T.R.
GEBZE TECHNICAL UNIVERSITY
GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES

THE METHOD OF MONOTONE ITERATIVE TECHNIQUES
AND QUASILINEARIZATION IN TIME SCALE

NOUR H. ALSHARIF
A THESIS SUBMITTED FOR THE DEGREE OF
MASTER OF SCIENCE
DEPARTMENT OF MATHEMATICS

GEBZE
2019



T.R.
GEBZE TECHNICAL UNIVERSITY
GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES

THE METHOD OF MONOTONE
ITERATIVE TECHNIQUES AND
QUASILINEARIZATION IN TIME SCALE

NOUR H. ALSHARIF
A THESIS SUBMITTED FOR THE DEGREE OF
MASTER OF SCIENCE
DEPARTMENT OF MATHEMATICS

THESIS SUPERVISOR
PROF. DR. COSKUN YAKAR

GEBZE
2019



T.C.
GEBZE TEKNIiK UNIVERSITESI
FEN BIiLIMLERI ENSTITUSU

ZAMAN SKALASINDA MONOTON ITERATIF
TEKNIK VE KUASILINEERIZASYON METODU

NOUR H. ALSHARIF
YUKSEK LISANS TEZI
MATEMATIK ANABILIM DALI

DANISMANI
PROF. DR. COSKUN YAKAR

GEBZE
2019



-

e
GERZ E@ YUKSEK LiSANS JURi ONAY FORMU

TERNIK UNiveRsiTes]

GTU Fen Bilimleri Enstitiisti Yonetim Kurulu’nun 30/ 05/ 2019 tarih ve 2019/ 25
sayil1 karariyla olusturulan jiiri tarafindan 24/ 06/ 2019 tarihinde tez savunma sinavi yapilan

Nour H. ALSHARIF’1n tez ¢aligmasi Matematik Anabilim Dalinda YUKSEK LISANS tezi

olarak kabul edilmistir.

JURT
UYE
(TEZ DANISMANI) : Prof. Dr. Coskun YAKAR //

UYE : Prof. Dr. Mansur ISGENDEROGLU fa Q ,
AV

UYE : Prof, Dr. Hasan GUMRAL ( ’ /&/ ,_\J

ONAY
Gebze Teknik Universitesi Fen Bilimleri Enstitiisii Y6netim Kurulu’nun

...... Fosaalsss snasss TN VE ososnnatinosinns SEYIH Jeataaia,

Form No:FR-0116 Yayin Tarihi:21.06.2017 Deg.No:0 Dedg.Tarihi:-




SUMMARY

In this thesis, we have offered the fundamental definitions and results on time
scales. Then we have proved the basic theorems of dynamic systems with IVP on time
scale as: existence and uniqueness theorems, dynamic inequalities, existence of
extremal solutions, comparison result, linear variation of parameters formula.

It is well known that the method of upper and lower solutions coupled with the
monotone iterative technique gives an effective and flexible mechamism for showing
contructive existence results in a segment. Therefore, we have discussed the method
of upper and lower solutions of dynamic systems on time scale so that we can show
the existence of a solution in the closed set. Futhermore, by using upper and lower
solutions we have constructed monotone iterates which are solutions of dynamic
systems with VP on time scale such that these sequensecs converge uniformly and
monotonically to extremal solutions of the problem considered on time scale.
Moreover, we have generalized monotone iterative technique by using coupled lower
and upper solutions for dynamic system with I'\VVP on time scale. Then we have studied
the method of mixed monotony such that construct monotone sequences converge
uniformly to unique solution of problem considered on time scale when the functions
involved do not possess any monotone properties. Finally, we have disscused the
method of quasilinearization of dynamic system on time scale by using the method of
upper and lower solutions such that it offers monotone sequaences which converge to
a unique solution but this convergence is superlinear to the solution of the considered

problem.

Keywords: Time Scale, Dynamic Systems, Extremal Solutions, Comparison
Result, Upper and Lower Solutions, Coupled Upper and Lower Solutions,

Monotone Iterative Technique, Mixed Monotony, Quasilinearization Method.



OZET

Bu tezde zaman skalalarinda temel tanimlar ve sonuglar1 sunulmustur. Daha
sonra varlik ve teklik teoremi, dinamik esitsizlikler, ekstrem ¢oziimlerin varligi,
karsilastirma sonucu ve parametrelerin lineer varyasyon formulleri gibi zaman
skalalarinda baslangic deger problemi ile dinamik sistemlerin temel teoremleri
ispatlamisizdir. Bu ylzden, monoton iteratif teknik ile eslesmis alt ve Gst ¢ozimler
yonteminin, yapici varlik sonuglarmi bir parcada gosteren etkili ve esnek bir asamada
mekanizma sagladigi 1yi bilindiginden dolayi, kapali kiimede bir ¢oziimiin varhigini
gosterebilmek i¢cin zaman skalasinda dinamik sistemlerin alt ve {ist ¢éziimler yontemi
tartigtlmistir. Ayrica, alt ve Gst ¢ozlimleri kullanarak zaman skalasinda baslangi¢ deger
problemiyle dinamik sistemlerin ¢6ziimii olan monoton iterasyon yapilmis, béylece bu
diziler zaman skalasinda g6z 6niinde bulundurulan problemin ekstremal ¢oziimlerine
dizgliin ve monoton olarak yakinsadiklar1 gosterilmistir. Buna ek olarak, zaman
skalasinda baslangi¢ deger problemiyle dinamik sisteme eslesmis alt ve st cozimleri
kullanarak monoton iterasyon teknigi genellestirilmistir. Daha sonra ilgili fonksiyonlar
herhangi bir monoton 0zellie sahip olmadiginda zaman skalasinda ele alinan
benzersiz bir problem ¢oziimiine diizgiin yakinsak monoton dizileri yapilarak karigik
monotoni yontemi arastirilmistir. Son olarak, bu yakinsaklik ele alinmis bir problemin
¢ozimine ancak stperlineer olarak benzersiz bir ¢6ziime yakimsak monoton diziler
sundugundan dolayr alt ve iist ¢oziimler yontemi kullanilarak zaman skalasinda

dinamik sistemi kuasilineerizasyon teknigi tartisilmustir.

Anahtar Kelimeler: Zaman Scale, Dinamik Sistemler, Ekstrimel Cozumler, Alt
ve Ust Cozimler, Eslesmis Alt ve Ust Coziimler, Monoton Iterative Teknik,

Karigsik Monotoni, Kuasilineerizasyon Ydntemi.
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1. INTRODUCTION

Hilger introduced time scale when he gives the concept and calculus of measure
chains with a view to combining continuous and discrete analysis [1].

The study of dynamic equations on time scale provides an important bridge
between the fields of difference and differential equations. This means that the dynamic
equation serves as difference equation when choosing the time scale to be the set of
integers, but when choosing the time scale to be real numbers, the dynamic equation
serves as a differential equation. The main thought is to show a result for a dynamic
equation when the domain of the unknown function is so-called time scale T which
is any closed nonempty subset of real numbers R. We start this study by giving some
preliminaries of time scale that can be found in Bohner and Peterson [2], [3]. Then we
present some definitions and results that will be employed throughout the thesis.

In chapter 3, we mention the necessary theories of dynamic systems on time
scale and the basic properties of the solutions of dynamic systems, such that the theory
advanced includes the corresponding theories of difference and differential equations at
the same time. In Sections, we give the local existence and uniqueness theorems for the
dynamic equation with initial value problem (IVP) on time scale of existence condition
and uniqueness respectively. We discuss some dynamic inequalities which will be used
throughout the thesis. Moreover, we show the existence of extremal solutions and then
we show comparison result on a time scale by using dynamic inequality and extremal
solutions. We consider linear dynamic equation with initial value problem (IVP) to
obtain the variation of parameters formula and give the basic properties of exponential
functions on time scale. We refer in this chapter to [2] - [8].

It is well known that the method of monotone iterative technique coupled with the
method of lower and upper solutions is effective and a flexible method to prove existence
results for nonlinear differential equations [9]- [12]. This method was developed
by Bhaskar and West in 2002 and 2004, was considered the generalized monotone
iterative technique method with initial value problem (IVP), acquired the existence of
minimal and maximal solutions for differential equations when the function consists
two monotone functions including the sum of monotone non-decreasing and the other

is non-increasing [13], [14] . At this stage, Ramirez and Vatsala extended this work



for Caputo fractional differential equations with periodic boundary condition via initial
value problem [15]. Wang and Tian offered a different approach to get a unique solution
for the boundary value problem. In the last decades, when using the monotone iterative
technique coupled with the method of lower and upper solutions has played a key role in
combining an assortment of nonlinear problems and have also shown to be of massive
value [16], [17], [18].

In chapter 4, concern with the theoretical and constructive existence theorems
employing the method of lower and upper solutions that generate a closed set, we get
the existence of solutions in a closed set. Next, we construct monotone sequences from
corresponding linear initial value problem of dynamic equations by using lower and
upper solutions as an initial iteration, and these sequences that converge uniformly and
monotonically to the minimal and maximal solutions with initial value problem (IVP)
for nonlinear dynamic equations. Moreover, we have generalized the method of coupled
lower and upper solutions for dynamic equations with initial value problem (IVP) on a
time scale when f is rd-continuous function and consists of two functions including the
difference of two monotones non-decreasing to obtain monotone iterative sequences
that converge uniformly and monotonically to extremal solution of dynamic equation on
T. Finally, we discuss the method of mixed monotony such that monotone sequences
converge to the unique solutions when f does not possess any monotone properties is
natural and interesting. We refer in this Chapter to papers [19], [20].

