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SUMMARY 
 
 

In this thesis, we have given some stability concepts and boundedness criteria 

for the set valued differential equations. It is well known that the theory of stability in 

the sense of Lyapunov has been successfully investigated to understand qualitative 

properties of set valued differential equations [1]-[5]. In set valued differential 

equations, the Lyapunov’s second method allows us to obtain sufficient conditions for 

the stability of a system without explicitly solving the set valued differential equations. 

The method generalizes the idea which shows that the system is stable if there are some 

Lyapunov function satisfy some good properties for the set valued differential 

equations. The investigation of initial value problems of set valued differential 

equations with a perturbation in the space variable is well known when the perturbation 

is restricted to the space variable. We have worked on stability and boundedness 

criteria that is the special case of the stability introduced the concept of stability in 

terms of two measures which unified the foregoing stability concepts. Then, the 

theories of the stability have been successfully developed and some results are 

obtained by means of various types of Lyapunov functions for several kinds of 

differential equations. These concepts of stability and boundedness criteria also could 

have investigated to ITD stability, boundedness and Lagrange stability in terms of two 

measures for perturbed set valued differential equations by using comparison method 

via Lyapunov-like function. 
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ÖZET 
 
 

Bu tezde, küme değerli diferansiyel denklemler için kararlılık kavramlarını ve 

sınırlılık kriterini ele aldık. Lyapunov açısından kararlılık teorisi, küme değerli 

diferansiyel denklemlerin [1]-[5] niteliksel özelliklerini anlamak için yapılan 

çalışmalarda başarılı olduğunu biliyoruz. Küme değerli diferansiyel denklemlerdeki, 

Lyapunov'un ikinci methodu, çözümleri açık olmayan küme değerli diferansiyel 

denklemler siteminin kararlılığı için yeterli koşulları elde etmemize yardımcı olur. Bu 

method, eğer küme değerli diferansiyel denklemler için bazı iyi özellikleri sağlayan 

bazı Lyapunov fonksiyonları varsa bu sistemin kararlı olduğunu gösterme fikrinin 

genelleştirilmesidir. Değişken aralığındaki bir düzensizlik ile küme değerli 

diferansiyel denklemlerin başlangıç değer problemlerinin incelenmesi, düzensizlik 

sınırlı bir değişken aralığına sıkıştırılmışsa iyi bilinir. Biz burada kararlılığın özel bir 

durumu için sınırlılık ve kararlılık kriteri üzerinde çalıştık. Kararlılığın bu özel durumu 

önceki kararlılık kavramlarını birleştiren iki ölçünün açısından kararlılık kavramıdır. 

Daha sonra, kararlılık teorileri başarıyla geliştirilmiş ve diferansiyel denklemlerin 

birkaçı çeşidi için çeşitli tipteki Lyapunov fonksiyonlarının aracılığıyla bazı sonuçlar 

elde edilmiştir. Bu kararlılık ve sınırlılık kriteri kavramları ayrıca saptırılmış küme 

değerli diferansiyel denklemler için iki ölçü açısından başlangıç zaman farklı 

kararlılık, sınırlılık ve Lagrange kararlılık kriterleri için de incelenebilirdir. 
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1. INTRODUCTION 

 

In the qualitative theory of differential equations one of the main problems is 

stability criteria of the solutions. It is well known that the theory of stability with 

respect to position in the sense of Lyapunov has been successfully investigated to 

understand qualitative properties of dynamic systems for many years [1]-[5]. In 

nonlinear differential systems, Lyapunov’s direct or Lyapunov’s second method 

allows us to obtain sufficient conditions for the stability of a system without explicitly 

solving them. The method generalizes the idea which shows that the system is stable 

if there are some Lyapunov function such that satisfy some properties. The 

investigation of initial value problems of differential equations with a perturbation in 

the space variable is well known when the perturbation is restricted to the space 

variable [1]-[5]. 

In stability theory, there is another important problem that is to determine which 

stability properties of a special differential system are preserved under sufficiently 

small perturbations. This problem was investigated in several ways in [7]-[9]. In 1979, 

S.P.Gordon investigated the problem of determining the behavior of the solutions of a 

perturbed differential equation with respect to the solutions of the original unperturbed 

differential equation [17]. The principal mathematical technique employed is a 

modification of Lyapunov's Direct Method which is applied to the difference of the 

solutions of perturbed and unperturbed system where the initial positions are 

sufficiently close. In [18], the authors applied Variational Lyapunov Method, 

combines the method of variation of parameters and the method of Lyapunov, to 

connect the solutions of perturbed and unperturbed system.   

There are many stability concepts are presented in the literature such as the 

partial stability, eventual stability, conditional stability, Lipschitz stability, relative 

stability and so on. Then, the theories of the stability in terms of two measures, 

Movchan in 1960,  have been successfully developed [11] and some results are 

obtained by means of various types of Lyapunov functions for several kinds of 

differential equations in [12]. 
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2. BASIC DEFINITIONS AND THEOREMS 

 

Definition 2.1: Let ܣ, ߣ be two nonempty subsets of  ℝ௡ and let ܤ ∈ ℝ. We define 

following Minkowski addition and scalar multiplication by 

 

ܣ + ܤ = {ܽ + ܾ: ܽ ∈ ,ܣ ܾ ∈  (2.1) {ܤ

  

ܣߣ = :ܽߣ} ܽ ∈  (2.2) {ܣ

 

Definition 2.2: Let ܣ be nonempty subsets of  ℝ௡. We call subset ܣ of ℝ௡ is convex if 

for ܽଵ, ܽଶ ∈ ߣ ∀ and ܣ ∈ [0,1] the point 

 

ܽ = ଵܽߣ + (1 −  ଶ (2.3)ܽ(ߣ

 

belongs to ܣ. 

 

Definition 2.3: We shall consider the following three spaces of nonempty compact 

convex subsets of ℝ௡, namely 

 

i) ܥ(ℝ௡) = :ܣ}  {ℝ௡ ݂݋ ݏݐ݁ݏܾݑݏ ݀݁ݏ݋݈ܿ ݕݐ݌݉݁݊݋݊ ݏ݅ ܣ

ii) ܭ(ℝ௡) = :ܣ}  { ℝ௡ ݂݋ ݐ݁ݏܾݑݏ ݐܿܽ݌݉݋ܿ ݕݐ݌݉݁݊݋݊ ݏ݅ ܣ

iii) ܭ௖(ℝ௡) = :ܣ}  {(ℝ௡)ܭ ݂݋ ݐ݁ݏܾݑݏ ݔ݁ݒ݊݋ܿ ݏ݅ ܣ

 

Definition 2.4: For any nonempty subsets of ℝ௡ we denote by ܿܣ݋ its convex hull that 

is  

 

ܣ݋ܿ = :ᇱܣ} ܣ ⊆ ఈܣ ఈܣ ݎ݋݂  ∈ ,௖(ℝ௡)ܭ  ߙ ∈ ,ܫ ᇱܣ = ሩ ఈܣ

ఈ∈ூ

} (2.4) 

 

Proposition 2.1: The spaces ܥ(ℝ௡), ܭ(ℝ௡) and ܭ௖(ℝ௡) are closed under the 

operations of addition and multiplication. And the following properties hold. 

 

i) ܣ + ߠ = ߠ + ܣ =  is the zero element of ℝ௡ treated as singleton ߠ ,ܣ
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ii) (ܣ + (ܤ + ܥ = ܣ + ܤ) +  (ܥ

iii) ܣ + ܤ = ܤ +  ܣ

iv) ܣ + ܥ = ܤ + ܣ implies ܥ =  ܤ

v) 1. ܣ =  ܣ

vi) ܣ)ߣ + (ܤ = ܣߣ +  ܾߣ

vii) (ߣ + ܣ(ߤ = ܣߣ +  ܣߤ

 

where  ܣ, ,ܤ ܥ ∈ ,ߣ  ௖(ℝ௡) andܭ ߤ ∈  ℝା. 

 

Definition 2.5:  Let ܣ and ܤ be element of ܭ௖(ℝ௡). If there exist an element ܥ ∈

ܣ ௖(ℝ௡) such thatܭ = ܤ +  ܤ and ܣ then we say that the Hukuhara difference of ,ܥ

exists and it is denoted by ܣ −  .ܤ

 

Definition 2.6: Let ݔ ∈ ℝ௡ and ܣ is nonempty subset of  ℝ௡. The distance ݀ ,ݔ)  from (ܣ

x to A is defined by 

 

,ݔ)݀ (ܣ = ݔ‖}݂݊݅ − ܽ‖: ܽ ∈  (2.5) {ܣ

 

Remark 2.1:  Let ݔ ∈ ℝ௡ and ܣ be nonempty subset of  ℝ௡. 

 

i) ݀(ݔ, (ܣ = ,ݔ)݀ (ܣ̅ ≥ 0; 

ii) ݀(ݔ, (ܣ = 0 ⇔ ݔ ∈  .is subset of  ℝ௡ ܣ where ,ܣ̅

 

Definition 2.7: We call the subset  

 

ܵఢ = ݔ} ∈ ℝ௡: ,ݔ)݀ (ܣ < ߳} (2.6) 

 

an ߳ − ݊݁݅݃ℎܾݎ݋ℎܣ ݂݋ ݀݋݋. 

It is closure is the subset 

 

ܵఢ̅ = ݔ} ∈ ℝ௡: ,ݔ)݀ (ܣ ≤ ߳} (2.7) 

 

In particular, we shall denote by 
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ܵଵ̅
௡ = ܵଵ̅(ߠ) (2.8) 

 

which is obviously compact subset of ℝ௡. 

 

Remark 2.2: Let ݔ ∈ ℝ௡ and ܣ be nonempty subset of  ℝ௡. ܵఢ̅(ܣ) = ,ܣ)ܵ ߳) = ܣ +

߳ܵଵ
௡ , ∀߳ > 0. 

 

Definition 2.8: Let A, B be nonempty subsets of  ℝ௡. We define the Hausdorff 

seperation of ܤ from ܣ by 

 

݀ு(ܤ, (ܣ = ,ܾ)݀} ݌ݑݏ :(ܣ ܾ ∈  (2.9) {ܤ

 

or 

 

݀ு(ܤ, (ܣ = ݂݅݊ {߳ > 0: ܤ ⊆ ܣ + ߳ܵଵ̅
௡} (2.10) 

 

Remark 2.3: Let ܣ,  .be nonempty subsets of  ℝ௡ ܥ and ܤ

 

i) ݀ு(ܤ, (ܣ = 0 ⇔ ܤ ⊆  .ܣ̅

ii) ݀ு(ܤ, (ܣ ≤ ݀ு(ܤ, (ܥ + ݀ு(ܥ,  .(ܣ

iii) ݀ு(ܤ, (ܣ ≠ ݀ு(ܣ,  .(ܤ

 

Definition 2.9: Let ܣ,  ܣ be nonempty subsets of  ℝ௡. Hausdorff distance between ܤ

and ܤ is defined 

 

,ܣ)ܦ (ܤ = ,ܤ)ு݀} ݔܽ݉ ,(ܣ ݀ு(ܣ,  (2.11) {(ܤ

 

Remark 2.4: Let ܣ,  .be nonempty subsets of  ℝ௡ ܥ and ,ܤ

 

i) ܤ)ܦ, (ܣ = 0 ⇔ തܤ =  ܣ̅

ii) ܣ)ܦ, (ܤ ≤ ,ܣ)ܦ (ܥ + ,ܥ)ܦ  (ܤ

iii) ܤ)ܦ, (ܣ = ,ܣ)ܦ  (ܤ
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If we restrict our attention to C(ℝ୬), then we find that the Hausdorff distance is 

a metric known as the Hausdorff metric. Thus (C(ℝ୬), D) is a metric space. 

 

Lemma 2.1: If ܣ, ܤ ∈ ܥ ,௖(ℝ௡)ܭ ∈ ܣ and (ℝ௡)ܭ  + ܥ ⊆ ܤ + ܣ then ܥ ⊆  .ܤ

 

Proof 2.1: Let ܽ be any element of ܣ. We need to show that ܽ ∈ Given any ܿଵ .ܤ ∈  ,ܥ

we have ܽ + ܿଵ ∈ ܤ + that is, there exist ܾଵ ,ܥ ∈ ܿ and ܤ ଶ ∈ ܽ with ܥ + ܿଵ = ܾଵ + ܿଶ. 

For the same reason ܾଶ ∈ and ܿଷ ܤ ∈ ܽ with ܥ + ܿଶ = ܾଶ + ܿଷ must exist. Repeat the 

procedure indefinitely and sum the first ݊ of the equations obtained. We get ܽ + ܿଵ =

ܾଵ + ܿଶ, ܽ + ܿଶ = ܾଶ + ܿଷ,…, ܽ + ܿ௡ = ܾ௡ + ܿ௡ାଵ 

 

݊ܽ + ෍ ܿ௜ +

௡

௜ୀଶ

ܿଵ = ෍ ܾ௜ + ෍ ܿ௜ +

௡

௜ୀଶ

௡

௜ୀଵ

ܿ௡ାଵ (2.12) 

  

݊ܽ = ෍ ܾ௜ +

௡

௜ୀଵ

ܿ௡ାଵ − ܿଵ (2.13) 

 

ܽ =
1
݊

෍ ܾ௜ +

௡

௜ୀଵ

1
݊

(ܿ௡ାଵ − ܿଵ) (2.14) 

 

ܽ = ݈݅݉
௡→ஶ

ܽ = ݈݅݉
௡→ஶ

1
݊

෍ ܾ௜

௡

௜ୀଵ

 (2.15) 

 

where ݈݅݉
௡→ஶ

ଵ

௡
∑ ܾ௜ ∈ ௡ܤ

௜ୀଵ  and ݈݅݉
௡→ஶ

ଵ

௡
(ܿ௡ାଵ − ܿଵ) = 0 since ܤ is convex and  ܥ is 

compact. Thus 
ଵ

௡
∑ ܾ௜

௡
௜ୀଵ  converges to ܽ. Hence ܤ is compact, ܽ ∈  This completes .ܤ

the proof of Lemma 2.1. 

 

Proposition 2.2: If ܣ, ܤ ∈ ܥ ௖(ℝ௡) andܭ ∈   then (ℝ௡)ܭ 

 

ܣ)ܦ + ,ܥ ܤ + (ܥ = ,ܣ)ܦ  (2.16) (ܤ
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Proof 2.2: Let ߣ ≥ 0 and ܵ denote the closed unit sphere of the space. Consider the 

following inequalities 

 

i) ܣ + ܵߣ ⊃  ,ܤ

ii) ܤ + ܵߣ ⊃  ,ܣ

iii) ܣ + ܥ + ܵߣ ⊃ ܤ +  ,ܥ

iv) ܤ + ܥ + ܵߣ ⊃ ܣ +  .ܥ

 

Let ݀ଵ = ,ܣ)ܦ and  ݀ଶ (ܤ = ܣ)ܦ + ,ܥ ܤ +  Then ݀ଵ is the infumum of the .(ܥ

positive numbers ߣ for which i) and ii) hold. Similarly, ݀ ଶ is the infumum of the positive 

numbers ߣ for which iii) and iv) hold. Since iii) and iv) follow from i) and ii) 

respectively, by adding ܥ, we have ݀ଵ ≥ ݀ଶ. Conversely, since by Lemma 2.1, 

canceling ܥ is allowed in iii) and iv), we obtain ݀ ଵ ≤ ݀ଶ, which proves the proposition. 

 

Proposition 2.3: If ܣ, ܤ ∈   then ,(ℝ௡)ܭ

 

,ܣ݋ܿ)ܦ (ܤ݋ܿ ≤ ,ܣ)ܦ  (2.17) (ܤ

 

If ܣ, ,ᇱܣ ,ܤ ᇱܤ ∈  ௖(ℝ௡), thenܭ

 

,ܣݐ)ܦ (ܤݐ = ,ܣ)ܦݐ ݐ ݈݈ܽ ݎ݋݂ (ܤ ≥ 0 (2.18) 

 

ܣ)ܦ + ,ᇱܣ ܤ + (ᇱܤ ≤ ,ܣ)ܦ (ܤ + ,ᇱܣ)ܦ  ᇱ) (2.19)ܤ

 

Further, 

 

ܣ)ܦ − ,ᇱܣ ܤ − (ᇱܤ ≤ ,ܣ)ܦ (ܤ + ,ᇱܣ)ܦ  ᇱ) (2.20)ܤ

 

if the differences ܣ − ܤ ᇱ andܣ − ߚ ᇱ exist. Moreover, withܤ = ,ߣ}ݔܽ݉  we have ,{ߤ

 

,ܣߣ)ܦ (ܤߤ ≤ ,ܣ)ܦߚ (ܤ + ߣ| − ,ܣ)ܦ]|ߤ (ߠ + ,ܤ)ܦ  (2.21) [(ߠ

 

and  
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,ܣߣ)ܦ (ܤߣ = ܣ)ܦߣ − ,ܤ  (2.22) (ߠ

 

ܣ ݎ݁ݒℎ݁݊݁ݓ −  .ݏݐݏ݅ݔ݁ ܤ

 

Proposition 2.4: A nonempty subset ࣛ of the metric space (ܭ(ℝ௡),  or (ܦ

, ௖(ℝ௡)ܭ)  .is compact if and only if it is closed and uniformly bounded ,(ܦ

Set inclusion induces partial ordering on ܭ(ℝ௡). Write ܣ ≤ ܣ if and only if ܤ ⊆

,ܤ ,ܣ ݁ݎℎ݁ݓ ܤ ∈  Then  .(ℝ௡)ܭ

 

ℒ(ܤ) = ܣ} ∈ :(ℝ௡)ܭ ܤ ≤  (2.23) {ܣ

 

(ܤ)࣯ = ܣ} ∈ :(ℝ௡)ܭ ܣ ≤  (2.24) {ܤ

 

are closed subsets of ܭ(ℝ௡) for any ܤ ∈  is (ܤ)࣯ ,In fact, Proposition 2.4 .(ℝ௡)ܭ

compact subset of ܭ(ℝ௡). 

 

Proposition 2.5:  Let {ܣ௝} ⊂  ݕ݂ݏ݅ݐܽݏ (ℝ௡)ܭ

 

⋯ ⊆ ௝ܣ ⊆ ⋯ ⊆ ଶܣ ⊆  ଵ (2.25)ܣ

 

Then ܣ = ⋂ ௝ܣ ∈ஶ
௝ୀଵ  and (ℝ௡)ܭ 

 

,௡ܣ)ܦ (ܣ → 0 as n→ ∞ (2.26) 

 

on the other hand, if  

 

ଵܣ ⊆ ଶܣ ⊆ ⋯ ⊆ ௝ܣ ⊆ ⋯ (2.27) 

 

and ܣ = ⋃ ௝ܣ
ஶ
௝ୀଵ ,௡ܣ)ܦ then ,(ℝ௡)ܭ  (ܣ → 0 as n→ ∞ holds. 

 

Definition 2.10: Let ܣ be nonempty subset of ℝ௡. The support function of ܣ is defined 

for all ݌ ∈ ℝ௡ by 
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,݌)ݏ (ܣ = ,݌〉}݌ݑݏ ܽ〉; ܽ ∈  (2.28) {ܣ

 

which approaches to the value +∞ when ܣ is unbounded. However, when ܣ ∈  ,(ℝ௡)ܭ

the supremum always attained and the support function ݏ(. , :(ܣ ℝ௡ → ℝ is well 

defined. Indeed, 

 

,݌)ݏ| |(ܣ ≤ , ‖݌‖‖ܣ‖ ݌∀ ∈ ℝ௡ (2.29) 

 

and 

 

,݌)ݏ| (ܣ − ,ݍ)ݏ |(ܣ ≤ ݌‖‖ܣ‖ − , ‖ݍ ,݌∀ ݍ ∈ ℝ௡ (2.30) 

 

Definition 2.11: We consider mappings ܨ from a domain ܶ in ℝ௞ into the metric 

space (ܭ௖(ℝ௡) ,  .(ܦ

Thus,  ܨ: ܶ →  ௖(ℝ௡) or equivalentlyܭ

 

(ݐ)ܨ ∈ ,௖(ℝ௡)ܭ ݐ ݈݈ܽ ݎ݋݂ ∈ ܶ (2.31) 

 

We shall call such a mapping ܨ is a (compact convex) set valued mapping from ܶ to 

ℝ௡. 

