreasing and bounded
below by . Furthermore, {w,(t)} is equicontinuous and uniformly bounded, and by

Ascoli—Arzela theorem, converges uniformly to a function w(t), which satisfies (3.7).

By assumption (ii), we conclude w(t) = 0 on Jj.

We then verify by induction that:
D[UnJrl(t)a Un<t)] S wn<t)7 Vn € N.
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Let v(t) = D[U,(t), U, (t)] for n < m. Using the recursive definition and Lipschitz-

type condition (iii), we obtain:
Du(t) < g(t,v(t)) + 29(t, war (1))
Letting r,,(¢) solve:
ru(t) = g(t,ra(t)) + 29(t, w1 (1)),  7a(to) =0,
and noting r,,(t) — 0 uniformly since w,,_1(t) — 0, we deduce:
v(t) <rp(t) = 0= U,(t) = U(t)

uniformly on Jy, and U () satisfies (3.1).

For uniqueness, let V() be another solution with the same initial value. Letting m/(t) =

D[U(t),V(t)], and using assumption (iii) and Theorem 3.1.1, we conclude:

m(t) <r(t,to,0) =0=U(t) =V (t) on.Jp.

Lemma 3.1: Let F' € C[J x Ko(R"), Ko (R™)], and define
G@w):nmx{DUNtU@»iﬂ:DKMQJ%]gr}.
Suppose that 7(¢, ¢, 0) is the maximal solution of the scalar initial value problem
w' =G(tw), wty) =0, te.

Let U(t) = U(t, to, Uy) denote the solution of the set-valued differential equation (3.2).

Then, for all ¢ € J, the following estimate holds:
DIU(t), Uy < 7(t, to,0).
Proof.Let us define m(t) = D[U(t), Uy|. By Corollary 1, we know that
Dtm(t) < D[DgU(t),0] = D[F(t,U(t)),0].
Since D[U(t),Uy| = m(t), it follows from the definition of G(¢, ) that
D[F(t,U(1)),0] < max{D[F(t,U(1)),0] : D[U(t), Up] < m(t)} = G(t,m(t)).

13



Therefore, we conclude:

Dtm(t) < G(t,m(t)).

By applying the comparison result from Theorem 1.4.1 in Lakshmikantham and Leela
[29], we obtain:
m(t) = D[U(t),Uo] < 7(t, to,0), te€J,

which completes the proof. [

Theorem 3.2.2 : Suppose that conditions (a), (b), and (c¢) in Theorem 3.2.1 are satis-
fied. Additionally, assume that the solutions w(¢, ty, wy) of the scalar differential equa-
tion (3.5), defined through (%o, wy ), depend continuously on both parameters ¢, and wy.
Then, the corresponding solutions U(t) = U(t,ty, Up) of the set-valued differential

equation (3.1) are continuous with respect to the initial data (¢, U).

ProofLetU(t) = U(t, tyg, Up) and V' (t) = V (¢, ty, Vo) be two solutions of (3.1) with ini-

tial values Uj and Vj, respectively, where Uy, Vj € Ko (R™). Definem(t) = D[U(t), V (t)].

Then, by Theorem 3.1.1, we obtain the estimate:

m(t) < r(t,to, D[Uo, Vo)), t € J.

Since the function (¢, to, wo) is continuous with respect to wy, and D[Uy, Vy] — 0 as

Uy — V, it follows that

lim m(t) < lim T(t, t(), D[UQ, ‘/g]) = T(t,to, 0) =0.

Up—Vo Uo—Wo

Hence, U (t,to, Uy) — V(t,to,Vp) uniformly on J, which proves continuity of the

solution with respect to the initial set Uj.

To establish continuity in the initial time ¢,, let U(t) = U(t,to,Up) and V(t) =
V(t, 10, Vo) be two solutions of (3.1) with 7y > to, and Vy = U(7p), i.e., the value
of the first solution at time 7. Define again m(t) = D[U(t), V(t)]. Then:

m(ro) = D[U(70), V(70)] = D[U(70), Vo] = D[U(70), U(70)] = 0.

Using Lemma 3.1, we obtain:

IN
=3I

m(TQ) (To,to,()),
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and applying Theorem 3.1.1 again, we deduce:

m(t) < r*(t), t> o,
where r*(t) = r*(t, 10, 7(79, to, 0)) is the maximal solution of (3.5) satisfying the point
(70, 7(70, to, 0)).

Due to the continuity of 7, we know that:

lim 77(7'0,150,0) = 0.

T0—1t0
Hence,
T(l)iirgo r*(t, 70, 7(70, t0, 0)) = 7*(t,t0,0) = 0.
uniformly on J.
This implies m(t) — 0 uniformly as 79 — to which proves the continuity of U (¢, to, U)
is continuous with respect to the initial time .

The solution U (¢, ty, Uy) of (3.1) is continuous with respect to both the initial value U,

and the initial time ¢y. The proof is complete.

3.3. Local Existence and Extremal Solutions

Theorem 3.3.1 : Let {U,(t)} be a sequence of set-valued functions defined on an in-
terval J C R, and assume that the sequence is both equicontinuous and uniformly
bounded. Then there exists a subsequence {U,,, (f)} that converges uniformly on J to
a continuous set-valued function U (¢).

It follows from Theorem 3.3.1 that a local solution exists for the initial value problem
(3.1).

Please see the proof of Theorem 3.1.1 in the appendix.

Theorem 3.3.2 : Let F' € C[Ry, K¢ (R™)], where Ry = J x B[Uy, b] and
B[Uy, b = {U € Kc(R") : D[U(t), Up] < b}.

Assume that D[F(t,U(t)),0] < M holds for all (¢,U(t)) € Ry. Then, there exists

at least one solution U(t) to the initial value problem (3.1) defined on the interval

b
a:min{a,ﬂ}, a > 0.

Jo = [to, to + ], where
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Pl"OOfLCt Uo € Ol([tg — (5, to],Kc(Rn)) for some § > 0, satisfying Uo(t()) = UQ,
D[Uy(t),Us) < b, and D[DyUy(t),0] < M.

Fix 0 < € < § and define the sequence {U,(t)} by

Uo, for ¢ € [to — (5, to],
Ul(t) = (3.9)

U + fti F(s,Ucls—¢€))ds, fort € [tg,to+ a].

Letting ; = min{«, €}, and applying the triangle inequality along with properties (2.1)

and (2.2) of the Hausdorff metric from [0], we obtain:
t
D[U.(t),Uy] = D [/ F(s,Uc/s —¢€))ds,0

/D (s,Uc(s —€)),0] ds

Additionally, the function U, (t) satisfies
DHUE(t) < F(t, Ue(t—€>) fort € [to,t0+a1], (310)
which implies that

D[DyU.(t),0] < M. (3.11)

If a; < a, we define oy = min{ay, 2¢} and use (3.9) to extend U, () satisfying (3.10)
and (3.11) on the interval [ty — d,to + o). By continuing this extension process, we

construct an a.e. differentiable function U, (t) satisfying (3.9)—~(3.11) on [to — 0, to + .

Thus, the family {U,(¢)} is equicontinuous and uniformly bounded. By applying The-
orem 3.3.1, there exists a sequence ¢, — 0 as n — oo such that U (t) — U(t)
uniformly on Jy. Passing to the limit term-by-term in the integral form (3.9), we obtain
t
Ut) = Uo—l—/ F(s,U(s))ds, te€ Jy,
to

which implies that U(¢) is a solution of (3.1) on J.

To study the extremal solutions of (3.1), we introduce a partial order in the metric space
(Ke(R™), D). Let K € Ko (R™) denote the collection of all compact convex subsets

whose elements are nonnegative (resp., positive) vectors in R™; that is, for any v € U,
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we have u; > 0 (resp., u; > 0) forall i = 1,...,n. Then K° forms the nonempty

interior of a cone in K (R"), which induces a partial order on this space.
O
Definition 3.3.1 : Let U,V € Ko (R™). If there exists a set Z € Ko (R™) such that

Z € K(K°) and
U=V+7

then we say that U > V (respectively, U > V if Z € K°). Similarly, we define the

relations U < V and U < V in the analogous manner.

Definition 3.3.2 : Let R(t) be a solution to the set-valued differential equation (3.1)
defined on the interval .Jy. The function R(t) is called a maximal solution if it dominates

all other solutions on .J,, that is,
U(t) < R(t), forallte Jy,

for every solution U(t) of (3.1) defined on the same interval.

Similarly, a solution R(t) is said to be minimal solution of (3.1) if the reverse inequality

R(t) <U(t) forallt e Jy

Definition 3.3.3 : A solution p(t) of the set differential equation (3.1), defined on the
interval Jy, 1s called a minimal solution if it is less than or equal to all other solutions

in the sense of the partial order. That is,
U(t) > p(t), forallt e Jp,

for every solution U (t) of (3.1) on Jj.
Theorem 3.3.3 : Suppose the following conditions are satisfied:

(i))The function F € C[R; x Ko(R"), Ko (R™)] is monotone nondecreasing in

its second argument. That is, for all ¢ € R, the inequality U < V implies
F(t,U(t)) < F(t, V(1))

(ii))The functions V, W € C'[R, Ko (R")] satisfy
DV (t) < F(t,V(t)) and DygW(t) > F(t,W(t)), VteR,. (3.12)
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(iii)The initial sets are strictly ordered: V(o) < W (to).

Then the strict inequality
V(t) < W(t), Vt=>t, (3.13)
holds throughout the interval [t(, c0).

ProofDefine t; > to > 0 as the supremum of all 6 > 0 such that V' (¢) < W (¢) holds
on the interval [t(, ). The existence of such a t; follows from the continuity of V' (¢)

and W (t), and the initial condition V' (t5) < W (¢o).
Assume, for contradiction, that V'(¢;) < W (t;). By the monotonicity of F'(t,U) in U
and the assumed differential inequalities, we have:

This chain of inequalities implies V' (t1) < W (t1).

Then, due to the continuity of both functions, there exists some 7 > 0 such that
V(t) <W(t), forallte (t; —n,t1).

This contradicts the definition of ¢; as the supremum. Hence, our assumption must be
false, and the strict inequality V' (¢) < W (t) must hold for all ¢ > ¢,, completing the

proof. ]

Remark 2: It is worth noting that the conclusion of Theorem 3.3.3 remains valid when
the inequality assumptions in (3.12) are modified. In particular, the same result follows

if the inequality
DyV(t) < F(t,V(t)) and DgW(t) > F(t,W(t)), teR, (3.14)

holds, respectively.

Theorem 3.3.4 : Suppose the assumptions of Theorem 3.3.2 are satisfied, and in ad-
dition, assume that F'(t, U(t)) is nondecreasing with respect to U(t) for each ¢ € J.
Then, the initial value problem (3.1) admits both maximal and minimal solutions on

the interval

b
J(] = [to,to + Oéo], where Qp = min {Oz, m} .
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b . .
ProofLet ¢ € K(K°) be such that ||e]| < 3 For each positive integer N, consider the

perturbed initial value problem:

DuU(t) = F(t,U(t)) + % Ulty) = Uy + % (3.15)

Define the modified mapping Fix(¢,U(t)) = F(t,U(t)) + %, which is continuous on

b
the set R. = J x B[Uy, 5], where

B {Uo,g] - {UEKC(R”) : D(U,U(]Jr%) < g}

b .
Observe that D[Fy(t,U(t)),0] < M+ 5 on R.. Therefore, by applying Theorem 3.3.2,
the problem (3.15) admits a solution Uy (t, €) € Ko (R™) on Jp.

