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SUMMARY

In this thesis, we have given some stability concepts and boundedness criteria
for the set valued differential equations. It is well known that the theory of stability in
the sense of Lyapunov has been successfully investigated to understand qualitative
properties of set valued differential equations [1]-[5]. In set valued differential
equations, the Lyapunov’s second method allows us to obtain sufficient conditions for
the stability of a system without explicitly solving the set valued differential equations.
The method generalizes the idea which shows that the system is stable if there are some
Lyapunov function satisfy some good properties for the set valued differential
equations. The investigation of initial value problems of set valued differential
equations with a perturbation in the space variable is well known when the perturbation
is restricted to the space variable. We have worked on stability and boundedness
criteria that is the special case of the stability introduced the concept of stability in
terms of two measures which unified the foregoing stability concepts. Then, the
theories of the stability have been successfully developed and some results are
obtained by means of various types of Lyapunov functions for several kinds of
differential equations. These concepts of stability and boundedness criteria also could
have investigated to ITD stability, boundedness and Lagrange stability in terms of two
measures for perturbed set valued differential equations by using comparison method

via Lyapunov-like function.

Key Words: Set Valued Differential Equations, Lyapunov Functions, Stability,

Boundedness Criteria, Comparison Results.



OZET

Bu tezde, kiime degerli diferansiyel denklemler i¢in kararlilik kavramlarini ve
smirlilik kriterini ele aldik. Lyapunov agisindan kararlilik teorisi, kiime degerli
diferansiyel denklemlerin [1]-[5] niteliksel oOzelliklerini anlamak ig¢in yapilan
caligmalarda basarili oldugunu biliyoruz. Kiime degerli diferansiyel denklemlerdeki,
Lyapunov'un ikinci methodu, ¢ozlimleri agik olmayan kiime degerli diferansiyel
denklemler siteminin kararliligi i¢in yeterli kosullar1 elde etmemize yardimci olur. Bu
method, eger kiime degerli diferansiyel denklemler icin bazi iyi 6zellikleri saglayan
bazi Lyapunov fonksiyonlar1 varsa bu sistemin kararli oldugunu gosterme fikrinin
genellestirilmesidir. Degisken araligindaki bir diizensizlik ile kiime degerli
diferansiyel denklemlerin baslangi¢ deger problemlerinin incelenmesi, diizensizlik
sinirlt bir degisken araligina sikistirilmigsa iyi bilinir. Biz burada kararliligin 6zel bir
durumu i¢in sinirlilik ve kararlilik kriteri izerinde ¢alistik. Kararliligin bu 6zel durumu
onceki kararlilik kavramlarimi birlestiren iki Sl¢iiniin agisindan kararlilik kavramidir.
Daha sonra, kararlilik teorileri basariyla gelistirilmis ve diferansiyel denklemlerin
birkagi ¢esidi i¢in ¢esitli tipteki Lyapunov fonksiyonlarinin araciligiyla bazi sonuglar
elde edilmistir. Bu kararlilik ve siirlilik kriteri kavramlar1 ayrica saptirilmis kiime
degerli diferansiyel denklemler igin iki Ol¢ii acisindan baslangic zaman farkli

kararlilik, sinirlilik ve Lagrange kararlilik kriterleri i¢in de incelenebilirdir.

Anahtar Kelimeler: Kiime Degerli Diferansiyel Denklemler, Lyapunov

Fonksiyonlari, Kararhhk, Simirhlik Kriteri, Karsilastirma Sonuclari.
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1. INTRODUCTION

In the qualitative theory of differential equations one of the main problems is
stability criteria of the solutions. It is well known that the theory of stability with
respect to position in the sense of Lyapunov has been successfully investigated to
understand qualitative properties of dynamic systems for many years [1]-[5]. In
nonlinear differential systems, Lyapunov’s direct or Lyapunov’s second method
allows us to obtain sufficient conditions for the stability of a system without explicitly
solving them. The method generalizes the idea which shows that the system is stable
if there are some Lyapunov function such that satisfy some properties. The
investigation of initial value problems of differential equations with a perturbation in
the space variable is well known when the perturbation is restricted to the space
variable [1]-[5].

In stability theory, there is another important problem that is to determine which
stability properties of a special differential system are preserved under sufficiently
small perturbations. This problem was investigated in several ways in [7]-[9]. In 1979,
S.P.Gordon investigated the problem of determining the behavior of the solutions of a
perturbed differential equation with respect to the solutions of the original unperturbed
differential equation [17]. The principal mathematical technique employed is a
modification of Lyapunov's Direct Method which is applied to the difference of the
solutions of perturbed and unperturbed system where the initial positions are
sufficiently close. In [18], the authors applied Variational Lyapunov Method,
combines the method of variation of parameters and the method of Lyapunov, to
connect the solutions of perturbed and unperturbed system.

There are many stability concepts are presented in the literature such as the
partial stability, eventual stability, conditional stability, Lipschitz stability, relative
stability and so on. Then, the theories of the stability in terms of two measures,
Movchan in 1960, have been successfully developed [11] and some results are
obtained by means of various types of Lyapunov functions for several kinds of

differential equations in [12].



2. BASIC DEFINITIONS AND THEOREMS

Definition 2.1: Let A, B be two nonempty subsets of R" and let 1 € R. We define

following Minkowski addition and scalar multiplication by
A+B={a+b:a€ADbE€B} 2.1
AA = {Aa:a € A} (2.2)

Definition 2.2: Let A be nonempty subsets of R"™. We call subset A of R" is convex if
for ay,a, € AandV A € [0,1] the point

a=2Aa;+(1—-2Na, (2.3)
belongs to A.

Definition 2.3: We shall consider the following three spaces of nonempty compact

convex subsets of R", namely

i) C(R™) = {A: A is nonempty closed subsets of R"}
ii) K(R™) = {A: A is nonempty compact subset of R" }
iii) K.(R™) = {A: A is convex subset of K(R")}

Definition 2.4: For any nonempty subsets of R"™ we denote by coA its convex hull that

is

coA={A:ACS A, for A, € K.(R"),a €A’ = ﬂAa} (2.4)

a€l

Proposition 2.1: The spaces C(R™), K(R™) and K.(R™) are closed under the

operations of addition and multiplication. And the following properties hold.

)A+0 =0+ A=A, 0is the zero element of R™ treated as singleton



ii)(A+B)+C=A+(B+C()
iii)A+B=B+A
ivJA+C =B+ C impliesA=B
v)1.A=A

vi) \(A+B) =1A+ b

vii) A+ u)A =214+ uA

where A,B,C € K.(R™) and A, u € R,.

Definition 2.5: Let A and B be element of K.(R™). If there exist an element C €
K.(R™) such that A = B + C, then we say that the Hukuhara difference of A and B
exists and it is denoted by A — B.

Definition 2.6. Let x € R™ and A is nonempty subset of R™. The distance d(x, A) from
X to A is defined by

d(x,A) = inf{|lx — all:a € A} (2.5)

Remark 2.1: Let x € R™ and A be nonempty subset of R".

i) d(x,A) =d(x,A) = 0;
ii) d(x,A) = 0 © x € A, where A is subset of R".

Definition 2.7: We call the subset

Se ={x e R™:d(x,A) < ¢} (2.6)

an € — neighborhood of A.

It is closure is the subset

Se = {x € R":d(x,A) < €} (2.7)

In particular, we shall denote by



St =5,00) (2.8)

which is obviously compact subset of R™.

Remark 2.2: Let x € R™ and A be nonempty subset of R"™. S.(A) =S(A,e) =A+
€S, Ve > 0.

Definition 2.8: Let A, B be nonempty subsets of R". We define the Hausdorff
seperation of B from A by

dy(B,A) = sup{d(b,A):b € B} (2.9)
or
dy(B,A) = inf{e > 0:B C A+ €S} (2.10)
Remark 2.3: Let A, B and C be nonempty subsets of R™.
i)dy(B,A) =0 B C A
ii) dy(B,A) < dy(B,C) + dy(C,A).

iii) dy (B, A) # dy (A, B).

Definition 2.9: Let A, B be nonempty subsets of R™. Hausdorff distance between A
and B is defined

D(A,B) = max{dy(B,A),dy(A,B)} (2.11)
Remark 2.4: Let A, B, and C be nonempty subsets of R™.
i)D(B,A)=0&B=A4

ii) D(A,B) < D(A,C) + D(C, B)
iii) D(B,A) = D(4, B)



If we restrict our attention to C(R™), then we find that the Hausdorff distance is

a metric known as the Hausdorff metric. Thus (C(R™), D) is a metric space.

Lemma 2.1: If A,B € K.(R™"), C € K(R") and A+ C € B + C then A C B.

Proof 2.1: Let a be any element of A. We need to show that a € B. Given any ¢, € C,
we have a + ¢, € B + C, that is, there exist by € B and ¢, € C witha + ¢, = by + ¢,.
For the same reason b, € B and c3 € C with a + ¢, = b, + c3 must exist. Repeat the
procedure indefinitely and sum the first n of the equations obtained. We get a + ¢, =

by +cy,a+c, =by+c3,...,a+cyp =by + Cpyq

n n n
na + Z ¢ +c = Z b; + C; + Cpat (2.12)
i=2 i=1 i=2
n
na = Z b +cpy1 —Cq (2.13)
i=1
n
_1 b; + ! 2.14
a—;z = (Cner =€) (2.14)
=1
n
. 1
a=lima=Ilim— ) b; (2.15)
n—-oo n—»oon' 4
i=

.1 1 . . ,
where lim =Yi-, b; € B and lim = (cp4q — ¢1) = 0 since B is convex and C is
n-oon n-ooon

1 . .
compact. Thus ;Z?ﬂ b; converges to a. Hence B is compact, a € B. This completes

the proof of Lemma 2.1.
Proposition 2.2: If A,B € K.(R") and C € K(R") then

D(A+C,B+C)=D(AB) (2.16)



Proof 2.2: Let A = 0 and S denote the closed unit sphere of the space. Consider the

following inequalities

i) A+AS > B,
ii) B+ 1S 2 A,

iii) A+C+AS DB +C,
iWB+C+ASDA+C.

Let dy = D(A,B) and d, = D(A+ C,B + C). Then d, is the infumum of the
positive numbers A for which i) and ii) hold. Similarly, d, is the infumum of the positive
numbers A for which iii) and iv) hold. Since iii) and iv) follow from i) and ii)

respectively, by adding C, we have di = d,. Conversely, since by Lemma 2.1,

canceling C is allowed in iii) and iv), we obtain d; < d,, which proves the proposition.