 

Definition 2.12: We shall say that a set valued mapping ܨ satisfying (2.31) is 

continuous at ݐ଴ ∈ ܶ if  ∀߳ > 0 there exists a ߜ = ,߳)ߜ (଴ݐ > 0 such that 

 

,(ݐ)ܨ]ܦ [(଴ݐ)ܨ < ߳ , ݐ∀ ∈ ∥ ℎݐ݅ݓ ܶ ݐ − ଴ݐ ∥<  (2.32) ߜ

 

Alternatively, we can write (2.32) in terms of the convergence of sequences, that is 

 

݈݅݉
௧೙→௧బ

,(௡ݐ)ܨ]ܦ [(଴ݐ)ܨ = 0 , ௡ݐ∀ ∈ ௡ݐ ℎݐ݅ݓ ܶ → ଴ݐ ∈ ܶ. (2.33) 

 

Using the Hausdorff separation ݀ு and neighborhoods, we see that (2.32) is 

combination of 

 



 

9 

݀ு((ݐ)ܨ, ((଴ݐ)ܨ < ߳  (2.34) 

 

that is 

 

(ݐ)ܨ ⊂ ܵఢ൫ܨ(ݐ଴)൯ ≡ (଴ݐ)ܨ + ߳ܵଵ
௡  (2.35) 

 

and  

 

݀ு(ܨ(ݐ଴), ((ݐ)ܨ < ߳ (2.36) 

 

that is  

 

(଴ݐ)ܨ ⊂ ܵఢ൫(ݐ)ܨ൯ ≡ (ݐ)ܨ + ߳ܵଵ
௡  (2.37) 

 

for all ݐ ∈ ܶ with ∥ ݐ − ଴ݐ ∥< As before, ܵଵ .ߜ
௡ = ݔ} ∈ ℝ௡: ∥ ݔ ∥< 1} is the open unit 

ball in ℝ௡. If the mapping ܨ satisfies (2.34), (2.35), then we say that is upper 

semicontinuous at ݐ଴, or that is lower semicontinuous at ݐ଴, if it satisfies (2.36), (2.37). 

Thus ܨ is continuous at ݐ଴ if and only if it is both lower semicontinuous and upper 

semicontinuous at ݐ଴. 

 

Theorem 2.1: ܨ: ܶ → } ௖(ℝ௡) is measurable if and only if there exists a sequenceܭ  ௜݂} 

of measurable selectors of ܨ such that 

 

(ݐ)ܨ = ራ{ ప݂(ݐ): ଓ = 1,2, ⋯ }
തതതതതതതതതതതതതതതതതതതതതതതതതതത

, ݐ ℎܿܽ݁ ݎ݋݂ ∈ ܶ (2.38) 

 

Definition 2.13: Let ܫ be an interval of real numbers. Let a multifunction ܷ: ܫ →

଴ݐ ௖(ℝ௡) be be given. ܷ is Hukuhara differentiable at a pointܭ ∈     if there exist ,ܫ

(଴ݐ)ுܷܦ ∈  ௖(ℝ௡) such that the limitsܭ

 

݈݅݉
∆௧→଴శ

଴ݐ)ܷ + (ݐ∆ − (଴ݐ)ܷ

ݐ∆
 (2.39) 

 

and 
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݈݅݉
∆௧→଴శ

(଴ݐ)ܷ − ଴ݐ)ܷ − (ݐ∆

ݐ∆
 (2.40) 

 

both exist and are equal to  ܦுܷ(ݐ଴). 

 

Definition 2.14: Let ܨ: [0,1] →  denote the set of integrable (ܨ)ܵ ௖(ℝ௡) and letܭ

selectors of ܨ over [0,1]. Then the Aumann integral of ܨ over [0,1] is defined as 

 

න ݐ݀(ݐ)ܨ
ଵ

଴
= ቊන :ݐ݀(ݐ)݂ ݂ ∈ (ܨ)ܵ

ଵ

଴
ቋ

തതതതതതതതതതതതതതതതതതതതതതതതതതതത
 (2.41) 

 

If ܵ(ܨ) ≠ ∅, then the Aumann integral exist and ܨ is said to be Aumann 

integrable. We shall say that ܨ is integrally bounded on [0,1] if there exists an 

integrable function ݃: [0,1] → ℝ such that 

 

‖(ݐ)ܨ‖ ≤ ,(ݐ)݃ ݐ∀ ∈ [0,1] (2.42) 

 

If such an ܨ has measurable selectors, then they are also integrable and ܵ(ܨ) is 

nonempty. 

 

Theorem 2.2: If ܨ: [0,1] →  ௖(ℝ௡) is measurable and integrally bounded, then it isܭ

Aumann integrable over each [ܽ, [ݏ ⊂ ∫ ℎݐ݅ݓ [0,1] ݐ݀(ݐ)ܨ
௦

௔
∈ ݏ ௖(ℝ௡) for allܭ ∈

[ܽ, 1]. For a set valued mapping ܨ as Theorem 2.1, the Castaing Represantation 

Theorem 2.1 applies and provides a sequence  { ௜݂}  of integrable selectors which are 

pointwise dense in ܨ. Moreover, 

 

න ݐ݀(ݐ)ܨ
ଵ

଴
= ቊන ప݂(ݐ)݀ݐ: ଓ = 1,2, ⋯

ଵ

଴
ቋ

തതതതതതതതതതതതതതതതതതതതതതതതതതതതത
 (2.43) 

 

And also, we need only to consider these selectors to evaluate ∫ ݐ݀(ݐ)ܨ
ଵ

଴
. 

 

Theorem 2.3: Let ܨ, :௜ܨ [0,1] → ,௖(ℝ௡)ܭ ݅ = 1,2, ⋯, be measurable and uniformly 

integrally bounded. If ܨ௜(ݐ) → ݐ for all (ݐ)ܨ ∈ [0,1] as ݅ → ∞, then 
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௜ܣ = න ݐ݀(ݐ)௜ܨ
ଵ

଴
→ ܣ = න ݐ݀(ݐ)ܨ

ଵ

଴
݅ ݏܽ  → ∞ (2.44) 

 

Theorem 2.4: Let ܨ௜: [0,1] → ,௖(ℝ௡)ܭ ݅ = 1,2, ⋯, be measurable and uniformly 

integrally bounded, and suppose that  ܣ௜ = ∫ ݐ݀(ݐ)௜ܨ
ଵ

଴
→ ܣ ∈ ݅ ݏܽ ௖(ℝ௡)ܭ → ∞. 

Then there exists a measurable mapping ܨ: [0,1] → ܣ ௖(ℝ௡) such thatܭ = ∫ ݐ݀(ݐ)ܨ
ଵ

଴
. 

 

Theorem 2.5: If ܨ, :ܩ [0,1] →  ௖(ℝ௡) are integrable, then so also isܭ

 

,(∙)ܨ]ܦ :[(∙)ܩ [0,1] → ℝ (2.45) 

 

and 

 

ܦ ቈන ݐ݀(ݐ)ܨ
ଵ

଴
, න ݐ݀(ݐ)ܩ

ଵ

଴
቉ ≤ න ,(ݐ)ܨ]ܦ ݐ݀[(ݐ)ܩ

ଵ

଴
 (2.46) 

 

Theorem 2.6: Let ܨ: [0,1] →   ௖(ℝ௡) be measurable and integrally bounded. Thenܭ

:ܣ [0,1] →  ௖(ℝ௡)  defined byܭ

 

(ݐ)ܣ = න ݏ݀(ݏ)ܨ
௧

଴
 (2.47) 

 

for all ݐ ∈ [0,1] is Hukuhara differentiable for almost all ݐ଴ ∈ (0,1), with the 

Hukuhara derivative ܦுܣ(ݐ଴) =  A counterpart of the first fundamental .(଴ݐ)ܨ

theorem of calculus 

 

(ଵݐ)ܨ = (଴ݐ)ܨ + න ,ݏ݀(ݏ)ܨுܦ
௧భ

௧బ

 0 ≤ ଴ݐ ≤ ଵݐ ≤ 1 (2.48) 

 

holds for a Hukuhara differentiable  ܨ: [0,1] →  ௖(ℝ௡) with continuous Hukuharaܭ

derivative  ܦுܨ  on [0,1]. 
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3. BASIC THEORY 

 

3.1. Comparison Principles 

 

Let us consider the initial value problem (IVP) for the set differential equation 

 

ுܷܦ = ,ݐ)ܨ ܷ), (଴ݐ)ܷ = ܷ଴ ∈ ,௖(ℝ௡)ܭ ଴ݐ ≥ 0 (3.1) 

 

where ܨ ∈ ℝା]ܥ × ,௖(ℝ௡)ܭ  .ுܷ is the Hukuhara derivative of Uܦ ௖(ℝ௡)] andܭ

The mapping ܷ ∈ ,ܬ]ଵܥ ܬ ௖(ℝ௡)] whereܭ = ,଴ݐ] ଴ݐ + ܽ], ܽ > 0, is said to be a solution 

of (3.1) on ܬ, if it satisfies (3.1) on ܬ. 

Since ܷ(ݐ) is continuously differentiable, then we have 

 

(ݐ)ܷ = ܷ଴ + න ,ݏ݀(ݏ)ுܷܦ ݐ ∈ .ܬ
௧

௧బ

 (3.2) 

 

We also associate with the IVP (3.1) the following integral equation 

 

(ݐ)ܷ = ܷ଴ + න ,ݏ)ܨ ,ݏ݀((ݏ)ܷ ݐ ∈ ܬ
௧

௧బ

 (3.3) 

 

where the integral in (3.3) is the Hukuhara integral. Observe also that ܷ  is a solution (ݐ)

of (3.1) if and only if it satisfies (3.3) on ܬ. 

 

Theorem 3.1:  Let ܨ ∈ ܬ]ܥ × ,௖(ℝ௡)ܭ ݐ ௖(ℝ௡)] andܭ ∈ ,ܬ ܷ, ܸ ∈  ௖(ℝ௡)ܭ

 

,ݐ)ܨ]ܦ ܷ), ,ݐ)ܨ ܸ)] ≤ ,ݐ)݃ ,ܷ]ܦ ܸ]) (3.4) 

 

where ݃ ∈ ܬ]ܥ × ℝା, ℝା] and ݃(ݐ, ݐ∀  ݓ is monotone nondecreasing in (ݓ ∈  .ܬ

Suppose further that the maximal solution ݐ)ݎ, ,଴ݐ  ଴) of the scalar differentialݓ

equations 
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ᇱݓ = ,ݐ)݃ ,(ݓ (଴ݐ)ݓ = ଴ݓ ≥ 0 (3.5) 

 

exists on ܬ. Then, if ܷ(ݐ) ܽ݊݀ ܸ(ݐ) are any two solutions through (ݐ଴, ܷ଴) ܽ݊݀  

,଴ݐ) ଴ܸ) respectively on J, it follows that 

 

,(ݐ)ܷ]ܦ [(ݐ)ܸ ≤ ,ݐ)ݎ ,଴ݐ ,(଴ݓ ݐ ∈  (3.6) ܬ

 

provided ܦ[ܷ଴, ଴ܸ] ≤  .଴ݓ

 

Proof 3.1: Setting (ݐ)ܷ]ܦ, (଴ݐ)݉ so that ,[(ݐ)ܸ = ,଴ܷ]ܦ ଴ܸ] ≤  ଴. Then, in view ofݓ

the properties of the metric ܦ, then we get 

 

ە
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
ۓ (ݐ)݉ = ܦ ቈܷ଴ + න ,ݏ൫ܨ ݏ൯݀(ݏ)ܷ

௧

௧బ

, ଴ܸ + න ,ݏ൫ܨ ݏ൯݀(ݏ)ܸ
௧

௧బ

቉

           ≤ ܦ ቈܷ଴ + න ,ݏ൫ܨ ݏ൯݀(ݏ)ܷ
௧

௧బ

, ܷ଴ + න ,ݏ൫ܨ ݏ൯݀(ݏ)ܸ
௧

௧బ

቉
               

ܦ+                ቈܷ଴ + න ,ݏ൫ܨ ݏ൯݀(ݏ)ܸ
௧

௧బ

, ଴ܸ + න ,ݏ൫ܨ ݏ൯݀(ݏ)ܸ
௧

௧బ

቉
          

            = ܦ ቈන ,ݏ൫ܨ ݏ൯݀(ݏ)ܷ
௧

௧బ

, න ,ݏ൫ܨ ݏ൯݀(ݏ)ܸ
௧

௧బ

቉ + ,଴ܷ]ܦ ଴ܸ]

 (3.7) 

 

Now, by using the properties of the integrals and condition (3.4), we observe 

that 

 

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
(ݐ)݉ۓ = (଴ݐ)݉ + න ,ݏ൫ܨൣܦ ,൯(ݏ)ܷ ,ݏ൫ܨ ݏ൯൧݀(ݏ)ܸ

௧

௧బ            

≤ (଴ݐ)݉ + න ,ݏ)݃ ,(ݏ)ܷ]ܦ ݏ݀([(ݏ)ܸ
௧

௧బ            
          

= (଴ݐ)݉ + න ,ݏ)݃ ݏ݀((ݏ)݉
௧

௧బ

 , ݐ ∈      .ܬ

 (3.8) 
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Now applying Theorem 1.9.2 given in Lakshmikantham and Leela [6], we conclude 

that 

 

(ݐ)݉ ≤ ,ݐ)ݎ ,଴ݐ ,(଴ݓ ݐ ∈  (3.9) ܬ

 

This establishes Theorem 3.1. 

 

Remark 3.1: If we employ the theory of differential inequalities instead of integral 

inequalities, we can dispense with the monotone character of ݃(ݐ,  assumed in (ݓ

Theorem 3.1. This is the content of the next comparison principle. 

 

Theorem 3.2:  Let the assumptions of Theorem 3.1 hold except the nondecreasing 

property of ݃(ݐ,  .Then the conclusion (3.6) is valid .ݓ in (ݓ

 

Proof 3.2: For small ℎ > 0, the Hukuhara differences ܷ(ݐ + ℎ) − ,(ݐ)ܷ ݐ)ܸ + ℎ) −

ݐ  exist, and we have for (ݐ)ܸ ∈  ܬ

 

ݐ)݉ + ℎ) − (ݐ)݉ = ݐ)ܷ]ܦ + ℎ), ݐ)ܸ + ℎ)] − ,(ݐ)ܷ]ܦ  (3.10) [(ݐ)ܸ

 

Using Remark 2.4 

 

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ

ݐ)ܷ]ܦ + ℎ), ݐ)ܸ + ℎ)]                                                       

≤ ݐ)ܷ]ܦ + ℎ), ݐ)ܸ + ℎ)]                                 

(ݐ)ܷൣܦ+              + ℎܨ൫ݐ, ,൯(ݐ)ܷ (ݐ)ܷ + ℎܨ൫ݐ, ൯൧(ݐ)ܷ

ݐ)ܷ]ܦ + ℎ), ݐ)ܸ + ℎ)]                                                      

≤ ݐ)ܷൣܦ + ℎ), (ݐ)ܷ + ℎܨ൫ݐ,                ൯൧(ݐ)ܷ

(ݐ)ܷൣܦ+ + ℎܨ൫ݐ, ,൯(ݐ)ܷ ݐ)ܸ + ℎ)൧      

  (3.11) 

  

and 
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ە
ۖ
۔

ۖ
(ݐ)ܷൣܦۓ + ℎܨ൫ݐ, ,൯(ݐ)ܷ ݐ)ܸ + ℎ)൧                                          

≤ (ݐ)ܷൣܦ + ℎܨ൫ݐ, ,൯(ݐ)ܷ ݐ)ܸ + ℎ)൧                    

(ݐ)ܸ]ܦ+     + ℎݐ)ܨ, ,((ݐ)ܸ (ݐ)ܸ + ℎݐ)ܨ, [((ݐ)ܸ

  (3.12) 

 

ە
ۖ
۔

ۖ
(ݐ)ܷൣܦۓ + ℎܨ൫ݐ, ,൯(ݐ)ܷ ݐ)ܸ + ℎ)൧                                           

≤ (ݐ)ܷൣܦ + ℎܨ൫ݐ, ,൯(ݐ)ܷ (ݐ)ܸ + ℎܨ൫ݐ,  ൯൧(ݐ)ܸ

(ݐ)ܸൣܦ+ + ℎܨ൫ݐ, ,൯(ݐ)ܸ ݐ)ܸ + ℎ)൧             

  
(3.13) 

 

Also, we observe that  

 

ቐ
(ݐ)ܷൣܦ + ℎܨ൫ݐ, ,൯(ݐ)ܷ (ݐ)ܸ + ℎܨ൫ݐ,                       ൯൧(ݐ)ܸ

≤ ,ݐ൫ܨℎൣܦ ,൯(ݐ)ܷ ℎܨ൫ݐ, ൯൧(ݐ)ܸ + ,(ݐ)ܷ]ܦ [(ݐ)ܸ
 (3.14) 

 

Hence, it follows that 

 

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ

ݐ)݉ + ℎ) − (ݐ)݉

ℎ
                                                   

≤
1
ℎ

ݐ)ܷൣܦ + ℎ), (ݐ)ܷ + ℎܨ൫ݐ, ൯൧(ݐ)ܷ

     +
1
ℎ

(ݐ)ܸൣܦ + ℎܨ൫ݐ, ,൯(ݐ)ܸ ݐ)ܸ + ℎ)൧

  +
1
ℎ

,ݐ൫ܨℎൣܦ ,൯(ݐ)ܷ ℎܨ൫ݐ,      ൯൧(ݐ)ܸ

 (3.15) 

 

And consequently, in view of properties of ܦ and the fact that ܷ(ݐ),  are solutions (ݐ)ܸ

of (3.1), then we find that 
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ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
(ݐ)ା݉ܦۓ ≤ ݈݅݉

௛→଴శ
݌ݑݏ

1
ℎ

ݐ)݉] + ℎ) −                           [(ݐ)݉

              ≤ ݈݅݉
௛→଴శ

݌ݑݏ ܦ ቈ
ݐ)ܷ + ℎ) − (ݐ)ܷ

ℎ
, ,ݐ൫ܨ   ൯቉(ݐ)ܷ

                 + ݈݅݉
௛→଴శ

݌ݑݏ ܦ ቈܨ൫ݐ, ,൯(ݐ)ܸ
ݐ)ܸ + ℎ) − (ݐ)ܸ

ℎ
቉

    + ݈݅݉
௛→଴శ

݌ݑݏ ,ݐ൫ܨൣܦ ,൯(ݐ)ܷ ,ݐ൫ܨ ൯൧(ݐ)ܸ

 (3.16) 

 

Here, we have used the fact that 

 

ە
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ݐ)ܷൣܦۓ + ℎ), (ݐ)ܷ + ℎܨ൫ݐ,                             ൯൧(ݐ)ܷ

= (ݐ)ܷൣܦ + ,ݐ)ܼ ℎ), (ݐ)ܷ + ℎܨ൫ݐ, ൯൧(ݐ)ܷ

 = ,ݐ)ܼൣܦ  ℎ) + ,(ݐ)ܷ (ݐ)ܷ + ℎܨ൫ݐ, ൯൧(ݐ)ܷ

= ,ݐ)ܼ]ܦ ℎ), ℎ൫ܨ൫ݐ,                           ൯൧(ݐ)ܷ

= ݐ)ܷൣܦ + ℎ) − ,(ݐ)ܷ ℎܨ൫ݐ,           ൯൧(ݐ)ܷ

 (3.17) 

 

The conclusion (3.6) follows from Theorem 1.4.1 in Laksmikantham and Leela[6]. 

 

The next comparison result provides an estimate under weaker assumptions. 

 

Theorem 3.3:  Assume that ܨ ∈ ܬ]ܥ × ,௖(ℝ௡)ܭ   ௖(ℝ௡)] andܭ

 

൞
݈݅݉
௛→଴

݌ݑݏ
1
ℎ

ܷ]ܦൣ + ℎݐ)ܨ, ܷ), ܸ + ℎݐ)ܨ, ܸ)] − ,ܷ]ܦ ܸ]൧

≤ ,ݐ)݃ ,ܷ]ܦ ܸ]), ݐ ∈                                             ܬ

 (3.18) 

 

where  ܷ, ܸ ∈ ݃ ,௖(ℝ௡)ܭ ∈ ܬ]ܥ × ℝା, ℝ]. The maximal solution ݐ)ݎ, ,଴ݐ  ଴) of (3.5)ݓ

exists on ܬ. Then the conclusion of Theorem 3.2 is valid. 