Now, for any 0 < €5 < €; < €, we have

UN(to, 62) < UN<t0, 61),

DUy (t,e2) < F(t,Un(t, €2)) + %7

DHUN(t, 61) > F(t, UN(t, 61))+€N2, on JQ.

Thus, by Theorem 3.3.3, we conclude that

Un(t,es) < Un(t,e1), forallt € Jp.

Since the family {Uy (t, €) } is equicontinuous and uniformly bounded on .J, it follows
from Theorem 3.3.1 that there exists a decreasing sequence {N%} — 0 such that the

corresponding solutions converge uniformly. Hence, the limit
R(t) = lim Uy, (t,€) (3.16)
k—oo

exists on .Jy, and clearly R(tq) = Uy. Moreover, since F' is uniformly continuous and
Un, (t,€) — R(t) uniformly, we have
t

t
Un,(t,e) = U0+Ni+/ F(s,Un,(s,€))ds = R(t)= Uo—l—/ F(s, R(s))ds,
k to to

showing that R(¢) satisfies (3.1). Hence, R(¢) is a maximal solution.
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To demonstrate minimality, consider another solution U () with initial condition U (¢y) =

Uy. Then,

wm:%<%+%:w%@,

DyU(t) < F(tU() + +-.

DHUN(t,E) > F(t, UN(t,‘E)) + %

By again invoking Theorem 3.3.3, we find U (t) < Un(t,€) on Jy, and since Uy (¢, €) —
R(t), we conclude U(t) < R(t), confirming maximality.
A symmetric argument, based on the perturbed equation

€

€
DyU((t)=F(t,U(t) — =, Ulty) =U— —=
H ( ) ( 5 ( )) N’ ( 0) 0 N’
establishes the existence of a minimal solution r (), completing the proof. [

Theorem 3.3.5 : Suppose the assumptions of Theorem 3.3.4 hold. Let M € C'[J, K¢(R")]

be a function satisfying
DyM(t) < F(t,M(t)), forallte J. (3.17)
If the initial condition satisfies M (¢y) < Uy, then the comparison
M(t) < R(t), teJo,

holds, where R(t) denotes the maximal solution of the initial value problem (3.1) on

Jo.

Proof.Let Un(t,€) denote the approximate solution to the perturbed problem (3.15),
constructed in the proof of Theorem 3.3.4. By the assumption on the initial condition,
we observe that

M(to) <Uy<Uy+ % = UN(tQ,€>.

Furthermore, using the nondecreasing property of F(¢, -) and the continuity of M and

Uy, we can assert that there exists a subinterval of .Jy, say [to, ¢y + 0], on which
M(t) < Un(t,e).
On this subinterval, since F'(¢, -) is nondecreasing, it follows that
th@gF@M@%dWﬂMm»+%:Dﬂm@Q
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Hence, the assumptions of Theorem 3.3.3 are satisfied on [ty, to + 0], and by a standard

continuation argument, we can conclude that
M(t) < Un(t,e), te Jp.
Taking the limit as N — oo, and using the convergence

lim Uy(t,€) = R(t),
N—o00
established in (3.16), we obtain the desired result:

M(t) < R(t), teJo

This completes the proof. O
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4. STABILITY THEORY

4.1. Lyapunov-like Functions

We consider the initial value problem (IVP) for a set-valued differential equation of the
form

DpU(t) = F(t,U(t)), Ulto) = Uy € Keo(R"), (4.1)
where the mapping F belongs to the class C[R; x Ko (R™), Ko (R™)].

To analyze the qualitative behavior of solutions to (4.1), it is often useful to employ a
Lyapunov-like function that enables the transformation of the set-valued system into
a scalar differential inequality. This auxiliary scalar equation serves as a comparison
system, and under appropriate conditions on the Lyapunov-like function, stability prop-
erties of the original set-valued system can be inferred from the behavior of this scalar

counterpart.

For this purpose, we also consider the differential equation
w' = g(t,w), w(ty) =wy >0, 4.2)

where g € C[R, x R, R]. This equation defines a scalar initial value problem. When
it is used in the context of bounding the solutions of another system, it is referred to as
a scalar comparison equation. Consequently, analyzing the qualitative behavior of this
simpler comparison equation becomes sufficient, provided that appropriate conditions
are satisfied for the associated Lyapunov-like function.

Theorem 4.1.1 : Let the following conditions be satisfied:
(i)The function V € C[R; x Ko (R™),R,] is Lipschitz continuous in its second
argument. That is, forallt € R, and U,V € K (R"), we have
V(t,U) = V(t,V)| < LD[U, V],
where L > 0 is the Lipschitz constant.
(i)Let g € C[Ry x R, R]. Forallt € Ry and U € Ko (R"), assume the upper

right Dini derivative of V satisfies

D V(1,U) = limsup ~ [V(t + h,U + hE(t,U)) — V(t.U)] < g(t, V{1, U)).

h—0t
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Then, for any solution U(t) = U(t,ty,Up) of the initial value problem (4.1) on the
interval [to, T), if
V(to, Up) < wo,

it follows that
V(t7 U(t)) S T(tv th wO)v te [t07 T)> (43)
where 7(t, to, wp) is the maximal solution of the comparison equation (4.2).

ProofLet U(t) be a solution of (4.1), and define the function m(t) = V(¢,U(t)). Then

m(ty) = V(to, Up) < wg. For small A > 0, we write

m(t+h)—m(t) =Vt +hUlt+h)) =V, U(t))
=WVt +hUt+h) —=V(E+hUE)+hF(tU)))]
+ [Vt +h Ut)+hF(t,U®))) —V(tUt)).
Applying the Lipschitz condition from (a), we obtain

m(t+h) —m(t) < LDU(t + h), U(t) + hF(t, UX))] + V(t+ b, U(t) + hF(t,U(t))) — V(t, U(t)).

Dividing by h and taking the upper limit as » — 0, we get

D*m(t) < DYV(t,U(t)) + Llim sup %D[U(t + 1), U(t) + hF(t, U()).

h—0t+

Since U (t) is a solution of (4.1), we have

limsup ~ D[U(¢ + h), U(£) + hE(t, U(£))] = DIDuU(L), F(t, U()] = 0.

h—0t+

Hence, the inequality reduces to
D¥m(t) < g(t,m(t), m(to) < wo,

which corresponds to a differential inequality. By applying standard comparison results,

namely Theorem 1.4.1 in [9], we obtain
m(t) S T(t,to, lU[))7 t e [tQ,T),
as claimed. O
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Corollary 4: The function g(¢,w) = 0 is admissible in the context of Theorem 4.1.1,

and yields the following estimate:

V(t,U®) < V(tg,Uy), tel[to,T).

This indicates that the Lyapunov-like function V is non-increasing along the solution.
Corollary 5: In Theorem 4.1.1, if the function g(¢, w) is taken as g(t, w) = —aw with

a > 0, then the following exponential decay estimate is obtained:
V(t,U(t)) < V(to,Up) e )t € [t,T).

This establishes that the Lyapunov-like function decreases exponentially over time.
Corollary 6: Suppose in Theorem 4.1.1 that the inequality for the Dini derivative is

refined as
DV, U(t) + clw(t, U(t))] < g(t, V(t,U(1))),

where w € C[R; x Ko(R"), R, ], cis a class-KC function, and g(¢, w) is nondecreasing

in w for each fixed t € [tog, T). Then the following integral inequality holds:

V(t,U(t)) + /tC[w(S, U(s))]ds < r(t,to, V(to, Up)), t € [to,T),

where 7 (¢, o, V(to, Up)) = r(t, to, wp) is the maximal solution of the scalar comparison

problem (4.2).

Proof.Define the function

H(t,U(t)) =V(t,U(t)) + /t clw(s,U(s))] ds.

to
Then, using the assumptions and monotonicity of g, we compute the upper-right Dini

derivative:

DYH(t,U(t)) < DTV(t,U(t)) + clw(t, U(t))]
< gtV U®R))) < g(t,H(t,U(1))).

By applying Theorem 4.1.1 to the function H (¢, U(t)), the bound (4.3) follows imme-
diately. [
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4.2. Global Existence of Solutions

Theorem 4.2.1 : Suppose the following assumptions hold:

(i)The function F': R, x Ko (R") — K (R™) is continuous, maps bounded subsets
to bounded subsets, and the IVP (4.1) admits a local solution for each initial pair

(to, Uo), with Uy € KC(RH) and to > 0.
(if)There exists a function V € C[R; x Ko (R™), R, ] satisfying:

1.Lipschitz condition:

for some local constant L. > 0, uniformly in¢ € R ;

2.Let V(t, A) — oo as D[A, 0] — oo, uniformly on [0, 7] for every T' > 0,
where t € R, A € Ko (R™).

3.Comparison inequality:
D™V(t, A) < g(t,V(t, A)),

where g € C[R%,R], and D"V(¢, A) is the upper-right Dini derivative.
(i11)The scalar comparison equation

/

w' = g(t,w), w(ty) =wy >0,

admits a unique maximal solution r(¢) = r(t,to, wo) defined for all ¢t > .
Since the initial condition is positive wy > 0, the solution remains positive for

all t > tg, with r(t) > 0.

Then for every Uy € K¢ (R™) such that V(ty,Uy) < wp, the IVP (4.1) possesses a
global solution U(t) defined on [ty, 00) that satisfies:

V(t,U®) <r(t), Vt>to.

ProofLet S denote the collection of all solutions U(t) of (4.1) defined on intervals
Iy = [to, cy) € R4, such that:

V(t,Ut) <r(t), Vtely.
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We define a partial order <on Sby: U < Vif Iy C Iy and U(t) = V (¢t) forall t € I;.
From assumption (a), a local solution U(¢) exists near ¢,, and by applying Theorem
4.1.1, we obtain:

V(t,U(t)) <r(t), onits domain of definition.

Thus U € S,and S # (.

Let {Usz}5 C S be a totally ordered chain. Define a function U (t) on the union of their
domains by:

U(t) = Ulg(t), fort € IU/J"

This is well-defined and belongs to S, so by Zorn’s Lemma, there exists a maximal
element Z € (S, <) defined on some interval [ty, cz). Suppose, to the contrary, that
¢z < 0. Since r(t) is defined and finite on [y, 00), and V(¢, Z(t)) < r(t), the condi-
tion V(t, A) — oo as D[A, ] — oo, uniformly in ¢ € [0, T, implies that D[Z(t), 0] is
bounded.

Thus, by the continuity of F, there exists a constant M/ > 0 such that

D[F(t,Z(t)),0] < M, Vt€ [ty,cz).

This implies Z is Lipschitz continuous on [ty, ¢z ), and hence extends continuously to
t = cz. Denote this extension by Zy(t). One can verify that Z; satisfies the integral

form of (4.1), so Zy(¢) is a solution on [ty, cz].

Again, using assumption (a), we can extend 7, beyond c, contradicting the maximality

of Z € S. Therefore, c; = oo, and the maximal solution Z(t) is global.

Moreover, since V(t, Z(t)) < r(t), the conclusion follows.

Proof.Let S be the collection of all functions U (¢) defined on intervals I;; = [to, cpy) C

R, such that U (t) is a solution of (4.1) and satisfies the inequality
V(t,U(t)) <r(t), forallte I.

Define a partial ordering < on S as follows: for any U,V € S, we write U < V if
Iy CIyand U(t) = V(t) on Iy.

26



Due to assumption (a), there exists at least one local solution U (¢) of (4.1) defined near

to. Applying Theorem 4.1.1 to this solution, we obtain
V(t,U(t)) <r(t), only,

which ensures that U € S, hence S # ().

Let {Us}s C S be a totally ordered subset. Define a function U (¢) on | J 5 1u, by setting
U(t) = Us(t) whenevert € [ v, Due to the compatibility condition from the ordering,
this function is well-defined, and one can verify U € S. Thus, every chain in S has an

upper bound.

