T.R.
GEBZE TECHNICAL UNIVERSITY
GRADUATE SCHOOL

SOUND RADIATION IN A COAXIAL DUCT WITH A STEP
DISCONTINUITY ON THE INNER WALL

ADILE ULUCA

A THESIS OF MASTER OF SCIENCE
DEPARTMENT OF MATHEMATICS

ADVISOR: ASSOC. PROF. DR. HULYA OZTURK

MARCH 2024



T.R.
GEBZE TECHNICAL UNIVERSITY
GRADUATE SCHOOL

SOUND RADIATION IN A COAXIAL DUCT WITH A
STEP DISCONTINUITY ON THE INNER WALL

ADILE ULUCA

A THESIS OF MASTER OF SCIENCE
DEPARTMENT OF MATHEMATICS

ADVISOR: ASSOC. PROF. DR. HULYA OZTURK

MARCH 2024



T.C.
GEBZE TEKNIK UNIiVERSITESI
LiSANSUSTU EGITIM ENSTITUSU

IC DUVARINDA ADIM SUREKSIZLIGINE SAHIP OLAN
BiR KOAKSIYEL DALGA KILAVUZUNDA SES
DALGASININ YAYILIMI

ADILE ULUCA

YUKSEK LiSANS TEZI
MATEMATIK ANABILIiM DALI

DANISMAN: DOC. DR. HULYA OZTURK

MART 2024



A

MASTER of SCIENCE JURY APPROVAL FORM

A thesis submitted by Adile, Uluca, defended on 01/03/2024 before the jury
formed with the 12/02/2024 date and 2024/13 numbered decision of the GTU Graduate
Administration Board, has been accepted as a MASTER of SCIENCE thesis in the
Department of Mathematics.

JURY

MEMBER
(THESIS ADVISOR) : Dog. Dr. Hilya OZTURK

MEMBER : Dog. Dr. Ayse SONMEZ
MEMBER : Dr. Ogr. Uyesi Sait ERKOVAN
APPROVAL

Gebze Technical University Graduate Administration Board

........ [eeccoe.......dateand ........./......... numbered decision.

SIGNATURE/SEAL

Form No: FR-0118 Date Released:21 June 2017 Rev.No:1 Revision Date:18 December 2023



ABSTRACT

In this thesis, the propagation of plane acoustic waves in a coaxial waveguide with a
step discontinuity in the inner cylinder is analyzed in detail using the Wiener-Hopf
technique. First of all, in the first part, considering the geometry of the problem,
appropriate boundary, continuity, separation and radiation conditions are determined
for the boundary value problem. Under these conditions, a direct Fourier transform is
applied to the Helmholtz equation given by plane acoustic waves and the problem is
reduced to the solution of a Wiener-Hopf equation. For the solution of this Wiener-
Hopf equation, classical factorization and decomposition operations are applied and,
taking into account the analytical continuation principle and Liouville’s theorem, the
solution is expressed in terms of an infinite system of linear algebraic equations with
infinitely many unknown coefficients. This system was solved by a certain truncation
number, the details of which will be given in the numerical results section, and the
desired solution of the problem was obtained. In the second part, using the inverse
Fourier transform, explicit expressions for the reflection and transmission coefficients
are obtained according to Jordan’s lemma and the Residue theorem. Finally, in the
numerical results section, some numerical evaluations are made by means of graphs
obtained using MATLAB program. The effect of the truncation number on the reflection
and transmission coefficients is investigated and the ideal truncation number for the
system solution is determined. In addition, graphs are presented revealing the effects of
parameters such as the inner and outer radii of the waveguide and different frequency
values on the reflection and transmission coefficients.

Keywords: Wiener-Hopf Technique, Boundary Value Problem, Acoustic Waves.
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OZET