 

Proof 3.3: Proceeding as in the proof of Theorem 3.2, we see that 
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ە
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۓ

ݐ)݉ + ℎ) − (ݐ)݉ = ݐ)ܷ]ܦ + ℎ), ݐ)ܸ + ℎ)] − ,(ݐ)ܷ]ܦ               [(ݐ)ܸ

                     ≤ ݐ)ܷൣܦ + ℎ), (ݐ)ܷ + ℎܨ൫ݐ,              ൯൧(ݐ)ܷ

(ݐ)ܸൣܦ+                  + ℎܨ൫ݐ, ,൯(ݐ)ܸ ݐ)ܸ + ℎ)൧

(ݐ)ܷൣܦ+                                      + ℎܨ൫ݐ, ,൯(ݐ)ܷ (ݐ)ܸ + ℎܨ൫ݐ, ൯൧(ݐ)ܸ

,(ݐ)ܷ]ܦ−                     [(ݐ)ܸ

 (3.19) 

 

ە
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۓ (ݐ)ା݉ܦ ≤ ݈݅݉

௛→଴శ
݌ݑݏ

1
ℎ

ݐ)݉] + ℎ) −                                                 [(ݐ)݉

                 ≤ ݈݅݉
௛→଴శ

݌ݑݏ
1
ℎ

ቂ (ݐ)ܷൣܦ + ℎܨ൫ݐ, ,൯(ݐ)ܷ (ݐ)ܸ + ℎܨ൫ݐ, ൯൧ቃ(ݐ)ܸ

        − ݈݅݉
௛→଴శ

݌ݑݏ
1
ℎ

,(ݐ)ܷ]ܦൣ                                      ൧[(ݐ)ܸ

          + ݈݅݉
௛→଴శ

݌ݑݏ ܦ ቈ
ݐ)ܷ + ℎ) − (ݐ)ܷ

ℎ
, ,ݐ൫ܨ           ൯቉(ݐ)ܷ

  + ݈݅݉
௛→଴శ

݌ݑݏ ܦ ቈܨ൫ݐ, ,൯(ݐ)ܸ
ݐ)ܸ + ℎ) − (ݐ)ܸ

ℎ
቉    

≤ ,ݐ)݃ ,(ݐ)ܷ]ܦ                                                  ([(ݐ)ܸ

= ݃൫ݐ, ,൯(ݐ)݉ ݐ ∈                                                       ܬ

 (3.20) 

 

The conclusion follows as before by Theorem 1.4.1 in Lakshmikantham and Leela[6] 

and the proof is complete. 

 

Corollary 3.1: Assume that ܨ ∈ ܬ]ܥ × ,௖(ℝ௡)ܭ  ௖(ℝ௡)] and eitherܭ

 

i) ݐ)ܨ]ܦ, ܷ), [ߠ ≤ ,ݐ)݃ ,ܷ]ܦ  or ([ߠ

ii) ݈݅݉
௛→଴

݌ݑݏ
ଵ

௛
ܷ]ܦ] + ℎݐ)ܨ, ܷ), [ߠ − ,ܷ]ܦ [[ߠ ≤ ,ݐ)݃ ,ܷ]ܦ ݃ where ,([ߠ ∈ ܬ]ܥ ×

ℝା, ℝ].  

 

Then, if ܦ[ܷ଴, [ߠ ≤  ଴, we haveݓ
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,(ݐ)ܷ]ܦ [ߠ ≤ ,ݐ)ܴ ,଴ݐ ,(଴ݓ ݐ ∈  (3.21) ܬ

 

where ܴ(ݐ, ,଴ݐ  .ܬ ଴) is the maximal solution of (3.5) onݓ

 

Corollary 3.2: The function ݃(ݐ, (ݓ = ,ݓ(ݐ)ߣ (ݐ)ߣ ≥ 0 and continuous is admissible 

in Theorem 3.2 to give 

 

(ݐ)݉ ≤ (଴ݐ)݉ + න ݐ   ,ݏ݀(ݏ)݉(ݏ)ߣ ∈ ܬ
௧

௧బ

 (3.22) 

 

then the application of Gronwall Lemma implies that 

 

(ݐ)݉ ≤ (଴ݐ)݉ ݌ݔ݁ ቈන ݏ݀(ݏ)ߣ
௧

௧బ

቉ ݐ   , ∈  (3.23) ܬ

 

which shows that (3.6) reduces to 

 

,(ݐ)ܷ]ܦ [(ݐ)ܸ ≤ ,଴ܷ]ܦ ଴ܸ] ݌ݔ݁ ቈන ݏ݀(ݏ)ߣ
௧

௧బ

቉ , ݐ ∈  (3.24) ܬ

 

Corollary 3.3: The function ݃(ݐ, (ݓ =  as in Corollary 3.2 is also (ݐ)ߣ with ,ݓ(ݐ)ߣ−

admissible in Theorem 3.3, and then we get 

 

,(ݐ)ܷ]ܦ [(ݐ)ܸ ≤ ,଴ܷ]ܦ ଴ܸ] ݌ݔ݁ ቈ− න ݏ݀(ݏ)ߣ
௧

௧బ

቉ , ݐ ∈  (3.25) ܬ

 

If (ݐ)ߣ = ߣ > 0 then, we find that 

 

,(ݐ)ܷ]ܦ [(ݐ)ܸ ≤ ,଴ܷ]ܦ ଴ܸ]݁ିఒ(௧ି௧బ), ݐ ∈  (3.26) ܬ
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3.2. Local Existence and Uniqueness 

 

In this section we will begin by proving the existence and uniqueness result 

under the assumptions more general than the Lipschitz type conditions, which exhibits 

the idea of the comparison principle.  

 

Theorem 3.4: Assume that 

 

i) ܨ ∈ ,଴ܴ]ܥ ,ݐ)ܨ]ܦ ௖(ℝ௡)] andܭ ܷ), [ߠ ≤ ଴ where ܴ଴ܯ = ܬ ×

,଴ܷ)ܤ ,଴ܷ)ܤ,(ܾ ܾ) = [ܷ ∈ :௖(ℝ௡)ܭ ,ܷ]ܦ ܷ଴] ≤ ܾ] on ܴ଴; 

ii) ݃ ∈ ܬ]ܥ × [0,2ܾ], ℝା], ,ݐ)݃ (ݓ ≤ ܬ ݊݋ ଵܯ × [0,2ܾ], ,ݐ)݃ 0) ≡ 0, ,ݐ)݃  is (ݓ

nondecrasing in ݓ foreach ݐ ∈ (ݐ)ݓ and ܬ ≡ 0 is the only solution of 

 

ᇱݓ = ,ݐ)݃ ,(ݓ (଴ݐ)ݓ = 0 (3.27) 

 

on J; 

iii) ݐ)ܨ]ܦ, ܷ), ,ݐ)ܨ ܸ)] ≤ ,ݐ)݃ ,ܷ]ܦ   .଴ܴ ݊݋ ([ܸ

 

Then the successive approximations defined by 

 

ܷ௡ାଵ(ݐ) = ܷ଴ + න ,ݏ൫ܨ ܷ௡(ݏ)൯݀ݏ,   ݊ = 0,1,2, …
௧

௧బ

 (3.28) 

 

exists on ܬ଴ = ଴ݐ] + ݐ + ߟ where ,(ߟ = ݉݅݊{ܽ,
௕

ெ
ܯ ,{ = ,଴ܯ} ݔܽ݉  ଵ}, as continuousܯ

functions and converge uniformly to the unique solutions ܷ(ݐ) of the IVP (3.2) on ܬ଴. 

 

Proof 3.4: Using the properties of Hausdorff metric, we get by induction 
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ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
,(ݐ)௡ାଵܷ]ۓ ܷ଴] = ܦ ቈܷ଴ + න ,ݏ൫ܨ ܷ௡(ݏ)൯݀ݏ

௧

௧బ

, ܷ଴቉       

      = ܦ ቈන ,ݏ൫ܨ ܷ௡(ݏ)൯݀ݏ
௧

௧బ

, ቉ߠ

    ≤ න ,ݏ൫ܨൣܦ ܷ௡(ݏ)൯, ݏ൧݀ߠ
௧

௧బ

    ≤ ݐ)଴ܯ − (଴ݐ ≤ ଴ܽܯ ≤ ܾ

 (3.29) 

 

and consequently, the successive approximations {ܷ௡(ݐ)} are well defined on ܬ଴. 

 

We shall next define the successive approximations of (3.27) as follows: 

 

(ݐ)଴ݓ = ݐ)ܯ −  ଴), (3.30)ݐ

 

(ݐ)௡ାଵݓ = න ݃൫ݏ, ,ݏ൯݀(ݏ)௡ݓ ݐ ∈ ,଴ܬ ݊ = 0,1,2, …
௧

௧బ

 (3.31) 

 

By using the Mathematical induction, in view of the monotone character of 

,ݐ)݃   are well defined and {(ݐ)௡ݓ} proves that ,ݓ in (ݓ

 

0 ≤ (ݐ)௡ାଵݓ ≤ ,(ݐ)௡ݓ ݐ ∈  ଴ (3.32)ܬ

 

Since |ݓ௡
ᇱ |(ݐ) ≤ ݃൫ݐ, ൯(ݐ)௡ିଵݓ ≤  ଵ, we conclude by the Ascoli-Arzelaܯ

Theorem and the monotonicity of the sequence {ݓ௡(ݐ)} that 

 

݈݅݉
௡→ஶ

(ݐ)௡ݓ =  (3.33) (ݐ)ݓ

 

uniformly on ܬ଴. It is also clear that (ݐ)ݓ satisfies (3.27) and therefore by condition 

ii), (ݐ)ݓ ≡ 0 on ܬ଴. 

We observe that  
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]ܦ ଵܷ(ݐ), ܷ଴(ݐ)] ≤ න ,ݏ൫ܨൣܦ ܷ଴(ݏ)൯, ݏ൧݀ߠ ≤ ݐ)ܯ − (଴ݐ ≡ (ݐ)଴ݓ
௧

௧బ

 (3.34) 

 

Assume that for some ݇ > 1, we have 

 

,(ݐ)௞ܷ]ܦ ܷ௞ିଵ(ݐ)] ≤ ,(ݐ)଴ݓ  ଴ (3.35)ܬ ݊݋

 

Since 

 

,(ݐ)௞ାଵܷ]ܦ ܷ௞(ݐ)] ≤ න ,ݏ൫ܨ]ܦ ܷ௞(ݏ)൯,
௧

௧బ

,ݏ൫ܨ ܷ௞ିଵ(ݏ)൯]݀(3.36) ݏ 

 

using condition iii) and the monotone character of ݃(ݐ,  we get ,(ݓ

 

ە
ۖ
۔

ۖ
,(ݐ)௞ܷ]ܦۓ ܷ௞ିଵ(ݐ)] ≤ න ,ݏ)݃ ,(ݏ)௞ܷ]ܦ ܷ௞ିଵ(ݏ)])݀ݏ

௧

௧బ

                                  ≤ න ݃൫ݏ, ݏ൯݀(ݏ)௞ିଵݓ = (ݐ)௞ݓ
௧

௧బ

 (3.37) 

 

Thus by induction again, we get the estimate 

 

,(ݐ)௡ାଵܷ]ܦ ܷ௡(ݐ)] = ,(ݐ)௡ݓ ݐ ∈ (3.38) 

 

That is true for all ݊. 

 

Letting (ݐ)ݑ = ,(ݐ)௡ାଵܷ]ܦ ܷ௡(ݐ)], ݐ ∈  ଴. The proof of the Theorem of 3.2 shows thatܬ

 

(ݐ)ݑାܦ ≤ ,ݐ)݃ ,(ݐ)௡ܷ]ܦ ܷ௡ିଵ(ݐ)]) ≤ ݃൫ݐ, ,൯(ݐ)௡ିଵݓ ݐ ∈  ଴ (3.39)ܬ

 

Now let ݊ ≤ ݉. Setting (ݐ)ݒ = ,(ݐ)௡ܷ]ܦ ܷ௠(ݐ)], we obtain from (3.28) 

 



 

22 

ە
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
ۓ

(ݐ)ݒାܦ ≤ ,(ݐ)ுܷ௡ܦ]ܦ                                                                       [(ݐ)ுܷ௠ܦ

= ,ݐ൫ܨൣܦ ܷ௡ିଵ(ݐ)൯, ,ݐ൫ܨ ܷ௠ିଵ(ݐ)൯൧                                    

              ≤ ,ݐ൫ܨൣ ܷ௡(ݐ)൯, ,ݐ൫ܨ ܷ௡ିଵ(ݐ)൯൧ + ,ݐ൫ܨൣܦ ܷ௡(ݐ)൯, ,ݐ൫ܨ ܷ௠(ݐ)൯൧

,ݐ൫ܨൣܦ+ ܷ௠(ݐ)൯, ,ݐ൫ܨ ܷ௠ିଵ(ݐ)൯൧                            

         ≤ ݃൫ݐ, ൯(ݐ)௡ିଵݓ + ݃൫ݐ, ൯(ݐ)௠ିଵݓ + ,ݐ)݃ ,(ݐ)௡ܷ]ܦ ܷ௠(ݐ)])

≤ ݃൫ݐ, ൯(ݐ)ݒ + 2݃൫ݐ, ,൯(ݐ)௡ିଵݓ ݐ ∈                               ଴ܬ

 (3.40) 

 

Here we have used the arguments of the proof of Theorem 3.2, the monotone character 

of ݃(ݐ, ௠ିଵݓ and the fact that (ݓ ≤ ݊ ௡ିଵ, sinceݓ ≤ ݉ and ݓ௡(ݐ) is a decreasing 

sequence. The comparison Theorem 1.4.1 in Lakshimikantham and Leela [6] yields 

the estimate 

 

(ݐ)ݒ ≤ ,(ݐ)௡ݎ ݐ ∈  ଴ (3.41)ܬ

 

where ݎ௡(ݐ) is the maximal solution of  

 

௡ݎ
ᇱ(ݐ) = ,ݐ)݃ (௡ݎ + 2݃൫ݐ, (଴ݐ)௡ݎ   ,൯(ݐ)௡ିଵݓ = 0 (3.42) 

 

for each ݊. Since as ݊ → ∞, 2݃൫ݐ, ൯(ݐ)௡ିଵݓ → 0 uniformly on ܬ଴, it follows by Lemma 

1.3.1 in Lakshimikantham and Leela [6] that ݎ௡(ݐ) → ݊ ݏܽ 0 → ∞ uniformly, on ܬ଴. 

This implies from (3.5) and definition of (ݐ)ݒ that ܷ௡(ݐ) converges uniformly to ܷ(ݐ) 

is a solution of (3.1).To show uniqueness, let us assume that there exist another 

solution ܸ(ݐ) of (3.1) on  ܬ଴. Then setting ݉(ݐ) = ,(ݐ)ܷ]ܦ  and nothing that [(ݐ)ܸ

(଴ݐ)݉ = 0, we get, as before 

 

(ݐ)ା݉ܦ ≤ ݃൫ݐ, ݐ   ,൯(ݐ)݉ ∈  ଴ (3.43)ܬ

 

and ݉(ݐ) ≤ ,ݐ)ݎ ,଴ݐ 0), ݐ ∈ ,ݐ)ݎ ଴, by Theorem 3.4. By assumptionܬ ,଴ݐ 0) ≡ 0, we get 

(ݐ)ܷ ≡  .଴, proving the theoremܬ on (ݐ)ܸ
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Lemma 3.1: Let  ܨ ∈ ܬ]ܥ × ,௖(ℝ௡)ܭ   ௖(ℝ௡)] andܭ

 

,ݐ)ܩ (ݎ = ,ݐ)ܨ]ܦ]ݔܽ݉ ܷ), :[ߠ ,ܷ]ܦ ܷ଴] ≤ ܴ] (3.44) 

 

Assume that ܴ∗(ݐ, ,଴ݐ 0) is the maximal solution of  

 

ᇱݓ = ,ݐ)ܩ (଴ݐ)ݓ   ,(ݓ = 0,  (3.45) ܬ ݊݋

 

Let ܷ(ݐ) = ,ݐ)ܷ ,଴ݐ ܷ଴) be the solution of (3.2). Then  

 

,(ݐ)ܷ]ܦ ܷ଴] ≤ ,ݐ)∗ܴ  ,଴ݐ 0), ݐ ∈  (3.46) .ܬ

 

Theorem 3.5: Suppose the assumptions i), ii), iii) of Theorem 3.4 hold. Assume further 

that the solutions ݐ)ݓ, ,଴ݐ ,଴ݐ) ଴) of (3.5) throughݓ  ଴) are continuous with respect toݓ

,଴ݐ) (ݐ)ܷ ଴). Then the solutionsݓ = ,ݐ)ܷ ,଴ݐ ܷ଴) of (3.1) are continuous relative to 

,଴ݐ) ܷ଴). 

 

Proof 3.5: Let ܷ(ݐ) = ,ݐ)ܷ ,଴ݐ ܷ଴), (ݐ)ܸ = ,ݐ)ܸ ,଴ݐ ଴ܸ), ܷ଴, ଴ܸ ∈  ௖(ℝ௡), be twoܭ

solutions of (3.2). Then defining  ݉(ݐ) = ,(ݐ)ܷ]ܦ  we get from Theorem 3.2, the ,[(ݐ)ܸ

estimate 

 

,(ݐ)ܷ]ܦ [(ݐ)ܸ ≤ ,ݐ)ܴ ,଴ݐ ,଴ܷ]ܦ ଴ܸ]),   ݐ ∈  (3.47) .ܬ

 

Since ݈݅݉
௨బ→௩బ

,ݐ)ܴ ,଴ݐ ,଴ܷ]ܦ ଴ܸ]) = ,ݐ)ܴ ,଴ݐ 0) uniformly on ܬ and by 

hypothesis  ܴ(ݐ, ,଴ݐ 0) ≡ 0, it follows that ݈݅݉
௨బ→௏బ

,ݐ)ܷ ,଴ݐ ܷ଴) = ,ݐ)ܸ ,଴ݐ ଴ܸ) uniformly 

and hence continuity of ܷ(ݐ, ,଴ݐ ܷ଴) relative to ܷ଴ is valid. 

To prove the continuity relative to ݐ଴, let ܷ(ݐ, ,଴ݐ ܷ଴), (ݐ)ܸ = ,ݐ)ܸ ߬଴, ଴ܸ) be the 

two solutions of (3.1) and ߬଴ > (ݐ)݉  ଴. As before, settingݐ = ,(ݐ)ܷ]ܦ  nothing ,[(ݐ)ܸ

that ݉(߬) = ,(଴߬)ܷ]ܦ ܷ଴], we obtain from Lemma 3.1, 

 

݉(߬଴) ≤  ܴ∗(߬଴, ,଴ݐ 0) (3.48) 
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and consequently, by Theorem 3.1, we arrive at 

 

(ݐ)݉ ≤ ෨ܴ(ݐ),   ݐ ≥ ߬଴ (3.49) 

 

where ෨ܴ(ݐ) = ෨ܴ൫ݐ, ߬଴, ܴ∗(߬଴, ,଴ݐ 0)൯ is the maximal solution of (3.5) through 

൫߬଴, ܴ∗(߬଴, ,଴ݐ 0)൯. Since ܴ(߬଴, ,଴ݐ 0) = 0, we have 

 

݈݅݉
ఛబ→೟బ

෨ܴ൫ݐ, ߬଴, ܴ(߬଴, ,଴ݐ 0)൯ = ෨ܴ(ݐ, ,଴ݐ 0) (3.50) 

 

uniformly on ܬ. By the hypothesis ෨ܴ(ݐ, ,଴ݐ 0) ≡ 0 which proves the continuity of 

,ݐ)ܷ ,଴ݐ ܷ଴), with respect to  ݐ଴ and the proof is complete. 

 

3.3. Local Existence and Extremal Solutions 

 

Theorem 3.6: If {ܷ௡(ݐ)} is a sequence of equicontinuous and equibounded 

multimappings defined on an interval ܬ, we can extract a subsequence that converges 

uniformly to a continuous multimapping ܷ(ݐ) on ܬ. 

 

Theorem 3.7: Assume that ܨ ∈ ,଴ܴ]ܥ ௖(ℝ௡)] where ܴ଴ܭ = ܬ × ,଴ܷ]ܤ ,଴ܷ]ܤ,[ܾ ܾ] =

{ܷ ∈ :௖(ℝ௡)ܭ ,ܷ]ܦ ܷ଴] ≤ ܾ} and ݐ)ܨ]ܦ, ܷ), [ߠ ≤  on ܴ଴. Then there exists at least ܯ

one solution ܷ(ݐ) for the IVP (3.1)  on ܬ଴ = ,଴ݐ] ଴ݐ + ߙ where ,[ߙ = ݉݅݊ ቄܽ,
௕

ெ
ቅ ], ߙ >

0. 