By Zorn’s Lemma, there exists a maximal element Z € S, defined on an interval

[to, cz). Assume for contradiction that c; < oc.

Given that r(¢) is defined and finite on [to, 00), and V(¢, Z(t)) < r(t) holds, the uniform

growth condition of V implies that the distance D[Z(t), 0] remains bounded on [ty, c¢z).

Then, due to continuity of F', there exists M > 0 such that

DIF(t,Z(t)),0] < M, V¥t € [ty,cz).
Hence, for any t1, ¢y € [to, cz) with ¢; < o, the inequality
to _
D[Z(tg),Z(tl)] S / D[F(S,Z(S)),O} ds S M(tg—tl)
t1
shows that Z is Lipschitz continuous, and thus admits a continuous extension Zy(t) to
[to, Cz] .
This extension satisfies the integral form of (4.1), and due to continuity, also V(¢, Zy(t)) <
T(t), Vt € [to, Cz].
Now, since local existence is assumed, there exists a solution Uy (t) on [cz, ¢z + ) with
initial value Zy(cz). By defining

Zl(t) _ Zo(t>, t - [to,Cz],

U()(t), t e [Cz,Cz+5),

we obtain an extended solution on [t(, cz+9), still satisfying the inequality V(¢, Z,(t)) <
r(t). This contradicts the maximality of Z. Hence, ¢z = oo, and the maximal solution

is global. u
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In recent years, the qualitative analysis of differential equations has attracted consid-
erable attention, especially due to the limitations of classical deterministic models in
reflecting the complexity of real-world systems. Fields such as physics, biology, and
economics often deal with uncertain or imprecise data, which cannot be adequately
modeled using single-valued differential equations. To overcome these challenges, re-
searchers have developed set-valued differential equations (SVDEs), a framework in
which uncertainties are embedded directly into the dynamics of the system through

set-valued maps.

This approach, first systematically analyzed by Lakshmikantham and others [30], has
been further developed by many researchers including Coskun Yakar [21], [2], [10], [8].
It has opened new directions in the study of stability theory, existence and uniqueness

of solutions, and Lipschitz stability under perturbations.

]
4.3. Fundamental Definitions of Stability of Set Differential
Equations
Let us consider the initial value problem for a set-valued differential equation given by
DyU(t) = f(t,U(t)), Ul(ty) =Uy, UyeKe(R"), t>ty>0. (4.4)
We also consider the same system starting at a different initial time:

DuU(t) = f(t.U®), Ulr)=Ve, Vo€Ko(RY), t>m>t.  (4.5)

The perturbed system of (4.5) is given by
DyV(t)=F(tV({®), V(rn)=VW, WeKcR"), t>7,  (46)
and the associated difference system is

DHW(t) = H(t, W(t)), W(Tg) = WO = % - UQ, WO € Kc(Rn>, t Z T0-
4.7)

Here, the functions f, F, H are assumed to be continuous, that is,
f,F,H € C[Ry x S,, Ke(R")],
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where

S, = {U € Ko(R?) : D[U,0] < p < oo} .
Moreover, it is assumed that f(¢,0) = 0 for all ¢ > 0.

The system defined by (4.6) becomes a perturbed version of (4.5) when the right-hand

side satisfies
F(t, V(1) = f(t. V(1) + R, V()
where R(t, V/(t)) is a perturbation term. Under these assumptions, trivial solutions exist

for both (4.4) and (4.5) through the respective initial conditions (¢, Uy) and (79, V5) [2],
[21], [11]

Let Jl = [to,to + Tl] and JQ = [To,T() + TQ] A function U € Co’l[Jl,Kc(Rn)] is
said to be a solution of (4.4) on J; if it satisfies the equation for all ¢ € .J;. Similarly,

the functions U, V, W € C%![J,, K (R™)] are considered solutions of (4.5), (4.6), and

(4.7), respectively, on J; if they satisfy the corresponding equations for all ¢t € J,.

Given that the mappings U (¢), V (t), W (t) are continuously Hukuhara differentiable,

they admit the integral representations:

Ut)=Uo + /t DyU(s)ds, te.Jy, (4.8)
to

U(t) = Uy + /t DuU(s)ds, t€ Ja, 4.9)

V() =Vy+ /t DuV(s)ds, te€ Ja, (4.10)

W(t) =Wy + /t DyW(s)ds, te€ Js. (4.11)

Accordingly, the equivalent integral formulations of the initial value problems (4.4)—

(4.7) are given as follows:

Ut) = Uo+/ttf(s,U(s))ds, te 4.12)
U(t) = U0+/th(s,U(s))ds, Le gy, .13)
V(t) =V + /tF(s,V(s)) ds, teJy, 4.14)
W) = Wo+/tH(s,W(s))ds, te s 4.15)
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Each of the above integrals is taken in the Hukuhara sense. The functions U (¢), V (¢), W (t) €
K¢ (R™) are solutions of the respective differential equations (4.4)—(4.7) if and only if

they satisfy the corresponding integral equations (4.12)—(4.15) [11, 12, 2].

Definition 4.3.1 : The solution V' (¢, 79, Vj) of the system (4.6) through (7o, Vp) for

t > 19, 7o € R, is said to be the initial time difference.

(1) stable withrespect to the solution U (¢, 79, Uy) = U (t—n, to, Uy), where U (¢, to, Up)
is any solution of system (4.4) fort > 79 > tp > 0, to € Ry and n = 19 — o if
and only if given any € > 0 there exist 0; = d1(€,79) > 0 and dy = da(€,79) > 0
such that

‘D[V(t77—07 ‘/0) - U(t - nat()? UO),O] <€

provided that D[V — Uy, 0] < &1 and dg[rg — o, 0] < d fort > 7o;

(Sa) uniformly stable with respect to the solution U (t — ), to, Up) if 41, do in (S;) are

independent of 7y € R ;

(Ss) attractive with respect to the solution U (¢, 79, Uy) = U(t — n,to, Uy), where
U(t,ty,Up) is any solution of system (4.4) fort > 15 >ty > 0, t, € R, and
n = 1o—to ifand only if given any € > O and 7y € R there existd; = d1(7) > 0,
dy = 0o(79) > 0and aT = T'(e, 79) > 0 such that

D[V (t, 10, Vo) = U(t — 1,19, Up), 0] < € provided that

D[% — Uo,ﬁ] < (51 and ds[To — to,O] < (52 fort¢ > To + T,

(Sy) uniformly attractive with respect to the solution U (¢, 79, Uy) = U (t —n, to, Up),
where U (t,ty,Up) is any solution of the system (4.4) fort > 750 > to > 0,

to € Ryandn =719 —tpif §; > 0,9, > 0and a7 > 0in (S3) are independent

OfT(] € R+,

(Ss) asymptotically stable with respect to the solution U (t, 79, Up) = U (t —n, to, Up)
if (51) and (.S3) hold simultaneously. Or, if (57) holds and there exist v; () > 0
and y2(79) > 0 such that

thm D[V(t, 70, %) — U(t -1, to, UQ), O] =0
—00

for all V (¢, 79, Vo) and U (t — 1, to, Up) with D[V, — Uy, 0] < 7, and

ds[To — to] < 72 for each t > 7p;
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(Sg) uniformly asymptotically stable with respect to the solution
Ul(t,70,Up) = U(t —n,t9, Up) if (S3) and (Sy) hold simultaneously. Or, if (.S5)
holds, then for any € > 0, there exist positive constants v, = y1(€), 72 = 72(€),

and 7'(¢) such that

D[V(taT()a ‘/0) - U(t - 7777507 UO),O] <e€

provided that D[V, — Uy, 0] < v and ds[ry — tg, 0] < 72 for each t > 7+ T'(¢);

(S7) exponentially asymptotically stable with respect to the solution

U(t, 10, Uy) = U(t — 1, tg, Up) if there exists an estimate such that

DV (t, 19, Vo) — U(t —n,to, Uy), 0] < D[V — Uy, 0] exp|—a(t — 19)]

fora > 0 and all ¢ > ¢, as discussed in [13], [14], [15], [2].

Definition 4.3.2 : A function ¢ € C[[0, p),R,] is said to belong to the class K if it
satisfies ¢(0) = 0 and is strictly increasing in r. If, in addition, p = oo and ¢(r) — o0
as 1 — 00, then ¢ belongs to the class K. Furthermore, a function a € C[R%,R.] is

said to belong to the class CKC if for each ¢ € R, the mapping a(t, ) € K [2].
Definition 4.3.3 : For a real-valued function V € C[R; x K(R"),R,]

LﬁV@U)Ehmwp%W@+hiﬂ+hﬂuUﬁ—V@Jm

h—0t

ZTWK@U)Ehmhﬁ%DKt+hJ7+hf@JD)—1%LUM

h—0-

for (t,U) € Ry x Ko(R™) [2].

Definition 4.3.4 : For a real-valued function V € C[R,; x K¢ (R"), R, ] we define the
generalized derivatives as follows

Dﬁ%ﬂﬂiﬂ:mmw%WU+MV—U+MﬂuW—f@UW—V@V—Uﬂ

h—0t

QV@V—U%ﬂmmﬁﬂ@+mV—U+Mﬂam—f@UW—V@V—Uﬂ

h—0—

for (t,U) € Ry x Ko(R™) where V (¢, 79, Vo) is the solution of the system (4.6) and

U(t, 10, Uo) = U(t —n,tg,Up), where U(t, to, Up) is any solution of the system (4.16)
fort¢ Z T0 > to > O,to ERJr andn:To —to [2]
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4.4. Classical Notion of Stability of Set Differential Equation

Let V (¢, 79, V) be a solution of the set differential equation
DgV(t) = f(t,V(1)), V(n) ="V, (4.16)

where V € K¢o(R™),t > 19, and 79 € R,.. The function f is assumed to be continuous,

f e CRy x 5, Ke(R™)], where the set S, is defined by

S, = {v € Ke(R?) : D[V,0] < p < oo}.

Suppose further that f (¢, 6) — ( forall t € R.. Then the null solution V = 0 satisfies
the equation

DpV(t) = ft, V), Vin) ="V

with initial data Vj € Ko(R™) and ¢ > 79, 79 € R, through the initial point (¢¢, 0).
(91, [2]

Definition 4.4.1 : The null solution V' = 0 of the system (4.16) is called stable if, for
every € > 0 and each 7y € R, there exist two positive functions 6; = d; (e, 79) and
d9 = do(€, T9), both continuous in 7y for any fixed ¢, such that the following condition

is satisfied:

D[V (t,10,V5),0] <e whenever D[V;,0] <97 and dy[1,0] < dy forallt > 7.
(4.17)

Moreover, if 9; and 9, can be chosen independently of 7y € R, then the null solution
V = 0 1is said to be uniformly stable [2].

Definition 4.4.2 : Let V' (¢, 7, Vi) and V (¢, 79, Up) be two solutions of the system (4.16),
defined for t > 75 € R,. The solution V (¢, 7, Vj) is said to be stable with respect to
V (t, 10, Up) if, for every € > 0, there exist continuous functions ; = d; (e, 79) > 0 and

dy = d2(€,79) > 0 such that

D[V (t, 10, Vo) — V(t,79,Up),0] < e whenever D[V, — Uy, 0] < 6; and dg[70, 0] < Jo,
(4.18)
for all t > 7. If these bounds §; and 5 are independent of the initial time 7y, then

V (t, 70, Vo) is said to be uniformly stable with respect to V (t, 19, Uy).