The method of quasilinearization is creating a fruitful history starting with the
works by Bellman, Bellman and Kalaba [21], [22]. Lakshmikantham, Leela, Vatsala
and many authors have widely developed this method. The most important applications
of the quasilinearization method have been to get a sequence of lower bounds that are
the solutions of the linear differential equation which converge quadratically. When
using the method of quasilinearization coupled with the method of lower and upper
solutions and by using the idea Newton-Fourier, we can construct simultaneously lower
and upper monotone sequences that converge to the unique solution. This method
can also be applied to dynamic equations on time scale. Nevertheless, the convexity
assumption that is desired by the quasilinearization method has been a stumbling block
for further development.

In chapter 5, we study the method of quasilinearization of dynamic systems with



initial value problem (IVP) on time scale. When we use the method of upper and lower
solutions coupled with this method of quasilinearization, it does not only give monotone
sequences that converge to a unique solution but also this convergence is super-linear of

the original problem. We in this chapter refer to [23], [24] .



2. BASIC DEFINITIONS AND THEOREMS

We start this chapter with basic definitions and results of time scale. We introduce
the notion of differentiation and the necessary properties of the derivative on time scale.
Next, we give the definition of the right-dense (rd) continuous, regulated functions,
the concept of anti-derivative and give some result of the anti-derivative of functions
which have important roles in the analysis of continuous and discrete scales in an
integrated manner. At the end of this chapter, we introduce an induction principle that

is a fundamental tool which is used to some theorems.

2.1. Preliminary Definitions and Results on Time Scales

A time scale denoted by T is any closed nonempty subset of the real number R,
for example

R,Z,N,[1,2] U [3,4],[0,2] UN and the cantor set

are a time scale, but

Q,R\Q,C and (1,2)

are not a time scale. A time scale T may or may not be connected, we define the concept

of forward and backward jump operators on T as follows.
Definition 2.1: The forward jump operator o : T — T given by

o(t) =inf{s € T,s > t}. (2.1)
Definition 2.2: The backward jump operator p : T — T given by

p(t) =sup{s € T,s < t}. (2.2)

Remark 2.3:
o If T is bounded above, then o(max T) = max T, and if T is bounded below, then

p(minT) = min T.



o If () is the empty set, then sup T = inf () = o(()), and also sup () = inf T = p(()).

The jump operators enable us to classify the points of T as follows :
i) tis right-dense (rd), if o(t) = t;
ii) t is right-scattered (rs), if o(t) > t;
iii) ¢ is left-dense (1d), if p(t) = t;

iv) t is left-scattered (Is), if p(t) < t.

Remark 2.4: The points that are left-scattered and right-scattered at the same time
are called isolated; that is, p(t) < t < o(t), but the points that are right-dense and

left-dense at the same time are called dense; that is, p(t) =t = o(t).

Definition 2.5: A point t € T is said to be degenerate point if t is maximal and left-

scattered.

Definition 2.6: The mapping i* : T — [0, 00) is called graininess such that p*(t) =

uo(t),t) = oft) —t.

Remark 2.7:
o I[fT =R, then u*(t) =0 ifand only if o(t) = t.
o IfT =7, then u*(t) = lifand only if o(t) = 1 + t.

Remark 2.8: A triple (T, u, Y') is a dynamical triple if (T, p) is a measure chain and Y

is Banach space.

Let T* represents the set of all non-degenerate points of the time scale T. In other
words, let

T supT),supT|, if supT < oo;
. ) T\ (p(supT), supT] p 23)

T, if sup T = 0.

Definition 2.9: The mapping f : T — Y. If for any € > 0, there exists a neighborhood
N of t such that f satisfies



| flo(t)) = f(r) = fE(a(t) =) < ela(t) =r| forallr € N. (2.4
Then f7 is called delta derivative of f att € T.

Definition 2.10: If f has exactly one delta derivative in t then f is differentiable at
teT.

Definition 2.11: The mapping f : T — R is said to be pre-differentiable with region of
differentiation D, if f satisfied the following conditions:
i) if f is continuous;
ii) D C T*;
iii) T* \ D is countable and contains no right-scattered elements of T

iv) f is differentiable at each t € D.

Definition 2.12: Let f : T — Y, if there exists (finite) left sided limit in each left-dense
t € T and there exists (finite) right sided limit in each right-dense t € T. Then f is

called regulated.

Definition 2.13: Let f : T x R"™ — R" is said to be right-dense (rd) continuous if it
satisfies the following conditions:

i) It is continuous at each right-dense or maximal point in T;
ii) The left sided limit f(t~, x) exists in each left-dense point in T.
We denote it by f € Cq[T x R™, R"].

We give some results concerning rd-continuous and regulated functions in the

following theorem.

Theorem 2.14: Assume that f : T — R

i) If f is continuous, then f is rd-continuous.
ii) If f is rd-continuous, then f is regulated.

iii) The jump operator o is rd-continuous.



iv) If f is regulated or rd-continuous. If g : T — R is regulated or rd-continuous,

then f o g is regulated or rd-continuous.

v) Every regulated function on a compact interval is bounded.

Remark 2.15: If f is continuous at each left-dense point and each right-dense point,

then f is continuous on T.

Theorem 2.16: If ¢,d,e € T and f,g € C,q[T,R|, then
D [CFOAL= [CF)At+ [ F()AL
i) [T f(t)AL=0;
iii) If f(t) > O forall ¢ <t < d, then [* f(1)At;
) [!FOAL=— [{ F(H)AL
v) If|f(t)] < g(t) on[c,d), then

d d
| / fB)AL < / g(t)At. 2.5)

Theorem 2.17: Let f and g be real valued functions defined on T, both pre-differentiable
with D. Then
IfA1)] < g2(t) forall teD (2.6)

implies that
[f(b) = f(a)] < g(b) —g(a) forall a,beT,a<b. (2.7)

Corollary 2.18:
i) The mapping f : T — Y is pre-differentiable with D and N is some compact

interval of T with endpoints a and b. Then we have

|f(b) — f(a)| < sup {|f2(t)|}p(b,a)|. (2.8)

teNkND

ii) If f be pre-differentiable with D and f*(t) = 0 for allt € D, then f is constant.

In this regard, we give generalization of Theorem 2.17.



Theorem 2.19: Let f be a continuous function on [a,b] C T and be pre-differentiable on

[a, b) with region of differentiation D. Then there exist T,m € D such that

b) — f(a
o) < % < fA(r). (2.9)
Theorem 2.20: Suppose that f : T — R is a function and t € T*. Then we have the
following:
i) Every differentiable function is continuous.

ii) If f is continuous at t and p*(t) > 0, then f is differentiable at t

A 2.10
iii) If f is differentiable at t and p*(t) = 0, then
iy pa oy f() = f(to)
fit)=f" = th—IEOW (2.11)
iv) If f is differentiable at t, then
Fla(t) = f(t) + () f? (2.12)
v) Let f,g: T — X be differentiable t € T*. Then for o, 3 € k
(af + Bg)i* = aff + Bar™. (2.13)

vi) Let f,g: T — X be differentiable int € T*. Then for the product rule, which
is given by
(f9) = fg(t) + flo(t)gr (2.14)

and the quotient rule which is given by

(2) =

2.15
g g(t)g(o( (1)

fia fR9@) — g
I

where g(t)g(o(t)) # 0.



Definition 2.21: A function F : TF — R is said to be anti-derivative of f : T — R if

it satisfies
FA(t) = f(t) (2.16)

forallt € T,

Remark 2.22:

o [n this case, we give the delta integral of f by

[ roas=rw - o 17

fort € T.

o If T =R, then g°(t) = ¢'(t), and if T = 7Z, then
97 (t) = Ag(t) = g(t +1) = g(1). (2.18)

We mention an important result of the induction principle that is as a basic tool in

the argument.

Theorem 2.23: Let ty € T and assume that { B(t) : t € [to, 00)} is a family of statement
satisfying:
1) The statement B(t,) is true;
1) Ift € [to, 00) is right-scattered and B(t) is true, then B(o(t)) is also true;

) Ift € (ty,0) is right-dense and B(t) is true, then there is a neighborhood N of
t such that B(s) is true for all s € N N (t,00);

IV) Ift € (to, 00) is left-dense and B(s) is true for all s € [ty,t), then B(t) is true.

Remark 2.24: If T = N, then Theorem (2.23) reduces to the well- known principle of

mathematical induction.



3. BASIC THEORY

In this chapter, we show an important results for dynamic system on time scale T

which help us to prove the next results.

3.1. Local Existence and Uniqueness

We consider the local existence and uniqueness results for dynamic systems on T
corresponding to Peanon’s and Perron’s Theorems [8].

Consider the dynamic initial value problem (IVP)
A k _
u™ = f(t,u), teT" wu(ty)=muo 3.1)

where f : TF x R® — R" is rd-continuous on T* x R". The mapping v : T¥ — R" is

a solution of IVP, if u(t) is an anti-derivative of f (¢, u(t)) on T* and satisfies u(to) = uo.

Definition 3.1: The mapping f : [to,to + a|px X D — R™ where D C R" and
[to, to + a] be an arbitrary interval in T*. Then u : [to, to + o]t — R™ is a solution
of (3.1) on [ty, to + ], and u is delta-differentiable with u™(t) = f(t,u(t)), for all

te [to,to + Oé]fﬂ‘k, U(to) = Ug.

Lemma 3.2: If f : [to, to + & X D — R™ be rd-continuous. Then a function u(t) is

a solution of (3.1) on [ty, to + a|t if and only if it satisfies the delta integral equation
t
u(t) = ug + / f(s,u(s))As, Vt € [to,to + r. (3.2)
to

Proof. Let u be a solution of (3.1) on [ty,to + a|r. Then u is delta differentiable on
[to, to + |7x, and so that it is continuous on [to, to + a|px. Now, integration of equation

(3.1) on [to, tg + or, gives

¢ t
/ u®(s)As = / f(s,u(s))As, Vt € [to, to+ a]r. (3.3)
to to

10



Then

t
u(t):ug—i—/f(s,u(s))As, Vt € [to, to + alr. (3.4)
to

Hence, u is the solution of (3.2).
Conversely, let u satisfies (3.2). differentiating the equation(3.2) with respect to t,
gives

uB(t) = f(t, u(t)) (3.5)

forall t € [to,to + a]px and u(ty) = ug. Furthermore, since u is continuous on
t € [to,to + | and f is rd-continuous on t € [to,to + o] X D, then u™ is rd-

continuous on't € [ty, to + | such that u(t) € D. Hence, u is a solution of (3.1). [
We consider Peano’s type existence result.
Theorem 3.3: Let f € C,4[R°, R"] where R" = [to, to +a] X A, [to, to + a] is understood

as [to,to+a|NTF and A = {u € R" : |u —uy| < b} and | f(t,u)| < K on R°. Then

the dynamic initial value problem (3.1) has at least one solution u(t) on [to, ty + 7]

where T = min(a, ).