Proposition 2.3: If A, B € K(R"), then

D(coA,coB) < D(4,B) (2.17)

IfA,A',B,B' € K.(R"), then

D(tA,tB) =tD(A,B) forallt =0 (2.18)
D(A+A',B+B')<D(A,B)+D(4,B") (2.19)

Further,
D(A—A,B—B')<D(A,B)+D(4,B") (2.20)

if the differences A — A" and B — B' exist. Moreover, with § = max{A, u}, we have

D(AA,uB) < BD(A,B) + |2 — u|[D(4,0) + D(B,0)] 2.21)

and



D(AA,AB) = AD(A — B, 0) (2.22)
whenever A — B exists.
Proposition 2.4: A nonempty subset A of the metric space (K(R™),D) or
(K.(R™), D), is compact if and only if it is closed and uniformly bounded.
Set inclusion induces partial ordering on K(R™). Write A < B if and only if A <
B,where A,B € K(R™). Then
L(B) ={A € K(R"):B < A} (2.23)

U(B) = {4 € K(R"): A < B} (2.24)

are closed subsets of K(R™) for any B € K(R™). In fact, Proposition 2.4, U(B) is
compact subset of K(R™).

Proposition 2.5: Let {A;} ¢ K(R") satisfy
~CA S CA, CA (2.25)
Then A = N, Aj € K(R™) and
D(A,,A) = 0asn—> oo (2.26)
on the other hand, if
Aj €A S CAC (2.27)

and A = UjZ; Aj K(R™), then D(Ay, A) - 0 as n— o holds.

Definition 2.10: Let A be nonempty subset of R"™. The support function of A is defined
forall p € R™ by



s(p,A) = sup{(p,a); a € A} (2.28)

which approaches to the value +o0 when A is unbounded. However, when A € K(R™),
the supremum always attained and the support function s(.,A):R™ - R is well

defined. Indeed,
Is(p, DI < l|Allllpll, vp € R" (2.29)
and
Is(p, 4) —s(q, A)| < llAllllp — qll, vp,q € R" (2.30)
Definition 2.11: We consider mappings F from a domain T in R¥ into the metric
space (K.(R™), D).
Thus, F:T — K.(R™) or equivalently

F(t) € K.(R"), forallteT (2.31)

We shall call such a mapping F is a (compact convex) set valued mapping from T to

R™.

Definition 2.12: We shall say that a set valued mapping F satisfying (2.31) is

continuous at ty € T if Ve > 0 there exists a § = 6(€,ty) > 0 such that

D[F(t),F(ty)] <e,VteTwith lI[t—ty, I<§ (2.32)

Alternatively, we can write (2.32) in terms of the convergence of sequences, that is

lim D[F(t,),F(ty,)] =0,vt, € Twitht, > t, €T. (2.33)

tn—>t0

Using the Hausdorff separation dy and neighborhoods, we see that (2.32) is

combination of



dy(F(t),F(ty)) <e (2.34)

that is
F(t) € Se(F(ty)) = F(t) + €S} (2.35)
and
dy(F(ty),F(t)) <e (2.36)
that is
F(ty) € Se(F(t)) = F(t) + €S} (2.37)

forallt € T with || t — ty II< 8. As before, ST = {x € R™: || x lI< 1} is the open unit
ball in R™. If the mapping F satisfies (2.34), (2.35), then we say that is upper
semicontinuous at ty, or that is lower semicontinuous at t,, if it satisfies (2.36), (2.37).
Thus F is continuous at ty if and only if it is both lower semicontinuous and upper

semicontinuous at ty.

Theorem 2.1: F:T - K.(R") is measurable if and only if there exists a sequence {f;}

of measurable selectors of F such that

F(t) = U{fl(t):l —1,2,-}, for eacht € T (2.38)

Definition 2.13: Let I be an interval of real numbers. Let a multifunction U:I =
K.(R™) be be given. U is Hukuhara differentiable at a point t, € I, if there exist
Dy U(ty) € K. (R™) such that the limits

U(ty + At) — U(ty)
m

2.39
At—0t At ( )

and



U(ty) — U(ty — At
im (to) — U(to ) (2.40)
At—0* At

both exist and are equal to Dy U(t,).

Definition 2.14: Let F:[0,1] - K.(R™) and let S(F) denote the set of integrable
selectors of F over [0,1]. Then the Aumann integral of F over [0,1] is defined as

le(t)dt = {flf(t)dt:f € S(F)} (2.41)
0 0

If S(F) # @, then the Aumann integral exist and F is said to be Aumann
integrable. We shall say that F is integrally bounded on [0,1] if there exists an
integrable function g:[0,1] - R such that

IF(O| < g(t),vt €[0,1] (2.42)

If such an F has measurable selectors, then they are also integrable and S(F) is

nonempty.

Theorem 2.2: If F:[0,1] = K.(R™) is measurable and integrally bounded, then it is
Aumann integrable over each [a,s] c [0,1] with f:F(t)dt € K.(R™) for all s €

[a,1]. For a set valued mapping F as Theorem 2.1, the Castaing Represantation
Theorem 2.1 applies and provides a sequence {f;} of integrable selectors which are

pointwise dense in F. Moreover,

1 1
j F(t)dt = {f fi(t)dt:1 = 1,2, } (2.43)

And also, we need only to consider these selectors to evaluate f 01 F(t)dt.

Theorem 2.3: Let F,F;:[0,1] = K.(R"),i = 1,2,---, be measurable and uniformly
integrally bounded. If F;(t) = F(t) forall t € [0,1] as i - o, then

10



1 1
A; = f F()dt » A = f F(t)dt asi — oo (2.44)
0 0

Theorem 2.4: Let F;:[0,1] » K.(R"),i = 1,2,::, be measurable and uniformly
integrally bounded, and suppose that A; = fol F;(t)dt - A € K.(R™) as i — oo.

Then there exists a measurable mapping F:[0,1] = K.(R™) such that A = fol F(t)dt.
Theorem 2.5: If F,G:[0,1] = K.(R™) are integrable, then so also is
D[F(),G(M]:[01] - R (2.45)

and

D MlF(t)dt,fOlG(t)dt < fOlD[F(t),G(t)]dt (2.46)

Theorem 2.6: Let F:[0,1] » K.(R™) be measurable and integrally bounded. Then
A:[0,1] » K.(R™) defined by

A(t) = ftF(s)ds (2.47)
0

for all t €[0,1] is Hukuhara differentiable for almost all t, € (0,1), with the
Hukuhara derivative DyA(t,) = F(ty). A counterpart of the first fundamental

theorem of calculus

ty
F(t1) = F(to) + f DyF(s)ds, 0<t;<t; <1 (2.48)

to

holds for a Hukuhara differentiable F:[0,1] - K.(R™) with continuous Hukuhara
derivative DyF on [0,1].

11



3. BASIC THEORY

3.1. Comparison Principles

Let us consider the initial value problem (IVP) for the set differential equation
DyU =F(t,U),U(ty) = Uy € K.(R"),t, =0 (3.1

where F € C[R, X K.(R™), K.(R™)] and Dy U is the Hukuhara derivative of U.
The mapping U € C*[J, K.(R™)] where | = [ty, to + al,a > 0, is said to be a solution
of (3.1) on J, if it satisfies (3.1) on J.

Since U(t) is continuously differentiable, then we have

t
U = U, + j DL U(s)ds, t € J. (3.2)

to

We also associate with the IVP (3.1) the following integral equation

t

U(t) = U, +f F(s,U(s))ds,t €] (3.3)

to

where the integral in (3.3) is the Hukuhara integral. Observe also that U(t) is a solution

of (3.1) if and only if it satisfies (3.3) on J.

Theorem 3.1: Let F € C[] X K.(R"),K.(R™)] andt € J],U,V € K.(R™)
DI[F(t,U),F(t,V)] < g(t,D[U,V]) (3.4)

where g € C[] X R, R, ] and g(t,w) is monotone nondecreasing inw Vt € J.

Suppose further that the maximal solution r(t, ty, wy) of the scalar differential

equations

12



w'=g(t,w),w(ty) =wyg =0 (3.5)

exists on J. Then, if U(t) and V(t) are any two solutions through (t,,U,) and

(to, Vo) respectively on J, it follows that
provided D[Uy, V] < wy,.

Proof 3.1: Setting D[U(t),V(t)], so that m(ty) = D[Uy, Vo] < wy. Then, in view of

the properties of the metric D, then we get

( m(t) =D _UO + ftF(S'U(S))dS,VO +f

0 t

tF (s, V(s))ds-

<D _UO + ftF(s, U(s))ds, U, + ftF(s,V(s))ds_

3 (3.7)
+D lUO +f F(s,V(s))ds,V, +f F(S,V(s))dsl

\ =D U;:F(s, U(s))ds,ft:F(s, V(s))dsl + D[Uy, Vo]

Now, by using the properties of the integrals and condition (3.4), we observe

that

(m(t) =m(ty) + ftD [F(s, U(s)),F(s,V(s))]ds

0

t

| sma+ f 905, DIV, Vs (3.8)

t

= m(ty) +f g(s,m(s))ds ,t €].

to

13



Now applying Theorem 1.9.2 given in Lakshmikantham and Leela [6], we conclude
that

m(t) < r(tr tOr WO); t e ] (39)
This establishes Theorem 3.1.

Remark 3.1: If we employ the theory of differential inequalities instead of integral
inequalities, we can dispense with the monotone character of g(t,w) assumed in

Theorem 3.1. This is the content of the next comparison principle.

Theorem 3.2: Let the assumptions of Theorem 3.1 hold except the nondecreasing

property of g(t,w) in w. Then the conclusion (3.6) is valid.

Proof 3.2: For small h > 0, the Hukuhara differences U(t + h) — U(t),V(t + h) —
V(t) exist, and we have for t € |

m(t+h) —m(t) =D[U(t + h),V(t+h)] —D[U(t),V(t)] (3.10)
Using Remark 2.4

(D[U(t + h),V(t + h)]
<D[U(t+ h),V(t+ h)]
+D[U(t) + hF(t, U(1)), U() + hF(t, UD))]
) (3.11)
D[U(t+ h),V(t+ h)]

< D[U(t + h), U(t) + hF (£, U(D))]

\ +D[U(t) + hF(t,U(t)),V (¢t + h)]

and

14



l(D[U(t) +hF(t,U(D)),V(t+h)]
4 < D[U(t) + hF(t, U®)),V(t + h)]

l +D[V(t) + hF(t,V(t)),V(t) + hF(t,V(t))]

[U®) + hF (£, U®)),V(t + h)]
[ D[U() + hF(t,U()),V(t) + hF(t,V(1))]
\

D[V(t) + hF(t,V(£)),V (¢t + h)]
Also, we observe that

{D[U(t) +hF(t,U®D), V(D) + hF(t,V(D))]

< D[hF(t,U(t)),hF(t, V()] + D[U(), V()]
Hence, it follows that

rm(t + h) — m(t)
h

D[U(t + h), U(t) + hF(t, U(D))]

kl'—‘

+% D[V (L) + RE(t, V(D)) V(t + 1]

+%D [RE (8, U®), hF (£, V ()]

(3.12)

(3.13)

(3.14)

(3.15)

And consequently, in view of properties of D and the fact that U(t), V (t) are solutions

of (3.1), then we find that
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(. . 1
< — —
Dtm(t) < hl% supy [m(t + h) — m(t)]

< hlirggr sup D IU(t * h})l — U(t),F(t, U(t))l

3 (3.16)
V(t+h)—-V(t)
—

+ hlirgl+ supD lF(t, V()

\ + lim, sup D[F(t,UD)), F(£,V(D))]
Here, we have used the fact that

(D[U(t + h), U(t) + hF (£, U(D))]
= D[U(®) + Z(t, ), U(t) + hF (£, UD))]

= D[Z(t,h) + U(®), U(t) + hF (¢, U(D))] (3.17)

A

= D[Z(t, h), h(F(t, U(®))]

L =D[Ut+h) —U®,hF(t,U®))]
The conclusion (3.6) follows from Theorem 1.4.1 in Laksmikantham and Leela[6].
The next comparison result provides an estimate under weaker assumptions.