Bu tez ¢alismasinda, i¢ silindirinde adim siireksizligine sahip bir koaksiyel dalga
kilavuzunda diizlemsel akustik dalgalarin yayiliminin analizi Wiener-Hopf teknigi
kullanilarak detayl bir sekilde incelenmistir. Oncelikli olarak birinci béliimde, prob-
lemin geometrisi géz 6nilinde bulundurularak ilgili sinir deger problemi i¢in uygun sinir,
stireklilik, ayrit ve radyasyon kosullari belirlenmistir. Belirlenen bu kosullar altinda diiz-
lemsel akustik dalgalarin sagladigi Helmholtz denklemine dogrudan Fourier doniistimii
uygulanmis ve problem bir Wiener-Hopf denkleminin ¢6ziimiine indirgenmistir. S6z
konusu Wiener-Hopf denkleminin ¢6ziimii i¢in klasik faktorizasyon ve dekompozisyon
islemleri uygulanmis ve analitik devam ilkesi ve Liouville teoreminin de dikkate alin-
mastyla bu islemler sonucunda ¢6ziim, sonsuz sayida bilinmeyen katsayisi olan sonsuz
sayida lineer cebirsel denklem sistemi cinsinden ifade edilmistir. Bu sistem, detay-
lar1 niimerik sonuclar boliimiinde verilecek olan, belirli bir kesme sayisinda kesilerek
¢Oziilmiis ve problemin istenilen ¢dziimiine ulasiimustir. ikinci béliimde, ters Fourier
dontistimii kullanilarak yansima ve iletim katsayilarinin agik ifadeleri Jordan lemmasi
ve Rezidii teoremi uyarinca elde edilmistir. Son olarak niimerik sonuglar boliimiinde,
MATLAB programi kullanilarak elde edilen grafikler araciligi ile bazi sayisal deger-
lendirmelerde bulunulmustur. Kesme sayisinin yansima ve iletim katsayilarina etkisi
arastirilarak sistem ¢oziimil i¢in ideal kesme sayis1 degeri belirlenmistir. Ayrica, dalga
kilavuzunun i¢ ve dis yarigaplart ve farkli frekans degerleri gibi parametrelerin yansima
ve iletim katsayilari iizerindeki etkilerini ortaya ¢ikaran grafikler sunulmustur.

Anahtar Kelimeler: Wiener-Hopf Teknigi, Sitmir Deger Problemi, Akustik Dalgalar.
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1. INTRODUCTION

Noise pollution has become an important problem worldwide. Studies for the solution
of this problem are increasing gradually. Studies to prevent the transmission of sound
waves in coaxial waveguides are one of them. In these studies, dissipative and reactive

silencers are used.

Dissipative silencers are systems created by covering the inside of the channel with
sound-absorbing material to reduce noise. When sound waves pass through the silencer,
the absorbing material absorbs sound energy and converts it into a small amount of heat.
Thus, it reduces the noise level. Reactive silencers are silencers in which the sound is
damped with perforated ducts and expansion chambers [1]. The most commonly used
reactive silencer elements are sudden expansion chambers ([2—7]). As evident, both
types of silencers have their advantages. At times, a combination of these two types of
silencers can also be employed. Such systems are analyzed using the transfer matrix

approach [8].

The first work on the subject belongs to Lord Rayleigh on acoustic waveguides. Rayleigh
studied infinitely long cylindrical and rectangular guides with rigid walls [9]. Levine and
Schwinger were the first scientists to use the Wiener-Hopf technique. They analytically
analyzed the reflection coefficients for a semi-infinite rigid circular duct [10]. Later,
these studies were continued by some researchers [11],[12]. Researcher Weinstein
used the Wiener-Hopf technique to analyze the reflection coefficients for higher order
modes [13]. Infinite channels lined with absorbent material attracted the attention
of many researchers in the mid-20th century because they reduce the propagation of
sound. Morse [14], Nayfeh, Kaiser and Telionis [15] and Lapin [16] are some of these
researchers. Rawlins worked on semi-infinite ducts. In these studies, after obtaining
the Wiener-Hopf equation, he transformed it into a system of infinite linear algebraic

equations [17].

In recent years, Ozturk has studied the radiation of acoustic waves from a circumferential
slot on a circular waveguide using the Wiener-Hopf technique [18]. In their next study,
Ozturk and Tiryakioglu used the Wiener-Hopf technique for radiation of sound from a

coaxial duct formed by a semi-infinite rigid outer cylinder and infinite inner cylinder



having different linings [19]. Demir and Biiyilikaksoy used the Modified Wiener-Hopf
technique for transmission of sound waves in a cylindrical duct with an acoustically

lined muffler [20].

In this work, the effect of step discontinuity on sound propagation along a coaxial duct
is analyzed. The problem will be reduced to the solution of a Wiener-Hopf equation by
applying a direct Fourier transform to the equation of Helmholtz provided by the plane
sound waves. This reduced solution will require the solution of an infinite dimensional
system of algebraic linear equations with infinite unknowns. This system of equations

will be solved numerically to find the reflection and transmission coefficients.



2. FORMULATION OF THE PROBLEM

Consider the propagation of a harmonic plane sound wave with time dependence
exp(—iwt) in a coaxial cylindrical waveguide with a step discontinuity on the inner wall,

shown in Figure 2.1. All surfaces are rigid.