Proof. Seein [7]. ]

We consider Perron’s type uniqueness result.

Theorem 3.4: Assume that

i) g € Cryl[to, to + a] x [0,2b], RT] and for every ty, to < t; <ty +a, x(t)=0
is the only solution of
® = g(t,x), x(t)) =0, on[t,to+ a]. (3.6)

ii) f € Cra[Ro,R"| and for eacht € [ty,ty+al, there exists a compact neighborhood
N, such that 9 in N, x A satisfies

|[f(t,u) — f(t,v)] < gt |u—2]), (tu),(tv)e N x B. 3.7)

11



Then the dynamic initial value problem (3.1) has a unique solution u(t) on

[to, to + CL].
Proof. Seein [7]. OJ

Remark 3.5: If T = R and f satisfies the following conditions
i) f(t,u) is continuous on t forall t € R,
i) |fu(t,u)] < K.
Then f(t,w) is continuous on (t,u) and |f,(t,u)| < K implies that the existence

and uniqueness of solutions in the classical case [25].

3.2. Dynamic Inequalities

We show a fundamental results on scalar dynamic inequalities, which will be used

throughout the thesis. In this regard, we proceed to define the following concepts.

Definition 3.6: Let [ be a continuous function on [c, d| that is differentiable on |c, d). If
fA(t) > 0and f2(t) > 0 forallt € [c,d), then f is increasing and non-decreasing on

[c, d], respectively.

Definition 3.7: Let [ be a continuous function on |c, d| that is differentiable on |[c, d). If
fA(t) < 0and f2(t) < 0forallt € [c,d), then f is decreasing and non-increasing on

[c, d], respectively.

Definition 3.8: Let f € C[T x R",R"|, ifu < v and u; = vj, for some 1 < j <n

implies f;(t,u) < f;(t,v) fort € T, then f is quasi-monotone non-decreasing.

Definition 3.9: A function f : [to,to + ajt x D — R", D C R" is said to satisfy
Lipschitz condition in a region [ty,ty + a]% x D, if there exists a positive constant K
such that

[f(tu) = f(E,0)] < Klu — vl (3.8)

whenever the points (t,u) and (t,v) both lie in € [ty, to + alk x D.

12



The constant K is called a Lipschitz constant for f on [tg, {y + a]% x D.

Definition 3.10: Let f : [to, to+ a]% x D — R™ be rd-continuous. If there exists K > (

such that f satisfies
flt,u) — f(t,v) < K(u—v), forallu > v (3.9)

for (t,u),(t,v) € [to,to + ak x D, then f is said to satisfy a one-sided Lipschitz

condition on [ty, to + a]k x D.
Consider the dynamic initial value problem (IVP)
u® = f(t,u),u(te) = uo. (3.10)
Now, we show a result relative to a system of strict dynamic inequalities.

Theorem 3.11: Let T be the time scale with ty > 0 minimal element and no maximal
element, such that

i) o, € CL|T,R"| for each t € T and satisfy
a(t) < f(ta(t), B2(t) > f(t,B(1), teT (3.11)

ii) f € Cu[T x R" R™|, f(t,u) is quasi-monotone non-decreasing in u,and for
1 <j<n, fj(t,u)pu*(t) + u; is non-decreasing in u; for each t € T.
Then o(ty) < B(to) implies a(t) < B(t) fort € T.

Proof. Applying the induction principle to the statement:
{B(t) : a(t) < 8(t),t € T}

1) B(ty) is clearly satisfied since a(ty) < B(to)-
Il) Lett be right-scattered and B(t) is true. We need to show that B(o(t)) is true. It

follows from f(t,u) is non-decreasing in u and o(t) < B(t) that

ft,alt)) < f(t, 5(1)). (3.12)
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By using Theorem 2.20 ii, we get

Ay olo(t) — a(t)
@) = =7 o (3.13)
A Blo(t)) — B(t)
B2() = ) (3.14)
Then
O./A(t) o BA(t) _ Oé(O’(t)) B O‘(t) B ﬁ(U(t)) + ﬂ(t) (315)

we reduces to
a(o(t)) — Blo(t)) = [a®(t) — B2 (t) + a(t) — B(t). (3.16)

Since f(t,u)u*(t) + w is non-decreasing in u, t € T and B(t) is true, then we

have
a(o(t) — Blo(t) < [f(t alt) — F(L BE) () + alt) - AL) < 0. 3.17)

Therefore
a(o(t)) < B(a(t)). (3.18)

Hence, B(o(t)) is true.

IIl) Lett be right-dense and N be a neighborhood of t. Assume that B(t) is true. We

want to show that B(s) is true for s > t,s € N.

Suppose not, then there exists s € N with sq > t such that

alse) < B(so) and a®(se) > B> (s0). (3.19)

Since f(t,u) is non-decreasing in u, then

f(s0,a(s0)) < f(s0,8(50))- (3.20)
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Thus,
a®(s0) — f(s0,a(s0)) = B°(s0) — f(s0, B(s0))

which contradiction to (3.11).

true. By using definition of rd-continuous of o and 0, it follows that

a(t) = lim a(s) < lim B(s) = B(1).

s—t— s—t—

It remains to show that a(t) # [(t),t € T. Assume on the contrary that

Then
a®(t) — () < f(t,alt)) — f(t,B(t) =0

By using Definition 2.9, we get for 1 <1 < m,

o (o(t)) = ails) — ai* (t)(o(t) — 5) < §|0'(t) — ]

B0 (1) = Bils) = B0 (t) = ) > Slo(t) — s
implies that
0 (0(t)) = a(s) = Slo(t) — s| < P (o (t) ~ 5)

—B (o (t)) + Bils) + %IU(t) —s| < =BR(t)(o(t) — 9).

We reduces to

(0 (t) = B () (o(t) = 5) = ai (a(1)) = B (0(1)) — ails) + Bi(s)-

(3.21)

IV) Let t be left-dense such that B(s) is true for s < t. We want to show that B(t) is

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Since o(t) —s >t —s >0, a(t) = B(t) and B(s) is true, then we arrive at
aj(t) = B (t) > 0 (3.30)

which contradicts with (3.24). Hence, we conclude that

a(t) < p(t),t e T. (3.31)

O

The next result is for non-strict dynamic inequalities which requires a one-sided

Lipschitz-type condition.

Theorem 3.12: Let T be the time scale with to > 0 minimal element but not maximal
element and such that

i) o, € CL[T,R"| for each t € T and satisfy

o (t) < f(ta(t),  alte) < ug

BA(t) = f(t.8(1),  Blto) = uo.

(3.32)

i) f € Cy[T x R" R", f(t,u) is quasi-monotone non-decreasing in u and
fi(t,w)p*(t) + u; is non-decreasing in u; for each j, 1 < j <n, fort € T.

Moreover, let f(t,u) satisfies the following condition
fit,u) — fi(t,v) < Ki(uj —wv;) foru>wv, K >0. (3.33)
j=1
Then a(ty) < [(to) implies that a(t) < (t) fort € T.
Proof. Let us apply the induction principle to the statement :
{B(t) : a(t) < B(t),t € T}

1) B(ty) is clearly true since a(ty) < S(to).
Il) Lett be right-scattered and B(t) is true. We need to show that B(c(t)) is true.
By using Theorem 2.20, we find
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(XA@) _ Oé(O'(t)) — Oé(t) (3.34)

_ Ble(®)) = B@)

(3.35)

we reduce to
a(o(t)) — Blo(t) = [a®(t) = B2 (1) + a(t) — B(1). (3.36)

Since f(t,u)p*(t) + u is non-decreasing in u, B(t) is true and (3.32), implies

that
a(o(t)) — Blo(t) < [f(t,a(t)) — f(t B()]p* () + a(t) — B(t) < 0. (3.37)

Thus,
a(o(t)) < B(a(t)). (3.38)

Hence, B(o(t)) is true.

IIl) Lett be right-dense and N be a neighborhood of t. Assume that B(t) is true. We

want to show that B(s) is true for s > t, s € N. Consider
Bot) = B(t) + ecm TR (3.39)

where ¢ is the n-dimensional vector (¢, €, -+ - | €), € > 0. We want to show that

a(s) < Po(s) fors >t ,s € N.

If this is not true, there exists so > 1, so € N and an index 1, 1 < 1 < m such that

Oéi(So) = Bgi(So), (340)

a;(s0) < Boj(so) (3.41)

j #1and
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a;(s) < Boj(s), s €[t sl (3.42)

Since

(s — 1) < Boi(so — 1), (3.43)

then
a(so— p*) — also) < Boi(so — ") — Boi(s0) (3.44)

Multiplying the equation (3.44) by (u_l*) to both sides, gives

ozA(so) > B&(so). (3.45)

Since (3.39), we obtain

B5i(s0) = f(t, Bis0)) + €K (m + )elmHDE=s0), (3.46)

By using quasi-monotone property of f and (3.33), implies that

fi(s0,a1(s0), -+, @i(s0), -+, m(s0))
> fi(s0, B(s0), -, Bi(s0), -+, Bm(50)) + € (m + 1) Do)
> fi(50, Bo1(50) -+ » Boi(50), -+, Bon(50)) + KeelmiDso=s)

> fi(s0,a1(s0), s i(S0), "+ m(50))

(3.47)

This contradiction proves

Bo(s) > a(s). (3.48)

Since € is arbitrary, we get letting ¢ — 0, a(s) < [B(s),s € N,s > t and
therefore B(s) is true.