 

Proof 3.7: Let ܷ଴ ∈ ଴ݐ]ଵൣܥ − ,ߜ ,[଴ݐ ,௖(ℝ௡)൧ܭ ߜ > 0 such that ܷ଴ = ܷ଴(ݐ଴), 

,(ݐ)଴ܷ]ܦ ܷ଴] ≤ ܾ and ܦ]ܦுܷ଴(ݐ), [ߠ ≤ Consider 0 .ܯ  < ߳ <  and define ߜ

 

ە
ۖ
۔

ۖ
ۓ ఢܷ(ݐ) = ܷ଴(ݐ),   ݐ଴ − ߜ ≤ ݐ ≤                                    ଴ݐ

ఢܷ = ܷ଴ + න ,ݏ൫ܨ ఢܷ(ݏ − ߳)൯݀ݐ   ,ݏ଴ ≤ ݐ ≤ ଴ݐ + ଵߙ

௧

௧బ

 (3.51) 
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where ߙଵ = ,ߙ}݊݅݉ ߳}. Then we have, by using Remark 2.4 ii) and the property (2.46) 

of ܦ 

 

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
]ܦۓ ఢܷ(ݐ), ܷ଴] = ܦ ቈܷ଴ + න ,ݏ൫ܨ ఢܷ(ݏ − ߳)൯݀ݏ,

௧

௧బ

ܷ଴቉

            = ܦ ቈන ,ݏ൫ܨ ఢܷ(ݏ − ߳)൯݀ݏ,
௧

௧బ

቉ߠ

            ≤ න ,ݏ൫ܨൣܦ ఢܷ(ݏ − ߳)൯, ݏ൧݀ߠ
௧

௧బ

    ≤ ݐ)ܯ − (଴ݐ ≤ ଵߙܯ ≤ ܾ

 (3.52) 

 

Furthermore, 

 

ுܦ ఢܷ(ݐ) ≤ ,ݐ൫ܨ ఢܷ(ݐ − ߳)൯  ݐ] ݊݋଴, ଴ݐ +  ଵ] (3.53)ߙ

 

and therefore 

 

ுܦ]ܦ ఢܷ(ݐ), [ߠ ≤  (3.54) ܯ

 

If ߙଵ ≤  satisfying the relations (3.53) and (ݐ)we can use (3.51) to extend ఢܷ ,ߙ

(3.54) on [ݐ଴ − ,ߜ ଴ݐ + ଶߙ ଶ] whereߙ = ଵߙ}݊݅݉ , 2߳}. Continuing this process, we 

arrive at an a.e. differentiable function ఢܷ(ݐ) such that (3.51), (3.53) and (3.54) hold 

on  [ݐ଴ − ,ߜ ଴ݐ +  forms a family of equicontinuous and uniformly (ݐ)Thus ఢܷ .[ߙ

bounded functions. By Theorem 3.6, we obtain a decreasing sequence {߳௡} such that 

߳௡ → 0 as ݊ → ∞ and ܷ(ݐ) = ݈݅݉
௡→ஶ

ఢܷ೙
଴ݐ exists uniformly for (ݐ) − ߜ ≤ ݐ ≤ ଴ݐ +  .ߙ

Since ܨ is uniformly continuous, we show that ܨ ቀݐ, ఢܷ೙
ݐ) − ߳௡)ቁ → ,ݐ൫ܨ  ൯(ݐ)ܷ

uniformly, as ݊ → ∞ on ܬ଴. This allows for term by term integration in (3.51) with ߳ =

߳௡ and ߙ =   ଵ which yieldsߙ 

 

(ݐ)ܷ = ܷ଴ + න ,ݏ൫ܨ ,ݏ൯݀(ݏ)ܷ
௧

௧బ

ݐ  ∈  ଴ (3.55)ܬ
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Hence ܷ(ݐ) is a solution of (3.1) on ܬ଴ and the proof is complete. 

In order to discuss the existence of extremal solutions for the IVP (3.1), we 

require a comparison result which demands introducing a partial order in the metric 

space (ܭ௖(ℝ௡),  ௖(ℝ௡) consisting of setsܭ the subfamily of (଴ܭ)ܭ We denote by .(ܦ

ܷ ∈ ݑ ௖(ℝ௡) such that anyܭ ∈ ܷ is nonnegative vector of n-components satisfying 

௜ݑ ≥ ௜ݑ) 0 > 0) for ݅ = 1,2, ⋯ , ݊. Thus ܭ is a cone in ܭ௖(ℝ௡) and ܭ଴ is the nonempty 

interior of ܭ. We can therefore induce a partial ordering in ܭ௖(ℝ௡) as follows. 

 

Definition 3.1: For any ܷ  ܽ݊݀ ܸ ∈ ܼ ௖(ℝ௡), if there exists aܭ ∈ ܼ ௖(ℝ௡) such thatܭ ∈

 and (଴ܭ)ܭ

 

ܷ = ܸ + ܼ (3.56) 

 

then, we write ܷ ≥ ܸ (ܷ > ܸ). Similarly, one can define ܷ ≤ ܸ (ܷ < ܸ). 

 

Definition 3.2: Let ܴ(ݐ) be a solution of the set differential equation (3.1). Then we 

say that ܴ ܷ is the maximal solution of (3.1) if, for every solution (ݐ)  of (3.1) existing (ݐ)

on ܬ଴, we have 

 

(ݐ)ܷ ≤ ,(ݐ)ܴ ݐ ∈  ଴ (3.57)ܬ

 

Definition 3.3: Let (ݐ)ݎ be a solution of the set differential equation (3.1). Then, we 

say that (ݐ)ݎ is the minimal solution of (3.1) if, for every solution ܷ(ݐ) of (3.1) existing 

on ܬ଴, we have 

 

(ݐ)ܷ ≥ ,(ݐ)ݎ ݐ ∈  ଴ (3.58)ܬ

 

Theorem 3.8: Assume that 

 

i) ܨ ∈ ℝା]ܥ × ,௖(ℝ௡)ܭ ,ݐ)ܨ ,[௖(ℝ௡)ܭ ܷ) is monotone nondecreasing in ܷ  for each 

ݐ ∈ ℝା; that is, whenever ܷ ≤ ܸ, we have ݐ)ܨ, ܷ) ≤ ,ݐ)ܨ ݐ ,(ܸ ∈ ℝା; 

ii) ܸ, ܹ ∈ ,ଵ[ℝାܥ  [௖(ℝ௡)ܭ
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ுܸܦ < ,ݐ)ܨ ܸ) and ܦுܹ ≥ ,ݐ)ܨ ݐ ,(ܹ ∈ ℝା; (3.59) 

iii) ܸ(ݐ଴) <  .(଴ݐ)ܹ

 

Then, 

 

(ݐ)ܸ < ,(ݐ)ܹ ݐ ≥  ଴. (3.60)ݐ

 

Proof 3.8: Let ݐଵ > 0 be supremum of all positive numbers ߜ > 0 such that ܸ(ݐ଴) <

(ݐ)ܸ  implies that (଴ݐ)ܹ < ,଴ݐ] on (ݐ)ܹ  .[ߜ

Clearly,  ݐଵ > ܸ ଴ andݐ (ଵݐ) ≤ ,ݐ)ܨ Now, using the nondecreasing nature of .(ଵݐ)ܹ ܷ) 

in ܷ and assumption ii), we arrive at 

 

(ଵݐ)ுܸܦ < ,ଵݐ൫ܨ ൯(ଵݐ)ܸ ≤ ,ଵݐ൫ܨ ൯(ଵݐ)ܹ ≤  (3.61) (ଵݐ)ுܹܦ

 

If therefore follows that there exist a ߟ > 0 satisfying  

 

(ݐ)ܸ − (ݐ)ܹ > (ଵݐ)ܸ − ,(ଵݐ)ܹ ଵݐ   − ߟ < ݐ <  ଵ  (3.62)ݐ

 

This implies that ݐଵ −  ଴ cannot be the suprememum due to the continuity of theݐ

functions involved, and hence relation (3.60) holds, completing the proof. 

 

Remark 3.2: It is clear that the inequalities (3.56) can be replaced by 

 

ுܸܦ ≤ ,ݐ)ܨ ுܹܦ ݀݊ܽ (ܸ > ,ݐ)ܨ ܹ), ݐ ∈ ℝା (3.63) 

 

respectively, to get the conclusion of Theorem 3.8. 

 

Theorem 3.9: Let the assumptions of Theorem 3.7 hold and suppose further ݐ)ܨ, ܷ) is 

nondecreasing in ܷ for each ݐ ∈  Then the IVP (3.1) possesses the extremal solutions .ܬ

on ܬ଴ = ,଴ݐ] ଴ݐ + ଴ߙ ଴], whereߙ = ݉݅݊{ܽ,
௕

ଶெା௕
}. 
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Proof 3.2: Let ߳ = (߳ଵ, ߳ଶ, ⋯ , ߳௡) > 0 be such that ‖߳‖ ≤
௕

ଶ
 . Then consider for each 

positive integer ܰ, the following IVP for ݐ ∈  ܬ

 

ுܷܦ = ,ݐ)ܨ ܷ) +
߳
ܰ

(଴ݐ)ܷ   , = ܷ଴ +
߳
ܰ

 (3.64) 

 

We observe that ܨே(ݐ, ܷ) = ,ݐ)ܨ ܷ)+ 
ఢ

ே
 is defined and is continuous on ܴఢ = ܬ ×

ܤ ቂܷ଴,
௕

ଶ
ቃ, where ܤ ቂܷ଴,

௕

ଶ
ቃ = ቄܷ ∈ :௖(ℝ௡)ܭ ܦ ቂܷ, ܷ଴ +

ఢ

ே
ቃ ≤

௕

ଶ
ቅ. Also ܨ]ܦே(ݐ, ܷ), [ߠ ≤

ܯ +
௕

ଶ
 on ܴఢ. Hence, we deduce from Theorem 3.7 that (3.64) has solution ܷே(ݐ, ߳) ∈

଴. For 0ܬ ௖(ℝ௡) onܭ < ߳ଶ < ߳ଵ ≤ ߳, we see that  

 

ە
ۖۖ
۔

ۖۖ
ۓ

ܷே(ݐ଴, ߳ଶ) < ܷே(ݐ଴, ߳ଵ)

,ݐ)ுܷேܦ ߳ଶ) ≤ ,ݐ൫ܨ ܷே(ݐ, ߳ଶ)൯ +
߳ଶ

ܰ

,ݐ)ுܷேܦ ߳ଵ) > ,ݐ)ܨ ܷே(ݐ, ߳ଵ)) +
߳ଶ

ܰ
 ଴ܬ   ݊݋   ,

 (3.65) 

 

We can apply the Theorem 3.8 to get  

 

ܷே(ݐ, ߳ଶ) < ܷே(ݐ, ߳ଵ),   ܬ  ݊݋଴ (3.66) 

 

Since the family of functions {ܷே(ݐ, ߳)} is equicontinuous and uniformly bounded on 

଴, it follows by Theorem 3.6 that there exists a decreasing sequence ቄܬ
ఢ

ேೖ
ቅ such that 

ఢ

ேೖ
→ 0 as ݇ → ∞ and the uniform limit 

 

(ݐ)ܴ = ݈݅݉
௞→ஶ

ܷே಼
,ݐ) ߳) (3.67) 

 

exists on ܬ଴. Obviously ܴ(ݐ଴) = ܷ଴. The uniform continuity of ܨ implies that 

ܨ ቀݐ, ܷே಼
,ݐ) ߳)ቁ tends uniformly to ܨ൫ݐ, ݇ ൯ as(ݐ)ܴ → ∞ and thus term by term 

integration is applicable to 
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ܷே಼
,ݐ) ߳) = ܷ଴ +

߳

௞ܰ
+ න ܨ ቀݏ, ܷே಼

,ݐ) ߳)ቁ ݏ݀
௧

௧బ

 (3.68) 

 

which in turn yields that limit ܴ(ݐ) is required maximal solution of IVP (3.1) on ܬ଴. 

We shall next show that ܴ  ,଴. For this purposeܬ is the required of IVP (3.1) on (ݐ)

we observe that 

 

(଴ݐ)ܷ = ܷ଴ < ܷ଴ +
߳
ܰ

= ܷே(ݐ଴, ߳), (3.69) 

  

,ݐ൫ܨ >(ݐ)ுܷܦ ൯(ݐ)ܷ +
ఢ

ே
 (3.70) 

  

,ݐ)ுܷேܦ ߳) ≥ ,ݐ൫ܨ ܷே(ݐ, ߳)൯ +
߳
ܰ

 ଴ (3.71)ܬ  ݊݋   ,

 

We then obtain from Theorem 3.8, that  

 

(ݐ)ܷ < ܷே(ݐ, ߳),  ଴ (3.72)ܬ  ݊݋

 

The uniqueness of maximal solution ܴ(ݐ) shows that ܷே(ݐ, ߳) tends uniformly to 

ܰ ଴ asܬ on (ݐ)ܴ → ∞. This proves that ܴ(ݐ) is the maximal solution of IVP (3.1). 

Similarly, once can prove the existence of the minimal solution (ݐ)ߩ of IVP (3.1) by 

considering the IVP 

 

ுܷܦ = ,ݐ)ܨ ܷ) −
߳
ܰ

, (଴ݐ)ܷ = ܷ଴ −
߳
ܰ

 (3.73) 

 

Hence the proof is complete by proceeding with suitable change of arguments. 

 

Theorem 3.10: Assume that the conditions of Theorem 3.9 are satisfied. Suppose that 

ܯ ∈ ,ܬ]ଵܥ ௖(ℝାܭ
௡ )] and 

 

(ݐ)ܯுܦ ≤ ,ݐ൫ܨ (଴ݐ)ܯ ,൯(ݐ)ܯ ≤ ܷ଴ (3.74) 
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Then (ݐ)ܯ ≤  .଴ܬ on (ݐ)ܴ

 

Proof 3.10:  Let ܷே(ݐ, ߳) be a solution of (3.64) on  ܬ଴. Then  

 

(଴ݐ)ܯ < ܷ଴ +
߳
ܰ

 (3.75) 

 

,ݐ)ுܷேܦ ߳) > ,ݐ൫ܨ ܷே(ݐ, ߳)൯ on  ܬ଴ (3.76) 

 

This together with (3.74), yields, by Theorem 3.8 

 

(ݐ)ܯ < ܷே(ݐ, ߳) on  ܬ଴ (3.77) 

 

The last inequality, in view of (3.67) proves the assertion of Theorem. 
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4. STABILITY THEORY 

 

4.1. Lyapunov-like Functions  

 

Let us consider the IVP for set differential equations 

 

ுܷܦ = ,ݐ)ܨ (଴ݐ)ܷ ,(ܷ = ܷ଴ ∈  ௖(ℝ௡)  (4.1)ܭ

 

where  ܨ ∈ ℝା]ܥ × ,௖(ℝ௡)ܭ  ௖(ℝ௡)]. To investigate the qualitative behavior ofܭ

solutions of (4.1), the following comparison result in terms of a Lyapunov like function 

is very important and could be proved by means of the theory of ordinary differential 

inequalities. Here the Lyapunov-like function serves as a vehicle to transform the set 

differential equation into a scalar comparison differential equation. Thus, it is enough 

to consider the qualitative properties of the simpler comparison equation, under 

suitable conditions for the Lyapunov-like function. 

We also require the IVP for scalar differential equation 

 

߱ᇱ = ,ݐ)݃ ߱), (଴ݐ)߱ = ߱଴ ≥ 0 (4.2) 

 

where ݃ ∈ ℝା]ܥ
ଶ , ℝ]. 

 

Theorem 4.1: Assume that 

 

i) ܸ ∈ ℝା]ܥ × ,௖(ℝ௡)ܭ ℝା] and  |ܸ(ݐ, (ܣ − ,ݐ)ܸ |(ܤ ≤ ,ܣ]ܦܮ  is the ܮ where ,[ܤ

local Lipschitz constant, for ܤ ,ܣ ∈ ,௖(ℝ௡)ܭ ݐ ∈ ℝା; 

ii) ݃ ∈ ℝା]ܥ
ଶ , ℝ] and for ݐ ∈ ℝା, ܣ ∈  ௖(ℝ௡)ܭ

 

ە
۔

,ݐ)ାܸܦۓ (ܣ = ݈݅݉
௛→଴శ

݌ݑݏ
1
ℎ

ൣܸ൫ݐ + ℎ, ܣ + ℎݐ)ܨ, ൯(ܣ − ,ݐ)ܸ ൧(ܣ

≤ ݃൫ݐ, ,ݐ)ܸ                                          ൯(ܣ

 (4.3) 

 

Then if  ܷ(ݐ) = ,ݐ)ܷ ,଴ݐ ܷ଴) is any solution of (4.1) existing on [ݐ଴, ܶ) such that  

,଴ݐ)ܸ ܷ଴) ≤ ߱଴, we have  
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ܸ൫ݐ, ൯(ݐ)ܷ ≤ ,ݐ)ܴ ,଴ݐ ߱଴),   ݐ ∈ ,଴ݐ] ܶ)   (4.4) 

 

where ܴ(ݐ, ,଴ݐ ߱଴) is the maximal solution of (4.2) existing on [ݐ଴, ܶ). 

 

Proof 4.1: Let ܷ(ݐ) = ,ݐ)ܷ ,଴ݐ ܷ଴) be any solution of (4.1) existing on [ݐ଴, ܶ). 

Define ݉(ݐ) = ܸ൫ݐ, (଴ݐ)݉ ൯ so that(ݐ)ܷ = ,଴ݐ)ܸ ܷ଴) ≤ ߱଴. Now for small ℎ > 0 

 

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ ݐ)݉ + ℎ) − (ݐ)݉ = ܸ൫ݐ + ℎ, ݐ)ܷ + ℎ)൯ − ܸ൫ݐ,                                    ൯(ݐ)ܷ

                                   = ܸ൫ݐ + ℎ, ݐ)ܷ + ℎ)൯ − ܸ ቀݐ + ℎ, (ݐ)ܷ + ℎܨ൫ݐ, ൯ቁ(ݐ)ܷ

                          +ܸ ቀݐ + ℎ, (ݐ)ܷ + ℎܨ൫ݐ, ൯ቁ(ݐ)ܷ − ܸ൫ݐ, ൯(ݐ)ܷ

 ≤ ݐ)ܷൣܦܮ + ℎ), (ݐ)ܷ + ℎܨ൫ݐ, ൯൧(ݐ)ܷ

                         +ܸ ቀݐ + ℎ, (ݐ)ܷ + ℎܨ൫ݐ, ൯ቁ(ݐ)ܷ − ܸ൫ݐ, ൯(ݐ)ܷ

 (4.5) 

 

by using the Lipschitz condition given in i). Thus  

 

ە
ۖۖ

۔

ۖۖ

(ݐ)ା݉ܦۓ = ݈݅݉
௛→଴శ

݌ݑݏ
1
ℎ

ݐ)݉] + ℎ) −                                   [(ݐ)݉

≤ ,ݐାܸ൫ܦ                                                 ൯(ݐ)ܷ

ܮ+                     ݈݅݉
௛→଴శ

݌ݑݏ
1
ℎ

ቂݐ)ܷൣܦ + ℎ), (ݐ)ܷ + ℎܨ൫ݐ, ൯൧ቃ(ݐ)ܷ

 (4.6) 

 

Since 

 

ە
ۖ
۔

ۖ
ۓ

1
ℎ

ቂݐ)ܷൣܦ + ℎ), (ݐ)ܷ + ℎܨ൫ݐ,       ൯൧ቃ(ݐ)ܷ

        = ܦ ቈ
ݐ)ܷ + ℎ) − (ݐ)ܷ

ℎ
, ,ݐ൫ܨ ൯቉(ݐ)ܷ

 (4.7) 

 

we find that 
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ە
ۖ
ۖ
۔

ۖ
ۖ
ۓ ݈݅݉

௛→଴శ
݌ݑݏ

1
ℎ

ቂݐ)ܷൣܦ + ℎ), (ݐ)ܷ + ℎܨ൫ݐ,      ൯൧ቃ(ݐ)ܷ

          = ݈݅݉
௛→଴శ

݌ݑݏ ܦ ቈ
ݐ)ܷ + ℎ) − (ݐ)ܷ

ℎ
, ,ݐ൫ܨ ൯቉(ݐ)ܷ

= ,(ݐ)ுܷܦൣܦ ,ݐ൫ܨ ൯൧(ݐ)ܷ ≡ 0                 

 (4.8) 

 

since ܷ(ݐ) is a solution of (4.1). We therefore have the scaler differential inequality 

 

(ݐ)ା݉ܦ ≤ ݃൫ݐ, ,൯(ݐ)݉ (଴ݐ)݉ ≤ ߱଴ (4.9) 

 

This proves the claimed estimate of the Theorem. 