32



A classical technique in the analysis of stability is to examine the difference between

two solutions. Define the function
W<t7 70, ‘/0 - UO) = V<t7 70, ‘/0) - V(t7 70, UO>7
which satisfies the set differential equation

DHW(t7TO7 VE) - UO) - f(t7 W(t7 T0, ‘/0 - UO) + V(t,T(), UO)) - f(t7 V(t77—07 UO))
(4.19)

The expression on the right-hand side can be regarded as a new function fvdeﬁned by

f&,W) = f(t,W(t, to, Vo — Uo) + V(t, 70, Up)) — f(t, V(L 70, U0)),

so that equation (4.19) takes the form

DHW(tv 70, Vb - UO) = f(tv W(ta 70, VE) - UO))
If Vy = U,, then clearly W (t,75,0) = 0 and under the assumption f(¢,0) = 0, the
function W (¢) satisfies the null equation. In this case, the solution V' (¢, 79, Uy) of (4.16)
corresponds to the null solution of the auxiliary equation governed by ]7 Thus, the

problem of stability analysis can be reduced to the examination of the null solution of

the variation equation (4.19), as discussed in [2].

Nevertheless, such a transformation cannot be applied in the case of initial time differ-
ence (ITD) stability due to the explicit dependence on the initial time, which prevents

this simplification. For further details on this method, see [2].

4.5. A Reformulated Perspective on (ITD) Stability for Set

Differential Equations

Let U(t, 19, Vo) be a solution of (4.17), and define

U(t, T0, Uo) = U(t — ﬁ,to, Uo),

where U (t, to, Up) is a solution of (4.16) for ¢ > 79 > 0. We now introduce a trans-

formation similar to (4.19) to examine the behavior under initial time difference (ITD)

[13, 14].
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Define the difference between the two solutions as
W<t77—07% - UO) = U(t77—07%) - U(t_77>t0,U0)> t 2 70-

Differentiating both sides using the Hukuhara derivative, we obtain

DHW(t7 To, %_UO) = DHU(t7 To, %)—DHU(t_TL tO? UU) = f(777 t7 W(t7 To, ‘/O_UO))u

where freﬂects the effect of the shift » = 7y — ¢, and system nonlinearity [15, 12].

Notably, even if Vj = Uy, the function W (t, 79, 0) is not identically zero,
W(t, ’7'0,6) §é 6

Therefore, the trajectory U (t,79,Uy) cannot be regarded as the null solution of the

transformed system.

Classical stability methods focusing on the null solution are not sufficient for ITD sta-
bility. Thus, one must use alternative techniques like comparison results or Lyapunov-

type functions specific to ITD [2, 10].

4.6. Theorems on Initial Time Difference Comparisons

Theorem 4.6.1 : Let f F € C(J x K¢(R"),Ko(R™)) and suppose the following

conditions hold:

()Forall t € J and U,V € Ko(R™), we have
1 ~ ~ o~
lim sup — {D(V —U+h(F(,V) - f(tU)),0)
h—0t

—Dw—ﬁﬁﬂgG@Dw—QQ)

(if)Let r(t) = r(t, 70, 20) be the maximal solution of the scalar initial value problem

or comparison equations
2 =G(t,2), z(r)=22>0 te (4.20)
Then, if U(t) and V (¢) are solutions of the initial value problems

DyU(t) = f(t.U®)), Ulte) =Us, t>1t5>0,
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and
DHV(t) = F(t7 V<t)>7 V(TO) = ‘/07 t Z 70 Z th
then the following estimate holds:

D (V(t>7—07 ‘/E]) - U(t - n7t07 U0)76> S T(t,To,Zo), t e J7

provided that D(Vy — Uy, 0) < 2o, where = 7o — to.

Proof.The proof follows by applying a comparison result for scalar differential inequal-
ities in the Hausdorff metric setting. Condition (i) ensures that the distance between
the two set-valued solutions, when perturbed by the respective right-hand side func-
tions f and F', is controlled by the scalar function GG. This allows us to apply a scalar

comparison result as in [14] and [10].

Furthermore, due to the difference in initial times ¢, and 7y, we use a formulation that
takes into account an initial time difference (ITD), as established in [16]. By construct-
ing the scalar comparison solution r(t) to the auxiliary problem (4.20), and using the
continuity and monotonicity properties of the Hausdorff metric, we obtain the desired

upper bound:

D <V(t7 70, %) - U<t -1, tOJ U0)76> S T(tu T0, Z0)7
for all t € J, provided that D(Vj — Uo,a) < 29, where n = 19 — 1.
We define the scalar function

m(t) = D <V(t) - ﬁ(t),()) :

and aim to estimate its upper right-hand Dini derivative D™ m(t). For a small increment

h > 0, the difference m(t + h) — m(t) can be expressed as

m(t+h) —m(t) =D (V(t Y R) - U(t+ h),ﬁ) D <V(t) - ﬁ(t),()) .

Using the triangle inequality and properties of the Hausdorff metric, we estimate

m(t +h) —m(t) < D(V(t+h) — Ut +h), V(t) - U(t)
+h(F(t, V(1) = (1, U(1))))
+ D(A(F(t,V(t) = f(t,U®)), M(F(t,TE) = f(t,TU(¢))))
D <V(t) - (7(15),6) .
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Dividing both sides by & and taking the limit superior as h — 07, we obtain:

D*m(t) = lim sup% [m(t + h) —m(t)]

h—0t

h—0t

< lim sup % (D (V(t) —U(t) + h(F(t, V(1) — f(t, (7(15))),6)

D (V(t) - [7(t),6> )
. V(t+h) —Ut+h) V(E)-U()
+ SupD( h T h

F(L V() - f(, ﬁ(t»).

By the continuity of the involved mappings and the structure of the right-hand sides,

we conclude that

Dtm(t) < G (t,D (V(t, to, Vo) = U(t — n,t0,Up),0)) = G(t,m(t)), tel.

This proof is based on the approach originally developed by Coskun Yakar and M.D.

Shaw in [2], with reformulated expressions tailored to the present context. [
Corollary 7: Suppose f, F' € C[J xK¢(R"), Ko (R™)], and one of the following holds:
(1)
D (F<t7 V) - f(ta (7>76> S G (ta D (V(ta 70, ‘/0) - U(t -, t07 UO); ‘/0 - UO)) ;
(i)
. 1 ~ T
lim sup — [D (V — U+ h(F(t,V)— f(t, U)),O)
h—0t h
-D (V—ﬁ,@)} <G (t,p(v-0,0))
where G € C[J x R, R], and f is defined by

fN<t7 ﬁ) = f(ta [7 + U(t - 77>t0, UO)) - f(t7 U<t - 777150, UO))

Then, under the condition D(Vy — Uy, 0) < z, the estimate
D <V<t77—07‘/0> - U<t_n7t07U0)76> S T(t,To,Z()), te J

holds, where r = r(t, 79, z0) is the maximal solution of the scalar comparison equation

(4.20). Please see the proof of the Corollary 7 in [2].
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4.7. Stability Criteria of the Set Differential Equations

Theorem 4.7.1 : Assume the following conditions hold:

(i)The set-valued functions f, F € C[R,. x S(p), Ko(R™)], and f(¢,0) = 0 for all
t > 0.

Furthermore, forall h > 0,¢ € R,, and U,V € S(p), the following inequality

1s satisfied:

lim sup % {D(V — U +h(F(tV) - Ft, 17)),6)

h—0t

~D(v-T.0)| < 6.0 - 5.7)

where f(t,U) = f(t,U + U(t — n, to, Uo)) — f(t, U(t — n, to, Up)).

(i)The function G € C[R, x R, R] satisfies the condition:

G(t,0)=0, VteR,.

Then, the stability properties -such as classical stability, asymptotic stability, and uni-

form stability- of the null solution z(¢) = 0 of the scalar differential equation
2 =G(t,z), z(m)=0,

imply the corresponding stability properties, interpreted in the sense of initial time dif-

ference of any solution V' (¢, 79, V;) of the set differential equation
DyV(t)=F(t,V(1), V(n)="W,

with respect to the function

U(t, T0, Uo) = U(t -1, to, UQ),
where U (¢, t9, Up) is any solution of the set differential equation
DyU(t) = f(t,U(t)), Ulty) = Up.

Proof.The result can be established by a direct application of the comparison principle
based on the generalized upper Dini derivative of the inequality presented in case (i)

of the theorem. The inequality stated in part (i) guarantees that the difference between
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the corresponding set-valued solutions can be bounded above by a scalar comparison
function. The assumption G(t,0) = 0 ensures the null solution is a valid baseline
for comparison. This approach aligns with the techniques developed in [13, 14, 10],

particularly for set-valued differential systems under time perturbations.

For completeness, a detailed version of the proof is also provided below. [

Let V(t, 10, Vo) be a solution of the set differential equation (4.18), and suppose that
it is stable with respect to the shifted solution U (t,70,Up) = U(t — n,to, Uy), where
Ul(t, to, Up) solves equation (4.16). Here, n = 79 — to denotes the initial time differ-
ence. To establish the result, it is sufficient to show that the null solution of the scalar

comparison equation (4.20) is stable.

Assume that for any € > 0 and fixed 79 € R, there exists a constant 6 = d(7p,€) > 0
such that

2(t,70,20) < € whenever 0 < zy<d, forallt> 7,
where z(t, 79, z9) satisfies the scalar initial value problem (4.20).

Suppose, contrary to the claim, that V' (¢, 7y, V5 ) is not stable with respect to U (t, 10, Up).
Then there exist initial data V{), Uy, and a time ¢; > 7, such that the Hausdorff distance

between V (¢, 79, Vi) and U(t, 7o, Up) reaches e at t = ¢, that is,

D[V(tl,ﬁ),‘/@) — U(tl — n,to,Uo),O] =€, while D[V(t,ﬁ),%) — U(t — T],t(), U()),O] <e< p.

for all ¢t € [r9,t;]. Assume further that the initial difference satisfies

D[V — Uy, 0] < 81, dg[1o — t9,0] < da,
for suitable 07,02 > 0. Let us define § = min{d;, d2}.
Using the additive structure of the differential, we can define
W (t,to, Vo — Up) = V(t, 70, Vo) — V (¢, 70, Uh),

so that
DyW (t,to, Vo — Uy) = DV (t, 170, Vo) — DV (t, 70, Up).

Now, by applying Corollary 7 and the scalar inequality given in (4.18), we conclude
that

D[V(t,Tg, Vb) — U(t — T],to, U()),O] S T(t,Tg,ds[Zo,O]) < €, fort - [To,t1]7
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which contradicts the earlier assertion. Hence, the null solution of (4.18) is indeed

stable.

The special cases of Theorem 4.7.1 are presented as Lemma A.2 and Lemma A.3 in
Appendix A. The detailed proofs of these results are not included here; for the complete

arguments, please refer to [10].

Theorem 4.7.2 : Assume that there exists a Lyapunov-like function V(¢,U) € C[R x

Ko (R™), R, | satisfying the following conditions:

(1)V(t, U) is positive definite and decrescent, and satisfies the Lipschitz condition
|V(t7 U) - V(ta V)‘ < LD[U7 V]7 v<t7 U)7 (ta V) € R-i— X SP

for some constant L > 0.

Furthermore, the upper Dini derivative along the solutions V (¢) and U(t) =

U(t — n,to, Uy) satisfies

DIVt V(t) = U(t) < Gt, V(t,V(t) — U(1))),

for some continuous function G € C[R; x R, R].
Additionally, the function V is bounded below and above by KC-class functions a

and b, respectively:

a(D[U(t), Uo]) < V(¢ U(t)) < b(D[U(t), Us))-

(if)Let r(t) = r(t, 79, z0) be the maximal solution of the scalar comparison differen-
tial equation

2 =Gt z2), z(r) =2, t>To, (4.21)
and suppose that G(¢,0) = 0.