Theorem 3.3: Assume that F € C[] X K.(R™), K.(R™)] and

lim supl [D[U + hF(t,U),V + hF (t,V)] — D[U,V]]
h0 R (3.18)

<g(tD[UV],teE]

where U,V € K.(R"), g € C[] X R4, R]. The maximal solution r(t,ty, wy) of (3.5)

exists on J. Then the conclusion of Theorem 3.2 is valid.

Proof 3.3: Proceeding as in the proof of Theorem 3.2, we see that
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m(t +h) —m(t) = D[U(t + h),V(t + h)] — D[U(),V(t)]
< D[U(t+ h),U(t) + hF(t, U(D))]
4 +D[V () + RF (£, V(D)) V(¢ + h)] (3.19)

+D[U(t) + hF(t, U(1)), V(t) + hF (£, V()]

\ —D[U(t),V(t)]

(D+m(t) < hlirggr sup% [m(t + h) —m(t)]
< lim, Sup% | D[U) + hF (£, U®),V(©) + hF (£, V(©))]|

1
— hl%n+ sup [D[U), V()]

Ut +h) — Ut (3.20)

+ hl%l+ sup D [ A JF(t, U(t))l

V(t+h) —V(t)
—

+ lim sup D [F(t, 40)}

< g, D[U®), V()]

k =g(t,m@®)),t€J

The conclusion follows as before by Theorem 1.4.1 in Lakshmikantham and Leela[6]

and the proof'is complete.

Corollary 3.1: Assume that F € C[] X K.(R"), K.(R™)] and either

i) D[F(t,U),0] < g(t,D[U,0]) or
ii) ;ligolsup%[p[u + hF(t,U),0] — D[U,0]] < g(t, D[U,8]), where g € C[] x

R,,R].

Then, if D[U,, 6] < wy, we have
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D[U(t),0] < R(t, ty,wy), t €] (3.21)
where R(t, ty, wy) is the maximal solution of (3.5) on J.

Corollary 3.2: The function g(t,w) = A(t)w, A(t) = 0 and continuous is admissible

in Theorem 3.2 to give

m(t) < m(ty) + | A(s)m(s)ds, te€] (3.22)

to

then the application of Gronwall Lemma implies that
t
m(t) < m(ty) exp[ A(s)dsl, te]j (3.23)

to

which shows that (3.6) reduces to
t
DIU(t),V(t)] < D[Uy, Vy] exp lf A(s)dsl,t €] (3.24)
to

Corollary 3.3: The function g(t,w) = —A(t)w, with A(t) as in Corollary 3.2 is also

admissible in Theorem 3.3, and then we get
t
D[U(t),V(t)] < D[Uy, Vy] exp l— A(s)dsl ,tE] (3.25)
to

If A(t) = A > 0 then, we find that

D[U(), V()] < D[Uy, Vyle 2ttt €] (3.26)
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3.2. Local Existence and Uniqueness

In this section we will begin by proving the existence and uniqueness result
under the assumptions more general than the Lipschitz type conditions, which exhibits
the idea of the comparison principle.

Theorem 3.4: Assume that
i) F € C[Ry, K.(R™)] and D[F(t,U),0] < M, where Ry =] X
B(Uy,b),B(Uy,b) = [U € K.(R™): D[U, U,] < b] on Ry;

ii) g € C[J] X [0,2b],R;],g(t,w) < M, on] x[0,2b],g(t,0) = 0,g(t,w) is

nondecrasing in w foreach t € | and w(t) = 0 is the only solution of
w' = g(t,w),w(t,) =0 (3.27)

onJ;

iii) D[F(t,U),F(t,V)] < g(t,D[U,V]) on R,.

Then the successive approximations defined by

t
Ups1(t) = U, +] F(s,Up(s))ds, n=10,12,... (3.28)

to

: . b :
exists on Jo = [ty + t + 1), where n = min{a, ﬁ}, M = max{M,, M,}, as continuous

functions and converge uniformly to the unique solutions U(t) of the IVP (3.2) on J,,.

Proof 3.4: Using the properties of Hausdorff metric, we get by induction
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([Un+1(t)l UO] =D -UO + f F(S, Un(S))dS, UO]

0

=D -ftF(s, Un(s))ds,Gl
! L/t (3.29)

< j tD [F(s,Un(s)),6]ds

0

\ < My(t—ty) <Mga<bh
and consequently, the successive approximations {U, (t)} are well defined on .
We shall next define the successive approximations of (3.27) as follows:

wo(t) = M(t — to), (3.30)

t
Wt (t) = j g(s, Wn(S))dS,t €Jo,n=012,.. (3.31)

to

By using the Mathematical induction, in view of the monotone character of

g(t,w) in w, proves that {w, (t)} are well defined and
0 < Wni1(8) Swy (D), t €Jg (3.32)

Since |wy,(t)| < g(t, Wn_l(t)) < M,, we conclude by the Ascoli-Arzela

Theorem and the monotonicity of the sequence {w, (t)} that
Lim wy, () = w(t) (3.33)
uniformly on J,. It is also clear that w(t) satisfies (3.27) and therefore by condition

ii), w(t) = 0 on J,.

We observe that
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t

D[UL(t), Up(D)] < f D[F(s,Uy(5)),0]ds < M(t — ty) = wy () (3.34)

to

Assume that for some k > 1, we have

D[Ux(t), Ux—1 ()] < wy(t),0n J, (3.35)

Since

t

D[Up+1 (1), Up(D)] < f D[F(s, Ux(5)), F(s, Up_1(s))]ds (3.36)

to

using condition iii) and the monotone character of g(t,w), we get

t

(P10, U2 0] < | 96, DIV, Vs (IDds

to

{ (3.37)
|k < j; (s, wi_1(8))ds = wi (t)

0

Thus by induction again, we get the estimate
D[Un+1(8), Un()] = wy (D), t € (3.38)
That is true for all n.
Letting u(t) = D[Up41(t), U, (t)], t € Jo. The proof of the Theorem of 3.2 shows that
D*u(t) < g(t, D[Un(t), Un-1 (D)) < g(t, w1 (D)), t € Jo (3.39)

Now let n < m. Setting v(t) = D[U,(t), Uy, (t)], we obtain from (3.28)
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(D*v(t) < D[DyU,(t), DyU,,(8)]
= D[F(t, Up-1(0)), F(t, Um—1 ()]
< [F(t, Un(®)), F (£, Uny ()] + D[F (£, Un(®)), F (£, Un (D))]
(3.40)
+D[F(t, Un (1)), F(t, Up—1(©))]

< gt wpr () + g(6 W1 (©)) + g(&, D[UL (1), U (D])

L < g(t,v(®)) +2g9(t, w1 (1)), t € ]

Here we have used the arguments of the proof of Theorem 3.2, the monotone character
of g(t,w) and the fact that Wy,_1 < wy,_4, since n < m and wy(t) is a decreasing
sequence. The comparison Theorem 1.4.1 in Lakshimikantham and Leela [6] yields

the estimate

v(t) < 1, (0), te]j, (3.41)

where 1, (t) is the maximal solution of

() = g(t, 1) +2g(t wa-1(8)), Ta(te) =0 (3.42)

for eachn. Since asn — o, Zg(t, Wn_l(t)) = 0 uniformly on ], it follows by Lemma
1.3.1 in Lakshimikantham and Leela [6] that 1,,(t) = 0 as n = o uniformly, on J,,.
This implies from (3.5) and definition of v(t) that U, (t) converges uniformly to U(t)
is a solution of (3.1).To show uniqueness, let us assume that there exist another
solution V(t) of (3.1) on Jo. Then setting m(t) = D[U(t),V(t)] and nothing that

m(ty) = 0, we get, as before
D*m(t) < g(t,m(t)), tE€J, (3.43)

and m(t) < r(t, ty,0), t € Jo, by Theorem 3.4. By assumption r(t, t,,0) = 0, we get
U(t) = V(t) on J,, proving the theorem.
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Lemma 3.1: Let F € C[] X K.(R™), K.(R™)] and
G(t,r) = max|[D[F(t,U),0]:D[U,U,] < R] (3.44)
Assume that R*(t, ty, 0) is the maximal solution of
w' =G(t,w), w(ty) =0,0on] (3.45)
Let U(t) = U(t, ty, Uy) be the solution of (3.2). Then
D[U(t),Uy] < R*(t,t,0),t €. (3.46)

Theorem 3.5: Suppose the assumptions i), ii), iii) of Theorem 3.4 hold. Assume further
that the solutions w(t, ty, wy) of (3.5) through (t,, wy) are continuous with respect to

(to,Wp). Then the solutions U(t) = U(t,ty, Uy) of (3.1) are continuous relative to
(to, Up).

P”OOf 3.5: Let U(t) = U(t, to, Uo), V(t) = V(t, to, Vo), Uo, VO S Kc(Rn), be two
solutions of (3.2). Then defining m(t) = D[U(t),V (t)], we get from Theorem 3.2, the

estimate
D[U(t),V(t)] < R(t,ty, D[Uy, Vo), t E€]. (3.47)

Since lim R(t, ty,D[Uy, Vil) = R(t, ty,0)  wuniformly on ] and by

Ug—Vo

hypothesis R(t,ty,0) = 0, it follows that lirr& U(t, ty, Uy) =V (t, to,Vy) uniformly
0

Ug—
and hence continuity of U(t, ty, Uy) relative to U is valid.

To prove the continuity relative to t,, let U(t, ty, Uy), V(t) = V(t, Ty, V) be the
two solutions of (3.1) and ty > t,. As before, setting m(t) = D[U(t),V(t)], nothing
that m(t) = D[U(7y), Uyl, we obtain from Lemma 3.1,

m(t,) < R*(tq,ty,0) (3.48)
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and consequently, by Theorem 3.1, we arrive at
m(t) <R(), t=1, (3.49)

where R(t) = R(t, 7o, R* (7o, t0,0)) is the maximal solution of (3.5) through
(TO, R*(ty, to, 0)). Since R(1g,ty,0) = 0, we have

lim R(t, o, R(to, to,0)) = R(t, to,0) (3.50)

To-tg

uniformly on J. By the hypothesis R(t,ty,0) = 0 which proves the continuity of

U(t, to, Uy), with respect to t, and the proofis complete.
3.3. Local Existence and Extremal Solutions

Theorem 3.6: If {U,(t)} is a sequence of equicontinuous and equibounded
multimappings defined on an interval |, we can extract a subsequence that converges

uniformly to a continuous multimapping U(t) on ].