IV) Lett be left-dense such that B(s) is true for s < t. We need to show that B(t) is

true. By using definition of rd-continuous of o and (3, it follows that
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a(t)= lim a(s) < lim B(s) = 5(t) (3.49)

s—t— s—t—

Hence, B(t) is true. O

We conclude the following corollaries which are useful to prove the next theorems.
Corollary 3.13: Let q € C},[T,R"| such that
¢>(t) <0; qlto) <0. (3.50)
Then q(t) < 0 on T. Similarly, if
g>(t) > 0;  qlty) > 0. (3.51)
Then q(t) > 0 on T.
Corollary 3.14: Let q € C,[T,R"| such that
¢*(t) < —Lq(t), qlto) <0, (3.52)
fort € Tand L > 0. Then q(t) < 0 for t € T. Similarly, if
¢*(t) = —Lq(t); q(to) 2 0. (3.53)

fort € Tand L > 0. Then q(t) > 0 fort € T.

3.3. Existence of Extremal Solutions

We consider the existence of extremal solutions for dynamic equations on time

scale T under the hypothesis of Peano’s existence result.

Definition 3.15: Let r(t) be the solution of

u® = f(t,u), u(ty) = ug (3.54)
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fort > to, t € [to,to + c|r. Then r(t) is said to be a maximal solution of IVP (3.54), if

u(t) is any solution of (3.54) on t € [to, to + c|r satisfying the inequality u(t) < r(t),
t et e lty,to+ .

Definition 3.16: Let p(t) be the solution of

u® = f(t,u), u(ty) = ug (3.55)

fort > to, t € [to,to + c|r. Then p(t) is said to be a minimal solution of IVP (3.55),

if u(t) is any solution of (3.55) on [to, ty + c|r satisfying the inequality p(t) < u(t)
t € [to, to + C]r-

Consider the initial value problem (IVP) for dynamic equation

u® = f(t,u), u(ty) = ug (3.56)

where uy > 0, f € C4[R%, R"|,R® = {([to, to+a]) x A}, A = {u € R" : [u—ug| < b},
and |f(t,u)] < K on R.

Theorem 3.17: Suppose that

i) f(t,u) is quasi-monotone non-decreasing in u.

ii) foreach j, 1 < j < m, and f;(t,u)pu*(t) + u; is non-decreasing in u; for each
teT.

Then there exist maximal and minimal solutions of (3.56) on I = [to,to + 7| N'T

where T = min(a, #ﬂ))

Proof. We show the existence of maximal solution only, because the case of the minimal
solution is very similar.

Let 0 < e < % and consider the dynamic equation with IVP as follows

ut(t €) = f(t,u) +¢, ulty,€) =ug + e (3.57)

Observing that

fe(t,u) = f(t,u) +e (3.58)
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since f.(t,u) is defined and rd-continuous on R = {([to,to + a| N'T) x A} where
Ac={ueR":|u—(uw+e| <2, R CRand|f(t,u) < K+ 5%onRe
We conclude from Theorem 3.3 that the initial value problem (3.57) has at least one

solution u(t, €) on the interval I. For 0 < e < €1 < ¢, we find

ut(t,€0) < f(t,ult, e)) + € (3.59)

and since

€1 > €a. (3.60)

We add f(t,u(t,€,)) to both sides in (3.60), we obtain

f(t,U(t,El)) +eé€ > f(t,u(t, 61)) + €2 (3.61)
implies that
ut(t e) > f(t,ult,e)) + e (3.62)
and we know that
u(to, 61) = Ug + €1 > u(to, 62> = Uy + €2 (363)

from (3.59), (3.62), (3.63), and applying Theorem 3.11, to get
U(t, EQ) < U(t, 61) (3.64)

fort € I, |f(t,u)| < K on R the family of functions {u(t, €,,) }m=o is uniformly
bounded and equicontinuous, then by applying Arzela-Ascoli’s Theorem, there exists
{u(t, €m) }m>0 converges uniformly on I to an rd-continuous function, say r(t). Hence,

lim wu(t,e,) =7r(t) with r(ty) = uo

m—ro0

since f(t,u) is rd-continuous on I, term by term integration is possible which implies
that r(t) = (r(t1),r(t2),...,r(tm)) is a solution of (3.57). To show that r(t) is the
required maximal solution of (3.57) on I, we have to show that if u(t) is any solution of

(3.57)on I, then u(t) < r(t) on I. Foranyt € I and e < %, we find
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u(ty) = up < ug + € = u(ty, €) (3.65)

ub(t) < f(t,u) (3.66)

ut(t,€) = f(t,u) + € > f(t,u(t,e). (3.67)

from (3.65), (3.66), (3.67), and by using Theorem 3.11, we get that u(t) < u(t,e), t € L.

Taking the limit on each side as ¢ — 0, gives

u(t) < lim u(t, €) = r(t). (3.68)

e—0

3.4. Comparison Results

An important technique in the theory of dynamic equations is discussed the esti-
mating a function satisfying the dynamic inequality by minimal and maximal solutions
of the corresponding dynamic equation. Comparison theorem is one of results that is

widely utilized.

Theorem 3.18: Suppose that

i) f(t,u) is quasi-monotone non-decreasing in u.
ii) f;(t,u)p*(t) + u; is non-decreasing in u; for each t € T, for each j, 1 < j < m.

iii) v : I — R" be a mapping that is differentiable for each t € T and it satisfies

v2(t) < ft,o(t), t el (3.69)

where I = [to,to + a) N'T. Then v(ty) < ug implies that v(t) < r(t),t € I, where r(t)

is the maximal solution of (3.56) existing on 1.

Proof. Set
ut(t) = f(t,u) +¢,  ulty) =uo+e, €>0 (3.70)

since f.(t,u) = f(t,u) + € is defined and rd-continuous on R = I x A, where
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Ac={ueR": lu—(up — €)| < 2} and R C R°, we conclude by Theorem 3.17 that

(3.70) has a maximal solution r(t,¢) on I where T = min(a, -2 ). For € > 0, we find

) 2K+b
ut(t,€) = f(t,ult,€)) +e> f(t, u(t,e)) (3.71)
vA(t) < f(t(t)) (3.72)
and
u(to, €) = ug + € > g (3.73)

since v(ty) < ug < u(to, €), then v(ty) < u(ty,€). Now, from (3.71), (3.72), (3.73) and
by Theorem 3.11, we get that

v(t) <u(t,e) <r(te) tel. (3.74)

Then
v(t) < r(t,e). (3.75)

Passing limit on each side as e — 0, gives

lim r(t,e) = r(t) uniformly on I.

e—0

Hence, v(t) < r(t) fort € I.
O

Definition 3.19: Let N be a neighborhood of t, for each t € T. Then the Dini derivative
of f define as follows; for any € > 0, there exists a right neighborhood N. C N of t

such that for all s € N, s > 1,

D* A () > f(a(tl)t) — f(s) (3.76)

in other words,

limp_ 0+ pyeeT SUP w, if t is right-dense;

flo(®)—f(t)
o(t)—t

DT fA(t) = (3.77)

if t is right-scattered.
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Definition 3.20: Let y € C,4[T,R"|, given any € > 0, if there exists a neighborhood N,
of t € T satisfying

1
u(t, s)

[y(a ()] = (e () — ult, s)y> O] < [y, 4]+ + ¢ (3.78)

for each s € N, and s > t, where ji(t,s) = o(t) — s, then we say that [y, y"], is

generalized derivative of y(t).

Remark 3.21: If t is right-scattered, then we have

a1
v, "] = ) ly(e (@) = ly@)] (3.79)

where 11*(t) = p(o(t),t).

In this regard, we can show the following comparison result of the generalized

derivative of |y|.

Theorem 3.22: Assume that [y, y*]+ < f(t, |y|) on T x R where f € C.q[T x R* R]
and f(t,u)pu*(t) + w is non-decreasing in u for each t € T, where y : T — R is any
rd-continuously differentiable function such that |yo| < ug. Then |y(t)| < r(t), t € T,

where 1(t) = r(t,to, uo) is the maximal solution of (3.56) existing on T.

Proof. Set

and note that v(ty) < ug. Now, let us apply the induction principle to the statement
{B(t) :v(t) <r(t),t € T}.

1) B(ty) is true, because |yo| < uy.
Il) Lett € T be right-scattered and B(t) be true. We shall show that B(o(t)). By
definition of right scattered derivative and since f(t,w)u*(t)+u is non-decreasing

in u, we get
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v(o(t)) —r(o(t) = (DroR(t) —r2(®))u*(t) +o(t) —r(t)  (3.80)

< (f(t,0(0) = FE )@ +o(t) —r() 0. (3.8D)

Hence, B(o(t)) is true.

IIl) Lett is right-dense, B(t) be true and let N be the right neighborhood of t € T.

We need to show that B(s) is true for s € N, and s > t. We obtain
D2 (t) < f(s,v(s)),t < s,s € N. (3.82)

Then by using Theorem 3.18, we find

v(s) <r(s),t<s,s€N. (3.83)

This shows that B(s) is true, because B(t) is true.

IV) Lett be left-dense such that B(s) is true for s < t. We need to show that B(t) is

true. By definition of rd-continuous of the functions, we get

lim v(s) < lim 7r(s). (3.84)
s—t— s—t—
Thus, B(t) is true for all t € T. O

3.5. Linear Variation of Parameters

Let (T, i, Y) be a dynamical triple, and B(Y') be a Banach algebra with unity

of the continuous endomorphism on a Banach space Y.
Definition 3.23: The mapping M : T — B(Y) is said to be regressive, if

M(t)u*(t) +1#0 foreacht € T
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The set of all regressive and rd-continuous functions M : T — R is denoted by
R = R(T) = R(T,R), and the set R of all positively regressive elements of R is
given by

RY=RYT,R):={MeR:1+u*(t)M(t) >0, forallt € T}

Remark 3.24:
o If T =R, then any M(t) is regressive.

o If T =7, then M(t) is regressive when |M(t)| < 1.