Then, the stability properties of the null solution of (4.20) are inherited by the solution

V (t, 10, Vo) of the perturbed system (4.6) with respect to the shifted reference solution

U(tv 70, UO) = U(t -1, th UO);

where U (¢, to, Up) is any solution of the unperturbed system (4.4); please see the details
of the proof of the theorem in [2], [13], [15], [17].
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5. NONLINEAR VARIATION OF PARAMETERS
WITH INITIAL TIME DIFFERENCE AND A
COMPARISON RESULT IN TERMS OF
LYAPUNOV-LIKE FUNCTIONS

5.1. Definition

We begin by examining a class of set differential systems with initial time differences.

Consider the following initial value problems defined on,

DpU(t) = f(t,U(t)), Ulto) =Us, U €Kc(R"), t=1t >0,  (5.1)

DrU(t) = ft,U(t), Ulr) =V, Vo€KcR"), t=m>t, (52)

and its perturbed version:

DyV(t)=Ft,V({), V(n)=Ve, VoeKc@®"), t>mn.  (53)

Here, f and F' are continuous mappings from R, x R" into Ko (R™). Equation (5.3)
is interpreted as a perturbation of (5.2) in cases where F'(t,V(t)) = f(t,V(¢)) +
R(t,V(t)), with R(t,V (t)) representing the perturbation term that may model uncer-

tainties or external influences.

This formulation establishes a framework for investigating the influence of initial time
differences and perturbations on the qualitative behavior of solutions. The results de-
veloped in the subsequent sections utilize comparison techniques and Lyapunov-like

functions to characterize the stability and variation of such systems [13], [15], [2].

Theorem 5.1.1 : Let the function f be continuously differentiable with respect to its
second argument, that is, f € C%'(R, x R" Ko (R™)). Suppose U(t,tq, Up) is the

unique solution of system (5.1) for ¢ > ¢,. We define,

af(t,U(tato,Uo)).

H(ta tO) UO) = oU
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Then the following properties hold:
oU (t, to, Up)

exists and satisfies the varia-
oU,

(1)The partial derivative ®(t, ty, Uy) =
tion equation

Z' = H(t, ty,Uy)Z, (5.4)

together with the initial condition ® (¢, to, Uy) = Z,.

oU (t,ty, U
(i1)The derivative of the solution with respect to the initial time, %, also
0
exists and satisfies the same linear system (5.4), along with the identity
U (t, ty, U
% + ®(t, tg, Up) f (to, Up) = 0. (5.5)
0

Equation (5.4) represents the variational equation associated with the differential sys-

tem (5.1).

Proof-For part (a), let h € R be a small scalar and define e, € R™ as the unit vector in
the k-th direction. Set
U(t7 h) = U(t, t(), UO + ]’L@k),

so that }llirr(l) U(t, h) = Uy(t) uniformly on compact intervals. Then
%
DUt h) — Uo(t)] = £(t,U(t, 1)) — F(t, Uo(t)).

Using the integral form of the Mean Value Theorem :

Dafv )~ (] = [ PR L= g e, - v

Define
U<t7 h) - UO(t)
h )

Uh(t) = h 7& Oa

which satisfies

ZI = H(t,to, Uo, h)Z, Z(to) = €,

where
LOf(t,sU(th) + (1 —s)Us(t))

H(t,t,U,h):/ ds.
0, Uo ; Bl

0
Due to the continuity of %, as h — 0 we have

H(t, to, Uo, h) — H(t7 to, U0)7
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uniformly. Thus, Uy (t) — ®(t, t, Uy), which solves

Z/ = H(t,to, Uo)Z, Z(to) = €.

For part (b), define

- Ul(t,to + h,Uy) — U(t, to, Up)

Un(t) = Y , h#0.

By uniqueness, we have
U(t,to+ h,Uy) = Ul(t, to, Ul(to,to + h,Up)).

Then,
hUL(t) = U(t, to, Ulto, to + h, Up)) — U(t, o, Us).

Using differentiability with respect to initial data:

v oU (t,ty, U
mmw:-—Li—ﬁ+0u)¢mmm+myw—%y
ol
By applying the Mean Value Theorem to each component, k£ = 1,...,n, there exists

0y € (0,1) such that
Uk(to, to + h,Uo) — U = —hfr(to + Okh, U(to + O0xh, to + h, Up)).
As h — 0, we have

fk(t() + Hkh, U(to + gkh, t() + h, U(])) — fk(tg, U())

Thus,
. OU (¢, 1o, T
t(t) = = | 2L o) - [7(t0, ) + O],
which gives
oU (t, to, Up)

(915 + (I)(t, to, U(])f(f(), Uo) - 0
0
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5.2. Generalized Variation of Parameters with Initial Time

Difference

Theorem 5.2.1 : Suppose the function f is continuous on R, x R"™ and continuously
differentiable with respect to U, the partial derivative 3—5 exists and is continuous.
Then, the initial value problems (5.1) and (5.2) possess unique solutions, denoted by
Ul(t, to, Up) fort > tgand U(t, 7, Vi) for t > 7, respectively. These solutions satisfy

the following integral identity:

U(t, 0, Vo) = U(t —n,to,Up) + (10 — to)
< [ 1006 Uats) 0060, 0060)
— B(u(s), 0(5), w(3) F(0(s), w(s))] ds
+(Aﬁw@w@mw»@y%—%»

(5.6)

where t > 79 > 0, ty > 0, and n = 79 — ty > 0. The auxiliary functions are given by:
u(s) =st+ (1 —s)(t—mn), wv(s)=s19+(1—s)ts, w(s)=sVo+(1—s)U,

forall s € [0, 1].

Proof.Define the trajectory function p(s) = U(u(s),v(s),w(s)), where U solves the
this problem,
DHU:f(ua U)7 U('U):'LU, u >,

with s € [0, 1] and ¢t > 7. Applying the chain rule to differentiate p(s) yields

dp(s) _ OU(u(s), v(s), w(s))
ds ou (0 —t0) +
AU (u(s), v(s), w(s))

ow

0U (u(s), vls),wls)
v (5.7)
+

(Vo — Uy).

Using the results from Theorem 5.1.1, specifically the identities in (5.4) and (5.5), the

differential of p(s) can be written as



Integrating both sides with respect to s over the interval [0, 1] yields:

U(t, 0, Vo) = U(t —n,to, Uo) + (10 — to)
< [ [0 Utats) 051,006
— B(u(s). v(s), w(s)) S (v() w(s))] s
+ (/01 B(u(s), v(s), w(s)) ds) (Vo — Up).

(5.8)

Finally, substituting the explicit expressions of u(s), v(s), and w(s) completes the
proof. ]
af(t,U)

ou
exist and are continuous on J x R". Then, the unique solutions U (¢, 79, Vj) to the

Theorem 5.2.2 : Suppose that the function f(¢,U) and its partial derivative

system (5.2) and V (¢, 79, V) to the system (5.3) satisfy the following integral relation:

V(t, 10, Vo) = U(t —n,to,Up) + (10 — to)
< [ [ 006,060
= @ (u(s),vs), w(s)) f(v(s), w(s)) | ds
([ ot oo s ds ) 0 - v

+ / O(t,0,V(0))R(0,V(0))do

70

QU (t, 70, Vi
forall ¢ > > 0, where ®(t, 7o, Vo) = %
0

ProofLet U(t, 1, Vi) be the solution of the system (5.2). Then, by applying the varia-

tion of parameters formula (5.8), we have:

V(t, 10, Vo) = U(t —n,to,Us) + (10 — to)



Let us now define the auxiliary function u, (o) = U(t, 0,V (0)).
Then v.(t) = V(t) = V(t, 10, Vo) and v.(19) = Vo = U(t, 7, Vo). Differentiating

u, (o) with respect to o and applying the chain rule gives:

du,(o) OU(t,o,V (o))  0U(t,o,V(0))
do 01y * oVy DuV(o)

— ®(t,0,V(0)) [=f(0,V(0)) + DuV ()],

which implies
duy (o)
do

since R(0,V(0)) = DV (o) — f(o,V(0)).

= ®(t,0,V(0)) - R(o,V(0)),

Integrating both sides with respect to o over [y, ], we obtain:
t
Vit ) = Ult. Vo) + | (t.0, V(o) R(o V(o) do
70
which establishes the desired relation. The rest of the integral structure follows directly
from Theorem 5.2.1 and equation (5.6). This completes the proof, consistent with the

stability approach given in Yakar [24]. [
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6. LIPSCHITZ STABILITY

6.1. Definition

Consider the following set-valued differential systems:

DyU(t) = f(t,U(t)), Ulto) = U, Up € Ke(R"), t >t >0, (6.1)
DHU(t> = f(t7 U(t))7 U(TO) - VE): ‘/0 € KC(Rn)a 13 Z 70 Z tO- (62)

Let us now introduce a perturbed version of system (6.2) given by:
DuV(t) = F(t,V(t), V(n)=Ve,  Vo€Ko(R"), t=m,  (63)

where the functions f and F' are assumed to be elements of the space C'[R ;. xR", K (R™)].

A special case of the perturbed system (6.3) is obtained when
F(t, V() = f(t, V(1) + R, V (1)),

with R(¢, V(t)) representing a perturbation term.

Assume that f is a continuous function and that its partial derivative % exists and is

continuous on the domain R, x R™. Let U(, t, Uy) denote the solution of the system
(6.1) for t > t,.
Then, the derivative

oU (t, to, Up)
ol

exists and is the fundamental matrix solution of the variational equation

CI)(ta th UO) =

8f(t7 U(tv tO; UO))
ou

7 = Z, Z(ty) = 1. (6.4)

Furthermore, the derivative of the solution with respect to the initial time ¢, also exists

and satisfies

8U(ta to, UO)

ot + (I)(tat()a UO)f(t(b UO) - 07 t > tp. (65)
0

Definition 6.1.1: Let U(t —n, to, Up) be a solution of the system (6.1) passing through

the initial point (¢y,Uy), where t > 19 and = 79 — to > 0. The solution is said to
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be Lipschitz stable (LS) with an initial time difference with respect to the null solution
U(t, to, Uy) = 0 of (6.1), if there exist constants L = L(7y) > 0 and 6 > 0 such that

Ut —n,to,Uo)|| < L ||Upl|, forallt > 7y whenever ||Uy|| < 0.

If the constant L is independent of the initial shifted time 7y, then the solution U (¢ —
n, to, Up) is said to be uniformly Lipschitz stable (uniform LS) with an initial time dif-

ference with respect to the null solution U (¢, to, Uy) = 0.

Definition 6.1.2 : The solution U (t — 1, to, Up) of the system (6.1) through (¢, U) for
t > 719 is said to be globally (LS) with an initial time difference concerning the null
solution U (t, to, Up) = 0 of (6.1) for t > ¢, where Ul(t, to, Up) is any solution of the
system (6.1) and n = 79 — to > 0 if and only if there exist L = L(7) > 0Oand 6 > 0
such that

||U(t — T],to,Uo)H < L ||U0|| fort > 70 and ||U0|| < OQ.

If L is independent of 7y, then the solution U (t —n), to, Uy) of the system (6.1) is globally

uniformly (LS) with an initial time different concerning the null solution U (¢, ty, Uy) =

0.