Theorem 3.7: Assume that F € C[Ry, K.(R™)] where Ry, = ] X B[U,, b],B[U,, b] =
{U € K.(R"):D[U,Uy] < b} and D[F(t,U),08] < M on R,. Then there exists at least

one solution U(t) for the IVP (3.1) on ], = [tg, to + ], where @ = min {a, %} ], a>

0.

Proof 3.7: Let Uy € CH[ty—8,tol, K.(RM)],8 > 0such that Uy = Uy(ty),
D[Uy(t),Uy] < b and D[DyU,y(t),0] < M. Consider 0 < € < § and define

Uc(t) =Uy(t), to—d<t<t,
t (3.51)

kUE = U, +f F(s,U(s—€))ds, to<t<ty+a,
to
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where a; = min{a, €}. Then we have, by using Remark 2.4 ii) and the property (2.46)
of D

rD[Ue(zr), Uyl =D -UO + j tF(s, Uc(s —€))ds, Uol

0

=D -ftF(s, Uc(s— e))ds, 9]

3 ~to (3.52)
t
< j D[F(s, Uc(s — e)), H]ds
to
\ <M({t—-ty,) <Ma; <b
Furthermore,
DyU(t) < F(t,U(t —€)) on [ty to + ay] (3.53)
and therefore
D[DyU.(t),0] <M (3.54)

If ay < a, we can use (3.51) to extend U.(t) satisfying the relations (3.53) and
(3.54) on [ty — 6,ty + ay]| where a, = min{a,,2€}. Continuing this process, we
arrive at an a.e. differentiable function U.(t) such that (3.51), (3.53) and (3.54) hold
on [to—38,tg+ al. Thus U.(t) forms a family of equicontinuous and uniformly
bounded functions. By Theorem 3.6, we obtain a decreasing sequence {€,} such that

€n > 0 asn - wand U(t) = lim U, (t) exists uniformly for to — 6 <t <ty + a.
n—-oo

Since F is uniformly continuous, we show that F (t, U, (t — En)) - F(t,U(D)

uniformly, as n — o on J,. This allows for term by term integration in (3.51) with € =

€n and a = a4 which yields

t
Ut) = U, +f F(s,U(s))ds, t €], (3.55)

to
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Hence U(t) is a solution of (3.1) on ], and the proof is complete.

In order to discuss the existence of extremal solutions for the IVP (3.1), we
require a comparison result which demands introducing a partial order in the metric
space (K.(R™), D). We denote by K(K°®) the subfamily of K.(R™) consisting of sets
U € K.(R™) such that any u € U is nonnegative vector of n-components satisfying
u; =0 (u; >0)fori =1,2,-,n. Thus K is a cone in K,(R"™) and K° is the nonempty

interior of K. We can therefore induce a partial ordering in K.(R™) as follows.

Definition 3.1: Forany U and V € K.(R"), if there exists a Z € K.(R™) such that Z €
K(K®) and

U=V+Z (3.56)
then, we write U >V (U > V). Similarly, one can define U <V (U < V).
Definition 3.2: Let R(t) be a solution of the set differential equation (3.1). Then we
say that R(t) is the maximal solution of (3.1) if, for every solution U (t) of (3.1) existing
on J,, we have
U(t) <R(t),te], (3.57)
Definition 3.3: Let r(t) be a solution of the set differential equation (3.1). Then, we
say that r (t) is the minimal solution of (3.1) if, for every solution U (t) of (3.1) existing
on J,, we have
Ut) =r(t),te], (3.58)
Theorem 3.8: Assume that
i) F € C[R; X K.(R"), K.(R™)], F(t, U) is monotone nondecreasing in U for each

t € R,, that is, whenever U <V, we have F(t,U) < F(t,V), t € R,
il‘) Vr W € Cl[R+r KC(Rn)]
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DyV < F(t,V)and DyW = F(t,W), t € Ry; (3.59)
iii) V(ty) < W(ty).

Then,

V(t) <W(t),t =t,. (3.60)
Proof 3.8: Let t; > 0 be supremum of all positive numbers § > 0 such that V(t;) <
W (to) implies that V(t) < W(t) on [t,, 8].

Clearly, t; > tyandV(t;) < W(t,). Now, using the nondecreasing nature of F(t,U)

in U and assumption ii), we arrive at
DV (ty) < F(ty,V(ty)) < F(t, W(ty)) < DyW(ty) (3.61)
If therefore follows that there exist an > 0 satisfying
Vi) —W(@)>V(t)—W(ty), t1 —n<t<t (3.62)

This implies that t; — ty, cannot be the suprememum due to the continuity of the

functions involved, and hence relation (3.60) holds, completing the proof.
Remark 3.2: 1t is clear that the inequalities (3.56) can be replaced by

D,V < F(t,V) and DyW > F(t,W),t € R, (3.63)
respectively, to get the conclusion of Theorem 3.8.

Theorem 3.9: Let the assumptions of Theorem 3.7 hold and suppose further F(t,U) is

nondecreasing in U for each t € J. Then the IVP (3.1) possesses the extremal solutions

on Jo = [to, to + ag], where ay, = min{a,

2M+b}'
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Proof 3.2: Let € = (€4,€3,*+,€,) > 0 be such that ||e|| < g . Then consider for each

positive integer N, the following IVP fort € |

€ €
DU =F(t,U) +, Ulto) = Vo + (3.64)

We observe that Fy(t,U) = F(t, U)+% is defined and is continuous on R, =] X
b b b

B [UO,;], where B [UO,E] = {U € K,(R™): D [U, Uy + 5] < ;}. Also D[Fy(t,U), 0] <

M + g on R.. Hence, we deduce from Theorem 3.7 that (3.64) has solution Uy(t,€) €

K.(R™) on J,. For 0 < €, < €; < €, we see that

( Uy (to, €2) < Uy(ty,€1)

{ DHUN(tl EZ) = F(t, UN(tf EZ)) + jv_z (365)

€
(DrUn(te) > F(t, UN(t,el))+N2, on Jo

We can apply the Theorem 3.8 to get
Uy(t,e;) < Uy(t,€1), on J (3.606)

Since the family of functions {Uy(t, €)} is equicontinuous and uniformly bounded on
€

Jo, it follows by Theorem 3.6 that there exists a decreasing sequence {N } such that
k

Ni - 0 as k — oo and the uniform limit
k

R(t) = IéLTg Uy, (t,€) (3.67)

exists on J,. Obviously R(ty) = Uy. The uniform continuity of F implies that
F(t, Un,(t, 6)) tends uniformly to F(t,R(t)) as k - o and thus term by term

integration is applicable to
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t

€

Uy (t,€) = Uy +— +f F (s, Uy, (¢, 6)) ds (3.68)
N, to

which in turn yields that limit R(t) is required maximal solution of IVP (3.1) on J,.
We shall next show that R(t) is the required of IVP (3.1) on ] . For this purpose,

we observe that

U(to) = UO < UO +% = UN(tOI 6), (369)
DyU)<F(t,U(1)) + ~ (3.70)
DuUn(t,€) = F(t,Uy(t,€) + % on J° 3.71)

We then obtain from Theorem 3.8, that
U(t) < Uy(t,e),on J, (3.72)

The uniqueness of maximal solution R(t) shows that Uy (t, €) tends uniformly to
R(t) on ], as N — . This proves that R(t) is the maximal solution of IVP (3.1).
Similarly, once can prove the existence of the minimal solution p(t) of IVP (3.1) by

considering the [VP

€ €
DU = F(t,U) =5, Uto) = U — - (3.73)

Hence the proof'is complete by proceeding with suitable change of arguments.

Theorem 3.10: Assume that the conditions of Theorem 3.9 are satisfied. Suppose that
M € C'[],K.(R})] and

DyM(t) < F(t,M(t)), M(t,) < U, (3.74)
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Then M(t) < R(t) onJ,.
Proof'3.10: Let Uy(t, €) be a solution of (3.64) on ],. Then

€

DyUy(t, €) > F(t,Uy(t,€)) on J (3.76)
This together with (3.74), yields, by Theorem 3.8
M(t) < Uy(t,€)on ], (3.77)

The last inequality, in view of (3.67) proves the assertion of Theorem.
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4. STABILITY THEORY

4.1. Lyapunov-like Functions

Let us consider the IVP for set differential equations
DyU =F(t,U), U(ty) = U, € K. (R™) (4.1)

where F € C[R, X K.(R"),K.(R™)]. To investigate the qualitative behavior of
solutions of (4.1), the following comparison result in terms of a Lyapunov like function
is very important and could be proved by means of the theory of ordinary differential
inequalities. Here the Lyapunov-like function serves as a vehicle to transform the set
differential equation into a scalar comparison differential equation. Thus, it is enough
to consider the qualitative properties of the simpler comparison equation, under
suitable conditions for the Lyapunov-like function.

We also require the IVP for scalar differential equation
w' =gt w),w(ty) =w, =0 4.2)
where g € C[R%, R].
Theorem 4.1: Assume that

)V eC[R; X K.(R"),R,] and |V(t,A) —V(t,B)| < LD[A, B], where L is the
local Lipschitz constant, for A, B € K.(R™),t € R,
ii) g € C[R%,R] and fort € R,, A € K.(R")

D*V(t,A) = lim supl [V(¢+h A+ RF(t,4)) —V(tA)]
noot T h 4.3)

\ < g(t,V(t, A)

Then if U(t) = U(t, ty, Uy) is any solution of (4.1) existing on [ty, T) such that

V(ty, Uy) < wgy, we have
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V(t,U()) < R(t, to, wy), tE [to,T) (4.4)
where R(t, ty, o) is the maximal solution of (4.2) existing on [t,, T).

Proof 4.1: Let U(t) = U(t, ty, Uy) be any solution of (4.1) existing on [ty, T).
Define m(t) = V(t, U(t)) so that m(ty) = V(ty, Uy) < wo. Now for small h > 0

(m(t+h)—m@) =V(t+hUt+h)-V(UQ®))
=V(t+hU(t+h)-V (t + h,U(t) + hF(t, U(t)))
! +V (t+hU@® +hF(LU®)) - V(6 U®)

< LD[U(t + h), U(t) + hF(t, U(D))]

\ +V (t + h,U(t) + hF(t, U(t))) —V(t,U®))

by using the Lipschitz condition given in i). Thus

(D*m(t) = lim, sup% [m(t + h) — m()]

] <D*V(t,U(®)) (4.6)

+L lim Sup% [D[UCe +m),U) + hF (£, U®)]]

Since

( % [D[U(t +h),U(t) + hF(t,U (t))]]
4 (4.7)

_p [U(t + h) —U(t)

- JF (¢, U(t))l

we find that
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( lim sup% DUt + ), U +hF (L, U )]

) — lim supD [U(t +h) — U(t),F(t, U(t))l (4.8)
h—0t h

. =D[DyU®),F(t,U®)]=0

since U(t) is a solution of (4.1). We therefore have the scaler differential inequality
This proves the claimed estimate of the Theorem.