-+

Rigid

Rigid

Figure 2.1: The geometry of the problem.

For analytical convenience’s sake, the total field v (p, z) can be expressed as

uz(p7 Z) +U1(p, Z)a a<p< b7 S (—O0,00),
ul'(p, 2) = (2.1)

us(p, 2); c<p<a, z€(0,00)

where the functions u; (p, z) and uy(p, z) denote the scattered fields in the specified

regions. The incident field is taken to be

ui(p, z) = e'*2., (2.2)



Boundary conditions, continuity conditions and edge conditions in their respective

validity domains can be expressed as follows :

aﬁpul(b, Z) = 0, A (_007 OO) (23)

0
8—pu1(a, z) =0, zé&(-00,0) (2.4)

0
a_puz(c, 2)=0, zé€(0,00) (2.5)

0
;u(p0) =0, c<p<a @6)
agpul(a, Z) = agpl@(au Z)a z € (07 OO) (27)
u(a, z) +ui(a, 2) = uz(a,z), z€(0,00) (2.8)

and
u’(a,z) = O(z%), z—0 (2.9)
0 r _1

a—pu (a,2) =0(273), z—10 (2.10)

2.1. Derivation of The Wiener-Hopf Equation

Sound waves satisfy the Helmholtz equation. The Helmholtz equation is expressed as

1o/ 0\ 10 & |
[53_p<pa_p)+23752+@+k2 wp,2) =0, j=12  (2.11)

in cylindrical coordinates. Due to the symmetry of the geometry of the problem we can

write equation (2.11) independently of ¢ as follows :



10 0 0? .
[55(@%)+5§+k2%@¢yzq j=1,2. (2.12)

In the region a < p < b, the scattered field u, (p, 2) satisfies the Helmholtz equation

given by
uy(p, z) = 0. (2.13)

13 g _|_a_2+k2
pOp pap 0722

By taking Fourier transform of (2.13) with respect to z € (—o0, c0), we obtain

[e'e] 1 ) (e%e] 2 ’ o0 .
/ ;Gﬁp (paa—upl> e'dz + %em’zdz + / k*upe®*dz = 0. (2.14)

—00

Equation (2.14) has a solution under the following radiation and is unique :

ui(p, z) = O(e**), 2 — +o0 (2.15)
If F(p, a) is defined as :
Flpa)= [ wilp.2)ed: (2.16)

as indicated in equation (2.14), the equation becomes :

1o/ 0
S99 (k2 — )| F(p.a) = 0. 2.17)
[pap<%p) (0 = )| Fip,a)
F(p, a) can also be written as
F(p,C()ZF,(p,CO—i-FJF(p,OJ) (218)

with F_(p, o) and F; (p, ) being defined by



F (p,a) = /_0 ui(p, 2)e"**dz (2.19)

o0

and

Pelpea) = [ wilp.2)evdz, (2.20)
0

Note that the half range Fourier transforms, F', (p, o) and F__(p, a) are regular functions
of a in the regions Ima > Im(—k) (upper half-plane) and Ima < Im(k) (lower

half-plane) respectively. Solution of equation (2.17)

F(p,a) = A(a)Jo(Kp) + B(a)Yo(Kp), (2.:21)
with
K(a) =Vk? — a2 (2.22)

In (2.21), A(«) and B(«) are spectral coefficients to be determined, while .J; and Y,
are Bessel functions. K («) given by (2.22) is the square-root function which is defined

in the complex a-plane cut as shown in Figure 2.2 such that K(0) = k.

Re a

Figure 2.2: Complex a-plane.



Applying the Fourier transform of boundary conditions (2.3) and (2.4) yields

B(a) = —-A 22
and
Fi(a,0) = —A(a)K Ji(Ka) — B(a)KY1(Ka) (2.24)
to give
Ala) = F'.(a, ) Yi(KD) (2.25)
T K[L(KD)Ya(Ka) — Jy(Ka)Yi(Kb)] '
In (2.24), the prime denotes the first-degree derivative with respect to p.
: K[ Jo(Kp)Yi(Kb) — Ji(Kb)Yo(Kp)]
F =F 22
is obtained by substituting the coefficients A(«) and B(«) in (2.21), where
M(p1, p2, ) = Ji(Kp1)Yi(Kp2) — J1(Kp2)Yi(Kpr). (2.27)

On the other hand, the Helmholtz Equation’s Fourier transform satisfied by us(p, z) with

respect to z, in the range of z € (0, c0) gives right-sided non-homogeneous equation