Definition 6.1.3 : The solution U (t — n, 7, Uy) of the system (6.1) through (¢, Uy) for
t > 79 is said to be (LS) in variation with an initial time difference with respect to the
null solution U (¢, ty, Uy) = 0 of (6.1) for t > ty, where U(t,ty, Up) is any solution of
the system (6.1) and n = 79 — t, > 0, if and only if there exist L = L(7y) > 0 and
0 > 0 such that

|D(t —n,to,Up)|| < L fort > 1y >ty > 0 provided ||Up|| < 9,

where ®(t — 1, o, Up) is the characteristic solution of (6.1) such that ® (g, to, Uy) =
7, and Z is the n X n identity matrix. If L is independent of 7, then the solution
U(t — n,ty,Uy) of the system (6.1) is uniformly (LS) in variation with an initial time

difference concerning the null solution U (t, ty, Uy) = 0.

Definition 6.1.4 : The solution U(t — n,ty, Upy) of the system (6.1) through (¢o, Up)
for t > 7y is said to be globally (LS) in variation with an initial time difference with

respect to the null solution U (¢, to, Uy) = 0 of (6.1) for t > to, where Ult, to, Up) is
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any solution of the system (6.1) and n = 79 — ¢y > 0 if and only if there exists an

L = L(ry) > 0 such that
|®(t —n,to,Up)|| < L fort > 19>ty > 0 provided ||Up| < oo.

If L is independent of 7y, then the solution U (¢t — n, ty, Uy) of the system (6.1) is glob-
ally uniformly (LS) in variation with an initial time difference with respect to the null

solution U (¢, to, Uy) = 0.

Definition 6.1.5 : The solution V (¢, 7, V5) of the system (6.3) through (7, Vp) is said
to be (ITDLS) concerning the solution U(t — n,ty,Uy) for t > 715, where U (t, to, Up)
is any solution of the system (6.1) and n = 75 — t; > 0, if and only if there exists an

L = L(7p) > 0 such that

HV(t,To, %) - U(t — 1, to, UU)H <L [“‘/0 - UOH + |T0 - tOH fort > 7.

If L is independent of 79, then the solution V (¢, 79, V5) of the system in (6.3) is (ITD)
uniformly (LS) concerning the solution U (t — 1, t, Up).

Definition 6.1.6 : The solution V (¢, 7, Vp) of the system (6.3) through (g, Vp) is said
to be (ITDLS) in variation with respect to the solution U (t — 1), ty, Uy) for t > 79, where

Ul(t, to, Up) is any solution of the system (6.1) and n = 79 — ¢, > 0 if and only if

(i)There exists an L = L(7y) > 0 such that

IV (t, 70, Vo) = U(t =1, %0, Uo) || < L{[[Vo = Uol| + |70 — ol -

(if)For each o > 0, there exists an N > 0 such that the ®(¢, 79, V4) solution of the

variation system (6.4) satisfies

|®(t, 70, Vo)|| < N forallt > 7gand ||Vo|| < .

If L is independent of 7y, then the solution V (¢, 79, V) of the system (6.3) is (ITD)

uniformly (LS) in variation with respect to the solution U (t — ), to, Up).

The notions of Lipschitz stability (LS), global LS, LS in variation, and initial time dif-
ference Lipschitz stability (ITDLS), as presented in Definitions 6.1.1-6.1.6, are based

on the general theory of nonlinear differential systems under perturbations and initial
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time shifts. Fundamental contributions to stability theory were introduced in [28] and
later extended to set-valued systems and set-valued differential equations in works such
as [22, 31, 24]. Stability criteria under perturbations and time shifts were further de-
veloped in [13, 2], while comparison results involving Lyapunov-like functions can be
found in [8]. Some of the variation techniques employed in this thesis are also influ-
enced by the methods proposed in [18], which investigate set-valued differential equa-
tions via generalized Lyapunov methods. Accordingly, the stability definitions adopted
here combine and generalize these earlier studies within the framework of set-valued

systems with initial time differences.

6.2. Lipschitz Stability of Set Differential System with Initial
Time Difference (ITD)

Consider the following set-valued differential systems:

DHU = f(t, U), U(to) = UO fOI't Z t() Z 0, to € R+, (66)

DyU = f(t—n,U), U(r)=Uy fort>m1>ty>0, ty€R,, (6.7)
where U (t) = U(t—n, ty, Up) fort > t,, and the initial time shift is given by n = 79—t.
Assume that the function f belongs to the class C[R; x R™ R"|, and satisfies f(¢,0) =
0 forall¢ € R,. Under this condition, the trivial set solution U = 0 becomes a solution
to the system (6.6), and hence it serves as the null solution to the initial value problem
defined by (6.6) through the point (¢y,0). Here, U(t,ty, Uy) denotes the solution of
(6.6) satisfying U (to, to, Uy) = Up. On the other hand, if f(¢,0) # 0, then U = 0

ceases to be a solution of the system (6.6).
Theorem 6.2.1: The following stability properties are equivalent:

(i)The solution U (¢, 7y, Uy) of the system (6.7) is globally uniformly Lipschitz sta-
ble (LS) with initial time difference (ITD) in variation with respect to the null

solution U (t, to, Upy) = 0 of the system (6.6).

(ii)The solution U (t, 79, Up) of (6.7) is uniformly (LS) with ITD in variation with
respect to the null solution U (¢, ty, Uy) = 0 of the system (6.6).

(iii)The solution U (¢, 79, Uy ) of (6.7) is globally uniformly Lipschitz stable (LS) with

ITD in variation with respect to the null solution U (¢, ty, Up) = 0 of the system
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(6.6).

(iv)The solution U (¢, 79, Uy) of system (6.7) is uniformly Lipschitz stable (LS) with
ITD with respect to the null solution U (¢, o, Uy) = 0 of the system (6.6).

(v)The solution U (¢, 79, Up) of system (6.7) is ITD uniformly stable in variation with
respect to the null solution U (¢, to, Uy) = 0 of (6.6).

Proof.  (1)(i) = (i7): This implication follows directly by the definitions given in
Definition 6.1.3 and Definition 6.1.4.

(ii)(é4) = (4i7): Consider the fundamental matrix solution (¢, o, Uy) of system

(6.6) such that ®(t, to, Uy) = Z. The shifted matrix ®(t — 1, o, Uy) corresponds

o 8U<t7 tO) UO)
oUy

L(1y) > 0 and ¢ > 0 such that

. Since ¢ is independent of U, there exists a constant L. =

1U(t = n,t0, Uo)|l = |2t = n,t0, Uo) || - |Uoll < LU,

forallt > 79 >ty > 0, assuming ||Up|| < oc.
(iii)(#7¢) = (4v): This implication is immediate from the definitions 6.7.2 and 6.1.3.

(iv)(iv) = (v): Suppose that the solution U (¢, 79, Uy) of system (6.7) is ITD uni-
formly stable with respect to the null solution U (¢, ty, Uy) = 0 of (6.6). Then,

there exist constants L = L(7y) > 0 and ¢; > 0 such that
|P(t —n,to, Up)|| < L, whenever ||[Up|| < 0y andt > 79 > tg > 0.
For any € > 0, choose 6 = min {(51, %} . Then,

Ut —n,to,Uo)|| <€, whenever ||Up]| < 0.

(v)(v) = (i): Suppose that U(t, 7o, Up) is uniformly stable with ITD and globally

stable in variation. Then, for a given € > 0, there exists ¢ > 0 such that
|V (t —n,to,Up)|| < €= L||Us|, whenever ||Us| <6,
forall t > 79 > ty > 0. Consequently,

1U(E = n,t0, Uo)l| = |9t = n,to)l| - [|Uo]l < LI,
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which implies that

|D(t —n,to,Up)|| < L, forall||Up]| < 0.

]

Corollary 8: The following stability properties are equivalent for the unperturbed sys-
tem (6.6). These equivalences represent the special case of Theorem 6.2.1 when n =
T0 — to =0:

(i)The solution U (t, to, Uy) is globally uniformly Lipschitz stable in variation with

respect to the null solution U (t) = 0.

(ii)The solution U (¢, ty, Up) is uniformly Lipschitz stable in variation with respect

to the null solution U (t) = 0.

(iii)The solution U (t, to, Uy) is globally uniformly Lipschitz stable with respect to
the null solution U (t) = 0.

(iv)The solution U (t, to, Uy) is uniformly Lipschitz stable with respect to the null
solution U (t) = 0.
(v)The solution U (t, to, Uy) is uniformly stable with respect to the null solution
U(t) = 0.
Theorem 6.2.2. The following statements are equivalent:

(1)The (ITD) stability properties of the system (6.7), as listed in Theorem 6.2.1,
imply the corresponding stability properties of the system (6.6).

(i1)The stability properties of the system (6.6), as listed in Corollary 8, imply the
corresponding (ITD) stability properties of the system (6.7).

Proof.  (1)This implication is directly established by Corollary 8, where the (ITD)
stability properties of the linear unperturbed system (6.7) with respect to the null

solution imply the corresponding stability properties of the system (6.6).

(11))We now show the converse: that the stability properties of the linear unperturbed
system (6.6) imply the corresponding (ITD) stability properties of the system
(6.7). Assume that item (ii) of Corollary 8 holds.
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Consider the solution ®(¢, ty, Uy) of system (6.6), where

oU (t, to, Up)

Dty to, Uo) =T, and  @(t,ty, Up) = — o,
0

so that ®(¢, tg, Up) is independent of Uy. Since condition (ii) holds, by Definition

6.1.3 there exist constants L. > 0 and 6 > 0 such that
|®(t,to, Up)|| < L, forallt >ty > 0and ||Up|| < 0.

For the (ITD) system (6.7), note that t — n > t; sincet > 79 > to > 0 and

n = 79 — to > 0. Then it follows that
|®(t —n,to, Up)|| < L, fort > 79>ty >0and ||U| <6,

which establishes the desired (ITD) stability property for system (6.7).

6.3. Lipschitz Stability Criteria with ITD

Theorem 6.3.1 : Assume that systems (6.1) and (6.2) admit unique solutions U (¢, ¢, Up)
through (to, Uy) for t > tq and U(t, 10, Vp) through (7o, Vi) for t > 7, respectively.
Define the time shift n = 790 — tg > 0, and let U (¢t — 0, ¢y, Uy) be well-defined for

t > 79. Suppose the following hold:

(i)There exist real-valued functions i, A € C[[0, o), R, ] such that

/OO u(s) ds = K (7o), /oo Ms) ds = L(ro).

70 70

(i1)The function f is Lipschitz continuous in both time and state variables, satisfying

Hf(th(thﬂa Vb - UO) + U<t - 777150, UO)) - f(t -1, U(t - 777t0, UO))H

< AOIX )] + K'(LT‘O)M@

where X(t, 70, % — Uo) = U(t, 70, VE)) — U(t — ﬁ,to, U())

Then, the solution U (¢, 79, Vj) of (6.2) is ITD-Lipschitz stable ITDLS) with respect to
U(t —n,to, Uo).
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Proof.Consider the difference between the two solutions:

X(t,T(), ‘/0 - UO) = U<t77—0a Vb) - U(t - n7t07 UO) (68)

Differentiating both sides with respect to ¢ gives
DHX<t7 70, XO) = F(t7 X7 T])
= f(t, X(t, 70, Vo — Up) + U(t — n,t0,Ub))

- f(t -, U(t — 1, %0, UO))
Using the triangle inequality, we estimate:
VPG X5 < || £(8 X (870, Uo = Vo) + Ut = 1,0, U)) 6.9)

— f(t, U@t —n,to,Uy)) H

+ Hf(ta U(t - T]7t07 UO)) - f(t -1, U(t - 77»7507 UO)) H
Applying the Lipschitz-type condition from assumption (ii), we obtain

76,5l < MOIX 0] + Lo (6.10)

Now, integrate the expression (6.8) from 7 to ¢ and applying the norm, we obtain:

X(t, 70, Vo — Up) = X(70) +/ F(s, X(s);n) ds,

70

t
X (¢, 70, Vo = Uo)|| < [[Vo — Uo| +/ (s, X (s);n)l| ds.
T0

Substituting the estimate from (6.10) gives:

t
1X (¢, 70, Vo — Uo)| < [[Vo — To| +/ A(S)IX (s)|l ds
™ (6.11)

+K|Z7T‘o)/ p(s)ds.