Corollary 4.1: The function g(t,w) = 0 is admissible in Theorem 4.1 to yield the

estimate
V(t,U®)) < V(to,Up), t € [t,,T) (4.10)

Corollary 4.2: If, in Theorem 4.1, we assume that g(t, w) = —aw, a > 0, we get the

relation
V(t,U(t)) < V(to, Uy exp(—alt —ty)), t € [t,,T) (4.11)
Corollary 4.3: If, in Theorem 4.1, we strengthen the assumption on DTV (t,U) to
DYV (t,U) + clw(t, )] < g(t,V (L, 1)) (4.12)

where w € C[R, X K.(R™),R,], ¢ € K and g(t, w) is nondecreasing in w for each
t € [to, T), then we get

V(t,UD) + f (s, UE)]ds <t to, V(Lo Uo)) , ¢ € [to,T) @.13)

to

whenever wqy =V (ty, Up).
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Proof'4.3: Setting L(t, U(t)) = V(t, U(t)) + fti) C[a)(s, U(s))]ds and note that

D*L(t,U()) < D'V (t,U(t)) + c[w(t, U®))]
(4.14)
<g(tv(tLUu®)) < g(tL(tU®))

using the monotone character of g(t, w). We then get immediately by Theorem 4.1 the

desired estimate (4.4).
4.2. Global Existence

Theorem 4.2: Assume that
i) F € C[R; X K.(R"), K.(R™)], F maps bounded sets onto bounded sets, and
there exists a local solution of (4.1) for every (ty, Uy), to = 0 and U, €
K.(R™);
i) V € C[R; X K.(R™), R, ],

[V(t,A) — V(t,B)| < LD[A, B] (4.15)

where L is the local Lipschitz constant, for A,B € K.(R"),t € R, V(t,A) - o
as D[A, 8] — oo uniformly for [0,T] for every T > 0 and fort € Ry, A € K.(R™)

DYV (t,A) < g(t,V(t, A)) (4.16)
where g € C[R3,R], D'V (t, A) is as defined in Theorem 4.1;
iii) The maximal solution R(t) = R(t,ty, wy) of (4.2) exists on [ty, ), and is

positive whenever wy >0.

Then, for every Uy € K.(R™) such that V(ty,Uy) < wq, the IVP (4.2) has a

solution U(t) on [t,, ©) which satisfies

V(t,U@®) <R(®),t=>t, (4.17)
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Proof 4.2: Let S denote the set of all functions U defined on I; = [t,, cy] with values
in K.(R™) such that U(t) is a solution of (3.27) on Iy and

V(t,U@®)) <R(®) only (4.18)

Define a partial order < on S as follows:
the relation U <V implies I; < I, and U(t) =V (t) on I.

We shall first show that S is nonempty. By i) there exists a solution U(t) of (3.1)
defined on Iy = [to, cy). Setting m(t) = V(t,U(Y)), t € Iy and using assumption ii),

we get by Theorem 4.1, that
V(t,U®) <R(t),tely (4.19)

where R(t) is the maximal solution of (4.2). This proves that U € S and hence S is not
empty.
If(Uﬁ)ﬁ is a chain in (S, <), then there is uniquely defined map V on I, =

[to, sup gCy ﬁ] that coincides with Ug on I 5 Clearly, V € S and therefore V is an
upperbound of (U:B)ﬁ in (S, <).Then Zorn's lemma assures the existence of a maximal
element Z in (S, <). The proof of the Theorem is complete if we show that c; = .

Suppose that it is not true, so that c; < . Since R(t) is assumed to exist on
[to, ), R(t) is bounded on 1. Since V(t,A) - o as D[A, 8] — oo uniformly in t on
[to, Cz], the relation V(t, Z(t)) < R(t) on I. By i), this shows that there is a constant
M > 0 such that

D[F(t,Z(t)),0] <Monl, (4.20)

We then have, for all t;, t, € I, t; < t,,

t

D[Z(ty), Z(t)] < f ZD[F(S,Z(S)),H]ds < M(t, — ty), (4.21)

t1
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which proves that Z is Lipschitizian on I, and consequently has a continuous extension

Zy(t) on [to, cz].

By the continuity, we get

C

Zo(cz) = Uy + f F (5.Zo(s))ds (4.22)

to
This implies that Zy(t) is a solution of (4.1) on [t,, cz] and obviously
V(t,Zo(®) < 7(0), t € [t cz] (4.23)
Consider the IVP
DuU(t) = F(t,U), U(cz) = Zo(cz) (4.24)

By the assumed local existence there is a solution of Uy(t) on [cz,¢c; + &), § > 0.

Define

Zo(t) forty <t <cy
Z,(t) = (4.25)
Up(t) forc, <t <c;+§6,

Clearly, Z1(t) is a solution of (4.1) on [ty, c; + &) and repeating the argument, we get
V(t,Z,(t)) < 7r(t), t € [to,cz + 5) (4.26)

This contradicts the maximality of Z and hence c; = 0. The proof'is complete.

4.3. Fundamental Definitions of Stability of Set Differential
Equations

Let us consider the initial value problem for the set differential equations
DyU = f(t,U),U(ty) = Uy forUy E K.(RM) andt >t, =0 (4.27)
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DyU = f(t,U),U(ty) =V, forVy e K. (RY) andt =15 =>t, =0 (4.28)
the perturbed systems of (4.28)
DyV =F(t,V),V(ty) =V, forVy € K.(R") and t = 1, (4.29)
and

DHW = H(t, W), W(To) = VO - UO fOT
(4.30)
W(To) = WO € KC(Rn) a’l’ld t 2 TO

where  f,F,H € C[R; XS, K.(RM)], S, =[U € K(R"):D[U,0] < p < oo,
f (t, 6) = 0 for t > 0. We have a special case of (4.29) that is perturbation equation
of (4.28) if F(t,V) = f(t,V) + R(t,V) where R(t,V) is the perturbation term. The
above assumptions imply the existence of trivial solutions of (4.27) and (4.28) through
(to, Up) and (ty, Vy) respectively.

The mappings U € C[J, K, (R")] on J, =[toto+Ti], UV,WE
C[)2, K.(R™)] on J, = [14,To + T,] are said to be solutions of (4.27) on J; if it
satisfies (4.27) on J; and (4.28), (4.29), (4.30) on J, if it satisfy (4.28), (4.29), (4.30)
on J, respectively. Since U(t), V(t) and W (t) are continuously differentiable, we

have

t

ut) =U, +f DyU(s)ds, Uy € K.(R")andt €], (4.31)
to
t

UGt = Uy + j D,U(s)ds, Uy € K.(R™) and t € J, (4.32)
To
t

V(e =V, + j D,V (s)ds, Vy € K,(R") and t € J, (4.33)
To
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t
W) =W, + f DyW(s)ds, Wy € K.(R") and t € J, (4.34)
T

0

Thus the corresponding with the initial value problems (IVPs) of (4.27), (4.28),
(4.29), (4.30) are followings

t

Ut) = U, + ftof(s' U(s))ds, Uy € K. (R") andt € J, (4.35)
Ut) =Uy + fT :f(s, U(s))ds, Uy € K.(R™) and t € ], (4.36)
V() =V, + fr :F(s, V(s))ds, Vo € K.(R®) and t € ], (4.37)
w(t) =W, + j :H(S,W(s))ds, W, € K.(R") and t € J, (4.38)

respectively where the integrals are the Hukuhara integrals. Note that U(t) and
U(t),V(t), W(t) are also the solutions of (4.27) and (4.28), (4.29), (4.30) if and only
if they satisfy (4.35) on J; and (4.36), (4.37), (4.38) on J, respectively.

Definition 4.1: The solution V(t, Ty, Vy) of the system (4.29) through (T, Vy) for t =

To, To € Ry is said to be initial time difference
i) stable with respect to the solution U(t,Ty,Uy) = U(t —1,ty, Uy), where
U(t, ty, Uy) is any solution of the system (4.27) fort = t, = 0, ty € Ry andn =
To — to if and only if given any € > 0 there exist 6, = 6,(€,7y) > 0 and &, =
6, (€,79) > 0 such that
D[V (t, 7o, Vo) — Ut — 1,0, Uy) , 0] <€ (4.39)

provided that D[VO - U,, (~)] < 8y and dg[ty — to, 0] < 8, for t = 1,
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ii) uniformly stable with respect to the solution U(t — n,ty, Uy) if 81, 85 in i) are
independent of Ty € R, ;

iii) attractive with respect to the solution U(t, T, Uy) = U(t —n,to,Uy), where
U(t, ty, Uy) is any solution of the system (4.27) fort =2 t, =0, ty € Ry andn =
To — to if and only if given any € > 0 and Toeg, there exist §; = 61(9) > 0,
O, = 0,(t9) >0andaT =T(€ 1y) > 0 such that

D[V (t, 7o, Vo) —U(t — 1, t0, Up) ,0] < € (4.40)

provided that D[V, — Uy, 0] < 8; and dg[tg — to,0] < 8, fort =19+ T;

iv) uniformly attractive with respect to the solution U(t, o, Ug) = U(t — 1, to, Up),
where U(t,ty, Uy) is any solution of the system (4.48) for t > t, =0, t, € R,
andn=ty—tyif 6 >0, 6, >0 and a T > 0 in iii) are independent of T, €
R, ;

v) asymptotically stable with respect to the solution U(t, Ty, Uy) = U(t — 1, ty, Up)
if i) and iii) hold simultaneously. Or, if i) holds and there exist y,(ty) > 0 and
V2 (To) > 0 such that

lim D[V (t, 7o, Vo) = U(t =1, t5,Up) ,0] = 0 (4.41)

for all V(t,to,Vo) and U(t—n,ty,Uy) with D[Vo—U,,0]< vy, and
dg[to — to, ] <yaforeacht = 1,

vi) uniformly asymptotically stable with respect to the solution U(t, 1y, Uy) =
U(t —n,ty, Uy) ifii) and iv) hold simultaneously. Or, if ii) holds and there exist
v1 =v1(€) > 0andy, = y,(€) > 0and a T(e) > 0 such that

D[V (t, 7o, Vo) —U(t — 1, t0, Up) ,0] < € (4.42)

provided that D[Vy — Uy, 0] <y, and dg[ty — to,0] <7y, for each t =14 +
T(e),

vii) exponentially asymptotically stable with respect to the solution U(t,ty, Uy) =

U(t —n,ty, Uy) if there exist an estimate such that
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D[V (t, 7o, Vo) — U(t — 7, t0,Up) , 0]
(4.43)
< D[VO —U,, 5] exp[—a(t — 1y)]

fora>0andt > t, € R,.