 

Corollary 4.1: The function ݃(ݐ, ߱) = 0 is admissible in Theorem 4.1 to yield the 

estimate  

 

ܸ൫ݐ, ൯(ݐ)ܷ ≤ ,଴ݐ)ܸ ܷ଴), ݐ ∈ ,଴ݐ] ܶ) (4.10) 

 

Corollary 4.2: If, in Theorem 4.1, we assume that ݃(ݐ, ߱) = ,߱ߙ− ߙ > 0, we get the 

relation 

 

ܸ൫ݐ, ൯(ݐ)ܷ ≤ ,଴ݐ)ܸ ܷ଴) ݐ)ߙ−൫݌ݔ݁ − ଴)൯ݐ , ݐ ∈ ,଴ݐ] ܶ) (4.11) 

 

Corollary 4.3: If, in Theorem 4.1, we strengthen the assumption on ܦାܸ(ݐ, ܷ) to 

 

,ݐ)ାܸܦ ܷ) + ,ݐ)߱]ܿ ܷ)] ≤ ݃൫ݐ, ,ݐ)ܸ ܷ)൯ (4.12) 

 

where ߱ ∈ ℝା]ܥ × ,௖(ℝ௡)ܭ ℝା], ܿ ∈ ࣥ and ݃(ݐ, ߱) is nondecreasing in ߱ for each  

ݐ  ∈ ,଴ݐ] ܶ), then we get  

 

ܸ൫ݐ, ൯(ݐ)ܷ + න ܿൣ߱൫ݏ,  ݏ൯൧݀(ݏ)ܷ
௧

௧బ

≤ ,ݐ)ݎ ,଴ݐ ,଴ݐ)ܸ ܷ଴)) , ݐ ∈ ,଴ݐ] ܶ) (4.13) 

 

whenever  ߱଴ = ,଴ݐ)ܸ ܷ଴). 
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Proof 4.3: Setting ܮ൫ݐ, ൯(ݐ)ܷ = ܸ൫ݐ, ൯(ݐ)ܷ + ∫ ܿൣ߱൫ݏ,  ݏ൯൧݀(ݏ)ܷ
௧

௧బ
 and note that 

 

൞

,ݐ൫ܮାܦ ൯(ݐ)ܷ ≤ ,ݐାܸ൫ܦ ൯(ݐ)ܷ + ܿൣ߱൫ݐ,                ൯൧(ݐ)ܷ

                       ≤ ݃ ቀݐ, ܸ൫ݐ, ൯ቁ(ݐ)ܷ ≤ ݃ ቀݐ, ,ݐ൫ܮ ൯ቁ(ݐ)ܷ
 (4.14) 

 

using the monotone character of ݃(ݐ, ߱). We then get immediately by Theorem 4.1 the 

desired estimate (4.4). 

 

4.2. Global Existence  

 

Theorem 4.2: Assume that 

i) ܨ ∈ ℝା]ܥ × ,௖(ℝ௡)ܭ  maps bounded sets onto bounded sets, and ܨ ,[௖(ℝ௡)ܭ

there exists a local solution of (4.1) for every (ݐ଴, ܷ଴), ݐ଴ ≥ 0 and ܷ଴ ∈

 ;௖(ℝ௡)ܭ

ii) ܸ ∈ ℝା]ܥ × ,௖(ℝ௡)ܭ ℝା]; 

 

,ݐ)ܸ| (ܣ − ,ݐ)ܸ |(ܤ ≤ ,ܣ]ܦܮ  (4.15) [ܤ

 

where L is the local Lipschitz constant, for ܣ, ܤ ∈ ,௖(ℝ௡)ܭ ݐ ∈ ℝା, ܸ(ݐ, (ܣ → ∞ 

as ܣ]ܦ, [ߠ → ∞ uniformly for [0, ܶ] for every ܶ > 0 and for ݐ ∈ ℝା, ܣ ∈  ௖(ℝ௡)ܭ

 

,ݐ)ାܸܦ (ܣ ≤ ݃൫ݐ, ,ݐ)ܸ  ൯ (4.16)(ܣ

 

where ݃ ∈ ℝା]ܥ
ଶ , ℝ], ܦାܸ(ݐ,  ;is as defined in Theorem 4.1 (ܣ

iii) The maximal solution ܴ(ݐ) = ,ݐ)ܴ ,଴ݐ ߱଴) of (4.2) exists on [ݐ଴, ∞), and is 

positive whenever ݓ଴ >0. 

 

Then, for every ܷ଴ ∈ ,଴ݐ)ܸ ௖(ℝ௡) such thatܭ ܷ଴) ≤ ߱଴, the IVP (4.2) has a 

solution ܷ(ݐ) on [ݐ଴, ∞) which satisfies 

 

ܸ൫ݐ, ൯(ݐ)ܷ ≤ ,(ݐ)ܴ ݐ ≥  ଴ (4.17)ݐ
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Proof 4.2: Let ܵ denote the set of all functions ܷ defined on ܫ௎ = ,଴ݐ] ܿ௎] with values 

in ܭ௖(ℝ௡) such that ܷ(ݐ) is a solution of (3.27) on ܫ௎ and  

 

ܸ൫ݐ, ൯(ݐ)ܷ ≤  ௎ (4.18)ܫ ݊݋ (ݐ)ܴ

 

Define a partial order ≤ on ܵ as follows: 

the relation ܷ ≤ ܸ implies ܫ௎ ≤ (ݐ)ܷ ௏ andܫ =  .௎ܫ on (ݐ)ܸ

We shall first show that ܵ is nonempty. By i) there exists a solution ܷ(ݐ) of (3.1) 

defined on  ܫ௎ = ,଴ݐ] ܿ௎]. Setting ݉(ݐ) = ܸ൫ݐ, ,൯(ݐ)ܷ ݐ ∈  ,(௎ and using assumption iiܫ

we get by Theorem 4.1, that 

 

ܸ൫ݐ, ൯(ݐ)ܷ ≤ ,(ݐ)ܴ ݐ ∈  ௎ (4.19)ܫ

 

where ܴ(ݐ) is the maximal solution of (4.2). This proves that ܷ ∈ ܵ and hence ܵ is not 

empty. 

If ൫ ఉܷ൯
ఉ

 is a chain in (ܵ, ≤), then there is uniquely defined map ܸ on ܫ௏ =

,଴ݐ] ݌ݑݏ ௎ഁఉܥ ] that coincides with ఉܷ on ܫ௎ഁ
. Clearly, ܸ ∈ ܵ and therefore ܸ is an 

upperbound of ൫ ఉܷ൯
ఉ

 in (ܵ, ≤).Then Zorn’s lemma assures the existence of a maximal 

element ܼ in (ܵ, ≤). The proof of the Theorem is complete if we show that ܿ௓ = ∞. 

Suppose that it is not true, so that ܿ௓ < ∞. Since ܴ(ݐ) is assumed to exist on 

,଴ݐ] ,ݐ)ܸ ௓. Sinceܫ is bounded on (ݐ)ܴ ,(∞ (ܣ → ∞ as ܣ]ܦ, [ߠ → ∞ uniformly in ݐ on 

,଴ݐ] ܿ௓], the relation ܸ൫ݐ, ൯(ݐ)ܼ ≤  ௓. By i), this shows that there is a constantܫ on (ݐ)ܴ

ܯ > 0 such that 

 

,ݐ൫ܨൣܦ ,൯(ݐ)ܼ ൧ߠ ≤  ௓ (4.20)ܫ ݊݋ ܯ

 

We then have, for all ݐଵ, ݐଶ ∈ ଵݐ ,௓ܫ  ≤  ,ଶݐ 

 

,(ଶݐ)ܼ]ܦ [(ଵݐ)ܼ ≤ න ,ݏ൫ܨൣܦ ,൯(ݏ)ܼ ݏ൧݀ߠ ≤ ଶݐ)ܯ − ,(ଵݐ
௧మ

௧భ

 (4.21) 
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which proves that ܼ  is Lipschitizian on ܫ௓ and consequently has a continuous extension 

ܼ଴(ݐ) on [ݐ଴, ܿ௓]. 

By the continuity, we get  

 

          ܼ଴(ܿ௓) = ܷ଴ + න ,ݏ൫ܨ ܼ଴(ݏ)൯݀ݏ
௖ೋ

௧బ

 (4.22) 

 

This implies that ܼ଴(ݐ) is a solution of (4.1) on [ݐ଴, ܿ௓] and obviously 

 

ܸ൫ݐ, ܼ଴(ݐ)൯ ≤ ݐ   ,(ݐ)ݎ ∈ ,଴ݐ] ܿ௓] (4.23) 

 

Consider the IVP 

 

(ݐ)ுܷܦ = ,ݐ)ܨ ܷ),   ܷ(ܿ௓) = ܼ଴(ܿ௓) (4.24) 

 

By the assumed local existence there is a solution of ܷ଴(ݐ) on [ܿ௓, ܿ௓ + ߜ ,(ߜ > 0. 

Define  

 

ܼଵ(ݐ) = ቐ
ܼ଴(ݐ)  ݂ݐ ݎ݋଴ ≤ ݐ ≤ ܿ௓,         

ܷ଴(ݐ)  ݂ݎ݋ ܿ௓ ≤ ݐ ≤ ܿ௓ + ,ߜ
 (4.25) 

 

Clearly, ܼଵ(ݐ) is a solution of (4.1) on [ݐ଴, ܿ௓ +  and repeating the argument, we get (ߜ

 

ܸ൫ݐ, ܼଵ(ݐ)൯ ≤ ,(ݐ)ݎ ݐ ∈ ,଴ݐ] ܿ௓ +  (4.26) (ߜ

 

This contradicts the maximality of  ܼ and hence ܿ௓ = ∞. The proof is complete. 

 

4.3. Fundamental Definitions of Stability of Set Differential 
Equations 
 

Let us consider the initial value problem for the set differential equations 

 

ுܷܦ = ,ݐ)݂ ܷ), (଴ݐ)ܷ = ܷ଴ ݂ݎ݋ ܷ଴ ∈ ݐ ݀݊ܽ ௖(ℝ௡)ܭ ≥ ଴ݐ ≥ 0 (4.27) 
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ுܷܦ = ,ݐ)݂ ܷ), ܷ(߬଴) = ଴ܸ ݂ݎ݋ ଴ܸ ∈ ݐ ݀݊ܽ ௖(ℝ௡)ܭ ≥ ߬଴ ≥ ଴ݐ ≥ 0 (4.28) 

 

the perturbed systems of (4.28) 

 

ுܸܦ = ,ݐ)ܨ ܸ), ܸ(߬଴) = ଴ܸ ݂ݎ݋ ଴ܸ ∈ ݐ ݀݊ܽ ௖(ℝ௡)ܭ ≥ ߬଴ (4.29) 

 

and 

 

ቐ
ுܹܦ = ,ݐ)ܪ ܹ), ܹ(߬଴) = ଴ܸ − ܷ଴ ݂ݎ݋  

ܹ(߬଴) = ଴ܹ ∈ ݐ ݀݊ܽ ௖(ℝ௡)ܭ ≥ ߬଴          
 (4.30) 

  

where ݂, ,ܨ ܪ ∈ ℝା]ܥ × ఘܵ, ௖(ℝ௡)], ఘܵܭ = [ܷ ∈ :௖(ℝ௡)ܭ ,ܷൣܦ 0෨൧ < ߩ < ∞, 

݂൫ݐ, 0෨൯ ≡ 0෨  for ݐ ≥ 0. We have a special case of (4.29) that is perturbation equation 

of (4.28) if ݐ)ܨ, ܸ) = ,ݐ)݂ ܸ) + ,ݐ)ܴ ܸ) where ܴ(ݐ, ܸ) is the perturbation term. The 

above assumptions imply the existence of trivial solutions of (4.27) and (4.28) through 

,଴ݐ) ܷ଴) and (߬଴, ଴ܸ) respectively. 

The mappings ܷ ∈ ,ଵܬ]ଵܥ ଵܬ ௖(ℝ௡)] onܭ = ,଴ݐ] ଴ݐ + ଵܶ], ܷ, ܸ, ܹ ∈

,ଶܬ]ଵܥ ଶܬ  ௖(ℝ௡)] onܭ = [߬଴, ߬଴ + ଶܶ] are said to be solutions of (4.27) on ܬଵ if it 

satisfies (4.27) on ܬଵ and (4.28), (4.29), (4.30) on ܬଶ if it satisfy (4.28), (4.29), (4.30) 

on ܬଶ respectively. Since  ܷ(ݐ), ܸ(ݐ) and ܹ(ݐ) are continuously differentiable, we 

have 

 

(ݐ)ܷ = ܷ଴ + න ,ݏ݀(ݏ)ுܷܦ
௧

௧బ

  ܷ଴ ∈ ݐ ݀݊ܽ ௖(ℝ௡)ܭ ∈  ଵ (4.31)ܬ

 

(ݐ)ܷ = ܷ଴ + න ,ݏ݀(ݏ)ுܷܦ
௧

ఛబ

  ܷ଴ ∈ ݐ ݀݊ܽ ௖(ℝ௡)ܭ ∈  ଶ (4.32)ܬ

 

(ݐ)ܸ = ଴ܸ + න ,ݏ݀(ݏ)ுܸܦ
௧

ఛబ

  ଴ܸ ∈ ݐ ݀݊ܽ ௖(ℝ௡)ܭ ∈  ଶ (4.33)ܬ
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(ݐ)ܹ = ଴ܹ + න ,ݏ݀(ݏ)ுܹܦ
௧

ఛబ

  ଴ܹ ∈ ݐ ݀݊ܽ ௖(ℝ௡)ܭ ∈  ଶ (4.34)ܬ

 

Thus the corresponding with the initial value problems (IVPs) of (4.27), (4.28), 

(4.29), (4.30) are followings  

 

(ݐ)ܷ = ܷ଴ + න ݂൫ݏ, ,ݏ൯݀(ݏ)ܷ
௧

௧బ

  ܷ଴ ∈ ݐ ݀݊ܽ ௖(ℝ௡)ܭ ∈  ଵ (4.35)ܬ

 

(ݐ)ܷ = ܷ଴ + න ݂൫ݏ, ,ݏ൯݀(ݏ)ܷ
௧

ఛబ

  ܷ଴ ∈ ݐ ݀݊ܽ ௖(ℝ௡)ܭ ∈  ଶ (4.36)ܬ

 

(ݐ)ܸ = ଴ܸ + න ,ݏ൫ܨ ,ݏ൯݀(ݏ)ܸ
௧

ఛబ

  ଴ܸ ∈ ݐ ݀݊ܽ ௖(ℝ௡)ܭ ∈  ଶ (4.37)ܬ

 

(ݐ)ܹ = ଴ܹ + න ,ݏ൫ܪ ,ݏ൯݀(ݏ)ܹ
௧

ఛబ

  ଴ܹ ∈ ݐ ݀݊ܽ ௖(ℝ௡)ܭ ∈  ଶ (4.38)ܬ

 

respectively where the integrals are the Hukuhara integrals. Note that ܷ(ݐ) and  

 are also the solutions of (4.27) and (4.28), (4.29), (4.30) if and only (ݐ)ܹ ,(ݐ)ܸ ,(ݐ)ܷ

if they satisfy (4.35) on ܬଵ and (4.36), (4.37), (4.38) on ܬଶ respectively. 

 

Definition 4.1: The solution ܸ(ݐ, ߬଴, ଴ܸ) of the system (4.29) through (߬଴, ଴ܸ) for ݐ ≥

߬଴, ߬଴ ∈ ℝା is said to be initial time difference 

 

i) stable with respect to the solution ෩ܷ(ݐ, ߬଴, ܷ଴) = ݐ)ܷ − ,ߟ ,଴ݐ ܷ଴), where 

U(ݐ, ,଴ݐ ܷ଴) is any solution of the system (4.27) for ݐ ≥ ଴ݐ ≥ ଴ݐ ,0 ∈ ℝା and ߟ =

߬଴ − ߳ ଴ if and only if given anyݐ > 0 there exist ߜଵ = ,߳)ଵߜ ߬଴) > 0 and ߜଶ =

,߳)ଶߜ ߬଴) > 0 such that 

 

,ݐ)ܸൣܦ ߬଴, ଴ܸ) − ݐ)ܷ − ,ߟ ,଴ݐ ܷ଴) , 0෨൧ < ߳ (4.39) 

 

provided that ൣܦ ଴ܸ − ܷ଴, 0෨൧ < ଵ and ݀௦[߬଴ߜ − ,଴ݐ 0] < ݐ ଶ forߜ ≥ ߬଴; 
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ii) uniformly stable with respect to the solution ܷ(ݐ − ,ߟ ,଴ݐ ܷ଴) if ߜଵ, ߜଶ in i) are 

independent of ߬଴ ∈ ℝା ; 

iii) attractive with respect to the solution ෩ܷ(ݐ, ߬଴, ܷ଴) = ݐ)ܷ − ,ߟ ,଴ݐ ܷ଴), where 

,ݐ)ܷ ,଴ݐ ܷ଴) is any solution of the system (4.27) for ݐ ≥ ଴ݐ ≥ ଴ݐ ,0 ∈ ℝା and ߟ =

߬଴ − ߳ ଴ if and only if given anyݐ > 0 and ߬଴∈ℝశ
 there exist ߜଵ = ଵ(߬଴)ߜ > 0, 

ଶߜ = ଶ(߬଴)ߜ > 0 and a ܶ = ܶ(߳, ߬଴) > 0 such that 

 

,ݐ)ܸൣܦ ߬଴, ଴ܸ) − ݐ)ܷ − ,ߟ ,଴ݐ ܷ଴) , 0෨൧ < ߳ (4.40) 

 

provided that ൣܦ ଴ܸ − ܷ଴, 0෨൧ < ଵ and ݀௦[߬଴ߜ − ,଴ݐ 0] < ݐ ଶ forߜ ≥ ߬଴ + ܶ; 

iv) uniformly attractive with respect to the solution ෩ܷ(ݐ, ߬଴, ܷ଴) = ݐ)ܷ − ,ߟ ,଴ݐ ܷ଴), 

where ܷ(ݐ, ,଴ݐ ܷ଴) is any solution of the system (4.48) for ݐ ≥ ଴ݐ ≥ ଴ݐ ,0 ∈ ℝା 

and ߟ = ߬଴ − ଵߜ ଴ ifݐ > ଶߜ ,0 > 0 and a ܶ > 0 in iii) are independent of ߬଴ ∈

ℝା ; 

v) asymptotically stable with respect to the solution ෩ܷ(ݐ, ߬଴, ܷ଴) = ݐ)ܷ − ,ߟ ,଴ݐ ܷ଴) 

if i) and iii) hold simultaneously. Or, if i) holds and there exist ߛଵ(߬଴) > 0 and 

ଶ(߬଴)ߛ > 0 such that 

 

݈݅݉
௧→ஶ

,ݐ)ܸൣܦ ߬଴, ଴ܸ) − ݐ)ܷ − ,ߟ ,଴ݐ ܷ଴) , 0෨൧ = 0 (4.41) 

 

for all ܸ(ݐ, ߬଴, ଴ܸ) and ܷ(ݐ − ,ߟ ,଴ݐ ܷ଴) with ൣܦ ଴ܸ − ܷ଴ , 0෨൧  ଵ andߛ >

݀௦[߬଴ − ,଴ݐ ] ݐ ଶ for eachߛ > ≥ ߬଴; 

vi) uniformly asymptotically stable with respect to the solution ෩ܷ(ݐ, ߬଴, ܷ଴) =

ݐ)ܷ − ,ߟ ,଴ݐ ܷ଴) if ii) and iv) hold simultaneously. Or, if  ݅݅) holds and there exist 

ଵߛ = (߳)ଵߛ > 0 and ߛଶ = (߳)ଶߛ > 0 and a ܶ(߳) > 0 such that 

 

,ݐ)ܸൣܦ ߬଴, ଴ܸ) − ݐ)ܷ − ,ߟ ,଴ݐ ܷ଴) , 0෨൧ < ߳ (4.42) 

 

provided that ൣܦ ଴ܸ − ܷ଴, 0෨൧ < ଵ and ݀௦[߬଴ߛ − ,଴ݐ 0] < ݐ ଶ for eachߛ ≥ ߬଴ +

ܶ(߳); 

vii) exponentially asymptotically stable with respect to the solution ෩ܷ(ݐ, ߬଴, ܷ଴) =

ݐ)ܷ − ,ߟ ,଴ݐ ܷ଴) if there exist an estimate such that 
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ቐ
,ݐ)ܸൣܦ ߬଴, ଴ܸ) − ݐ)ܷ − ,ߟ ,଴ݐ ܷ଴) , 0෨൧     

          ≤ ൣܦ ଴ܸ − ܷ଴, 0෨൧ ݐ)ߙ−]݌ݔ݁ − ߬଴)]
 (4.43) 

 

for ߙ > 0 and ݐ ≥ ଴ݐ ∈ ℝା. 

 

Definition 4.2: If a function ߶ ∈ ,0)]ܥ ,(ߩ ℝା], ߶(0) = 0, and ߶(ݎ) is strictly 

monotone increasing in ݎ, then ߶(ݎ) is said to belong to the class ࣥ. Moreover, if ߩ =

∞ and ߶(ݎ) → ∞ as ݎ → ∞ then it is said to belong to class ܭஶ. 

 

Definition 4.3: If a function ܽ ∈ ℝା]ܥ
ଶ , ℝା], ,ݐ)ܽ (ݑ ∈ ࣥ for each ∈ ℝା , then ܽ(ݐ,  (ݑ

is said to belong to the class ࣝࣥ. 