Let z(t) = || X (¢, 79, Xo)||- Then inequality (6.11) becomes:

z(t) < z(mo) + K|Z7T|0) / w(s) ds +/ A(s)z(s) ds. (6.12)

Using assumption (i), we rewrite this as

z(t) < z(1o) + |7 +/ A($)z(s) ds. (6.13)

70
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Applying Gronwall’s inequality to (6.13), we obtain the estimate:
2(t) < (z(r0) + [n]) ). (6.14)
Recalling the definition of X (¢) in (6.8), we conclude that:
U (t, 70, Vo) = U(t =1, t0, Vo) || < "™ [[[Vo = Up|| + |70 — toll.
Thus, for any constant M > (™) the inequality
1U(t, 70, Vo) = U(t —n,t0, Up)|| < M [[[Vo = Usl| + |70 — to]]

holds, which completes the proof by the definition of ITDLS as given in Definition
6.1.5. O

Example 1: Consider the scalar set differential system with an initial time difference:
DyU(t) = —a(t)U(t), Ul(ty) = U, (6.15)
DuU() = —a(t = U (), Ulro) = Vo, (6.16)

where 1) = 75 — tg and a(t) = =5 fort > 0.

The function a(t) is positive, continuous, and integrable on any interval [c, c0) with

c> —1.

Define the following functions:

A = alt) = —— u@=www—a@—nﬂ:\1 1 W

t+1 t+1—n

We now solve equations (6.15) and (6.16). The solution of equation (6.15) is:

' t+1 to+1
U(t) = Uy - exp (—/to a(s)ds) =U-exp (—ln (t0+1>> =U, - s

Similarly, the solution of equation (6.16) becomes:

V(t) = Vi - exp (— /T:a(s _ ) ds> V- exp (— /t:na(s) ds> |

which yields:
t 1
V(t) =V 0
t—n+1
Then, the difference between the solutions is:
to + 1 to+ 1 to + 1
Vi) -U(t — =V =—— . |Vh = Uyl.
Vi) - U=l = [ v L) = R -
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This expression shows that the difference decays as ¢ — oo, and the bound depends

linearly on |V, — Up|, verifying the ITD-Lipschitz stability.

Note: This example shows that the conclusion of the theorem may still hold even in
the absence of its stated assumptions. Hence, the assumptions are sufficient but not

necessary.

Note: In this example we show that the conclusion of the related Lipschitz stability
theorem with initial time difference (ITD) may still hold even if certain assumptions—
particularly those regarding the integrability of the perturbation functions—are not sat-
isfied over the entire domain. Specifically, for the choice a(t) = 75, while A(t) = a(t)

is integrable on any interval [c, co) with ¢ > —1, the function

1 1
Clt4+1 t+1-—n

p(t) = la(t) — al(t —n)]

may not always be integrable on [ry, 00) depending on the value of . Similarly, the

auxiliary function

il
K(m)(t+1)

may also fail to be integrable over the same domain if K (1) vanishes or if 7 is un-

at) =

bounded. Despite this, the explicit decay of the solution difference

to+1

V() —U(t—n)|= P

- [Vo — U

still verifies the stability behavior expected from the theorem. Hence, this shows that
the assumptions in the theorem are sufficient but not necessary.

Theorem 6.3.2: Lipschitz stability with initial time difference (ITD) implies stability
with (ITD).

Proof-We proceed using the definition of Lipschitz stability with ITD as given in Defi-
nition 6.1.5.

Assume that the solution V (¢, 79, Vi) of the system (6.3), passing through the point
(70, Vo), is (ITDLS) with respect to the solution U(t — n,ty,Uy) for t > 79, where
Ul(t, to, Up) is a solution of the system (6.1) and n = 79 — ¢y > 0.

By the definition of (ITDLS), there exists a constant L. = L(7y) > 0 such that

|V (t, 70, Vo) = U(t —n,t0,Uo)|| < L[||Vo — Us| + |70 —to|], forallt> 7.
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Let € > 0 be arbitrary. Choose

€

(51(6, 7'0), and ’7'0 — to’ < 52(6, To)

£ _
2L
so that

||V(t,7’0,%)—U(t—n,to,Uo)H <€, forallt > 7.

Hence, the solution V (¢, 79, Vj) of system (6.3) is (ITD) stable with respect to U (¢t —
m, th UO)

Moreover, if the constant L is independent of 7y, then so are d; and 5, and the result

holds uniformly with respect to the initial time. U

Theorem 6.3.3: Stability with initial time difference (ITD) does not necessarily imply
Lipschitz stability with ITD.

Proof.To illustrate this, we consider the special case where V, = Uy and 79 = £3. A
counterexample addressing this situation is provided in [32], specifically in Example

1.4.

O]

Theorem 6.3.4 : Let the solution U(t, 7y, Vp) of the system (6.2) be ITD-Lipschitz
stable with respect to the solution U(t — 1, to, Up) of the system (6.1) for ¢t > 75, and
suppose that the system (6.3) admits a unique solution V (¢, 79, V) passing through
(10, Vo). Assume nn = 79 — tg > 0 or equivalently ||Vo — Up|| > 0. Furthermore,

suppose that the partial derivative

8U(t7 To, %)

Cb(t77_07%) = 8V0

exists, with ® (7, 79, Vo) = Z, where Z denotes the identity matrix. Assume the follow-
ing conditions hold:
(i)For any o > 0, there exists a constant ;z > 0 such that:

[(t, s, V(s)l <p and  [[R(s,V(s))[| < A(s)[[V(s)]| whenever
IV (s)ll < a,

(if)There exists a function A(s) € C([0,00), R, ) such that

/Oo A(s) ds = v(m) < oo.

70
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Then, the solution V' (¢, 79, V) of system (6.3) is (ITDLS) in variation with respect to
the solution U (t — 0, tg, Up) of system (6.1).

Proof.Consider the unique solution V' (¢, 79, Vj) of (6.3) with initial data (79, V). Then

we have the variation representation:

V<t77—0a %) - U(t - 77>t07 UO) = X(ta 70, ‘/0 - UO)
t (6.17)
-l—/ O(t,s,V(s))R(s,V(s))ds.

70
Taking norms on both sides of (6.17) and applying the triangle inequality, we get:
HV(t, T0, %) - U(t -, tO? UO)H S ||X<t7 70, % - UO)”

t
+ [ (s VDI IRG V(s)) | ds
70
Using estimate (6.14) for || X (¢, 70, Vo — Up)||, we obtain:

|V (t, 70, Vo) — U(t — 1, t0, Uo)|| < (Vo = Usl| + |n]) e

t
+ [ otts V- 1R V) ds
70
Define M*(t) = ||V (¢, 70, Vo) — U(t — n,to, Up)||. Then, by assumption (i), we have:

M (0) < (Vo-Tall 4l [ IV dsta [ AU (=)o, Vol ds.

70 70

Using the triangle inequality again and assuming ||Uy|| < «, we estimate:

M*(t) < (I[Vo = Uoll + Inl)e" ™ + 0‘“2/ A(s) ds
I (6.18)
—l—u/ A(s)M™(s) ds

70

Now, applying assumption (ii) in (6.18), we get:
t
M*(t) < (I[Vo = Uoll + Inl)e"'™ + ap®(mo) + / A (s)M*(s) ds,
70

where we define \*(¢) = pA(t). Applying Gronwall’s inequality, we obtain:

M*(t) < [(IVo = Ul + Inl)e*™ + ap®y(70)]

: (6.19)
X exp (/ A*(s) ds)
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Using the bound f:o N (s) ds < (), we arrive at:
M (t) < [(IIVo = Uoll + [n))e"™ + ap®y(ro)] e,
We now select a constant M/ > 0 such that:
[(IVo = Uoll + "™ + ap?y(ro)] x e7) < M(|[Vy — Us|| + In])-
Therefore, we conclude:
1V (¢, 70, Vo) = U(t = n,t0, Up) || < M([|Vo = Uol| + [nl)-

This completes the proof that the solution V' (¢, 79, V) of system (6.3) is (ITDLS) in

variation with respect to U (t — 7, ¢y, Up), in the sense of Definition 6.1.6. O
Example 2: : Consider the scalar set differential equation:
DyU(t) = —aU(t), U(ty) = Uy,
where U(t) C R is a compact convex set for each ¢ > ¢y, @ > 0 is a constant, and Dy
denotes the Hukuhara derivative.
Now, consider the perturbed system with an different initial time and position:
DpV(t) = —aV(t) + R(t,V (1), V() ="V,

where the perturbation is given by R(¢,V (t)) = A(t)V(¢), with A(¢) continuous and

satisfying
1
142’

0< A1) <

/00 A(s)ds < 0.

70
Assume ||Vo—Upl|| > 0and y = 79—ty. Since the homogeneous system has exponential
decay due to the negative coefficient —a, and the perturbation satisfies the boundedness

and integrability conditions, the hypotheses of Theorem 6.3.4 are satisfied.

Hence, the system is ITD Lipschitz stable. That is, the solutions U (¢) and V' (¢) satisfy
the inequality:
V() = Ut =n)ll < C([Vo = Usll + [n]),

for all t > 79, where C' > 0 is a constant depending on a, A(t), and the decay rate.

The perturbed solution V() remains close to the time-shifted unperturbed solution
U(t — n), with the difference bounded linearly in terms of the initial state deviation

and time delay.

See [19, 2] for related ITD Lipschitz stability results in set-valued systems.
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7. CONCLUSION

In this thesis, it has been demonstrated that a set differential equation can be stable
without satisfying the conditions for Lipschitz stability. However, if such a system is
Lipschitz stable, it must also be stable. This indicates that Lipschitz stability represents

a stricter form of stability within the framework of set-valued differential equations.

To support this result, several theoretical elements were developed. The classical def-
initions of stability were reviewed and adapted to set-valued systems. Local exis-
tence, uniqueness, and extremal solution properties were established through compar-
ison methods. Furthermore, new notions of stability involving initial time difference

(ITD) were introduced, and corresponding theorems were provided.

In particular, the idea of Lipschitz stability was carefully formulated for set-valued
differential equations, with ITD. By comparing these concepts, it became clear that
Lipschitz stability imposes more restrictive conditions than standard stability. The
techniques based on the variation of parameters contributed to a clear and systematic

understanding of the relationship between these two stability notions.
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APPENDICES

Arzela—Ascoli Theorem: [Used in Theorem 3.2.1]

Let X be a compact metric space and { f,,} be a uniformly bounded, equicontinuous
sequence of real-valued functions on X. Then {f,,} has a subsequence that converges
uniformly on X to a continuous function f on X.

Proof-Since X is a compact metric space, it is separable. As the sequence is equicon-
tinuous, each f,, belongs to C'(X), and thus {f,} has a subsequence that converges
pointwise on all of X to a real-valued function f.

For notational convenience, assume that the entire sequence { f,,} converges pointwise
on X (to avoid repeated reference to the subsequence). Therefore, for each x € X, the
sequence { f,,(x)} is a Cauchy sequence of real numbers. We use this and the equicon-
tinuity of the sequence to show that { f,,} is a Cauchy sequence in C'(X).

Let € > 0. By the uniform equicontinuity of { f,,} on X, there exists a & > 0 such that
forall n € N,
|fa(U) = fn(V)] < § forall U,V € X such that p(U, V') < 6.