190/ 0
N N _|_K2
[pap (pap)

where f(p) stands for

Gy(p,a) = —iaf(p) (2.28)

f(p) = us(p,0) (2.29)

and G (p, a) which is a regular function in the upper half complex a-plane, is defined

by :



Gilpa) = [ uap,2)ede (2.30)
0

Non-homogeneous equation (2.28) has a homogeneous solution and a particular solution.
We can write the solution of the non-homogeneous equation (2.28) as the sum of its

homogeneous solution and its particular solution
Gi(pa) = Gl(p,a) + GLp, a). (2.31)

First, let us apply the Green’s function method for the particular solution. The Green’s

function related to (2.28) satisfies the equation :

0 0
[})a—p(pa—p)+K2<a>]g<p,t,a>=%6<p—t>, pte(ca @3

with the following conditions

Gt +0,t,0) = G(t — 0,1, ), 2.33)
0 0 1
8_pg(t + 0,1, O./) - a_pg(t —0,¢, Cl{) = Ea (234)
gg( t,a) =0 (2.35)
ap C,l,&x) = U, .
and
2g( t,a) =0 (2.36)
o a,t,a) = 0. :

Gip.t.o) — Ai(a)Jo(Kp) + Bi()Yo(Kp), c<p<t, (2.37)
As(a)Jo(Kp) + Ba()Yo(Kp), t<p<a



where A;(a), As(a), Bi(a) and By(«r) are spectral coefficients. Considering the

condition in (2.36)

Jl (Ka)
B =-A
2(a) 2(04)}/1([(@)
and considering the condition in (2.35)
Jl(KC)

Bl(Oé) = _Al(a>}/1(Kc)

Then, using equation (2.33),

Ao(a) = Ay(a) | REDNEC) - L (KOYo(KY)

To(K)Y1(Ka) — Jy(Ka)Yo(Kt)

is obtained. Finally, when condition (2.34) is applied,

Ay(a) = Ty (Ke) | DY) = h(Ka)Yo(KY)
2

Ji(Ke)Yi(Ka) — Ji(Ka)Yi(Kc)

is found. Hence, the solution of (2.32) under the conditions given above is

1
t = t
g(p7 7a) M(C’ a, a)Q(ﬂ? 7a)7

where

H(a,t,a)H(c,p,a), c¢<p<t,

Q(pat7a) = 5

H(e,t,a)H(a,p,a), t<p<a

and

H(p1, p2, ) = Jo(Kp2)Y1i(Kp1) — Ji(Kp1)Yo(Kp2).

The general solution of (2.28) can be written as

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)



G (p, ) = C(a)Jo(Kp) + D(@)Yy(Kp) — ﬁ / QU o) (1)t (245)

In (2.45), C(a)Jo(Kp) + D(a)Yo(Kp) comes from the homogeneous solution and
C(«) and D(«) are spectral coefficients to be determined. If we consider the Fourier

transform of boundary condition (2.5)
G\ (c,a) =0 (2.46)

and the derivation of (2.45) with respect to p yields

Gl {p.) = =KC(@)A(Kp) = KD@Wi(Kp) = g [ Qe pals(onar

(2.47)
By setting p = cin (2.47) and considering (2.46), it is obtained that
D(a) = —C( )i‘ﬁgg (2.48)
Applying the Fourier transform of continuity condition (2.7) yields
F(a,a) =G (a,). (2.49)
By substituting p = a in (2.47) and considering (2.49), we obtain
Cla) = F' (a, )Y (Kc) (2.50)

KM (c,a,a)

If we write (2.48) and (2.50) in (2.45), the result is

10



1

G+(p7 a) = K2M(C, a) CY)

{KH(paF 00 0k [ Qo
’ 251

The left-hand side of (2.51) is regular function in the upper half plane then its right-hand
side must also be a regular function. The regularity of the right-hand side of (2.51) may
be violated by the presence of simple poles occurring at the zeros of K2M (c, a, «) lying
in the upper half of the complex a-plane. Simple poles will be removed by making

residues zero, namely at oy = kanda = o, (m =1,2,...) for
K*(a)M(c,a,a) = (k* — a*)M(c,a,a) = 0. (2.52)
First, let’s consider o = «,,, and mark it
K(ap) = K. (2.53)