Definition 4.2: If a function ¢ € C[(0,p),R,], ¢(0) =0, and ¢(r) is strictly
monotone increasing in v, then ¢(r) is said to belong to the class K. Moreover, if p =

o and ¢p(r) = © as r — o then it is said to belong to class K.

Definition 4.3: If a function a € C[R%,R,], a(t,u) € K for each € R, , then a(t,u)

is said to belong to the class CK.

Definition 4.4: If a function h € C[R, X R", R, ],inf(¢ ) h(t,x) =0 for all (t,x) €

R, X R™, then h(t,x) is said to belong to the class T

Definition 4.5: If a function h € I' and sup.cg, h(t, x) exists for x € R", then h(t, x)

is said to belong to the class I}.

Definition 4.6: For a real valued function V € C[R,; X K.(R™), R, ] we define the
Dini derivatives as follows for (t,U) € R, X K.(R™)

D*V(t,U) = Jim, sup% [V(t+h U+ hf(t,U)) —V(t,U)] (4.44)
D_V(t,U) = Jim inf% [V(t +h U+ hf(t,U)) —V(t, V)] (4.45)

Definition 4.7: For a real valued function V € C[R,; X K.(R™),R,] we define the

generalized derivatives (Dini-like derivatives) as follows
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(D}V(t,V —10)

{ = hlirgl+ sup% [V (t +hV—-U+h (F(t, V) —f(¢, U))) (4.46)
—v(t,v - 0)]

\

(D,-V(t,V - T)

1 _ o

| = liminf[v (t +hV—T+h(FEV) - F(t U))) (4.47)
—v(t,v -U)]

\

for (t,U) € R, X K.(R™) where V(t, Ty, Vy) is the solution of the system (4.29) and
U(t, to, Up) = U(t — 1, to, Up), where U(t, to, Uy) is any solution of the system (4.48)

fort =215 =20,ty € Ry andn = 1y — t,.
4.4. Classical Notion of Stability of Set Differential Equation

Let V(t, 7o, V) be any solution of the set differential equation
DyV = f(t,V),V(ty) =V, forVy € K.(R") and t = 1, Ty € R, (4.48)

where f € C[R, X S,, K.(R™)] and S, is the set S, = [V € KC(IR{”):D[V, 6] <p<
o).
Assume that f(t, (~)) =0, t € R, so that V =0 is a null solution of (4.48)

through (t,, 0). Now, we can state the well know definitions concerning the stability

of the null solution of the set differential equation.
Definition 4.8: The null solution V = 0 is said to be stable if and only if for each € >

0 and for all T, € R,, there exist two positive functions 8§, = 8,(€,7y) > 0and §, =

6, (€,79) > 0 that are continuous in T, for each € such that
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D[V(t, T, Vo), 5] < € provided
(4.49)
D[Vo, 6] < 51 and dS[TOl 0] < 62,t = To;

If 8, and 6, are independent of Tty € Ry, then the null solution V = 0 of (4.48)

is said to be uniformly stable.

Definition 4.9: The solution of V (t, Ty, Vy) (4.48) through (ty,V,) is said to be stable
with respect to the solution V(t, Ty, Uy) of (4.48) for t = 1ty € R, if and only if given
any € > 0, there exist two positive functions 6; = 61(€,7y) and 6, = 6,(€,7) that

are continuous in T for each € such that
D[V (t, 70, Vo) — V(t,70,Up), 0] < € (4.50)

provided that D[VO - U,, 6] < 8y and dg[ty, 0] < &8, fort = 1y;
If 8§, and &8, are independent of Ty € R, , then the solution of the system (4.48)

is uniformly stable with respect to the solution V (t, Ty, Uy).

4.5. Stability Criteria

Having necessary comparison result in terms of Lyapunov-like functions, to
establish the stability results for the set differential equations (SDE) (4.1) analogous
to the original Lyapunov result and their extensions. However, in order to investigate
the stability criteria for the trivial solutions of (4.1), we need to employ, in a natural
way, the measure D[U(t), 8] = ||U(t)|| = diam U(t) for t = t,, where U(t, to, U) is
the solution of (4.1). This implies that the diam U(t) is nondecreasing in t for t > t,.
This is due to the fact that, in the generation of the SDE from ordinary differential
equations(ODEs), certain undesirable elements may enter the solution U(t) and the
measure to be employed, namely, ||U(t)|| is therefore unsuitable to develop stability
theory without some adjustment. Recall that SDE (4.1) reduces to ODE when U(t) is
single valued and SDE (4.1) can be generated from ODE as well. The latter is done as

follows.
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We let F(t,A) =7co f(t,A),A € K.(R™), where f € C[R; X R,,R,] arising
from the ODE

u' = f(t,u),u(ty) =u, € R" (4.51)

Consequently, the solutions of u(t) of ODE (4.51) are imbedded in the solution
U(t) of SDE (4.1).

Since the cause of the problem in SDE is the requirement of the existence of
Hukuhara differences in formulating SDE, we need to incorporate the Hukuhara
difference in the initial conditions also, to match the behavior of solutions of SDE with
corresponding ODE. This is precisely what we plan to do.

Suppose that the Hukuhara difference exists for any given initial values Uy, V,, €
K.(R™) so that U, — V, = W, is defined. Then, we consider the stability of the solution
U(t, ty, Uy — Vo) = U(t, ty, Wy) of (4.1). Before presenting the stability results, in this

set up, let us present some examples to illustrate our approach. Consider the ODE

u' =-u, u(0)=u, €ER (4.52)

and the corresponding SDE

DyU=-U, U(0)=U,€K.(R) (4.53)

Since the values of the solution (4.53) are interval functions, the equation (4.53) can

be written as

[u1, uz] = (DU = [-up, —u4] (4.54)

where U(t) = [u,(t),u,(t)] and U(0) = [uy0, Uyo]. The relation (4.54) is equivalent

to the system of equations

U = —Uy, u1(0) = uyy
(4.55)
Uy = —1Uy, U, (0) = uyg
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whose solutions as follow fort = 0

( 1 B 1
[u () = E[uw + uple™ +§[u10 — Upolet

(4.56)

1 e, 1 t
Uy (t) = 5 [uzo + usple™ + 5 [uz0 — ugole

Given U, € K.(R), if there exists V,, W, € K.(R) such that U, = V; + W,, then

the Hukuhara difference U, — V,;, = W, exists. Let us choose

1
Up = [us0,uz0l, Vo = E [(u10 — U20), (Uz0 — Us0)] (4.57)

so that

1
Wy = 2 [(u1o + Uz0), (Uzo + Usgp)] (4.58)

If uyg # —uyp, then we have fort > 0

( 1
U(t,Uy) = 5 [—(uz0 — Us0), (Uzo — uzp)let
1
+§ [(u1o + uz0), (U1 + uye)]e™
1 (4.59)
1
Ut Vo) = 5 [— (w10 — Uzg), (Uzo — Ugg)]e€"
1
kU(t: Wo) = > [(u1o + Uz0), (U1 + Uzo)]e™

On the other hand, if u;, = —u,(, implies that we choose U, = [—d, d] with d = u,,.
Then U, = V, and W,, = [0,0]. This choice eliminates the term with e ¢ and we have
only undesirable part of the solution. The other situation is to choose U, = [c, c] for
some ¢, which eliminates the term with e’ and retains only the desirable part of the
solution compared with the ODE. Even when U, is chosen as U, = [—d, d], we can

find V, = [c — d, ¢ + d] for some c so that we have V, = U, + W, where W, = [c, c].
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We note that for any general initial value U, the solution (4.52) contains both
desired and undesired parts compared to the solution of the ODE (4.52). In order to
isolate the desired part of the solution U(t, U,) of (4.52) that matches the solution of
the ODE (4.52), we need to use the initial values satisfying the desired Hukuhara
difference of the given two initial values.

If, on the other hand, we define the SDE as
DyU = A(H)U, U(0) = U, (4.60)
which is generated by
u' = A(t)u, u(0) =u, (4.61)

where A(t) > 0 is a real valued function from R, — R, such that A € L}(R,), then

we see that, with similar computation,

t
U(t,Uy) = Uyexp U A(s)dsl ,t =0 (4.62)
0

for any U, € K.(R™).

Hence, we get the stability of the trivial (4.60). In this case, we note that the
solutions of both equations (4.60) and (4.61) match, providing the same stability
results. There is no necessity, therefore, to choose the initial values as before, since the
undesirable part of the solution does not exist among solutions of (4.60).
Consequently, it does not matter, whether we use the Hukuhara difference or not, we
get the same conclusion. To be consistent and to take care of all the situations, most of
the results are formulated in terms of Hukuhara differences of initial values.

To consider the stability of the trivial solution of (4.1), let us assume that
F(t,8) = 0, the solutions are unique and exist for all t > t,. Also, we assume, as a
standard hypothesis, that the Hukuhara difference W, = U, — V|, exists, since we
suppose that U, =V, + W,. Consequently, we utilize the solutions U(t) =
U(t, ty, Uy — V) = U(t, ty, W,), throughout (ty, Wy).
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Theorem 4.3: Assume that the following hold
i)V € C[R; x S(p),R,], |[V(t,Uy)) =V (t,U,)| < LD[Uy,U,],L > 0 and for
(t,U) € Ry X S(p), where S(p) = [U € K.(R™):D[U, 0] < pl;

1
D*V(t,U) = Jim, sup V(t+hU+RF(EU)-V(,U)]<0 (4.63)

i) b(JIU|]) < V(t,U) < a(e, U, for (t,U) € R, X S(p) where b,a(t,.) €
K ={o€ C[[O, 0), ]R+]: 0(0) = 0 and o(w) is increasing in w}.

Then, the trivial solution of (4.1) is equi-stable.
Proof4.3: Let0 < € < p and ty, € R,, be given. Choose a 6 = 6(ty,€) > 0 such that
a(ty, 8) < b(e) (4.64)

We claim that with this &, equi-stability holds. If this is not true then, there would exist
a solution U(t) = U(t, ty, Wy) of (4.1) and t, > t, such that

Ut =€eand lUDII<e<p, tp<t<ty (4.65)
whenever ||Wy|| < 8. By Corollary 4.1, then we have
V(t,U®) S V(to, Wo), to<t< ty (4.66)
Consequently, using ii), (4.64) and (4.65), we arrive at the following contradiction

b(e) = b(IUCtDID) < V (1, U(t1)) < V(to, W (ko))
(4.67)
< a(to, IWol) < a(te, 8)| < b(e)

Hence equi-stability holds, completing the proof.
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Theorem 4.4: Let the assumptions of Theorem 4.3 hold, except that estimate (4.63) be

strengthened to
DTV (t,U) < —BV(t,U), (t,U) € R, xS(p) (4.68)
Then the trivial solution of (4.1) is equi-asymptotically stable.