Suppose M € R(T, B(Y)) and f : T — Yis rd-continuous, then v : T — Y

is called a solution of dynamic initial value problem
u® =MB)u+ f(t), u(r) =\ (3.85)

Consider the linear dynamic initial value problem(IVP) in the Banach algebra
B(Y),
u® =M(t)u, u(r)=1 (3.86)

where [ is the unity of B(Y').

So, we present what we call the Hilger complex plane.

Definition 3.25: For h > 0, the Hilger complex numbers, the Hilger real axis, the Hilger
alternating axis, and the Hilger imaginary circle are respectively given by

e Chi={2€C:2#1},

e R,:={2€Cy:2€R and z > —3},

o Ap={2€C:2z€R and z<—%},

Hh::{ZGCh:|Z+%]:%}.

For h > 0, let Zj, be the strip Z;, := {z € C: =7 < Im(z) < 7} . For h = 0,
let CO = C,Ro = R,HO = iR,AU = @, and Zh =C.

26



Definition 3.26: For h > 0, the cylinder transformation &, : C,, — Z, is defined by

enz) = %Log(l + ).

where Log is the principle logarithm function.

For h = 0, we define &(z) = z for all z € C. We call &, the cylinder transforma-
tion because when h > 0 we can view Zj, as a cylinder if we paste the boundary lines

Im(z) = —1 and Im(z) = 5 of Z, together to form a cylinder. Now we are ready to

present the exponential function ey (¢, 7) on T.
Definition 3.27: If M € 'R, then the exponential function is given by
t
en(t,r) = exp(/ fu*(s)(M(s))As) fors,teT
where the cylinder transformation &;,(z) is introduced in Definition 3.26 and p*(t) > 0.

Let us give some an important properties of the exponential function in the

following theorem.

Theorem 3.28: If M and N are regressive and rd-continuous, a € R. Then
i) eo(t,r) =1andey(t,t) =1;

i) enilo(t),r) = (1+ MOu)ew(t, r);
ii) ep(t,r) = ert) = eqpn(a,t), where SM = @—MM
v) en(t,r)en(r,b) = en(t,b);
A _ =M@
) (i)™ = gcw

vi) (en(t,r)) = M(D)ear(t,r);
Vii) eqorr = €%y, where a © M = aM (t) fol(l + u*(t)M (t)h)*tdh, h € [0,1] such
that 1+ p*(t)M(t)h > 0;

viii) (e%,(.,7))2 =a® M(el,(.,7)).
Let ey (t, £) be the solution of (3.86), then e, (¢, T) satisfies

eﬁ(t,r) = M(t)eyn(t,7), enm(r,7)=1 (3.87)
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The next result which is the well known Gronwall’s inequality.
Lemma 3.29: Let f, g, h be continuous functions form T* — R*. Then the inequality
t
ft) < g(t) +/ h(s)f(s)As forall te T (3.88)
implies that
t
f@) <g(t) —I—/ h(s)en(t,o(s))g(s)As forall te T (3.89)

Theorem 3.30: Suppose M € R and f is rd-continuous. Then the unique solution of
(3.85) is given by

u(t) = em(t, 7)A +/ em(t,o(s))f(s)As. (3.90)

Proof. Let
u(t) = em(t, 7)z(t). (3.91)

By using the product rule of (3.91), gives
u® = en(o(t), 7)22(t) + ey (t, 7)2(t). (3.92)
Now, by substituting in (3.85), gets
en(o(t), 7)22(t) = f(t). (3.93)

Then

(3.94)
= en(7,0(1)) f(t)
Taking delta integral to both sides from £ into 1, gives
t
2(t) = A+ / em(T,0(s))f(t)As. (3.95)
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By substituting in (3.91), we find

u(t) = em(t, 7)A +/ em(t, 7)em(T,0(s))f(s)As. (3.96)
Hence, t
() = ext(t, TN + / ext(t, o(5)) f(5)As. (3.97)
[
Remark 3.31:

o [f M(t) does not satisfy regressivity condition in the previous theorem, then this

theorem is false. The dynamic IVP
u® = —u, u(2) =\ (3.98)

in R over the time scale N has infinitely many solutions for A\ = 0 and none for
X # 0. The regressivity condition is violated since this mapping M(t)u* + 1 =
—-1-1+1=0.

o If f(t) = 0, then there exits the solution of (3.85) satisfies

u(t) = epn(t, 7). (3.99)
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4. THE METHOD OF MONOTONE ITERATIVE
TECHNIQUE ON TIME SCALE

4.1. Existence Via Upper and Lower Solutions

We investigate the method of lower and upper solutions has applied for dynamic
system on time scale.

Let us consider the initial value problem
ut(t) = f(t,u(t), u(0) = ug 4.1)

where f € C,4[T x R, R] and T is a time scale such that t = 0 is the minimal element
and ¢ = T is the maximal element which is not left-scattered.

We now need to define the following definitions before we proceed further.

Definition 4.1: A function 8 € C,[T,R] is said to be an upper solution of (4.1), if

satisfies the inequality
B2 > f(t.8),t € T, 5(0) > uo. (4.2)

Definition 4.2: A function o € C}j|T,R] is said to be a lower solution of (4.1), if «

satisfies the inequality
a? < f(t,a),t € T, a(0) < ug. (4.3)

We have to give the concept of an equicontinuous and uniformly bounded family

of functions.

Definition 4.3: Let T be a time scale and f,, : T — R, for eachn € N. The sequence

of functions { f,, } nen is said to be equicontinuous on T, if for every € > 0, there exist

0 = 0(e) > 0 such that
|fn(t) - fn(5)| <e€ (44)

forall s,t € Twith|t—s| <dandalln € N.
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Definition 4.4: Let T be a time scale and f,, : T — R, for eachn € N. The sequence
of functions { f,, }nen is said to be uniformly bounded on T, if there exists L > 0 such
that |f,(t)| < Lforallt € T and alln € N.

The following theorem prove the fundamental property of such a family of

functions.

Theorem 4.5: Let f,(t) be a sequence of functions defined on a compact set T C R",
which is equicontinuous and uniformly bounded on T. Then there exists a subsequence

{fn}, n=1,2,..., which is uniformly convergent on T.

If we know the existence of upper and lower solutions 3, « such that a < /3, then

we can show the existence of a solution in the closed set
Q=[(t,u):a(t) <u<p(t),teT. 4.5)

Proposition 4.6: Consider the system (4.1) where f € C.4[T x R" R"| and f(t,u) is

bounded everywhere. Then there exists a solution u(t) on T of (4.1).

Theorem 4.7: Suppose that
i) a, 3 € CY[T, R] are lower and upper solutions of (4.1) such that a(t) < B(t) on
T

ii) f € CnlQ,R] with f is bounded on Q.
Then there exists a solution u(t) of (4.1) such that o(t) < u(t) < p(t) on T,
provided that o(0) < uy < [(0).

Proof. Let H: T x R — R be given by
H(t,u) = max|a(t), min(u, 5(t))]. (4.6)

Then f(t,H(t,u)) defines a rd-continuous extension of f to T x R which is also

bounded, since f is bounded on (). Now, by using proposition 4.6, then
u® = f(t,H(t,u)), u(0) = u 4.7)
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has a solution on T.
Next, we need to prove this solution satisfies that a(t) < u(t) < B(t). Fore > 0,
consider P.(t) = B(t) + €(1 + t) and o (t) = a(t) — e(1 + t). To prove this, we use

the induction principle to the statement

{B(t) : ae(t) <u(t) < pe(t), teT}

I) The statement u(0) is clearly satisfies a.(0) < ug < p(0). Since 8 and « are
upper and lower solutions of (4.1) respectively, then o(0) < ug < 5(0), we have
ae(0) < a(0) < up < B(0) < B(0).

II) If t is right-scattered, and B(t) is true. We have to prove that B(o(t)) is true.
If a.(o(t)) < u(o(t)) < Be(o(t)) is not true on t € T, then suppose that for
o(t) € T, we have a(t) < u(t) < Be(t) on [0,0(t)] and u(o(t)) = Be(o(t)). We
getu(o(t)) > B(o(t)) and so

H(o(t), u(o(t)) = max|a(o(t)), min(u(o(t)), 5o (t)))] = Bo(t))  (4.8)

and also

a(o(t)) < H(a(t),u(o(t)) < Bla(t)). (4.9)

Hence, since 3 is an upper solution,

B2(a(t) = f(o(t), H(o(t),u(c(t)))) = u™(o(t)) (4.10)
B2(o(t)) > B2(o(t)), (4.11)

we have
B2 (o () > ut(a(t)) (4.12)

which gives

> (4.13)
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1)

1V)

since B(o(t)) = u(o(t)), we get
Be(o(t) — p*(t)) < ulo(t) — p'(t)) (4.14)
this contradicts with the assumption u(t) < B.(t) for t € [0, 0(t)]. Consequently,
ac(o(t)) <u(o(t)) < fe(o(t)) (4.15)

and B(o(t))is true.

If t is right-dense, choosing ti, is a neighborhood N to the right of t. Suppose
on the contrary, suppose t, € T such that o (t) < u(t) < Bc(t) ont € [0,t1] and
u(ty) = B(t1) also, a(ty) < H(t1,u(t1)) < B(t1). Hence, B is upper solution,

B (1) > f(t2, H(tr, u(th) = v () (4.16)
since B2 (t1) > B2(t,), we have
BE(t) > u®(t) (4.17)
which gives

0 S0 19

Pe(tr) = Be(tr — p*(1)) _ ulty) = u(ts — p*(1))

since P(t1) = u(ty), we get
Be(ty — p*(t)) < u(ty — p*(t)) (4.19)

this contradiction with the assumption u(t) < B(t) for t € [0,t4].
We find that, the conclusion a.(t) < u(t) < B(t) on all of N. Hence, B(s) is
true forall s € N,s > t.