 

Definition 4.4: If a function ℎ ∈ ℝା]ܥ × ℝ௡, ℝା],݅݊ (݂௧,௫) ℎ(ݐ, (ݔ = ,ݐ) ݈݈ܽ ݎ݋݂ 0 (ݔ ∈

ℝା × ℝ௡,  then ℎ(ݐ,  .߁ is said to belong to the class (ݔ

 

Definition 4.5: If a function ℎ ∈ ௧∈ℝశ݌ݑݏ and ߁
ℎ(ݐ, ݔ exists for (ݔ ∈ ℝ௡,  then ℎ(ݐ,  (ݔ

is said to belong to the class ߁଴.  

 

Definition 4.6: For a real valued function ࣰ ∈ ℝା]ܥ × ,௖(ℝ௡)ܭ ℝା] we define the 

Dini derivatives as follows for (ݐ, ܷ) ∈ ℝା ×  ௖(ℝ௡)ܭ

 

,ݐ)ାࣰܦ ܷ) ≡ ݈݅݉
௛→଴శ

݌ݑݏ
1
ℎ

ൣࣰ൫ݐ + ℎ, ܷ + ℎ݂(ݐ, ܷ)൯ − ,ݐ)ࣰ ܷ)൧ (4.44) 

 

,ݐ)ࣰିܦ ܷ) ≡ ݈݅݉
௛→଴ష

݂݅݊
1
ℎ

ൣࣰ൫ݐ + ℎ, ܷ + ℎ݂(ݐ, ܷ)൯ − ,ݐ)ࣰ ܷ)൧. (4.45) 

 

Definition 4.7: For a real valued function ࣰ ∈ ℝା]ܥ × ,௖(ℝ௡)ܭ ℝା] we define the 

generalized derivatives (Dini-like derivatives) as follows 
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ە
ۖۖ
۔

ۖۖ
∗ܦۓ

ାࣰ൫ݐ, ܸ − ෩ܷ൯                                                                                       

≡ ݈݅݉
௛→଴శ

݌ݑݏ
1
ℎ

ቂࣰ ൬ݐ + ℎ, ܸ − ෩ܷ + ℎ ቀݐ)ܨ, ܸ) − ሚ݂൫ݐ, ෩ܷ൯ቁ൰

                                                                            −ࣰ൫ݐ, ܸ − ෩ܷ൯൧ 

 (4.46)      

 

ە
ۖۖ
۔

ۖۖ
,ݐ൫ࣰି∗ܦۓ ܸ − ෩ܷ൯                                                                                      

≡ ݈݅݉
௛→଴శ

݂݅݊
1
ℎ

ቂࣰ ൬ݐ + ℎ, ܸ − ෩ܷ + ℎ ቀݐ)ܨ, ܸ) − ሚ݂൫ݐ, ෩ܷ൯ቁ൰
                                                                      

                                                                           −ࣰ൫ݐ, ܸ − ෩ܷ൯൧ 

 (4.47)      

 

for (ݐ, ܷ) ∈ ℝା × ,ݐ)ܸ ௖(ℝ௡) whereܭ ߬଴, ଴ܸ) is the solution of the system (4.29) and 

෩ܷ(ݐ, ߬଴, ܷ଴) = ݐ)ܷ − ,ߟ ,଴ݐ ܷ଴), where ܷ(ݐ, ,଴ݐ ܷ଴) is any solution of the system (4.48) 

for ݐ ≥ ߬଴ ≥ ଴ݐ ,0 ∈ ℝା and ߟ = ߬଴ −  .଴ݐ

 

4.4. Classical Notion of Stability of Set Differential Equation 

 

Let ܸ(ݐ, ߬଴, ଴ܸ) be any solution of the set differential equation 

 

ுܸܦ = ,ݐ)݂ ܸ), ܸ(߬଴) = ଴ܸ ݂ݎ݋ ଴ܸ ∈ ݐ ݀݊ܽ ௖(ℝ௡)ܭ ≥ ߬଴,  ߬଴ ∈ ℝା (4.48) 

 

where ݂ ∈ ℝା]ܥ × ఘܵ, ௖(ℝ௡)] and  ఘܵ is the set  ఘܵܭ = ൣܸ ∈ :௖(ℝ௡)ܭ ,ܸൣܦ 0෨൧ < ߩ <

∞൧. 

Assume that ݂൫ݐ, 0෨൯ = 0෨ ݐ , ∈ ℝା so that ܸ = 0 is a null solution of (4.48) 

through (ݐ଴, 0). Now, we can state the well know definitions concerning the stability 

of the null solution of the set differential equation. 

 

Definition 4.8: The null solution ܸ = 0 is said to be stable if and only if for each ߳ >

0 and for all  ߬଴ ∈ ℝା, there exist two positive functions  ߜଵ = ,߳)ଵߜ ߬଴) > 0 and ߜଶ =

,߳)ଶߜ ߬଴) > 0 that are continuous in ߬଴ for each ߳ such that 
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ቐ
,ݐ)ܸൣܦ ߬଴, ଴ܸ), 0෨൧ <                  ݀݁݀݅ݒ݋ݎ݌ ߳

ൣܦ ଴ܸ, 0෨൧ < ,ଵ ܽ݊݀ ݀௦[߬଴ߜ 0] < ,ଶߜ ݐ ≥ ߬଴;
 (4.49) 

 

If ߜଵ and ߜଶ are independent of  ߬଴ ∈ ℝା, then the null solution ܸ = 0 of (4.48) 

is said to be uniformly stable. 

 

Definition 4.9: The solution of ܸ(ݐ, ߬଴, ଴ܸ) (4.48) through (߬଴, ଴ܸ) is said to be stable 

with respect to the solution ܸ(ݐ, ߬଴, ܷ଴) of (4.48) for ݐ ≥ ߬଴ ∈ ℝା if and only if given 

any ߳ > 0, there exist two positive functions ߜଵ = ,߳)ଵߜ ߬଴) and ߜଶ = ,߳)ଶߜ ߬଴) that 

are continuous in ߬଴ for each ߳ such that 

 

,ݐ)ܸൣܦ ߬଴, ଴ܸ) − ,ݐ)ܸ ߬଴, ܷ଴), 0෨൧ < ߳ (4.50) 

 

provided that ൣܦ ଴ܸ − ܷ଴, 0෨൧ < ,ଵ and ݀௦[߬଴ߜ 0] < ݐ ଶ forߜ ≥ ߬଴; 

If ߜଵ and ߜଶ are independent of ߬଴ ∈ ℝା , then the solution of the system (4.48) 

is uniformly stable with respect to the solution ܸ(ݐ, ߬଴, ܷ଴). 

 

4.5. Stability Criteria 

 

Having necessary comparison result in terms of Lyapunov-like functions, to 

establish the stability results for the set differential equations (SDE) (4.1) analogous 

to the original Lyapunov result and their extensions. However, in order to investigate 

the stability criteria for the trivial solutions of (4.1), we need to employ, in a natural 

way, the measure (ݐ)ܷ]ܦ, [ߠ = ‖(ݐ)ܷ‖ = diam ܷ(ݐ) for ݐ ≥ ,ݐ)ܷ ଴, whereݐ ,଴ݐ ܷ଴) is 

the solution of (4.1). This implies that the diam ܷ(ݐ) is nondecreasing in ݐ ݎ݋݂ ݐ ≥  .଴ݐ

This is due to the fact that, in the generation of the SDE from ordinary differential 

equations(ODEs), certain undesirable elements may enter the solution ܷ(ݐ) and the 

measure to be employed, namely, ‖ܷ(ݐ)‖ is therefore unsuitable to develop stability 

theory without some adjustment. Recall that SDE (4.1) reduces to ODE when ܷ(ݐ) is 

single valued and SDE (4.1) can be generated from ODE as well. The latter is done as 

follows. 
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We let ݐ)ܨ, (ܣ = ,ݐ)݂ തതത݋ܿ ,(ܣ ܣ ∈ ݂ ௖(ℝ௡), whereܭ ∈ ℝା]ܥ × ℝା, ℝା] arising 

from the ODE 

 

ᇱݑ = ,ݐ)݂ ,(ݑ (଴ݐ)ݑ = ଴ݑ ∈ ℝ௡ (4.51) 

 

Consequently, the solutions of (ݐ)ݑ of ODE (4.51) are imbedded in the solution 

 .of SDE (4.1) (ݐ)ܷ

Since the cause of the problem in SDE is the requirement of the existence of 

Hukuhara differences in formulating SDE, we need to incorporate the Hukuhara 

difference in the initial conditions also, to match the behavior of solutions of SDE with 

corresponding ODE. This is precisely what we plan to do. 

Suppose that the Hukuhara difference exists for any given initial values ܷ଴, ଴ܸ ∈

ܷ ௖(ℝ௡) so thatܭ ଴ − ଴ܸ = ଴ܹ is defined. Then, we consider the stability of the solution 

,ݐ)ܷ ,଴ݐ ܷ଴ − ଴ܸ) = ,ݐ)ܷ ,଴ݐ ଴ܹ) of (4.1). Before presenting the stability results, in this 

set up, let us present some examples to illustrate our approach. Consider the ODE 

 

ᇱݑ = (0)ݑ   ,ݑ− = ଴ݑ ∈ ℝ (4.52) 

 

and the corresponding SDE 

 

ுܷܦ = −ܷ, ܷ(0) = ܷ଴ ∈  ௖(ℝ) (4.53)ܭ

 

Since the values of the solution (4.53) are interval functions, the equation (4.53) can 

be written as 

 

ଵݑ ]
ᇱ , ଶݑ 

ᇱ ] = (−1)ܷ = ,ଶݑ−]  ଵ] (4.54)ݑ−

 

where ܷ(ݐ) = ,(ݐ)ଵݑ] and ܷ(0) [(ݐ)ଶݑ = ,ଵ଴ݑ]  ଶ଴]. The relation (4.54) is equivalentݑ

to the system of equations 

 

ቐ
ଵݑ 

ᇱ = ,ଶݑ− ଵ(0)ݑ = ଵ଴ݑ

ଶݑ 
ᇱ = ,ଵݑ− ଶ(0)ݑ = ଶ଴ݑ

 (4.55) 
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whose solutions as follow for ݐ ≥ 0 

 

ە
ۖ
۔

ۖ
(ݐ)ଵݑۓ =

1
2

ଵ଴ݑ] + ଶ଴]݁ି௧ݑ +
1
2

ଵ଴ݑ] − ଶ଴]݁௧ݑ

(ݐ)ଶݑ =
1
2

ଶ଴ݑ] + ଵ଴]݁ି௧ݑ +
1
2

ଶ଴ݑ] − ଵ଴]݁௧ݑ

 (4.56) 

 

Given ܷ ଴ ∈ ܸ ௖(ℝ), if there existsܭ ଴, ଴ܹ ∈ ܷ ௖(ℝ) such thatܭ ଴ = ଴ܸ + ଴ܹ, then 

the Hukuhara difference ܷ଴ − ଴ܸ = ଴ܹ exists. Let us choose 

 

ܷ଴ = ,ଵ଴ݑ] ଶ଴],   ଴ܸݑ =
1
2

ଵ଴ݑ)] − ,(ଶ଴ݑ ଶ଴ݑ) −  ଵ଴)] (4.57)ݑ

 

so that 

 

଴ܹ =
1
2

ଵ଴ݑ)] + ,(ଶ଴ݑ ଶ଴ݑ) +  ଵ଴)] (4.58)ݑ

 

If  ݑଵ଴ ≠ ݐ ଶ଴, then we have forݑ− ≥ 0 

 

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
,ݐ)ܷۓ ܷ଴) =

1
2

ଶ଴ݑ)−] − ,(ଵ଴ݑ ଶ଴ݑ) −     ଵ଴)]݁௧ݑ

                       +
1
2

ଵ଴ݑ)] + ,(ଶ଴ݑ ଵ଴ݑ) + ଶ଴)]݁ି௧ݑ

,ݐ)ܷ ଴ܸ) =
1
2

ଵ଴ݑ)−] − ,(ଶ଴ݑ ଶ଴ݑ) −     ଵ଴)]݁௧ݑ

,ݐ)ܷ ଴ܹ) =
1
2

ଵ଴ݑ)] + ,(ଶ଴ݑ ଵ଴ݑ) +     ଶ଴)]݁ି௧ݑ

 (4.59) 

 

On the other hand, if  ݑଵ଴ = ଶ଴, implies that we choose ܷ଴ݑ− = [−݀, ݀] with ݀ =  .ଶ଴ݑ

Then ܷ଴ = ଴ܸ and ଴ܹ = [0,0]. This choice eliminates the term with ݁ି௧ and we have 

only undesirable part of the solution. The other situation is to choose ܷ଴ = [ܿ, ܿ] for 

some ܿ, which eliminates the term with ݁௧ and retains only the desirable part of the 

solution compared with the ODE. Even when ܷ଴ is chosen as ܷ଴ = [−݀, ݀], we can 

find ଴ܸ = [ܿ − ݀, ܿ + ݀] for some ܿ so that we have ଴ܸ = ܷ଴ + ଴ܹ where ଴ܹ = [ܿ, ܿ]. 
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We note that for any general initial value ܷ଴, the solution (4.52) contains both 

desired and undesired parts compared to the solution of the ODE (4.52). In order to 

isolate the desired part of the solution ܷ(ݐ, ܷ଴) of (4.52) that matches the solution of 

the ODE (4.52), we need to use the initial values satisfying the desired Hukuhara 

difference of the given two initial values. 

If, on the other hand, we define the SDE as 

 

ுܷܦ = (0)ܷ   ,ܷ(ݐ)ߣ = ܷ଴ (4.60) 

 

which is generated by 

 

ᇱݑ = (0)ݑ   ,ݑ(ݐ)ߣ =  ଴ (4.61)ݑ

 

where (ݐ)ߣ > 0 is a real valued function from ℝା → ℝା such that ߣ ∈  ଵ(ℝା), thenܮ

we see that, with similar computation, 

 

,ݐ)ܷ ܷ଴) = ܷ଴ exp ቈන ݏ݀(ݏ)ߣ
௧

଴
቉ , ݐ ≥ 0 (4.62) 

 

for any ܷ଴ ∈  .௖(ℝ௡)ܭ

Hence, we get the stability of the trivial (4.60). In this case, we note that the 

solutions of both equations (4.60) and (4.61) match, providing the same stability 

results. There is no necessity, therefore, to choose the initial values as before, since the 

undesirable part of the solution does not exist among solutions of (4.60). 

Consequently, it does not matter, whether we use the Hukuhara difference or not, we 

get the same conclusion. To be consistent and to take care of all the situations, most of 

the results are formulated in terms of Hukuhara differences of initial values. 

To consider the stability of the trivial solution of (4.1), let us assume that 

,ݐ)ܨ (ߠ = ݐ the solutions are unique and exist for all ,ߠ ≥  ଴. Also, we assume, as aݐ

standard hypothesis, that the Hukuhara difference ଴ܹ = ܷ଴ − ଴ܸ exists, since we 

suppose that ܷ଴ = ଴ܸ + ଴ܹ. Consequently, we utilize the solutions ܷ(ݐ) =

,ݐ)ܷ ,଴ݐ ܷ଴ − ଴ܸ) = ,ݐ)ܷ ,଴ݐ ଴ܹ), throughout (ݐ଴, ଴ܹ). 
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Theorem 4.3: Assume that the following hold 

i) ܸ ∈ ℝା]ܥ × ,(ߩ)ܵ ℝା], |ܸ(ݐ, ଵܷ) − ,ݐ)ܸ ܷଶ)| ≤ ]ܦ ܮ ଵܷ, ܷଶ], ܮ > 0 and for 

,ݐ) ܷ) ∈ ℝା × (ߩ)ܵ where ,(ߩ)ܵ = [ܷ ∈ :௖(ℝ௡)ܭ ,ܷ]ܦ [ߠ <  ;[ߩ

 

,ݐ)ାܸܦ ܷ) = ݈݅݉
௛→଴శ

݌ݑݏ
1
ℎ

[ܸ൫ݐ + ℎ, ܷ + ℎݐ)ܨ, ܷ)൯ − ,ݐ)ܸ ܷ)] ≤ 0 (4.63) 

 

ii) ܾ(‖ܷ‖) ≤ ,ݐ)ܸ ܷ) ≤ ,ݐ)ܽ ‖ܷ‖), for (ݐ, ܷ) ∈ ℝା × ,ݐ)ܽ,ܾ where (ߩ)ܵ . ) ∈

ࣥ = ߪ} ∈ ,0]ൣܥ ,(ߩ ℝା൧: (0)ߪ =  .{ݓ ݊݅ ݃݊݅ݏܽ݁ݎܿ݊݅ ݏ݅ (ݓ)ߪ ݀݊ܽ 0

 

Then, the trivial solution of (4.1) is equi-stable. 

 

Proof 4.3: Let 0 < ߳ < ଴ݐ and ߩ ∈ ℝା, be given. Choose a ߜ = ,଴ݐ)ߜ ߳) > 0 such that  

 

,଴ݐ)ܽ (ߜ < ܾ(߳) (4.64) 

 

We claim that with this ߜ, equi-stability holds. If this is not true then, there would exist 

a solution ܷ(ݐ) = ,ݐ)ܷ ,଴ݐ ଴ܹ) of (4.1) and ݐଵ >  ଴ such thatݐ

 

‖(ଵݐ )ܷ‖ = ߳ and ‖ܷ(ݐ)‖ ≤ ߳ < ଴ݐ   ,ߩ ≤ ݐ ≤  ଵ (4.65)ݐ

 

whenever ‖ ଴ܹ‖ <  By Corollary 4.1, then we have .ߜ

 

ܸ൫ݐ, ൯(ݐ)ܷ ≤ ,଴ݐ)ܸ ଴ܹ), ଴ݐ  ≤ ݐ ≤  ଵ (4.66)ݐ 

 

Consequently, using ii), (4.64) and (4.65), we arrive at the following contradiction 

 

ቐ
ܾ(߳) = (‖(ଵݐ )ܷ‖)ܾ ≤ ܸ൫ݐଵ, ൯(ଵݐ)ܷ ≤ ܸ൫ݐ଴, ൯(଴ݐ)ܹ

≤ ,଴ݐ)ܽ ‖ ଴ܹ‖) ≤ ,଴ݐ)ܽ |(ߜ < ܾ(߳)              
 (4.67) 

 

Hence equi-stability holds, completing the proof. 
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Theorem 4.4: Let the assumptions of Theorem 4.3 hold, except that estimate (4.63) be 

strengthened to 

 

,ݐ)ାܸܦ ܷ) ≤ ,ݐ)ܸߚ− ,ݐ)   ,(ܷ ܷ) ∈ ℝା ×  (4.68) (ߩ)ܵ

 

Then the trivial solution of (4.1) is equi-asymptotically stable. 

Proof 4.4: Clearly, the trivial solution of (4.1) is equi-stable. Hence, taking ߳ =  and ߩ

designating ߜ଴ = ,଴ݐ)ߜ (ߩ > 0, we have by Theorem 4.3 

 

‖ ଴ܹ‖ < ‖(ݐ)ܷ‖ ଴ impliesߜ <  (4.69) ߩ

 

where ܷ(ݐ) = ,ݐ)ܷ ,଴ݐ ଴ܹ). 

Consequently, we get from the assumption (4.68), the estimate 

 

ܸ൫ݐ, ൯(ݐ)ܷ ≤ ,଴ݐ)ܸ ଴ܹ) ݐ)ߚ−]݌ݔ݁ − [(଴ݐ , ݐ ≥  ଴ (4.70)ݐ

 

Given ߳ > 0, we choose ܶ = ,଴ݐ)ܶ ߳) =
ଵ

ఉ
݈݊

௔(௧బ,ఋబ)

௕(ఢ)
+ 1. Then it is easy to see that 

 

(‖(ݐ)ܷ‖)ܾ ≤ ܸ൫ݐ, ൯(ݐ)ܷ ≤ ,଴ݐ)ܽ ఉ(௧ି௧బି݁(ߜ < ݐ   ,(߳)ܾ ≥ ଴ݐ + ܶ (4.71) 

 

The proof is complete. 

 

Theorem 4.5: Assume that for (ݐ, ܷ) ∈ ℝା × (ߩ)ܵ ∩ ܵ௖(ߟ) for each 0 < ߟ < ,ߩ ܸ ∈

ℝା]ܥ × (ߩ)ܵ ∩ ܵ௖(ߟ), ℝା], we have 

 

,ݐ)ܸ| ଵܷ) − ,ݐ)ܸ ܷଶ)| ≤ ]ܦ ܮ ଵܷ, ܷଶ], ܮ > 0 (4.72) 

 

,ݐ)ାܸܦ ܷ) ≤ 0 (4.73) 

 

and 

 

ܾ(‖ܷ‖) ≤ ,ݐ)ܸ ܷ) ≤ ܽ(‖ܷ‖),   ܽ, ܾ ∈ ࣥ (4.74) 
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Then the trivial solution of (4.1) is uniformly stable. 