Proof 4.4: Clearly, the trivial solution of (4.1) is equi-stable. Hence, taking € = p and
designating 8§, = 6(ty, p) > 0, we have by Theorem 4.3

IWoll < 8o implies U < p (4.69)

where U(t) = U(t, ty, Wp).

Consequently, we get from the assumption (4.68), the estimate

V(t, U)) < V(to, Wo) exp[—B(t — ty)],t = t (4.70)
Given € > 0, we choose T = T(ty, €) = %lna(;(()—:;‘)) + 1. Then it is easy to see that
b(IUDID <V(t,U®)) < a(ty,8)e Pl to < b(e), t =ty + T 4.71)

The proof'is complete.

Theorem 4.5: Assume that for (t,U) € R, X S(p) N S°(n) for each 0 <n <p, V €
C[R,; X S(p) N S°(n),R,], we have

\V(t,Uy) = V(t,U,)| < L D[Uy,Uy],L > 0 (4.72)
D*V(t,U) <0 (4.73)

and
b(IUID < V(& U) < a(lU]), abeX (4.74)
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Then the trivial solution of (4.1) is uniformly stable.
Proof 4.5: Let 0 < € < p and ty, € R, be given. Choose § = §(€) > 0 such that

a(8) < b(€). Then we claim that with this 6, uniform stability follows. If not, there
would exist a solution U(t) of (4.1), and a t, > t; > t, to satisfying

WU = 6,11Ut)l = € and

(4.75)
<UD <e<p, t; <t<t,
Takingn = &, we get from (4.73), the estimate
V(ty, U(ty)) < V(ty, U(Ly)) (4.76)
and therefore, (4.74) and (4.75), together with the definition of 8, yield
b(e) = b(IU(EID < V(2 U(t2)) < V (81, U(t) )

< a([[u(e)|) = a(8) < b(e)

This contradiction proves uniform stability, completing the proof.

Theorem 4.6: Let the assumptions of Theorem 4.5 hold, except that estimate (4.73) be

strengthened to

D*V(t,U) < —c(|lUID), ceX (4.78)

Then the trivial solution of (4.1) is uniformly asymptotically stable.

Proof 4.6: By Theorem 4.5, uniform stability follows. Now, for € =p, we
designate 6y = §(p). This means

|Woll < 6y implies that ||U(t)|| <p, t =t (4.79)
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In view of the uniform stability, it is enough to show that there exists a t* such that for

to<t"<ty+T, whereT =1 +%8°)
NlU@HIl <6 (4.80)

If this is not true, then § < ||U(t)|| for ty <t <ty + T. Hence (4.78) gives

t
V(t,U(t)) < V(to, W) —f c(lUG)ds, to<t<ty+T (4.81)

to
Thus, we have, in view of the choice of T
0<V(to+ T, U(to+T)) < a(8y) —c(8)T<0 (4.82)

which is a contradiction. Therefore, there exists a t* satisfying (4.80) and uniform

stability then shows that and the proof is complete.

Wl < 6y implies ||U(t)|| <€, t=ty+T (4.83)
4.6. Nonuniform Stability Criteria

Theorem 4.7: Assume that

i) V1 € C[Ry X S(p), Ry],

i) [Vi(t,Uy) = Vi(t,Uy)| < LD[Uy, Uyl Ly > 0,Vi(t,U) < ay(t, ||U|]) where
ay, € C[R, X [0,p),R,] and ay(t,.) € K foreacht € Ry;

iii) DYV, (t,U) < g1(t, V1 (t, 1)), (t, U) € R, X S(p) where g, € C[R%,R] and
g1(t,0) =0;

iv) for every n > 0, there exists a V;; € C[R, X S(p) N S°(m), R,],

|V, (t,Un) =V (¢, Up)| < Ly DUy, U] (4.84)
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b(lUID = V,(t,U) < a(l|U]]),a,b € K; (4.85)
and
D*Vy(t,U) + D*V,(t,U) < g, (t, Vi(t, U) + V, (¢, U)) (4.86)

for (t,U) € Ry X S(p) N S¢(n), where g, € C[R%,R] and g,(t,0) = 0;

v) the trivial solution w; = 0 of
wi = g1(t, wy),wy(tp) = wy =0 (4.87)

is equistable;

vi) the trivial solution w, = 0 of
wy = go(t, W), wa(tg) = wpo =0 (4.88)
is uniformly stable.
Then, the trivial solution of (4.1) is equi-stable.

Proof4.7: Let 0 < € < p and t, € Ry, be given. Since the trivial solution of (4.88) is
uniformly stable, given any b(€) > 0 and t, € R, there exists a 6, = 5y(€) >0

satisfying
0 < wyy < 8y implying w,(t, tg, Woo) < b(€),t = t, (4.89)

where w, (t, ty, Waq) is any solution of (4.88). In view of the hypothesis on a(w), there

isad, = 6,(€) > 0 such that

a(8,) < % (4.90)
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Since the trivial solution of (4.87) is equi-stable, given % > 0andty € Ry, we

can find a §* = 6" (ty, €) > 0 such that

)
0 < wyy < 6" implies wy(t, ty, wyg) < 70, t=>t, (4.91)

where w;(t,ty,Wio) is any solution of (4.87). Choose wyo = Vi (to, Wy). Since
Vi(t,U) < ao(t, ||U||), we see that there exists 5; = 8,(ty, €) > 0 satisfying

[IWoll < &1 and ay(to, [[Woll) < 8* (4.92)

simultaneously. Define § = min(61, 8,).

Then, we claim that
|Woll < 6 implies ||U(t)|| <€, t =t (4.93)

for any solution U(t) = U(t,ty, Wy) of (4.1). If this is false, there would exist a
solution U(t) of (4.1) with ||Wy|| < & and tq,t, > t, such that

WU =6, IUEDII =€ (4.94)
and
5 =<lUMl<e<p (4.95)

Jort; St <t, Weletn = &, so that the existence of a V;, satisfying hypothesis iii) is

assured. Hence, setting
m() =V, (6, U@®) +V, (6, U®), t €[ty t,] (4.96)
we obtain the differential inequality
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which yields
4} (tz' U(tz)) + Vn(tz' U(tz)) < R, (t3,t1,wpp) (4.98)

where wao = Vy(t1, U(ty)) + v, (t1, U(t1)), and Ry (t, ty, wyy) is the maximal solution

of (4.88). Because of the assumptions i) and ii), we also have

V1(t1: U(Q)) < Ry (t1,to, W1o) (4.99)

with wyg = V;(ty, Wy) where Ry (t, ty, Wyp) is the maximal solution of (4.87).
By (4.91) and (4.92), we get

d
Vy(t, U(t)) < 70 (4.100)
Also, by (3.6.4), (3.6.8) and assumption iii), we arrive at
8o
V,(t, U(t))) < a(8y) < > (4.101)

Thus, (3.6.10) and (3.6.11) and the definition of W, shows that woy < &y which, in
view of (3.6.3), shows that w,(t,,t,Wyo) < b(€). It then follows from (3.6.9),
V. (t,U) = 0 and assumption iii)

b(e) = b(lUtID < V1(t2' U(tz)) < Ry(t3, t1,Wa0) < b(€) (4.102)

This contradiction proves equi-stability of the trivial solution of (4.1) since (4.93) is

then true. The proof'is complete.

Theorem 4.8: Let the assumptions of Theorem 4.7 hold except that condition ii) is

strengthened to

DYV (t,U) < —c(w(t, 1)) + g1 (6, V1 (£, U)), cEX (4.103)
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where w € C[R, X S(p), R,]

and D*w(t, U) is bounded above or below. Then, the trivial solution of (4.1) is equi-

asymptotically stable, if g, (t, w) is monotone nondecreasing in w and
w(t,U) = by(llU), bo € K (4.105)

Proof 4.8: By Theorem 4.7, the trivial solution of (4.1) is equi-stable. Hence letting
€ = p so that 5, = &6(p, ty) > 0, we get, by equi-stability

[Woll < 8¢ implies that ||U(ty)|l < p, t = t, (4.106)

We shall show that, for any solution U(t) of (4.1) with [|Wyll < 6, we have
tlim w(t,U(t)) = 0. This and (4.105) imply tlimllU(t)Il = 0, completing the proof.

Suppose that gim supw(t,U(t)) # 0. Then there would exist two divergent

sequences {t;}, {t;'} and a ¢ > 0 satisfying

Hw(t,U(t)) = % w(t!, Ut])) = o and w(t, U(t)) > % t € (t),t")or

i) wt, UtD) =0 w(t], Ut)) =2 andw(t,U®)) > 7, t € (t)t]").
Suppose that D+W(t, U(t)) < M. Then using i), we obtain
o 4 n n ! ! n !

2

which shows that t{' —t; > %for each i. Hence, by (4.103) and Corollary 4.3, we

have

n ti”
V1 (6, U(8)) < ry(t, to, wio) —Zf c[w(s, U(s))]ds, t=t, (4.108)
i=1 "t
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Since Wi = Vl(tOI Wo) < ao(Wo, ”W()”) < ao(to, 60) < 6*, we getﬁ’om (491)

0,
w1 (¢, to, Wig) < ng)’ t >t (4.109)
We thus obtain
50(p) o\ o
< < — (=) — 4.110
0<V(LU®) <= C(Z)ZMn (4.110)

For sufficiently large n, we get a contradiction and therefore gim sup W(t, U (t)) =
0. Since w(t,U) = boy(||U()|) by assumption, it follows that gimllU(t)ll = 0 and the

proof'is complete.

Note 4.1: The functions g,(t,w) = g,(t,w) = 0 are admissible in Theorem 4.7, and
so the same conclusion can be reached. If V;(t,U) = 0 and g,(t,w) = 0, then we get
uniform stability from Theorem 4.7. If, on the other hand, V,(t,U) =0, g,(t,w) =0
and Vi(t,U) = b(||U|l), b € K, then Theorem 4.7 yields equi-stability. We note that
known results on equi-stability require the assumption to hold everywhere in S(p) and
Theorem 4.7 relaxes such a requirement considerably by method of perturbing

Lyapunov functions.

Note 4.2: The functions g,(t,w) = g,(t,w) = 0 are admissible in Theorem 4.8 to
yield equi-asymptotic stability. Similarly, if V,(t,U) =0, g,(t,w) =0 with
Vi(t,U) = b(||U|), b€ X, implies the same conclusion. If Vi(t,U) =0 and
g1(t,w) = 0 in Theorem 4.7, to get uniformly asymptoticly stability, one needs to

strengthen the estimate on D V,(t,U). This we state as a corollary.

Corollary 4.4: Suppose that the assumptions of Theorem 4.7 hold with V,(t,U) = 0,
g(t,w) = 0. Suppose further that
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DV, (t,U) < —clw(t, )] + g2 (&, (&, 1)),
(4.111)
(t,U) € Ry x S(p) NnS(n)

where w € C[R; X S(p),R,], w(t,U)=b(|U|l), c,b €K and g,(t,w) is
nondecreasing in w. Then, the trivial solution of (4.1) is uniformly asymptotically

stable.