If t be a left-dense, and B(s) is true for all s € [0,t), since u,«, 3 are all

rd-continuous the limit from left exists

lim a.(s) < lim u(s) < lim S (4.20)

s—t— s—t— s—t—

33



implies that o (t) < u(t) < Be(t). Hence, we have B(t) is true on T. Letting
e — 0%, we get

o(t) < u(t) < B(t) @.21)

onT. O]

4.2. Monotone Iterative Technique with IVP

In this section, we use the method of lower and upper solutions to show the
existence of monotone sequences for a considered problem which converge uniformly

and monotonically to the extremal solutions.

Theorem 4.8: Let f € Cy[T X R, R], g, By € CL,[T, R] be lower and upper solutions

of (4.1) respectively, such that oy < [y on T. Moreover, suppose that | satisfies

flt,u) — f(t,v) > —K(u—v), forag <v <u< b (4.22)

with K > 0 for t right-dense and K < 0 for t right-scattered. Then there exist monotone
sequences { ., (t)},{Bm(t)} such that o, — p and B, — r as m — oo locally
uniformly and monotonically on T and that p,r are minimal and maximal solutions for

(4.1), respectively.

Proof. Forany T € C.q[T,R| such that ag < 7 < By, we consider the linear dynamic
equation

u® = f(t,7) — K(u—7), u(0)=up. (4.23)

We replace v by T in (4.22), which gives
ftu) = f(t,7) 2 —K(u—7) (4.24)

implies that
flt,u) > f(t,7) — K(u—7) = u>. (4.25)

Then there exists a unique solution u of (4.23) on T. Setting a mapping A by

A7 = w. This mapping will be used to define the sequences {a,},{B,}. Let us show
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that,
a) ap < Aag, By > ABo.

b) A is monotone operation on the segment

[Oé(), ﬁo] = {U c OTd[T,R] O S u S 60} (426)

To show (a), set Aoy = iy where oy is a unique solution of (4.23) with T = «.

It follows from (4.23) that
ol = f(t,ap) — K(ag — ag),  a1(0) = uo. (4.27)
Setting p = a1 — «y, since o a lower solution, we note that
O™ =af —af > f(t,ap) — K(ag — o) — f(t,a0) = =Ko (4.28)

and ¢(0) > 0. Consequently, we get from Corollary 3.13 that p(t) > 0 on T, which
gives oy < Aay.

Now, we need to show that y(t) > (1(t), set ABy = 1 where (31 is a unique
solution of (4.23) with T = (3. Setting p = [y — [1,then by using (4.23) and by is a

upper solution, we have

™ =B85 — BY > f(t,B0) — f(t,Bo) + K(B1 — Bo) = K, (4.29)

and p(0) > 0. Thus, we obtain from Corollary 3.14, that p(t) > 0, which gives
Bo = Apo.

To show (b), set T, T2 € [ag, Bo] such that Ty < 5. Suppose that u; = Aty and

uy = ATy, Let us show that uy < us, setting © = us — uq, then it follows from (4.23)
that

w = f(t,m) + K(uy —71), u1(0) = uo, (4.30)

uy = f(t,72) — K(ua — 72), u2(0) = uo. (4.31)
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Then

A A A
0= =uy —up = f(t,72) — K(ug — 72) — f(t,71) + K(uy — 71)
S (4.32)
Z —K(TQ —7'1) — K(UQ —7'2) +K(U1 —Tl) = —KQO
and p(0) = 0. We obtain ¢(t) > 0. Hence, ATy > ATy.
Next, we can define the sequences o, = Aa,,_1, B = ABn_1 and conclude

from the previous argument

ap<a; << < B << B < B (4.33)

onT.
We have to show that the sequences converge uniformly on T. We shall show these
sequences are uniformly bounded and equicontinuous on T. By the assumption both of

o, Bo are bounded on T, then there exists Ly, Ly > 0 such that for t € T,

ao(t)| < L
and |5o(t)] < La. Since a(t) < B(t) < Bo(t) for each m > 0, consequently {,,,} is
uniformly bounded. By similar argument, we can show that {c,,,(t)} is also uniformly
bounded. To show that {3, (t)} is equicontinuous, let 0 < t; < ty on T. Then for

m > 0,

Bun(t1) — Bun(t2)] = |20 + / (5 Bt (8)) — K (Bun(8) — Bus(5))As
(w0 + / (5 Bt (5)) — K (Bn(S) — Brns(5))28)
oy / (5 Bt () — K (Bun() — Bur(5))As

0 (4.34)
= | F B (9)) + K (Bin(s) = Bna(s)) A

< / (6 Bt ()] 4 1K (Bun(3) — Buna(5)) | A

+ / 175, B ()] + K (Bn(5) — B-1(5))] A,

since {a, (t)} and { B, (t)} are uniformly bounded and , there exist L independent of
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m such that

1B (t1) — B (t2)| < Lty — tal.

Thus, for € > 0 there exists 6 =

(4.35)
>0,
|Bm(t1) — Bm(t2)| < € whenever |t; —ta| < 0.

(4.36)
By similar argument, we can show that {«,,(t)} is also equicontinuous. Then by

Arzela- Ascoli’s Theorem 4.5, there exist subsequences {a,, (t)} and {5, (t)} which
converge uniformly to p(t) and r(t), respectively on T. Thus, a,,(t), 5, (t) locally
uniformly and monotonically to p(t) and r(t) on T, respectively ; that is,

lim  a,,(t) = p(),

mh_ngoo Bm(t) =1(t).

Qm1(t), Bmy1 are constructed as follows
A

(4.37)
After that, we shall show that p(t),r(t) are solutions of (4.1). Observing that

am+1

(t) = f(t; am(t)) = K(amia(t) = am(t)),

Ozm+1(0) = Ug- (438)
ﬁ—&-l (t) = f<t7 Bm(t)) - K(ﬁm-‘rl(t) - /Bm(t))a /Bm—l—l(()) = Uop. (439)
Then taking delta integral for above equations (4.38) and (4.39) from 0 into t, we
obtain
¢
a(®) =0+ [ F(5:0(5)) = K(amea(s) = an(s)Bs, @40
0
and also

Bt (t) = o + / F(5, Bon(3)) — K (Bss () — Bn(s))As

(4.41)
Passing limit as m — oo, and then taking delta derivative, so that we get the
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result p(t),r(t) are solution of (4.1); that is,

p2(t) = f(t, p(t),  p(0) = up, (4.42)

r2(t) = f(t,r@t), 7(0) = uo. (4.43)

Finally, we have to show that p(t),r(t) are minimal and maximal solutions of
(4.1); that is, we shall prove that if u(t) is any solution of (4.1) on T, then p(t) < u(t) <
r(t) on T. To show this, we know that ag < u < [3y. Now, suppose that for some m > 1,

O < u < B, on'T, set p =u — a,,4q and by using (4.22), gives

SOA = UA - O‘ﬁm—i—l = f(t7 U) - f(t, O“m) + K(am-H - am)

> —K(u—ap) + K(amir — an) = —K(u—an) = =K,

(4.44)

since ©(0) = 0, by Corollary 3.14 which implies that o1 < u on T. Now, set
© = Bmy1 — u then by using (4.22), we obtain

SOA = r%+1 - uA = f(tﬁm) - K(ﬁerl - ﬁm) - f(t,u)
Z _K<Bm - u) - K(6m+l - ﬁm) = _KSO

(4.45)

We get from p(0) = 0 and using Corollary 3.13 that u < [, 11. Hence, a1 <

U < By on T. Letting m — oo, we conclude that p(t) < u(t) < r(t) onT. O
Corollary 4.9: If in addition to the assumptions of Theorem 4.8, we assume
fltu) — f(t,v) < K(u—v),a0 <v<u< b (4.46)

Then p(t) = u(t) = r(t) is the unique solution of initial value problem(IVP)
(4.1).

Proof. We know that p(t) < r(t), we need to show that r(t) < p(t). Letting p(t) =
r(t) — p(t), then we find that

pR(t) = r2(t) — p° (1) (4.47)

38



pA<t) = f(t,?"(t)) - f(tvp(t))
< K(r(t) — p(t)) (4.48)

since p(0) = 0, consequently by Corollary 3.13, we get p(t) > r(t). Thus, p(t) =
u(t) = r(t). O

4.3. Generalized Monotone Iterative Techniques for Dynamic

Equations with the Initial Value Problem on Time Scale

We generalized monotone method on time scale, given below, by using coupled
upper and lower solutions and the corresponding initial value problem(IVP). Moreover,
fi(t,u) and fo(t,u) can be non-decreasing.

Consider the initial value problem,
ut(t) = fi(t,u) — fo(t,n),  u(0) = uo. (4.49)
In this stage, we provide the following definitions.