 

Proof 4.5: Let 0 < ߳ < ଴ݐ and ߩ ∈ ℝା be given. Choose ߜ = (߳)ߜ > 0 such that 

(ߜ)ܽ < ܾ(߳). Then we claim that with this ߜ, uniform stability follows. If not, there 

would exist a solution ܷ(ݐ) of (4.1), and a ݐଶ > ଵݐ >  ଴ to satisfyingݐ

 

ቐ
‖(ଵݐ)ܷ‖ = ,ߜ ‖(ଶݐ)ܷ‖ = ߳ ܽ݊݀      

ߜ ≤ ‖(ݐ)ܷ‖ ≤ ߳ < ଵݐ   ,ߩ ≤ ݐ ≤ ଶݐ

 (4.75) 

 

Taking ߟ =  we get from (4.73), the estimate ,ߜ

 

ܸ൫ݐଶ, ൯(ଶݐ)ܷ ≤ ܸ൫ݐଵ,  ൯ (4.76)(ଵݐ)ܷ

 

and therefore, (4.74) and (4.75), together with the definition of ߜ, yield 

 

ቐ
ܾ(߳) = (‖(ଶݐ)ܷ‖)ܾ ≤ ܸ൫ݐଶ, ൯(ଶݐ)ܷ ≤ ܸ൫ݐଵ, ൯(ଵݐ)ܷ

≤ (‖(ଵݐ)ܷ‖)ܽ = (ߜ)ܽ < ܾ(߳)                   
 (4.77) 

 

This contradiction proves uniform stability, completing the proof. 

 

Theorem 4.6: Let the assumptions of Theorem 4.5 hold, except that estimate (4.73) be 

strengthened to 

 

,ݐ)ାܸܦ ܷ) ≤ −ܿ(‖ܷ‖),   ܿ ∈ ࣥ (4.78) 

 

Then the trivial solution of (4.1) is uniformly asymptotically stable. 

 

Proof 4.6: By Theorem 4.5, uniform stability follows. Now, for ߳ =  we ,ߩ

designate ߜ଴ =  This means .(ߩ)ߜ

 

‖ ଴ܹ‖ < ‖(ݐ)ܷ‖ ݐℎܽݐ ݏ݈݁݅݌݉݅ ଴ߜ < ݐ   ,ߩ ≥  ଴ (4.79)ݐ
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In view of the uniform stability, it is enough to show that there exists a ݐ∗ such that for 

଴ݐ ≤ ∗ݐ ≤ ଴ݐ + ܶ, where ܶ = 1 +
௔(ఋబ)

ఋ
 

 

‖(∗ݐ)ܷ‖ <  (4.80) ߜ

 

If this is not true, then ߜ ≤ ଴ݐ for ‖(ݐ)ܷ‖ ≤ ݐ ≤ ଴ݐ + ܶ. Hence (4.78) gives 

 

ܸ൫ݐ, ൯(ݐ)ܷ ≤ ,଴ݐ)ܸ ଴ܹ) − න ݏ݀‖(ݏ)ܷ‖)ܿ
௧

௧బ

, ଴ݐ ≤ ݐ ≤ ଴ݐ + ܶ (4.81) 

 

Thus, we have, in view of the choice of  ܶ 

 

0 ≤ ܸ൫ݐ଴ + ܶ, ଴ݐ)ܷ + ܶ)൯ ≤ (଴ߜ)ܽ − ܶ(ߜ)ܿ < 0 (4.82) 

 

which is a contradiction. Therefore, there exists a ݐ∗ satisfying (4.80) and uniform 

stability then shows that and the proof is complete. 

 

‖ ଴ܹ‖ < ‖(ݐ)ܷ‖ ݏ݈݁݅݌݉݅ ଴ߜ < ݐ   ,߳ ≥ ଴ݐ + ܶ (4.83) 

  

4.6. Nonuniform Stability Criteria 

 

Theorem 4.7: Assume that 

 

i) ଵܸ ∈ ℝା]ܥ × ,(ߩ)ܵ ℝା],  

ii) | ଵܸ(ݐ, ଵܷ) − ଵܸ(ݐ, ܷଶ)| ≤ ]ܦܮ ଵܷ, ܷଶ], ଵܮ > 0, ଵܸ(ݐ, ܷ) ≤ ܽ଴(ݐ, ‖ܷ‖)  where 

ܽ଴ ∈ ℝା]ܥ × [0, ,(ߩ ℝା] and ܽ଴(ݐ, . ) ∈ ࣥ for each ݐ ∈ ℝା; 

iii) ܦା
ଵܸ(ݐ, ܷ) ≤ ݃ଵ൫ݐ, ଵܸ(ݐ, ܷ)൯, ,ݐ) ܷ) ∈ ℝା × where ݃ଵ (ߩ)ܵ ∈ ℝା]ܥ

ଶ , ℝ] and 

݃ଵ(ݐ, 0) ≡ 0; 

iv) for every ߟ > 0, there exists a ఎܸ ∈ ℝା]ܥ × (ߩ)ܵ ∩ ܵ௖(ߟ), ℝା],  

 

ห ఎܸ(ݐ, ଵܷ) − ఎܸ(ݐ, ܷଶ)ห ≤ ]ܦఎܮ ଵܷ, ܷଶ] (4.84) 
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ܾ(‖ܷ‖) ≤  ఎܸ(ݐ, ܷ) ≤ ܽ(‖ܷ‖), ܽ, ܾ ∈ ࣥ; (4.85) 

 

and 

 

ାܦ
ଵܸ(ݐ, ܷ) + ାܦ

ఎܸ(ݐ, ܷ) ≤ ݃ଶ ቀݐ, ଵܸ(ݐ, ܷ) + ఎܸ(ݐ, ܷ)ቁ (4.86) 

 

for (ݐ, ܷ) ∈ ℝା × (ߩ)ܵ ∩ ܵ௖(ߟ), where  ݃ଶ ∈ ℝା]ܥ
ଶ , ℝ] and ݃ଶ(ݐ, 0) ≡ 0; 

v) the trivial solution ݓଵ ≡ 0 of 

 

ଵݓ
ᇱ = ݃ଵ(ݐ, ,(ଵݓ (଴ݐ)ଵݓ = ଵ଴ݓ ≥ 0 (4.87) 

 

is equistable; 

vi) the trivial solution ݓଶ ≡ 0 of 

 

ଶݓ
ᇱ = ݃ଶ(ݐ, ,(ଶݓ (଴ݐ)ଶݓ = ଶ଴ݓ ≥ 0 (4.88) 

 

is uniformly stable. 

 

Then, the trivial solution of (4.1) is equi-stable. 

 

Proof 4.7: Let 0 < ߳ < ଴ݐ and ߩ ∈ ℝା, be given. Since the trivial solution of (4.88) is 

uniformly stable, given any ܾ(߳) > 0 and ݐ଴ ∈ ℝା, there exists a ߜ଴ = (߳)଴ߜ  > 0 

satisfying 

 

0 < ଶ଴ݓ < ,ݐ)ଶݓ ଴ implyingߜ ,଴ݐ (ଶ଴ݓ < ܾ(߳), ݐ ≥  ଴ (4.89)ݐ

 

where ݓଶ(ݐ, ,଴ݐ  there ,(ݓ)ܽ ଶ଴) is any solution of (4.88). In view of the hypothesis onݓ

is a ߜଶ = (߳)ଶߜ  > 0 such that 

 

(ଶߜ)ܽ <
଴ߜ

2
 (4.90) 

 



 

51 

Since the trivial solution of (4.87) is equi-stable, given 
ఋబ

ଶ
> 0 and ݐ଴ ∈ ℝା, we 

can find a ߜ∗ = ,଴ݐ)∗ߜ ߳) > 0 such that 

 

0 < ଵ଴ݓ < ,ݐ)ଵݓ ݏ݈݁݅݌݉݅ ∗ߜ ,଴ݐ (ଵ଴ݓ <
଴ߜ

2
ݐ   , ≥  ଴ (4.91)ݐ

 

where ݓଵ(ݐ, ,଴ݐ ଵ଴ݓ ଵ଴) is any solution of (4.87). Chooseݓ = ଵܸ(ݐ଴, ଴ܹ). Since 

ଵܸ(ݐ, ܷ) ≤ ܽ଴(ݐ, ‖ܷ‖), we see that there exists ߜଵ = ,଴ݐ)ଵߜ ߳) > 0 satisfying  

 

‖ ଴ܹ‖ < ,଴ݐ)ଵ and ܽ଴ߜ  ‖ ଴ܹ‖) <  (4.92) ∗ߜ

 

simultaneously. Define ߜ = ,ଵߜ)݊݅݉  .(ଶߜ

Then, we claim that 

 

‖ ଴ܹ‖ < ‖(ݐ)ܷ‖ implies ߜ < ߳, ݐ ≥  ଴ (4.93)ݐ

 

for any solution ܷ(ݐ) = ,ݐ)ܷ ,଴ݐ ଴ܹ) of (4.1). If this is false, there would exist a 

solution ܷ(ݐ) of (4.1) with ‖ ଴ܹ‖ < ,ଵݐ and ߜ ଶݐ >  ଴ such thatݐ

 

‖(ଵݐ)ܷ‖ = ‖(ଵݐ)ܷ‖   ,ଶߜ = ߳ (4.94) 

 

and 

 

ଶߜ ≤ ‖(ݐ)ܷ‖ ≤ ߳ <  (4.95) ߩ

 

for ݐଵ ≤ ݐ ≤ ߟ ଶ. We letݐ =  ଶ so that the existence of a ఎܸ satisfying hypothesis iii) isߜ

assured. Hence, setting 

 

(ݐ)݉ = ଵܸ ൫ݐ, ൯(ݐ)ܷ + ఎܸ൫ݐ, ݐ   ,൯(ݐ)ܷ ∈ ,ଵݐ ]  ଶ] (4.96)ݐ

 

we obtain the differential inequality 

 

(ݐ)ା݉ܦ ≤ ݃ଶ൫ݐ, ଵݐ   ,൯(ݐ)݉ ≤ ݐ ≤  ଶ (4.97)ݐ
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which yields 

 

ଵܸ൫ݐଶ, ൯(ଶݐ)ܷ + ఎܸ൫ݐଶ, ൯(ଶݐ)ܷ ≤ ܴଶ(ݐଶ, ,ଵݐ  ଶ଴) (4.98)ݓ

 

where ݓଶ଴ = ଵܸ൫ݐଵ, ൯(ଵݐ)ܷ + ఎܸ൫ݐଵ, ܴ ൯, and(ଵݐ)ܷ ଶ(ݐ, ,ଵݐ  ଶ଴) is the maximal solutionݓ

of (4.88). Because of the assumptions i) and ii), we also have  

 

ଵܸ൫ݐଵ, ൯(ଵݐ)ܷ ≤ ܴଵ(ݐଵ, ,଴ݐ  ଵ଴) (4.99)ݓ

 

with ݓଵ଴ = ଵܸ(ݐ଴, ଴ܹ) where ܴଵ(ݐ, ,଴ݐ  .ଵ଴) is the maximal solution of (4.87)ݓ

By (4.91) and (4.92), we get 

 

ଵܸ൫ݐଵ, ൯(ଵݐ)ܷ <
଴ߜ

2
 (4.100) 

 

Also, by (3.6.4), (3.6.8) and assumption iii), we arrive at 

 

ఎܸ൫ݐଵ, ൯(ଵݐ)ܷ ≤ (ଶߜ)ܽ <
଴ߜ

2
 (4.101) 

 

Thus, (3.6.10) and (3.6.11) and the definition of ݓଶ଴ shows that ݓଶ଴ <  ଴ which, inߜ

view of (3.6.3), shows that ݓଶ(ݐଶ, ,ଵݐ (ଶ଴ݓ < ܾ(߳). It then follows from (3.6.9), 

ଵܸ(ݐ, ܷ) ≥ 0 and assumption iii) 

 

ܾ(߳) = (‖(ଶݐ)ܷ‖)ܾ ≤ ଵܸ൫ݐଶ, ൯(ଶݐ)ܷ ≤ ܴଶ(ݐଶ, ,ଵݐ (ଶ଴ݓ < ܾ(߳) (4.102) 

 

This contradiction proves equi-stability of the trivial solution of (4.1) since (4.93) is 

then true. The proof is complete. 

 

Theorem 4.8: Let the assumptions of Theorem 4.7 hold except that condition ii) is 

strengthened to 

 

ାܦ
ଵܸ(ݐ, ܷ) ≤ −ܿ൫ݐ)ݓ, ܷ)൯ + ݃ଵ൫ݐ, ଵܸ(ݐ, ܷ)൯,   ܿ ∈ ࣥ (4.103) 
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where   ݓ ∈ ℝା]ܥ × ,(ߩ)ܵ ℝା] 

 

,ݐ)ݓ| ଵܷ) − ,ݐ)ݓ ܷଶ)| ≤ ]ܦܰ ଵܷ, ܷଶ],   ܰ > 0 (4.104) 

 

and ܦାݐ)ݓ, ܷ) is bounded above or below. Then, the trivial solution of (4.1) is equi-

asymptotically stable, if ݃ଵ(ݐ,  and ݓ is monotone nondecreasing in (ݓ

 

,ݐ)ݓ ܷ) ≥ ܾ଴(‖ܷ‖),   ܾ଴ ∈ ࣥ (4.105) 

 

Proof 4.8: By Theorem 4.7, the trivial solution of (4.1) is equi-stable. Hence letting 

߳ = ଴ߜ so that ߩ = ,ߩ)ߜ (଴ݐ > 0, we get, by equi-stability 

 

‖ ଴ܹ‖ < ‖(଴ݐ)ܷ‖ ଴ implies thatߜ < ,ߩ ݐ ≥  ଴ (4.106)ݐ

 

We shall show that, for any solution ܷ(ݐ) of (4.1) with ‖ ଴ܹ‖ <  ଴, we haveߜ

݈݅݉
௧→ஶ

,ݐ൫ݓ ൯(ݐ)ܷ = 0. This and (4.105) imply ݈݅݉
௧→ஶ

‖(ݐ)ܷ‖ = 0, completing the proof. 

Suppose that  ݈݅݉
௧→ஶ

݌ݑݏ ,ݐ൫ݓ ൯(ݐ)ܷ ≠ 0. Then there would exist two divergent 

sequences {ݐ௜
ᇱ},   {ݐ௜

ᇱᇱ} and a ߪ > 0 satisfying 

 

i) ݓ൫ݐ௜
ᇱ, ௜ݐ)ܷ

ᇱ)൯ =
ఙ

ଶ
௜ݐ൫ݓ   ,

ᇱᇱ, ௜ݐ)ܷ
ᇱᇱ)൯ = ,ݐ൫ݓ and ߪ ൯(ݐ)ܷ >

ఙ

ଶ
ݐ   , ∈ ௜ݐ)

ᇱ, ௜ݐ
ᇱᇱ) ݎ݋ 

ii) ݓ൫ݐ௜
ᇱ, ௜ݐ)ܷ

ᇱ)൯ = ௜ݐ൫ݓ   ߪ
ᇱᇱ, ௜ݐ)ܷ

ᇱᇱ)൯ =
ఙ

ଶ
 and ݓ൫ݐ, ൯(ݐ)ܷ >

ఙ

ଶ
ݐ   , ∈ ௜ݐ)

ᇱ, ௜ݐ
ᇱᇱ). 

 

Suppose that ܦାݓ൫ݐ, ൯(ݐ)ܷ ≤  Then using i), we obtain .ܯ

 

ߪ
2

= ߪ −
ߪ
2

= ௜ݐ൫ݓ
ᇱᇱ, ௜ݐ)ܷ

ᇱᇱ)൯ − ௜ݐ൫ݓ
ᇱ, ௜ݐ)ܷ

ᇱ)൯ ≤ ௜ݐ)ܯ 
ᇱᇱ − ௜ݐ

ᇱ) (4.107) 

 

which shows that ݐ௜
ᇱᇱ − ௜ݐ

ᇱ ≥
ఙ

ଶெ
 for each ݅. Hence, by (4.103) and Corollary 4.3, we 

have 

 

ଵܸ൫ݐ, ൯(ݐ)ܷ ≤ ,ݐ)ଵݎ ,଴ݐ (ଵ଴ݓ − ෍ න ,ݏ൫ݓൣܿ ݐ   ,ݏ൯൧݀(ݏ)ܷ ≥
௧೔

ᇲᇲ

௧೔
ᇲ

௡

௜ୀଵ

 ଴ (4.108)ݐ



 

54 

Since ݓଵ଴ = ଵܸ(ݐ଴, ଴ܹ) ≤ ܽ଴(ݓ଴, ‖ ଴ܹ‖) ≤ ܽ଴(ݐ଴, (଴ߜ <  we get from (4.91) ,∗ߜ

 

,ݐ)ଵݓ ,଴ݐ (ଵ଴ݓ <
(ߩ)଴ߜ

2
ݐ   , ≥  ଴ (4.109)ݐ

 

We thus obtain 

 

0 ≤ ଵܸ൫ݐ, ൯(ݐ)ܷ ≤
(ߩ)଴ߜ

2
− ܿ ቀ

ߪ
2

ቁ
ߪ

ܯ2
݊ (4.110) 

 

For sufficiently large ݊, we get a contradiction and therefore ݈݅݉
௧→ஶ

݌ݑݏ ,ݐ൫ݓ ൯(ݐ)ܷ =

0. Since ݐ)ݓ, ܷ) ≥ ܾ଴(‖ܷ(ݐ)‖) by assumption, it follows that ݈݅݉
௧→ஶ

‖(ݐ)ܷ‖ = 0 and the 

proof is complete. 

 

Note 4.1: The functions ݃ଵ(ݐ, (ݓ = ݃ଶ(ݐ, (ݓ ≡ 0 are admissible in Theorem 4.7, and 

so the same conclusion can be reached. If ଵܸ(ݐ, ܷ) ≡ 0 and ݃ଵ(ݐ, (ݓ ≡ 0, then we get 

uniform stability from Theorem 4.7. If, on the other hand,  ఎܸ(ݐ, ܷ) ≡ 0, ݃ଶ(ݐ, (ݓ ≡ 0 

and ଵܸ(ݐ, ܷ) ≥ ܾ(‖ܷ‖),   ܾ ∈ ࣥ, then Theorem 4.7 yields equi-stability. We note that 

known results on equi-stability require the assumption to hold everywhere in ܵ  and (ߩ)

Theorem 4.7 relaxes such a requirement considerably by method of perturbing 

Lyapunov functions. 

 

Note 4.2: The functions ݃ଵ(ݐ, (ݓ = ݃ଶ(ݐ, (ݓ ≡ 0 are admissible in Theorem 4.8 to 

yield equi-asymptotic stability. Similarly, if  ఎܸ(ݐ, ܷ) ≡ 0, ݃ଶ(ݐ, (ݓ ≡ 0 with 

ଵܸ(ݐ, ܷ) ≥ ܾ(‖ܷ‖), ܾ ∈ ࣥ, implies the same conclusion. If ଵܸ(ݐ, ܷ) ≡ 0 and 

݃ଵ(ݐ, (ݓ ≡ 0 in Theorem 4.7, to get uniformly asymptoticly stability, one needs to 

strengthen the estimate on ܦା ఎܸ(ݐ, ܷ). This we state as a corollary. 

 

Corollary 4.4: Suppose that the assumptions of Theorem 4.7 hold with ଵܸ(ݐ, ܷ) ≡ 0, 

,ݐ)݃ (ݓ ≡ 0. Suppose further that 
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൞
ାܦ

ఎܸ(ݐ, ܷ) ≤ ,ݐ)ݓ]ܿ− ܷ)] + ݃ଶ ቀݐ, ఎܸ(ݐ, ܷ)ቁ ,

,ݐ)                          ܷ) ∈ ℝା × (ߩ)ܵ ∩ ܵ௖(ߟ)

 (4.111) 

 

where ݓ ∈ ℝା]ܥ × ,(ߩ)ܵ ℝା], ݐ)ݓ, ܷ) ≥ ܾ(‖ܷ‖),   ܿ, ܾ ∈ ࣥ and ݃ଶ(ݐ,  is (ݓ

nondecreasing in ݓ. Then, the trivial solution of (4.1) is uniformly asymptotically 

stable. 