These poles can be removed by enforcing that their residues are zero, that is

K [Jo(Kmp) Y1 (Kmc) — Jl(KmC)YO(Kmp)]F-Ii-(aa )

a (2.54)
—mmen/ Q(t, p, o) f(H)tdt =0

and

[ En [ Jo (K pt) Y1 (Konc) — Ji(Kne)Yo(Kont)] f (£)tdt

F'(aoz)——%am c 2
T rKa [Jo(Ka)Yi(Kpme) — Jy(Kpe)Yo(Kma))
(2.55)
is obtained from equation (2.54). By substituting «v,,, = k in (2.55) obtains that
y ik [
F(a,+k) = - f(t)tde. (2.56)

11



Since f(t) appearing in (2.55) is absolutely integrable function satisfying Dini conditions,

it can be expanded into the Fourier-Bessel series as follows :

F&) =" fnthm 2.57)
m=0
with
VYm = %H(c,t, ) (2.58)

where f,, and v,,, are the normalized Bessel coefficients and the related set of orthogonal

functions, respectively. This series expansion allows one to write

1 a
o= o / Ft)tdt (2.59)
and
Jm = ||1/}in|l2 / K;"WH(C,t, am) f(t)tdt, (2.60)

use of the orthogonality integral given by :

a 2.2
JEos :/ KZW [Jo(Kmt) Y1 (Knc) — i (Kpe)Yo(Kpt)]?tdt. (2.61)

Equation (2.61) is evaluated as :

JHKc) — JHKna)

m|[* = 2.62
When equation (2.62) is substituted in (2.60),
2J3 (K a) “ Ky
m = H(c,t,ap,) f(t)tdt 2.63
I = () = (o) / y et (263

is obtained. Also

12



“flt)td @
Jo= Je f{(tc); L p i 2 / f(t)tdt (2.64)

is found from (2.59). Then we substitute equation (2.63) into (2.55), we obtain

o, [} (Km¢) = JP(Kna)] fm

Fia, am) = CrKna  JA(Kpa)H(c,a, o) (2.65)
and owing to (2.56) and (2.64) we write
F'(a, k) = —%(“2 > CQ)fO. (2.66)
As mentioned before, f(¢) can be represented as its Fourier-Bessel series
F0) = fo+ 30 ST LK)V K) — B VoKl 6T
m=1
Then, the Fourier transform of the continuity condition (2.8) allows to be write
Fi(a,a) — - L Gi(a, ) (2.68)
i(a+k)

If we consider (2.68) together with (2.18), (2.26) and (2.51) and write p = a, we obtain

2 M(c,b, a) FL(G’Q)—F,(a,a)—, 1
wa M(c,a,a)M(b,a,c) K2 il + k)

. “ (2.69)
{Xe’ 1
=—— Kt)Y1(Kc) — Ji(Kco)Yo(Kt)|f(t)tdt.
S e | PO (5e) = (KoY (K011
As a result, when the integrals of the products of the Bessel functions obtained after

writing the series expansions of the f(¢) function are calculated, the following Wiener-

Hopf equation, which is valid in the band Im(—k) < Im(«) < Im(k) is obtained:

13



2 1 F”/L(a’a)—F(a o) 1 _ £

ma N(a) K? ik + ) (k% — a?)
o (2.70)
B i 1 J1(Kpc)
;1 a (a® = a2) Jy(Kya) fm
where
1 M(c,b, a) 2.71)

N(a) M(e,a,a)M(b,a,a)

2.2. Solution of the Wiener-Hopf Equation

The equation of Wiener-Hopf will be solved by performing decomposition and fac-
torization operations. To solve the equation of Wiener-Hopf we first factorize the
kernel function N(«). This can be done by considering the methods given in [21]
as N(a) = Ny(a)N_(«). Here, N (a) and N_(a) = Ny(—«) are regular func-
tions in the upper (Im(«) > Im(—k)) and lower (Im(a) < Im(k)) halves of the

complex a-plane, respectively. Now, multiply all terms of Wiener-Hopf equation by

iN_(a)(k — o) /B, we get

. 2 1 / — 1 o — —ﬂ-a a,
W V(@) r oyt (@) 7 (@) =)y k(e 0)
(k — «) Ta Qo Ta

N (k- o)y [ L o)
+—N_(a)(k )\/Zmzzl (a2 — a2,) Jl(Km“)fm

There are non-regular terms in the above equation. These terms will be written as the sum
of functions that are regular on the upper and lower planes by applying decomposition.