Definition 4.10: Let v, By € C},[T,R]. Then o and [y are said to be

i) natural lower and upper solutions of (4.49), if

ap (t) < fi(t,ao(t)) = falt, ao(t),  ao(0) < ug

(4.50)
ﬁ(]A(t) Z fl(taﬁ(](t)) - f2(t,60(t))7 ﬁO(O) Z Uo,
onteT.
ii) coupled lower and upper solutions of Type I of (4.49), if
ag (t) < filt, ao(t) — falt, Bo(t),  ao(0) < ug “51)

B5H(t) > fi(t, Bo(t)) — fa(t, ao(t)),  Bo(0) > uo,
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ont eT.

iii) coupled lower and upper solutions of Type Il of (4.49), if

ag'(t) < filt, Bo(t)) — falt,ao(t)),  ao(0) < ug

(4.52)
B (t) = fi(t, ao(t)) — fo(t, Bo(t)),  Bo(0) = uo,
ont €T.
iv) coupled lower and upper solutions of Type Il of (4.49), if
af (t) < filt, Bo(t) — fo(t, Bo(t)),  0(0) < ug @.53)
Bo (1) = filt, ao(t)) = fo(t,ao(t)),  Bo(0) = uo,
ont eT.
Definition 4.11: A function x,y € C,[T,R] are said to be
i) natural solutions, if
22(t) = fi(t,x(t)) = fo(t,z(t), 2(0) = 54
y2(t) = filt,y(0) — fa2(ty(t),  y(0) = yo;
ii) coupled solutions of Type I, if
22(t) = fit,z(t) = folt,y(t), =(0) = o 455
y2 () = [t y(t) = fa(t,z(t),  y(0) = yo;
iii) coupled solutions of Type II, if
22(t) = filt,y(t) = folt,z(t), 2(0) = 456
y2(t) = filt,x(t) = falt,y(1),  y(0) = yo;
iv) coupled solutions of Type 111, if
Ay _ 0) —
a2(t) = filt,y(t) — fo(t,y(t), z(0) =0 457)

y2(t) = filt,2(1) = folt,z(t),  ¥(0) = o
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Definition 4.12: Coupled solution p,r € C}/|T,R| are said to be coupled minimal and

maximal solution of (4.49), if for any coupled x,y such that x > p, r > y.

In the next theorem, we obtain natural sequences that converge uniformly and
monotonically to coupled extremal solutions of Type I for (4.49) by utilizing coupled

lower and upper solutions of Type I on T.

Theorem 4.13: Suppose that

e A1) v, By are coupled lower and upper solutions of Type I for (4.49) with o (t) <
u < Bo(t)ont €T,

0 A2) f1, fo € Crg[T* x R, R], fi(t,u) and f4(t,u) are non-decreasing in u for each
t € T*.
Then there exist monotone sequences {c,, (t)} and {f,,(t)} such that o, (t) —

p(t) and B,,(t) — r(t) uniformly and monotonically, such that p(t),r(t) are coupled

minimal and maximal solutions of (4.49) respectively; such that, they satisfy the coupled

system,
At) = fi(t, p(t)) = folt, (1)), 0) =
p=(t) = fi(t, p(t)) — fa(t,7(1)),  p(0) = ug 58)
r(t) = fi(t,r(t) = falt, p(t),  7(0) = ug
onT.
Proof. For each m > 0, consider the system
Oéﬁﬂ = filt,am) = fo(t, Bm),  @my1(0) = uo, (4.59)
Boii = fi(t, Bm) — folty ), Bingr(0) = ug.
By the assumption ag < u < [y is true. It follows from (4.59) that
P = t) - t? ) 0) = )
ar = fi(t,ao) — falt, Bo), 1(0) =ug 4.60)

B = fi(t, Bo) — falt,an), Bi(0) = up.

Now, we need to show that ag < a1 < u < 1 < By on T. To show this, let

@ = 1 — Po, then p(0) < 0 and
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o™ =B - g
< fi(t, Bo) — fa(t, ao) — fi(t, Bo) + fa(t, o) 4.61)

<0.

We have ¢ (t) < 0 and ©(0) < 0. Then by Corollary 3.13, we get o(t) < 0.
Hence, 31(t) < Bo(t) on T. By similar argument, we can show that oy > « on T. Let

¢ =u— PB1onT, then p(0) = 0, and

™ =u® - B
= fi(t,u) — fo(t,u) — fi(t, Bo) + fa(t, o) (4.62)

<0

since fi and fo are non-decreasing in u for each t and by the fact that g < u < fy.
Thus, u(t) < [(1(t) on T. Similarly, we can show that u(t) > «y(t) on T. Hence,

ag < ay <u < By < By is true for k = 1. Suppose that for some k > 1,

ap—1 <o <u< B < Br_1onT. (4.63)
is true on T. Next, we wish to show that

ap <oy S U< P < BronT. (4.64)

To prove this, let ¢ = Brr1 — P on T. Then p(0) = 0 and

QOA = BkAJrl - ﬂkA
= fi(t, Br) — fo(t, ) — fi(t, Br1) + fo(t, ar—1) (4.65)

<0.

We obtain ¢(t) < 0 which shows this 1 < By on T. Similarly, we can show

that vy, < vy on'T. Let ¢ = u — Biyq.
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Then p(0) = 0 and

‘PA =u® — ﬁkAﬂ
= filt,u) = fa(t,u) — fi(t, Br) + fa(t, i) (4.66)

<0.

Thus, o(t) < 0, this shows u(t) < Byy1(t) on T. Similarly, we can show that

u(t) > agy1(t) on T. Hence, we conclude by induction this the relation

ap < <Ly, Kul B, << B < [yonT. (4.67)

Now, we need to show that the sequences are uniformly bounded and equicontinu-
ous to show these sequences converge uniformly. To show the sequences {cv,,(t)}, {5m(t)}
are uniformly bounded, then by the assumption both of ay(t), 5o(t) are bounded on T
and we proved that ay(t) < B,,(t) < Bo(t) for each m > 0. Then

0 < |Bm(t) — ao(t)] < |Bo(t) — ao(t)| on T.

Consequently, the sequence {[3,,(1)} is uniformly bounded on T. Similarly, we
can show that the sequence {.,,(t)} is also uniformly bounded on T. To show that

{Bm(t)} is equicontinuous, let 0 < t; < ty on T. Then for m > 0,

B(ts) — Bon(t2)] =0 + / i(5 s (8)) — fols, ()] As
o — / 1152 B (5)) — fol5, s (5))] A
—| / 1(5 s () — fols, ama(3))]As
N (4.68)
- / 15, Bunr(5)) — fals, Qs ()] As]
~| / (5 Bt (5)) — fals, o ()] A

< / 105 Brna () — fols, e (5))| s,

to

Since {a.,(t)} and {B,,(t)} are uniformly bounded and f,(t,u(t)), fa(t, u(t))

are bounded on T, there exist L > 0 independent of n such that
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1B (t1) — B (t2)| < Lit; — tol. (4.69)

Thus, for any € > 0, there exist ) = £ > 0 independent of m such that for each

|Bm(t1) — B(t2)| < €  whenever |ty —t3] < 0. (4.70)

Similarly, we can show that {a,,(t)} is also equicontinuous. Hence, by using
Arzela-Ascoli’s Theorem 4.5, there exist subsequences {cy, ()} and {B,,, ()} which
converge uniformly to p(t) and r(t), respectively. But the monotonicity property of
{am(t)}, {Bm(t)} implies that {c,,,(t)} and {S,.(t)} converge uniformly and mono-
tonically to p(t) and r(t), respectively. After that, we need to show that p(t) and r(t)
are coupled solution of Type I for (4.49). By using definition of (4.59) and taking delta

integral from 0 into t, we obtain

Am+4+1 = U +/ f1<8,0ém) - f2(87ﬁm)A57
0

. 4.71)
6m+1 = Ug "—/ fl(saﬁm) - f2(87 Qm)AS‘
0
Passing limit as m — oo and taking delta derivative, give
A
p= = filt,p) — folt, ),  p(to) = uo,
(4.72)

re :fl(tar)_fQ(tvp)v T(to) = Uo.

Finally, to show that p,r are coupled minimal and maximal solutions of Type 1
for (4.49). Inview of oy < oy, < u < By < By on T for all m, and passing limit as
m — oo, we get the result oy < p < u < r < By on T, which proves that p,r are

coupled minimal and maximal solutions of Type I for (4.49), respectively. [

Corollary 4.14: If in addition to assumption of previous theorem, if for u, > uy and

fi(t,u(t)) and fo(t, u(t)) satisfy

filt,ur) — fi(t,ug) < —Ki(ur — ug) 4.73)
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fg(t, Ul) — fg(t, Ug) § KQ(Ul — UQ), (474)

where K1, Ky > 0. Then p(t) = u(t) = r(t) is the unique solution.

Proof. Since p(t) < r(t), it is enough to prove that r(t) < p(t). Let p(t) = r(t) — p(t),
then we find that p(0) = 0, by using (4.73) and 4.74, we get

pR(t) = r2(t) — p° (1)
= [1(t,r(t)) — fo(t, p(t)) — f1(t, p(t)) + fo(t,7(2)) (4.75)
< —(Ky + Ks)p.

Since p(0) = 0 and by Corollary 3.14; consequently, p(t) < 0. Thus r(t) < p(t).
Hence, p(t) = u(t) = r(t). O

Corollary 4.15: If fo = 0 in the assumption of Theorem 4.13, then the conclusion of
Theorem 4.13 holds.

The next theorem, we get monotone sequences that converge uniformly to coupled
extremal solutions of Type I for (4.49) when we used coupled lower and upper solutions

of Type llon T.

Theorem 4.16: Assume that

o(C'l) v, By are coupled lower and upper solutions of Type II for (4.49) with oy < [y
ont €T,

0C2) f1, f2 € Crg[TF x R™, R, f1(t,u) and f,(t, u) are non-decreasing in u for each
teT.

Then there exist two monotone sequences { ., (t)} and {5,,(t)} such that
<o < S <P < <P <PoonT (4.76)

provided oy < oy and By < [y ont € T, where the sequences are given by

Oé?%-i—l = filt,am) — fo(t, Bm), my1(0) = ug

Bo = filty Bm) — fo(t,am),  Bni1(0) = u.

4.77)
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Furthermore, the monotone sequences {c,,(t)} and {5,,(t)} converge uniformly
to p(t),r(t) respectively, where p(t),r(t) are coupled minimal and maximal solutions

of (4.49), they satisfy the coupled system,

pA:fl(t,p)—fg(t,T), p(()):u()

TA:fl(t7T)_f2(t7p)v T(O):Uo

(4.78)

on'T.

We get the intertwined sequences that converge uniformly to coupled extremal
solutions of Type I for (4.49) in the following theorem, by employing coupled lower

and upper solutions of Type I.