Proof 4.4: The trivial solution of (4.1) is uniformly stable by Note 4.1 in the present
case. Hence taking € = p and designating 5, = 5(p), we have

Wyl < 6y implies ||U®)|| < p, t=t, (4.112)

To prove uniform attractivity, let 0 < € < p be given. Let § = 6(€) > 0 be the number

relative to € in uniform stability. Choose T = % + 1. Then we shall show that there

exist a t* € [ty, to + T] such that w(t*,U(t")) < b(8) for any solution U(t) of (4.1)
with ||Wy || < 8.

If this is not true, W(t, U(t)) > b(6), tE [ty ty+T]. Now using the
assumption (4.111) and arguing as in Corollary 4.3, we get

0<V(to+ T, U(to +T))

fo+T (4.113)
k < 1ry(tyg + T, ty, Wyo) — f W(s, U(s))ds

to
This yields, since 1,(t, ty, Wao) < b(p) and the choice of T

0<V(to+ T, U(te+T)) < b(p) —c(T <O (4.114)
which is a contradiction. Hence there exists a t* € [ty ty+T]

satisfying w(t*, U(t")) < b(8), which implies |\U(t)|| < 8. Consequently, it follows,
by uniform stability that
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[[Woll < &y implies that ||U(t)|| < € (4.115)

t =ty + T and the proof is complete.

4.7. Boundedness Criteria

In this section, we have investigated that the boundedness of solutions of the set

differential equation

DyU = F(t,U),U(t,) = U, € K.(R) (4.116)

where F € C[R, X K.(R™), K. (R™)].

Definition 4.10: The solution of (4.116) is said to be

i) equi-bounded, if for any @ > 0 and t, € R, there exists a f = B(ty, @) > 0

such that

IWoll < a implies [UDI < B, t =t (4.117)

ii) uniform equi-bounded, if B in i) does not depend on t.
iii) quasi-equi-ultimately bounded if for each ¢ = 0, t, € R,, there exists a B >
OandaT = T(ty, @) > 0 such that

Wyl < a implies U < B, t=ty+T (4.118)

iv) quasi-uniform ultimately bounded if T in iii) is independent of t,.
v) equi-ultimately bounded, if i) and iii) hold simultaneously.

vi) uniform ultimately bounded if ii) and iv) hold simultaneously.

vii) equi-Lagrange stable if i) and Definition 4.1 iii) hold.

viii) uniformly Lagrange stable if ii) and Definition 4.1 iv) hold.
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Theorem 4.9: Assume that
)V eC[R; X K.(R"),R,], |V(t,U;) —V(t,U,)| < LD[U;,U,], L > 0 and for
(t,U) e Ry X K.(R™), DYV (t,U) < 0;
ii) b(JIUI) < V(t,U) < a(t, ||U|D, for (t,U) € R, X K.(R™) where b, a(t,.) €
K =[o € C[R,;,R;]:0(w) isincereasing inw and o(w) - o asw — oo].
Proof4.9: Let « > 0 and t, € R, be given. Choose 8 = [(ty, @) > 0 such that

a(ty, a) < b(B) (4.119)

with this B, i) holds. If this is not true, there would exist a solution U(t) = U(t, ty, W)
of (4.116) an a ty < ty such that

WWEDI =B and [UDOI <B, to<t<t; (4.120)
Assumption i) and Corollary 4.1 show that
V(L U®) S V(to, W), to<t <t (4.121)

Thus, condition ii) and (4.119) yield

b(B) = b(IlUEDID) < V(t1, U(ty))
(4.122)
< V(to, Wo) < al(to, [IWs]]) < a(te, @) < b(B)

This contradiction proves i) and we have completed the proof.
For uniform boundedness, the following result is obtained under weaker assumptions.
Theorem 4.10: Assume that

)V € C[R, X S(p), R,], where p may be large; |V(t,U;) —V(t,U,)| <
LD[U,,U,], and for (t,U) € R, x S¢(p), D*V(t,U) < 0;
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i) b([UI)) <V (¢, U) < a(llU]]), for (t,U) € Ry X S¢(p) where a,b € XK,
which are defined only on [p , )

Then, Definition 4.10 ii) holds
Proof 4.10: The proof'is similar to the proof of Theorem 4.9 except that the choice of
B is now made so that a(a) < b(B) and consequently B is independent of t,. Also,
a > p for the proof since the assumptions are only for S¢(p). However, if 0 < a < p,
we can take B = [(p) and again the proof follows.

We shall give a typical result that offers conditions for equi-ultimate

boundedness, that is for Definition 4.10 v).

Theorem 4.11: Let the assumptions of Theorem 4.9 hold except that we strengthen the
estimate on DTV (t,U) as

D'V (t,U) < —qV(t,U), >0, (t,U) € R, x K. (R") (4.123)

and suppose that condition ii) holds for ||U|| = B. Then (v) holds.

Proof 4.11: Clearly Definition 4.10 i) is obtained from Theorem 4.9. Hence

Wyl < a implies |U®)|| < B, t=t, (4.124)

Now (4.123) yields the estimate

V(t,U(D)) < V(tg, W)e 0, ¢ > ¢, (4.125)
LetT = %ln% and suppose that for t =ty + T, ||U(t)|| = B. Then, we get

from (4.125)
b(B) < b(IUMID < V(t,U®)) < alty, a)e™ = b(B) (4.126)

The contradiction proves Definition 4.10 v) and the proof is complete.
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Finally, we shall provide a result on nonuniform boundedness property using the

method of perturbing Lyapunov functions.

Theorem 4.12: Assume that

i)p>0, V; €C[R, XxS(p),R,], V;isbounded for (t,U) € R, X dS(p), and

|Vy(t,Uy) =V (t,Uy)| < LyD[UL, U], Ly >0

(D*V, (¢, U)

_ 1
= lim sup— [Vi(t+h U+ RhF(t,U)) — Vy(t, U)]

A

\ S gl(t) Vl)

(t,U) € R, X S¢(p), where g, € C[R%,R];
ii) V; € C[Ry X 5°(p), Ry],

b(IUID < V,(t,U) < a(llUlD), a,beX

D*Vy(t,U) + DV, (£, U) < g,(6, V4 (8, U) + Vo (8, 1)),

92 € C[R%, R];
iii) the scalar differential equations
wy = g1(6,wy), wy(te) =wyo =0
and
wy = go(tE,wy), wa(ty) = wao =0

are equi-bounded and uniformly bounded respectively.

Then the system (4.116) is equi-bounded.

(4.127)

(4.128)

(4.129)

(4.130)

(4.131)

(4.132)
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Proof4.12: Let By > p and ty € R,, be given. Let

a, = a,(ty, By) = max{ay, a*} (4.133)

where ay = max{V,(ty, Wy): W, € cl{S(B;) N S°(p)}}and a* = Vi(t,U) for
(t,U) e Ry x 3S(p).

Since equation (4.131) is equi-bounded, given a; > 0, and t, € R, there exist
a By = L(ty,ar) > 0 such that

Wl(t, to, WlO) < ﬂo, t = to (4134)

provided wyy < ay, where wy(t, ty, wyo) is any solution (4.131). Let a, = a(B;) +
Bo, the uniform boundedness of equation (4.132) yields that

Wy (L, to, Wao) < B1(az), t =t (4.135)

provided wyo < a,, where wy(t,ty, Wyo) is any solution of (4.134). Choose B,

satisfying

b(B;) < B1(a3) (4.136)

We now claim that W, € S(B,) implies that

U(t,ty, W,) € S(B,) (4.137)

fort = t,, where U(t, ty, Wy) is any solution of (4.116).
If it is not true, then there exists a solution U(t,ty, Wy) of (4.134) with W, €
S(B,), such that for some t* > t,, B, = ||U(t", ty, Wy)||. Since By > p, there are two

possibilities to consider:

i) U(t, to, Wy) € S°(p) for t € [to, t7];
ii) there exists a t > ty such that U(t,ty, W,) € 0S(p) and U(t, ty, W,) € S¢(p)
fort €[t t*].
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Ifi) holds, we can find t; > t, such that
U(ty, ty, W,) € dS(B;) (4.138)

U(t*, ty, Wy) € 0S(B,) and
(4.139)
(t, to,Wy) € SS(By), t €[ty t"]

Setting m(t) = Vy(t,U(t, to,Wy)) + Vo (£, U(t, to, Wy)) for t € [ty,t"], and

then using Theorem 4.1, we can obtain differential inequality

DYm(t) < g,(t, m(t)), t €[ty t"] (4.140)
and so

m(t) < y,(t ty, m(ty)), t €[ty t] (4.141)

where Y, (t, ty, V) is the maximal solution of (4.132) with y,(ty,t1, Vo) = V.
Thus,

Vi(e5, Ut t0, Wo)) + Vo (&5, U(E", to, Wp))

(4.142)
<72 (t*; t1, V1(t1; U(ty, to, Wo)) +V; (t1; U(ty, to, Wo)))
Similarly, we also have
V1(t1’ U(ty, to, Wo)) < y1(ty, to, Vi(to, Wo) ) (4.143)

where y,(tq, to, Ug) is the maximal solution of (4.131). Setting wio = Vi (to, Wp) <

ay. Then

V1(t1; U(ty, to, Wo)) < y1(ty, t0, Vi(t0, Wo) ) < By (4.144)
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since (4.134) holds.

Furthermore, V, (tl, U(ty,to, WO)) < a(B;). Consequently, we have

Wao = Vi (b1, U(ty, to, Wo)) + Vo (1, U(ty, to, Wp))

(4.145)
<pBot+a(B) =a,
Combining (4.135), (4.136), (4.139) and (4.145), we obtain
b(By) < m(t*) < y(t*) < pi(az) < b(By) (4.146)

which is a contradiction.
If case ii) holds, we also arrive at the inequality (4.142), where t, > t satisfies
(4.139). We then have, in place of (4.143), the relation

Vi(t1, Uty to, W) < 74 ( t, £ V(£ UGE to, WO))) (4.147)
Since U(E to,Wy) € 8S(p) and V,(EU(E to,Wy)) < a* < @y, arguing as

before, we get the contradiction (4.146). This proves that for any given By > p, ty >

0, there exists a B, such that
W, € S(B,) implies U(t,ty,, W,) € S(B,), t = t,. (4.148)

For By < p, we set B,(ty, By)= B,(tg, p) and hence the proofis complete.
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S. CONCLUSION

In this work the set valued differential equations have been worked on in terms
of stability and boundedness criteria by using comparison theorems. It can be
generalized to the concept of stability in terms of two measures with initial time
difference. The theory of stability has been successfully studied. Some results are used
by means of various types of Lyapunov functions for set valued differential equations.
These concepts of stability theory and boundedness criteria also could have been
applied to initial time difference qualitative behavior for perturbed set valued
differential equations with respect to unperturbed set valued differential equations by
using comparison method via Lyapunov functions, Lyapunov functionals and

Lyapunov-like functions.
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