 

Proof 4.4: The trivial solution of (4.1) is uniformly stable by Note 4.1 in the present 

case. Hence taking ߳ = ଴ߜ and designating ߩ =  we have ,(ߩ)ߜ

 

‖ ଴ܹ‖ < ‖(ݐ)ܷ‖ ݏ݈݁݅݌݉݅ ଴ߜ < ݐ   ,ߩ ≥  ଴ (4.112)ݐ

 

To prove uniform attractivity, let 0 < ߳ < ߜ be given. Let ߩ = (߳)ߜ > 0 be the number 

relative to ߳ in uniform stability. Choose ܶ =
௕(ఘ)

௖(ఋ)
+ 1. Then we shall show that there 

exist a ݐ∗ ∈ ,଴ݐ] ଴ݐ + ܶ] such that ݓ൫ݐ∗, ൯(∗ݐ)ܷ <  of (4.1) (ݐ)ܷ for any solution (ߜ)ܾ

with ‖ ଴ܹ‖ <  .଴ߜ

If this is not true, ݓ൫ݐ, ൯(ݐ)ܷ ≥ ݐ   ,(ߜ)ܾ ∈ ,଴ݐ] ଴ݐ + ܶ]. Now using the 

assumption (4.111) and arguing as in Corollary 4.3, we get 

 

ە
ۖ
۔

ۖ
ۓ 0 ≤ ఎܸ൫ݐ଴ + ܶ, ଴ݐ)ܷ + ܶ)൯                                  

     ≤ ଴ݐ)ଶݎ + ܶ, ,଴ݐ (ଶ଴ݓ − න ,ݏ൫ݓ ݏ൯݀(ݏ)ܷ
௧బା்

௧బ

 (4.113) 

 

This yields, since ݎଶ(ݐ, ,଴ݐ (ଶ଴ݓ <  ܶ and the choice of (ߩ)ܾ

 

0 ≤ ఎܸ൫ݐ଴ + ܶ, ଴ݐ)ܷ + ܶ)൯ ≤ (ߩ)ܾ − ܶ(ߜ)ܿ < 0 (4.114) 

 

which is a contradiction. Hence there exists a ݐ∗ ∈ ,଴ݐ] ଴ݐ + ܶ] 

satisfying ݓ൫ݐ∗, ൯(∗ݐ)ܷ < ‖(ݐ)ܷ‖ which implies ,(ߜ)ܾ <  ,Consequently, it follows .ߜ

by uniform stability that 
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‖ ଴ܹ‖ < ‖(ݐ)ܷ‖ ݐℎܽݐ ݏ݈݁݅݌݉݅ ଴ߜ < ߳ (4.115) 

 

ݐ    ≥ ଴ݐ + ܶ and the proof is complete. 

 

4.7. Boundedness Criteria 

 

In this section, we have investigated that the boundedness of solutions of the set 

differential equation 

 

ுܷܦ = ,ݐ)ܨ ܷ), (଴ݐ)ܷ = ܷ଴ ∈  ௖(ℝ௡) (4.116)ܭ

 

where ܨ ∈ ℝା]ܥ × ,௖(ℝ௡)ܭ  .[௖(ℝ௡)ܭ

 

Definition 4.10: The solution of (4.116) is said to be 

 

i) equi-bounded, if for any ߙ > 0 and ݐ଴ ∈ ℝା, there exists a ߚ = ,଴ݐ)ߚ (ߙ > 0 

such that 

 

‖ ଴ܹ‖ < ‖(ݐ)ܷ‖ ݏ݈݁݅݌݉݅ ߙ < ݐ   ,ߚ ≥  ଴ (4.117)ݐ

 

ii) uniform equi-bounded, if ߚ in i) does not depend on ݐ଴. 

iii) quasi-equi-ultimately bounded if for each ߙ ≥ ଴ݐ   ,0 ∈ ℝା, there exists a ܤ >

0 and a ܶ = ,଴ݐ)ܶ (ߙ > 0 such that 

 

‖ ଴ܹ‖ < ‖(ݐ)ܷ‖ ݏ݈݁݅݌݉݅ ߙ < ݐ   ,ܤ ≥ ଴ݐ + ܶ (4.118) 

 

iv) quasi-uniform ultimately bounded if  ܶ in iii) is independent of ݐ଴. 

v) equi-ultimately bounded, if i) and iii) hold simultaneously. 

vi) uniform ultimately bounded if ii) and iv) hold simultaneously. 

vii) equi-Lagrange stable if i) and Definition 4.1 iii) hold. 

viii) uniformly Lagrange stable if ii) and Definition 4.1 iv) hold. 
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Theorem 4.9: Assume that 

  

i) ܸ ∈ ℝା]ܥ × ,௖(ℝ௡)ܭ ℝା], |ܸ(ݐ, ଵܷ) − ,ݐ)ܸ ܷଶ)| ≤ ]ܦܮ ଵܷ, ܷଶ], ܮ > 0 and for 

,ݐ) ܷ) ∈ ℝା × ,ݐ)ାܸܦ ,௖(ℝ௡)ܭ ܷ) ≤ 0; 

ii) ܾ(‖ܷ‖) ≤ ,ݐ)ܸ ܷ) ≤ ,ݐ)ܽ ‖ܷ‖), for (ݐ, ܷ) ∈ ℝା × ,ݐ)ܽ ,ܾ ௖(ℝ௡) whereܭ . ) ∈

ࣥ = ߪ] ∈ ,ℝା]ܥ ℝା]: (ݓ)ߪ ݀݊ܽ ݓ ݊݅ ݃݊݅ݏܽ݁ݎ݁ܿ݊݅ ݏ݅  (ݓ)ߪ → ݓ ݏܽ ∞ → ∞]. 

 

Proof 4.9: Let ߙ > 0 and ݐ଴ ∈ ℝା, be given. Choose ߚ = ,଴ݐ)ߚ (ߙ > 0 such that 

 

,଴ݐ)ܽ (ߙ <  (4.119) (ߚ)ܾ

 

with this ߚ, i) holds. If this is not true, there would exist a solution ܷ (ݐ) = ,ݐ)ܷ ,଴ݐ ଴ܹ) 

of (4.116) an a ݐ଴ <  ଵ such thatݐ

 

‖(ଵݐ)ܷ‖ = ‖(ݐ)ܷ‖ ݀݊ܽ ߚ ≤ ଴ݐ   ,ߚ ≤ ݐ ≤  ଵ (4.120)ݐ

 

Assumption i) and Corollary 4.1 show that 

 

ܸ൫ݐ, ൯(ݐ)ܷ ≤ ,଴ݐ)ܸ ଴ܹ),   ݐ଴ ≤ ݐ ≤  ଵ (4.121)ݐ

 

Thus, condition ii) and (4.119) yield 

 

ቐ
(ߚ)ܾ = (‖(ଵݐ)ܷ‖)ܾ ≤ ܸ൫ݐଵ,                                ൯(ଵݐ)ܷ

           ≤ ,଴ݐ)ܸ ଴ܹ) ≤ ,଴ݐ)ܽ ‖ ଴ܹ‖) < ,଴ݐ)ܽ (ߙ < (ߚ)ܾ
 (4.122) 

 

This contradiction proves i) and we have completed the proof. 

 

For uniform boundedness, the following result is obtained under weaker assumptions. 

 

Theorem 4.10: Assume that 

 

i) ܸ ∈ ℝା]ܥ × ܵ௖(ߩ), ℝା], where ߩ may be large; |ܸ(ݐ, ଵܷ) − ,ݐ)ܸ ܷଶ)| ≤

]ܦܮ ଵܷ, ܷଶ], and for (ݐ, ܷ) ∈ ℝା × ܵ௖(ߩ), ܦାܸ(ݐ, ܷ) ≤ 0; 



 

58 

ii) ܾ(‖ܷ‖) ≤ ,ݐ)ܸ ܷ) ≤ ܽ(‖ܷ‖), for (ݐ, ܷ) ∈ ℝା × ܵ௖(ߩ) where ܽ, ܾ ∈ ࣥ, 

which are defined only on [ߩ , ∞) 

 

Then, Definition 4.10 ii) holds 

 

Proof 4.10: The proof is similar to the proof of Theorem 4.9 except that the choice of 

(ߙ)ܽ is now made so that ߚ <  ,଴. Alsoݐ  is independent of ߚ and consequently (ߚ)ܾ

ߙ > However, if 0 .(ߩ)for the proof since the assumptions are only for ܵ௖ ߩ < ߙ ≤  ,ߩ

we can take ߚ =  .and again the proof follows (ߩ)ߚ

We shall give a typical result that offers conditions for equi-ultimate 

boundedness, that is for Definition 4.10 v). 

 

Theorem 4.11: Let the assumptions of Theorem 4.9 hold except that we strengthen the 

estimate on ܦାܸ(ݐ, ܷ) as 

 

,ݐ)ାܸܦ ܷ) ≤ ,ݐ)ܸߟ− ߟ   ,(ܷ > ,ݐ)   ,0 ܷ) ∈ ℝା ×  ௖(ℝ௡) (4.123)ܭ

 

and suppose that condition ii) holds for ‖ܷ‖ ≥  .Then (v) holds .ܤ

 

Proof 4.11: Clearly Definition 4.10 i) is obtained from Theorem 4.9. Hence 

 

‖ ଴ܹ‖ < ‖(ݐ)ܷ‖ ݏ݈݁݅݌݉݅  ߙ < ݐ   ,ߚ ≥  ଴ (4.124)ݐ

 

Now (4.123) yields the estimate 

 

ܸ൫ݐ, ൯(ݐ)ܷ ≤ ,଴ݐ)ܸ ଴ܹ)݁ିఎ(௧ି௧బ),   ݐ ≥  ଴ (4.125)ݐ

 

Let ܶ =
ଵ

ఎ
݈݊

௔(௧బ,ఈ)

௕(஻)
 and suppose that for ݐ ≥ ଴ݐ + ܶ, ‖(ݐ)ܷ‖ ≥  Then, we get .ܤ

from (4.125) 

 

(ܤ)ܾ ≤ (‖(ݐ)ܷ‖)ܾ ≤ ܸ൫ݐ, ൯(ݐ)ܷ < ,଴ݐ)ܽ ఎ்ି݁(ߙ =  (4.126) (ܤ)ܾ

 

The contradiction proves Definition 4.10 v) and the proof is complete. 
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Finally, we shall provide a result on nonuniform boundedness property using the 

method of perturbing Lyapunov functions. 

 

Theorem 4.12: Assume that 

 

i) ߩ > 0,   ଵܸ ∈ ℝା]ܥ × ,(ߩ)ܵ ℝା],   ଵܸ is bounded for (ݐ, ܷ) ∈ ℝା ×   and ,(ߩ)߲ܵ

 

| ଵܸ(ݐ, ଵܷ) − ,ݐ)ܸ ܷଶ)| ≤ ]ܦଵܮ ଵܷ, ܷଶ],   ܮଵ > 0 (4.127) 

 

ە
ۖ
۔

ۖ
ۓ

ାܦ
ଵܸ(ݐ, ܷ)                                                                                  

   = ݈݅݉
௛→଴శ

݌ݑݏ
1
ℎ

ൣ ଵܸ൫ݐ + ℎ, ܷ + ℎݐ)ܨ, ܷ)൯ − ଵܸ(ݐ, ܷ)൧

≤ ݃ଵ(ݐ, ଵܸ)                                                                     

 (4.128) 

 

,ݐ) ܷ) ∈ ℝା × ܵ௖(ߩ), where ݃ଵ ∈ ℝା]ܥ
ଶ , ℝ]; 

ii)  ଶܸ ∈ ℝା]ܥ × ܵ௖(ߩ), ℝା],    

 

ܾ(‖ܷ‖) ≤ ଶܸ(ݐ, ܷ) ≤ ܽ(‖ܷ‖),   ܽ, ܾ ∈ ࣥ (4.129) 

 

ቐ
ାܦ

ଵܸ(ݐ, ܷ) + ାܦ
ଶܸ(ݐ, ܷ) ≤ ݃ଶ൫ݐ, ଵܸ(ݐ, ܷ) + ଶܸ(ݐ, ܷ)൯,

 ݃ଶ ∈ ℝା]ܥ
ଶ , ℝ];                                                                        

 (4.130) 

 

iii) the scalar differential equations 

 

ଵݓ
ᇱ = ݃ଵ(ݐ, (଴ݐ)ଵݓ   ,(ଵݓ = ଵ଴ݓ ≥ 0 (4.131) 

 

and 

 

ଶݓ
ᇱ = ݃ଶ(ݐ, (଴ݐ)ଶݓ   ,(ଶݓ = ଶ଴ݓ ≥ 0 (4.132) 

 

are equi-bounded and uniformly bounded respectively. 

Then the system (4.116) is equi-bounded. 
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Proof 4.12:  Let ܤଵ > ଴ݐ and ߩ ∈ ℝା, be given. Let 

 

ଵߙ = ,଴ݐ)ଵߙ (ଵܤ = ,଴ߙ}ݔܽ݉  (4.133) {∗ߙ

 

଴ߙ ݁ݎℎ݁ݓ = }ݔܽ݉ ଵܸ(ݐ଴, ଴ܹ): ଴ܹ ∈ (ଵܤ)ܵ}݈ܿ ∩ ܵ௖(ߩ)}} and ߙ∗ ≥  ଵܸ(ݐ, ܷ) for 

,ݐ) ܷ) ∈ ℝା ×  .(ߩ)߲ܵ

Since equation (4.131) is equi-bounded, given ܽଵ > 0, and ݐ଴ ∈ ℝା, there exist 

a ߚ଴ = ,଴ݐ )ߚ (ଵߙ > 0 such that 

 

,ݐ)ଵݓ ,଴ݐ (ଵ଴ݓ < ݐ   ,଴ߚ ≥  ଴ (4.134)ݐ

 

provided ݓଵ଴ < ,ݐ)ଵݓ ଵ, whereߙ ,଴ݐ ଶߙ ଵ଴) is any solution (4.131). Letݓ = (ଵܤ)ܽ +

 ଴, the uniform boundedness of equation (4.132) yields thatߚ

 

,ݐ)ଶݓ ,଴ݐ (ଶ଴ݓ < ݐ   ,(ଶߙ)ଵߚ ≥  ଴ (4.135)ݐ

 

provided ݓଶ଴ < ,ݐ)ଶݓ ଶ, whereߙ ,଴ݐ  ଶܤ ଶ଴) is any solution of (4.134). Chooseݓ

satisfying 

 

(ଶܤ)ܾ <  (4.136) (ଶߙ)ଵߚ

 

We now claim that ଴ܹ ∈  implies that (ଵܤ)ܵ

 

,ݐ)ܷ ,଴ݐ ଴ܹ) ∈  (4.137) (ଶܤ)ܵ

 

for ݐ ≥ ,ݐ)ܷ ଴, whereݐ ,଴ݐ ଴ܹ) is any solution of (4.116). 

If it is not true, then there exists a solution ܷ(ݐ, ,଴ݐ ଴ܹ) of (4.134) with ଴ܹ ∈

∗ݐ such that for some ,(ଵܤ)ܵ > ଶܤ   ,଴ݐ = ,∗ݐ)ܷ‖ ,଴ݐ ଴ܹ)‖. Since ܤଵ >  there are two ,ߩ

possibilities to consider: 

 

i) ܷ(ݐ, ,଴ݐ ଴ܹ) ∈ ܵ௖(ߩ) for ݐ ∈ ,଴ݐ]  ;[∗ݐ

ii) there exists a ̅ݐ ≥ ,̅ݐ )ܷ ଴ such thatݐ ,଴ݐ ଴ܹ) ∈ ,ݐ)ܷ and (ߩ)߲ܵ ,଴ݐ ଴ܹ) ∈ ܵ௖(ߩ) 

for ݐ ∈ ,̅ݐ ]  .[∗ݐ
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If i) holds, we can find ݐଵ >  ଴ such thatݐ

 

,ଵݐ)ܷ ,଴ݐ ଴ܹ) ∈  (4.138) (ଵܤ)߲ܵ

 

ቐ
,∗ݐ)ܷ ,଴ݐ ଴ܹ) ∈          ݀݊ܽ (ଶܤ)߲ܵ

,ݐ) ,଴ݐ ଴ܹ) ∈ ܵ௖(ܤଵ),   ݐ ∈ ,ଵݐ ] [∗ݐ
 (4.139) 

 

Setting ݉(ݐ) = ଵܸ൫ݐ, ,ݐ)ܷ ,଴ݐ ଴ܹ)൯ + ଶܸ൫ݐ, ,ݐ)ܷ ,଴ݐ ଴ܹ)൯ for ݐ ∈ ,ଵݐ ]  and ,[∗ݐ

then using Theorem 4.1, we can obtain differential inequality 

 

(ݐ)ା݉ܦ ≤ ݃ଶ൫ݐ, ݐ   ,൯(ݐ)݉ ∈ ,ଵݐ ]  (4.140) [∗ݐ

 

and so 

 

(ݐ)݉ ≤ ,ݐଶ൫ߛ ,ଵݐ ݐ   ,൯(ଵݐ )݉ ∈ ,ଵݐ ]  (4.141) [∗ݐ

 

where ߛଶ(ݐ, ,ଵݐ ,ଵݐ)ଶߛ ଴) is the maximal solution of (4.132) withߥ ,ଵݐ (଴ߥ =  .଴ߥ

Thus, 

 

൞
ଵܸ൫ݐ∗, ,∗ݐ)ܷ ,଴ݐ ଴ܹ)൯ + ଶܸ൫ݐ∗, ,∗ݐ)ܷ ,଴ݐ ଴ܹ)൯                             

     ≤ ଶߛ ቀݐ∗, ,ଵݐ ଵܸ൫ݐଵ, ,ଵݐ)ܷ ,଴ݐ ଴ܹ)൯ + ଶܸ൫ݐଵ, ,ଵݐ)ܷ ,଴ݐ ଴ܹ)൯ቁ
 (4.142) 

 

Similarly, we also have 

 

ଵܸ൫ݐଵ, ,ଵݐ)ܷ ,଴ݐ ଴ܹ)൯ ≤ ,ଵݐ )ଵߛ ,଴ݐ ଵܸ( ݐ଴, ଴ܹ) ) (4.143) 

 

where ߛଵ( ݐଵ, ,଴ݐ ଵ଴ݓ ଴) is the maximal solution of (4.131). Settingݑ = ଵܸ( ݐ଴, ଴ܹ) <

 ଵ. Thenߙ

 

ଵܸ൫ݐଵ, ,ଵݐ)ܷ ,଴ݐ ଴ܹ)൯ ≤ ,ଵݐ )ଵߛ ,଴ݐ ଵܸ( ݐ଴, ଴ܹ) ) ≤  ଴ (4.144)ߚ
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since (4.134) holds. 

Furthermore, ଶܸ൫ݐଵ, ,ଵݐ)ܷ ,଴ݐ ଴ܹ)൯ ≤  Consequently, we have .(ଵܤ)ܽ

 

ቐ
ଶ଴ݓ = ଵܸ൫ݐଵ, ,ଵݐ)ܷ ,଴ݐ ଴ܹ)൯ + ଶܸ൫ݐଵ, ,ଵݐ)ܷ ,଴ݐ ଴ܹ)൯

        ≤ ଴ߚ + (ଵܤ)ܽ = ଶߙ

 (4.145) 

 

Combining (4.135), (4.136), (4.139) and (4.145), we obtain 

 

(ଶܤ)ܾ ≤ (∗ݐ)݉ ≤ (∗ݐ)ߛ ≤ (ଶߙ)ଵߚ <  (4.146) (ଶܤ)ܾ

 

which is a contradiction. 

If case ii) holds, we also arrive at the inequality (4.142), where  ݐଵ >  satisfies ̅ݐ

(4.139). We then have, in place of (4.143), the relation 

 

ଵܸ൫ݐଵ, ,ଵݐ)ܷ ,଴ݐ ଴ܹ)൯ ≤ ଵߛ ቀ ݐଵ, ̅,ݐ ଵܸ൫ ̅ݐ, ̅,ݐ)ܷ ,଴ݐ ଴ܹ)൯ቁ  (4.147) 

 

Since ܷ(ݐ,̅ ,଴ݐ ଴ܹ) ∈ ,̅ݐ and ଵܸ൫ (ߩ)߲ܵ ̅,ݐ)ܷ ,଴ݐ ଴ܹ)൯ ≤ ∗ߙ ≤  ଵ, arguing asߙ

before, we get the contradiction (4.146). This proves that for any given ܤଵ > ଴ݐ   ,ߩ >

0, there exists a ܤଶ such that 

 

଴ܹ ∈ ,ݐ)ܷ ݏ݈݁݅݌݉݅ (ଵܤ)ܵ ,଴ݐ ଴ܹ) ∈ ݐ   ,(ଶܤ)ܵ ≥  ଴. (4.148)ݐ

 

For ܤଵ < ,଴ݐ)ଶܤ we set ,ߩ ,଴ݐ)ଶܤ =(ଶܤ  .and hence the proof is complete (ߩ
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5. CONCLUSION 

 

In this work the set valued differential equations have been worked on in terms 

of stability and boundedness criteria by using comparison theorems. It can be 

generalized to the concept of stability in terms of two measures with initial time 

difference. The theory of stability has been successfully studied. Some results are used 

by means of various types of Lyapunov functions for set valued differential equations. 

These concepts of stability theory and boundedness criteria also could have been 

applied to initial time difference qualitative behavior for perturbed set valued 

differential equations with respect to unperturbed set valued differential equations by 

using comparison method via Lyapunov functions, Lyapunov functionals and 

Lyapunov-like functions. 
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