First, let’s decomposition the following term

(k—a) a
=— N_ —. 2.73
91 (O_/) (k + Oé) (Oé) 9 ( )
This term has a simple pole at &« = —k. If we consider the residue for this pole, we find

oy L ~ (k=7)N_(7) [ma o ~ Ni(k)2k ma
grle) =55 /L+ GV 27T o) \E @.74)

14



91 (@) = g1(a) — g (@)

(2.75)
ma 1
= —/—= N_ k—a) — Ny(k)2k|.
5 (e V(@) — ) = N (K)24]
Now let’s consider the function
a Ta
= N, —_— . 2.
gQ(Oé) (k + Oé) (Oé) 2 fO ( 76)
There is a simple pole at « = —k in the this function. As a result of the residue operation,
Ny (k)k |ma
+ _ 't el 2
(@) = /= N (a)a+ N (B)H (2.78)
92 V2 ((k+a) T * :
Finally,let’s do decomposition for &« = —av,, singular points of the function
« Ta 1 J1(Kpc)
=—N_ k — — - 2.79
g3(c) a (a)( ) 5 mz:; (a2 — a2)) J1(Kma)f (2.79)
We find
Ta N+ )(k + am) J1(Kpc)
=\ = m 2.80
Z 2(am +a)  aJi(Knpa) 4 (2.80)
—a)N_ N
Ta Z a(k a)N_(a)  (k+ an)Ny(om) s
aJ1 (a2 —a2) 2(am + )

When we substitute the decomposition results we found into the Wiener-Hopf equation

and arrange them, we obtain the equation below

15



]2 1 , Ny(k)2k [ma  Ni(k)k [ma
Z\/im—kﬂﬁ(“’a) R

ma  fo
+\/;( [ a)(k —a) — Ny (k)2k] — f(k ) [N-(a)or + Ny (k)k]
Ta alk — a)N_(a) B (k 4+ am) Ny (am)
\f > [ @-az)  Aawta) ]

(2.82)

Let B, and B_ represent the regions (Im(«) > Im(—k)) and (Im(a) < Im(k)),
respectively. The left hand side of (2.82) is the sum of terms which are regular on region
B, while the right hand side is the sum of terms which are regular on region B_. It
is clear that this equality is valid on the intersection region B described by B, N B_.
Therefore, the right and left sides of the equation must be zero due to the principle of
analytic continuation. By setting the right side equal to zero, we find the solution of the

Wiener-Hopf equation as follows :

ima

Fi(a,0) = _TN+( @) |2kNy (k) — K foN4 (k)+
(2.83)

i Ny () (b + ) (k + ) Jy(Kpne)

2a(ay, + @) J(K ) fn]

m=1

2.3. Determination of the Expansion Coefficients

The function F'| (a, ) obtained by solving the Wiener-Hopf equation has unknown
terms fy and f,,,. Let us now find these terms. If we first write the integral in equation

(2.55), we get

/a %[JO(Kmt)YNKmC) — J1 (K)o (Kmt)] f(2)tdt

2 (2.84)
= — " [Jo(Kpna)Yi(Kpne) — Ty (Kme)Yo(Kma) F (a, apy,).

210y,

When we substitute this equation in (2.84) into (2.63), we find
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B iraK,, Ji(Kna)
I = T (Kon) — T2 (Ko

Substituting o = av,,, in equation (2.83) gives

P (@, am) =imak Ny () N3 () — T2 N () N () o+
i 2N () (k + ay) (k4 ) Ji(K0)
ZN—i—(am) nzzl (an T am) Jl(Kna) fn

If equation (2.86) is substituted into equation (2.85),

i = = TRV (@) N ()N () + "o o () N ()N ()

T N () (k + ) (k4 ) J1(K0)
TVl 2 T e AR
where
Vi) = makm I3 (Kma) H(c,a,ap,), m=1,2,..

A JEHKme) — J2(Kpa)
Now let us derive the integral from equation (2.56)
a a ,
f(t)tdt = ——-F} (a, +k).
. 7
Substituting this equation in (2.64) gives

2 a

fo= -
Then, when we write a = k in (2.83) and substitute it in (2.90), we get

2ra?

fot = No(k) Y Slam)fon = ———

a2 — 2

2
Ta 9
L4 5 N3 (k)

N2
a? —

m=1

17

(k)

[Jo(Kna)Y1(Kpe) — Ji (Kne)Yo(Kpna)|F (a, am).

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)

(2.91)



where

J1 (K )

Slem) = Neam) 5

(2.92)

Thus, the coefficients f,, and f, were found. It will also be discussed numerically in

the next section.