Since X is a compact metric space, it is totally bounded. Therefore, there exists a
finite set of points x1, s, ..., 7, € X such that X is covered by {B(x;,6)}*_,. For
1 < i < k, the sequence {f,(x;)} is a Cauchy sequence of real numbers (since it
converges to f(z;)). So, there exists an index N € N such that

| fu(@i) = f(ws)] < 5 for1 <i < kandforalln,m > N.

Since {B(z;,0)}%_, covers X, for any x € X there exists an ¢ with 1 < i < k such
that p(z, z;) < J. Therefore, for n,m > N, by the triangle inequality:
(@) = fan(@)] < (@) = fola)| + (i) = S ()| + [frnl2i) = fn ()]

<e+e+e
3 3

= €.

w

Thus, {f,} is uniformly Cauchy. Since C'(X) is complete, { f,,} converges uniformly
on X to some function f.

A uniform limit of a sequence of continuous functions is continuous, so the limit func-
tion f is continuous on X, as claimed. [

Volterra Integral Equation:

In mathematics, the Volterra integral equation is a special type of integral equation.
These equations are divided into two groups, referred to as the first and the second
kind. A linear Volterra equation of the first kind is

ft) = [TK(t,s)x(s)ds
where f is a given function and x is the unknown function to be solved.

A linear Volterra equation of the second kind is
x(t) = f(t) + [ K(t,s)x(s)ds
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In operator theory and Fredholm theory, the corresponding operators are called Volterra
operators. A useful method to solve such equations, the Adomian decomposition method,
is due to George Adomian.

A linear Volterra integral equation is a convolution equation if
)+ ft x(s) ds

The function K in the integral is called the kernel. Such equations can be analyzed and
solved using Laplace transform techniques. For a weakly singular kernel of the form

K(t,s)=(t?—s*)™ with 0<a<]l,

a Volterra integral equation of the first kind can conveniently be transformed into a
classical Abel integral equation.

Differentiability:

We define the notion of the derivative of a function F' : Ko (R") — Ko (R™).
Let e, = (e}, €7, ..., e}) be the vector such that ¢}, = 0 for k # j, and e} = 1.
Let F' € C[Ko(R™), Ko (R™)], Uy € Ko (R™), and let b > 0 be sufficiently small.
Then the function [ is said to be Hukuhara differentiable at U, if there exists
Dy F(Uy) € 2%c®)
such that the limits
F hey) — F F — F(Uy—nh

fim T the) ZF@) -y gy F00) = Pl — hew)

hoO+ h h—0+ h
exist in the topology of (K¢ (R™), D) and are equal to Dy F'(Uy).

Clearly, implicit in the definition of Dy F'(Up) is the existence of the Hukuhara differ-
ences:

F(Uo + hek) — F(Uo) and F(Ug) — F(Ug — hek)

The expression Dy F'(Uy) can be treated as a semi-linear map from K¢ (R") into K (R™),
i.e., DyF(Uy)Z € Ko(R™) whenever Z € Ko (R™).

Also, for any Z € 2¥¢®") 'we have Dy F(Uy)Z € 2Kc®"),

Hence,
DuF(Up) : Ko(R™) — 2K ®)

for every U € Ko (R").

Since the elements of K (R™) are compact, convex subsets of R™, we can represent
Dy F(Up) in the following suitable form:

F(Uy)
3u0

DHF(UO) = { cug € Uy C KC(R”)] c 2Kc([R™)

where

F(l) _ (F(Uo) F(Uo)>

aUO 8u01 Y aUOn

and each partial derivative F(UO € K¢ (R™) for each i.
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Lemma A.1:

Let f € C[J x D,R"|, where D is an open and convex subset of R”, and suppose that
the partial derivative % is continuous on R, x D. Then, for all 1,20 € D andt € J,
we have:

f(tx) — f(t22) = /0 {8f(t, se2t (1= s)y) ds - (r1 — x2)

ox

Proof"
Define the function

F(s) = f(t,sza+ (1 —s)zy), for0<s <1

Since D is convex and z1,xs € D, the argument sxs + (1 — s)z; lies in D for all
s € [0, 1]. Therefore, F'(s) is well-defined and differentiable.

By the chain rule, we compute the derivative:

Z_Z ) {c‘)f(t, sz gx(l - S>f’f1>} (22— 71).

Then integrating over s € [0, 1] yields:

F(1) — F(0) = /01 % ds — /01 {af(t’ 52 gm(l - 5)5‘“)} ds - (13 — 11).

Note that F'(1) = f(t,22) and F'(0) = f(¢,x1). Thus,

fitan) = e = [ [P Lm0 gy,

which gives the desired result (by rearranging terms).

O
Corollary:
Let A(t) be a continuous n X n matrix defined on an interval .J, and suppose that every
solution z(t) of the system

= A(t)x

is bounded for ¢ > ¢y. Let U(t) denote the fundamental matrix solution of this system
with U(tg) = I. Then U(t) is bounded for ¢ > ¢, if and only if

Re [/t: tr A(s) ds}

is bounded from below.

Alekseev’s Formula:
Let f : R?> — R be a continuous function with continuous partial derivatives with
respect to the second variable.

Denote by x(t, tg, xo) the unique solution of the initial value problem

= f(t,z), x(to) = o,
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and by y(t, to, x¢) the unique solution of the perturbed problem
= f(t,x) + F(t,x), y(to) = 0.

Then the following relation holds:

ta ta ) 7t7
y(tat()yx()) = l’(t,to,l’o) +/ :U( ° y(s s mO)) F(S,y(s,to,l‘o)) ds.

to a':EO

Definition:

A family of functions F' = {f(u)} defined on some set £ C R" is said to be equicon-
tinuous if, for every ¢ > 0, there exists a 6 = J§(e) > 0, independent of f € F' and
uy, us € F, such that

| f(u1) — f(u2)|| < € whenever |lu; — us| < 0.

Zorn’s Lemma: (Used in Theorem 4.2.1)
Let (P, <) be a partially ordered set such that every chain (i.e., totally ordered subset)
of P has an upper bound in P. Then P contains at least one maximal element.

Note that Zorn’s Lemma is equivalent to the Axiom of Choice and is frequently em-
ployed in analysis and abstract existence proofs to establish the existence of maximal
elements, especially in cases where a constructive method is not available.

Application in This Thesis:

In the proof of Theorem 4.2.1, we consider a chain {Us} 4 in the partially ordered set
(S, <). By defining a uniquely determined mapping V that agrees with each U on its
domain, and by proving that }V € S, it is shown that this chain has an upper bound in

S.

Therefore, by applying Zorn’s Lemma, we deduce the existence of a maximal element
Z € §. This maximal element is fundamental in the construction of a global solu-
tion. The proof is complete once it is shown that the corresponding maximal existence
interval satisfies ¢; = oo.

Lemma A.2:
Let f, F' € C[J x K¢(R™), Ko (R™)] and define

G(t,r) = max DI[F(t,V) — f(t,U), 0]

D[V (t,m0,Vo)—U(t—n,to,Uo), Vo—Uo]<r

where G(t,r) € C[J x Ry, R;]. Assume that 7*(¢, 7o, ||Vo — Up||) is the maximal
solution of the scalar differential equation

2 =Gt z2), z(n)=|Vo—U fort>mel

Here,

'ﬁ(t, 70, Up) = U(t — n,to, Uy), where U(t, ty, Up) is any solution of the set dif-
ferential equation (4.4),

*V(t, 70, Vp) is the solution of (4.6),

1 = To — to,
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eand ¢t > 79 > 0, ¢y € R+.
Then for all t > 7y € J, the following estimate holds:

D[V(t,Tg, VE]) — U(t — T],to, U())] S T*(t,To, D[‘/(] — Uo,OD

Lemma A.3: B B
Let V(t,U) € C[R; x Ke(R™), R, | and assume that V(¢, U) is locally Lipschitz in U.

Assume also that the upper Dini derivative of V satisfies

DfV(t,V — U) = limsup % [v(t +h,V —U+hFEV) - f(t,0)))

—V(V - 0)| <GV - D)

forall (¢t,U), (t,V) € R, x Ko(R™), where G(t, z) € C[R, x R, ,R].
r

Let r(t) = r(t, 70, 20) denote the maximal solution of the scalar differential equation

2 =Gt z2), z(m)=2>0, t>t1.

Assume that U(t) = U(t — n,to,Uy), where U(t,to, Up) is any solution of the set
differential equation (4.16), and that V(¢) := V/(¢, 79, Vi) is any solution of the set
differential equation (4.6) fort > 75 > 0, with ) := 79 — tg and ¢, 79 € R .

If the initial condition satisfies
V(70, Vo — Up) < 2o,
then the following estimate holds for all ¢ > 7;:
V(t, V() -U®1) <r().
Lemma A.4
Let f € C[R; x D,K¢(R™)], where D C R" is an open convex set. Suppose that the

partial derivative —— exists and is continuous on R, x D. Then for all U;,U, € D

and any fixed ¢t € R, the following identity holds:

6.0 - £t U = | 01t sth + U= )0V 4 (1, — 1)

; aU

Proof.Define the auxiliary function K (s) := f(t,sUs+ (1 —s)U;) for s € [0, 1]. Since
D is convex, the point sUs + (1 — s)U; lies in D for all s € [0, 1]. Hence, K (s) is
well-defined and differentiable on [0, 1].

Applying the chain rule, we compute the derivative of K (s) with respect to s:

d_K _Of(t,sUy + (1 —s)Uh)
ds oU

(Uy = Uy).

Integrating both sides over [0, 1] gives:

K(1) - K(0) = / s - / 2ot gy(l =) (v, - ) ds.
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Note that K (1) = f(t,Us) and K (0) = f(t,U,). Thus,

F(U) — [(1U) = / of(t,sUs gU(l —s)Uy) Uy — U3) ds.

0

Rewriting the left-hand side completes the proof:

£.00) - s0,0y) = [ U= s,y

0

O

Theorem 3.3.1 Let {U,,(t)} be a sequence of set-valued functions (multimappings) de-
fined on an interval J C R, and assume that the sequence is both equicontinuous
and uniformly bounded. Then there exists a subsequence {U,,, (¢)} that converges uni-
formly on J to a continuous set-valued function U ().

ProofLet each U,, : J — K¢ (R") be a set-valued map with compact convex values.
Let H denote the Hausdorff metric on Ko (R™). Since Ko (R™) is a complete metric
space under H, we proceed using standard compactness arguments.

Uniform boundedness: By assumption, there exists a compact set A C R" such that
foralln € Nand ¢t € J, we have

U,(t) C K.
Thus, the image of each U, lies in a compact subset of K (R"), implying relative
compactness in the Hausdorft metric.
Equicontinuity: For every ¢ > 0, there exists 6 > 0 such that for all ¢,,¢, € J with
|ty — ta] < 6, and forall n € N,

H(U,(t1),Up(t2)) < e.

Pointwise relative compactness: Fix any ¢ € J. Since the sequence {U,,(t)} C Ko (R™)
is uniformly bounded and takes values in a compact subset, it is relatively compact in
the Hausdorff metric. Thus, for each ¢ € J, one can extract a subsequence {U,, (t)}
that converges pointwise on a dense subset J N Q C J.

Uniform convergence: Using the equicontinuity and density of rationals, this pointwise
convergence extends to uniform convergence on all of J. That is,

sup H(U,, (t),U(t)) -0 ask — oo,

teJ

for some U : J — K¢ (R™).

Continuity of the limit function: Since each U, is continuous and the convergence is
uniform in the Hausdorff metric, the limit function U (¢) is also continuous.

There exists a uniformly convergent subsequence whose limit is a continuous set-valued
function. This completes the proof. [
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