2.4. Analysis of the Fields

The reflected field in the region a < p < b, z < 0, can be determined by solving the

inverse Fourier transform F_(p, a) and considering (2.18) and (2.26) we obtain

ui(p, 2) = %/LKFJ/F(@,@) [JO(K'O)YIE(}Z)\}(; ‘il(c‘gb)y()(KP)] 0107

1 —iaz
_%/LF—F(IOJQ)Q da

(2.93)

where L is a straight line parallel to the real a—axis, lying in the strip Im(—k) <
Im(a) < Im(k). To apply Jordan’s lemma due to the e~“** term, the L curve is closed
from above. Since the F' (p, @) will be regular in this closed region, its integral will be
zero in accordance with the Residue theorem. The poles located in the upper half-plane

are the point o = k from the K? function and the points o = T,, given by

J1(Xmb)Y1(xma) — J1(xma)Y1(xmb) =0, m=1,2, ... (2.94)
where
Yo =Vk2—x3, m=12.. . (2.95)
wa® 2 Ny(am) Ji(Kme) ik
=N N 2 — ikz
ui(p, 2) 2(a? — 1?) +(k) | N4 (k)( f0)+mX::1 a Jl(Kma)fm €

> iF (a, C0)[Jo(xrp) Y1(XrD) — J1(:0) Yo (xr0) X0 o~ iTrz
* Z i[(kﬁ - 042)M(b, a, a)]a:Tr

r=1 da

(2.96)



is obtained from the residue contribution of these expressions. As a result, the reflection

coefficient of the fundamental mode is as follows :

7TCL2

L Ny (o) Ji(Kone)
—b2)N+(k) [2N+(k)—N+(k)fo+Z . fm|. (2.97)

R p—
07 2(a? - Ji(Kpa)

In the region z > 0 the inverse Fourier transform of F' (p, ) gives the transmitted field,

that is

1 P,z

= L [ b oy PAOIAED) — S KDALD)rc

K2M (b, a, ) (2.98)

F 'LaZd
27T (pJ ) Q0

By similar logic, if we close the curve L from below in a suitable way, the integral will
be zero by the residue theorem since the function F_(p, o) will be regular in this closed

region. Also, substituting (2.83) into (2.98), u; (p, z) becomes as follows :

wlp.2) = 5 [ IR N, () ~ KN (0o

. Z Ny (am)(k + ap)(k + a) Ji(Knyc) fm] (2.99)

2a(ap, + @) Ji(Kma)

) [K[Jo(Kp)iﬁ(Kb) - Jl(Kb)Yo(Kp)]] e g
K2M(e, b, @)

The integral becomes equal to the sum of the residues related to the poles occurring at the
simple zeros of K2M (¢, b, o) lying in the lower half-plane. The zero of K2 in the lower
half-plane is « = —k. Additionally, the function [J;(Kc¢)Y;(Kb) — J1(Kb)Y1(Kc)]

will be simple zeros o = —pu,,, points. Using the residue theorem,
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G JO p )‘ b) Jl()‘rb)Yb()‘rp)])‘r
Z di[( Q)M(Cv b, O‘)]a:—w

% 7?)) 2kN (k) — kN, (k) fo

Ny (am)(k + o) (k — pr) J1(Kpc)
- Z 2a(a, — ) Ji(Kpa)

(2.100)

fm ei,uTz

¢ —a’ ikz
+ m@ — fo)e

is obtained. Consequently, the transmission coefficient of the fundamental mode is as
follows :

& — a?

T =sm—a

(2— fo). (2.101)

2.5. Factorization of the N(a) Function

In this section, the factorization of the function

L (KYa(Ka) = J(Ka)Vy (KoL (KDY (Ka) — Jy(Ka)Y(KD)
(KO (Ke) — (K Ya(D)
M(c,a,a)M (b, a, o)
M(c,b, a)

N(a) =

(2.102)

will be analyzed. N («) has no branching singularity. It has zeros and poles. First, let’s

factorize for M(c,a,a) = M;(a) = M} ()M, ().

My (a) = \/Ji(ke)Yi(ka) — Jy (ka)Yi (ke)exp(P(a)) | (1 + —) eFm (2.103)

m=1

is written for
JI(KmC)lfl<Kma> - J1<Kma)Y1(ch) =0, (2.104)
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am = /K2 — K2 (2.105)

Here P(«) will be set to eliminate the asymptotic behavior of the infinite product. The

asymptotic behavior of the Bessel functions for |z| — oo is as follows :

In(2) ~ \/gcos (z - g - %) (2.106)
Y, (2) ~ \/gsin <z - ”7” - %) (2.107)

Then the large zeros of the function (2.102) will have the behavior

2 .
am:\/k;z— ( m”) ~ m— (2.108)
a—cC a— C

since

cos(Kc—%{)sin(Ka—?%) —cos(Ka—%)sz’n(Kc—?%) = sin(K(a—c)).

(2.109)
Hence
K, =" (2.110)
a—c
The asymptotic behavior of the infinite product is obtained as
H 14 i e% _ ) e,@(17Cfloga+logfrflog(afc)+ig) (21 1 1)
m 2a(a — ¢)

0 F(% + 1) _a
(6% @ (0% ¢ a a
I I 1 e = —~ /[ Z c(1=C—log?) 2.112
( +mc+a)€ V2m (C> ’ ( :



Thus

M+ \/Jl k’C Y'l(k,a) Jl(k‘a)}/l(kc)e@(1—C—loga-‘,—logw—log(a—c)-‘,—ig)
> (0% ia(a—c)
1 —_— mT
1l (1+2)e
2.113)

Now let’s factorize for M (b, a, o) = Ms(a) = My ()M, () in a similar way.

M+ \/Jl k‘b Yl(k;a) Jﬂka)n(kb) Za(a b>(1 C—loga+logr—log(a—b)+iT)
> (e} ia(a—b)
14— e mr
1l (1454 )e
(2.114)

is written for

J1(Xmb)Y1(Xm@) = J1(Xm@)Y1(xmb) = 0, (2.115)

Yo = VK — X2, (2.116)

Finally, let’s do factorization for —M (¢, b, ) = M3(a) = M3 (o) My ()

M+ \/Jl kb Yl(kc) Jl(kc)Yl(kb) m(c fale=b) (1 C—loga-+logr—log(c—b)+iT)

o0 ( o ) S (2.117)
>< 1+ _— [ mm
1

is written for

Lim = \/k® — B2.. (2.119)
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Moreover, considering the asymptotic behaviour of the Bessel functions,

-1

Ni(a) ~ (+a)2 (2.120)

for |a] — oc.

2.6. Numerical Results

In this section, numerical results of reflection and transmission coefficients for different
problem parameters are obtained using MATLAB program. In these graphs, the ampli-
tudes of the transmission and reflection coefficient are analysed for the fundamental
mode. Firstly, the graphs of the change of reflection and transmission coefficient am-
plitudes according to the truncation number, N, are given. Figure 2.3 and Figure 2.4
show that there is no change in the coefficient amplitudes after V> 5. Considering this

situation, N = 40 is taken in the graphs for the system created to find the coefficients.
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Figure 2.3: Magnitude of fields for =500 Hz.
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Figure 2.4: Magnitude of fields for f=2000 Hz.

Figure 2.5 and Figure 2.6 show the variation of the amplitude of the reflection coefficient
with respect to frequency. The amplitude of the reflection coefficient decreased in
both graphs as the frequency increased. Also, Figure 2.5 indicates that the reflection
coefficient’s amplitude is larger for increasing values of a/c. In Figure 2.6, the reflection

coefficient’s amplitude is smaller for increasing values of b/a.
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Figure 2.5: Magnitude of the reflection coefficient for different a/c values.
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Figure 2.6: Magnitude of the reflection coefficient for different b/a values.

Figures 2.7 and 2.8 display how the transmission coefficient’s amplitude varies with
frequency. As can be seen in the graphs, as the frequency increases, the amplitude of
the transmission coefficient also increases. Also, in Figure 2.7, the amplitude values of
the transmission coefficient are smaller with increasing values of a/c. In Figure 2.8, the

transmission coefficient’s amplitude is larger for increasing values of b/a.
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Figure 2.7: Magnitude of the transmission coefficient for different a/c values.
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3. CONCLUSIONS

In this study, the propagation of plane acoustic waves in a coaxial waveguide with a step
discontinuity on its inner cylinder is investigated by the Wiener-Hopf method. In the
first part, the Wiener-Hopf equation is obtained by applying the direct Fourier transform
to the Helmholtz equation provided by acoustic waves under boundary and continuity
conditions. Decomposition and factorisation processes are then applied for this equation.
As a result of these operations, the solution is an infinite number of linear solutions
with an infinite number of unknown coefficients. This system is numerically calculated
using MATLAB program and unknown coefficients are found. In the field analysis
section, reflection and transmission coefficients are obtained using the inverse Fourier
transform. In the numerical results section, the effect of frequency and radius on the

transmission and reflection coefficients is directly observed with the graphs obtained.
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