Theorem 4.17: Suppose that the conditions (A1) and (A2) of Theorem (4.13) hold. Then

the iterative scheme given by

a1 = filt, Bm) — falt, ), Qs (0) = ug,

7%4—1 = fl(tv am) - fg(t, Bm); ﬂm-‘rl(o) = Uy,

(4.79)

we have iterates monotone sequences {aa, (t)}, {aom+1(t)}, {Bam(t)} and {Bom+1(t)}
satisfy

ap < B <o < agm < Bomrr L agmpr < Pom << < By (4.80)

for each m > 1 on T provided that oy < u < y. Moreover, the monotone sequences
{aom, Boms1} — p, and {aomi1, Pfom} — 1, where p and r are coupled minimal
and maximal solutions of Type I for(4.49), respectively such that p and r satisfy the

coupled system

pA = fl(tap) - f2(tvr>7p(0) = o,

r® = fl(tar) - fg(f,p),T(O) = Up.

(4.81)
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Proof. By the hypotheses ag < u < [y on T, it follows from (4.79) that

aft = fi(t, Bo) — falt, o), a1 (0) = ug,
B = filt,a0) — falt, Bo), B1(0) = uo,

(4.82)

and we know that oy and By are coupled lower and upper solutions of Type I on T. Now,
let us to show By < [y on Tand in the same way, we can also show that cg < a3 on T .

Let p = 31 — By, then p(0) < 0 and

ot =Bt — B8
< filt, ap) = fa(t, Bo) — fi(t, Bo) + fa(t, o) (4.83)
<0.

We obtain ©*(t) < 0 and ©(0) < 0. We conclude by using Corollary 3.13 that
©(t) < 0 which implies that 5, < [y on T. Next, we need to show that oy < 1 <
as < B3 < ag < Py <ay < By is true for k = 1 on T. To show this, let ¢ = a; — P,

so that ¢(0) < 0 and

p® = o — 65
< fi(t, Bo) — falt, a0) — fi(t, Bo) + fa(t, o) (4.834)
<0.

By Corollary 3.13, we have ¢(t) < 0. Hence, oy < [y on T. Similarly, we can
show that ay < 1 on T. Let ¢ = 31 — ay, so that p(0) = 0 and

¢t = 6P —af
= fi(t, a0) — fa(t, Bo) — fi(t, Bo) + fa(t, o) (4.85)

<0,

since oy < By and f1, fo are non-decreasing on T. Then p(t) < 0. This proves 1 < o
on T. In the same way, we can show that cis < 5 and 3 < a3 on T.

Let p = B2 — ay on T, then p(0) = 0 and

™ =B —af (4.86)
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™ < filt,an) — fo(t, B1) — fi(t, Bo) + fa(t, o)

<0,

(4.87)

we get p(t) < 0 which gives that By < oy on T. By similar argument, we can show that

a1 < Py onT. Assume that for some k > 1,
Qoo < Pop1 < o < Pop < op1 < Pog20n T. (4.88)
We wish to prove that

o < Borg1 < aopro < Bopyo < o1 < Pop on T (4.89)

To prove this, let ¢ = oy, — Pogr1. Then p(0) = 0 and

SOA = O@c - 62Ak+1
= fi(t, Bor—1) — fo(t, k1) — fi(t, cor) + fa(t, Bor) (4.90)

<0

since Por_1 < o < Bo < o1 is true on T, and by monotone nature of f, fo on
T, we get p(t) < 0 on T implies that aoy < P41 on T. Similarly, we can show that
Qopr1 < Bog Bokg1 < Qopro and Popyo < g1 on T. Let ¢ = Bop1 — Qiopy, then
©(0) = 0. By the same steps as before, we get (t) < 0, which gives that Paj1 < Qg1
on T. Similarly, we can show that aoyo < Porio on T. We conclude by induction this

the relation
ap < B <o L agy < Bomtr L agmyr < fom <o <y < By onT. (491)

We shall show uniformly bounded of the sequence {as,(t)} only, since the cases
of the sequences { Bam+1(1) }, {aams1(t)} and {Ba ()} are very similar. By the assump-
tion of both a(t) and y(t) are bounded on T, it follows from the relation (4.91) that
{agm (1)} is uniformly bounded. And also, {Popm+1(t)},{aoms1(t)} and {betas,(t)}
are also uniformly bounded on T. We can show equicontinuous of the sequences
{aom(t)}, {Boms1(t)}, {aomi1(t)} and {Bam(t)} as we did that in Theorem 4.13.

Hence, we conclude that the sequences {aan,(t), Bam+1(t)}, and {aop11(t), Bam(t)}
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are uniformly bounded and equicontinuous. Then by using the Arzela-Ascoli’s theorem,
there exist subsequences {om, (t), Bom,+1(t)} and {aom, +1(t), Bam, (t)} which con-
verge uniformly to p and r respectively, on T. Since the sequences {aa,,(t), Pomy1(t)}
and {aam11(t), Bam(t)} are monotone, then the entire sequences converge uniformly
and monotonically to p and r respectively, on T. We need to prove that p and r satisfy
(4.81).

Observe that, by since each {ay,+1(t)} and {Bam(t)} are constructed as follow-

ing

a2Am+l = fi(t, Bom) — fo(t, dam),  @2m+1(0) = up,

Boyn = fi(t, aomi1) — fo(t, Bams1),  Bom(0) = uo.

(4.92)

Now, we take delta integral of (4.92) on each side from 0 into t, then we get that

QMszfAM@@MW—ﬁ@%MWM&
(4.93)

Bom = ug "‘/0 [f1(5; a2mi1(8)) = fa(s, Bams1(5))]As.

Taking limit as m — o0 on each side, we conclude that

r=ut [ filsr(s)) - falsp(s)As
to (4.94)

p:w+/mwmm—ﬁ@mmm&

to

Then

TA:fl(th)_f2<tap>7 T(O) = Uo,

pA :fl(tap)_f2<t7r>7 P(O) = Up.

(4.95)

Finally, it remains to prove that p,r are coupled minimal and maximal solutions
of Type I for (4.49) on T. To show this, suppose that ciop_o < Bor_1 < o < u <
Bor < aiop_1 < Boi_so is true, for some k > 1. We need to show that ciy, < Bopy1 <

opra < U < PBopro < oy < Pop on T

Let ¢ = Porr1 —uonT. Then p(0) =0o0n T, and

" = By —u® (4.96)
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@™ = fi(t, az) — fa(t, Ba) — fi(t,u) + falt, u)

<0

(4.97)

since Pop_1 < o < u < Pop < aigp_q on T is true and by monotone nature of fi, fo
on T, we get by Corollary 3.13 that p(t) < 0 which proves this [or11 < uwon T. By
similarly argument, we can show that aog 1 > U, Pogro > uand aogio < uwonT. We

obtain this relation
ag < B < Loy < Pomt1 S U< agmyr < Pon < <ag < By onT.

Taking the limit as m — o0, then we get that ag < p < u < r < By on T, showing

that p and r are coupled minimal and maximal solutions of Type I for(4.49) on T. [

Remark 4.18: In Theorem (4.17),
o if fi(t,u) — fo(t,u) is non-increasing on T, then there exists a unique solution

onT.
o if fo =0, then the result of Theorem 4.17 is true.
Theorem 4.19: Suppose that

eH1) «y, Py are coupled lower and upper solutions of Type III for (4.49) with oy <
u< fyonteT,

0 H?2) fi, fo € Crg[TF x R, R], f1(t,u) and f5(t,u) are non-decreasing in u for each t
inT.

Then the sequences defined by

Can-f—l = fl (ta 5771) - f?(t> Oém)a CYm-i—l(o) = Uog

(4.98)
7%—1—1 = fl(t7 am) - fQ(ta /Bm)7 Bm-i-l (0) = Up.

give alternating monotone sequences { o, Bam+1} and {Bam, Qam i1} in LT, R"]

where the sequences are given by
) <01 < S S fomt Su S agmyr < B <o <ap < By onT(4.99)

provided that oy < 1 <u < a; < fyont € T.
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Furthermore, the monotone sequences { oy, , Bam+1} converge to p and { o, Pom-+1 }
converge to r, where p,r are coupled minimal and maximal solutions of (4.49) respec-

tively; such that, they satisfy the coupled system,

pA:fl(t,p)—fg(t,T), p(()):u()

TA:fl(t7T)_f2(t7p)v T(O):Uo

(4.100)

on'T.

We give some examples which are application of Theorems (4.16) and (4.19).

Example 4.20: Let us consider the dynamic initial value problems(IVP)

ud(t) = g - “ZQ, w0) =1, telo1]. (4.101)
Let
ap(t) = =1 po(t)=2 forallt € [0,1].
Then
ag =0 < fi(t, Bo) = falt, o) = 3; BE=0 > filt,a0) — falt, Bo) = —3;
ap(0) = =1 < u(0) =1,t € [0, 1. | Bo(0) =2 >u(0)=1,te0,1]

This implies that o, 5y are coupled lower and upper solutions of Type Il for
problem (4.101). Consider the functions «y(t) = —t? and By(t) = % + I satisfy
ag < ag, B < By, respectively. Then all the conditions of Theorem (4.16) are satisfied.
Thus, applying Theorem (4.16) and using (4.59), we obtain the existence of monotone

sequences which converge to minimal and maximal solutions in the sector [—1, 2].
Example 4.21: Let us consider the dynamic initial value problems as follows,
u® =u? -2 —u,u(0) =1 telo,1]. (4.102)

Let

a=-1, fy=e
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We obtain that

ab =0 < fi(t,Bo) — f2(t, Bo) = €* —2—¢; B& =0 > fit,ap) — falt, ) = 0;
ao(0) < u(0),t € 0,1]. | B(0) > w(0),t e [0,1].

This gives that o (t) and Py(t) are coupled lower and upper solutions of Type
111 for problem (4.102). Then all the conditions of Theorem (4.19) are all satisfied.
Let ay(t) = t7 + g and 3 (t) = —t7 such that they satisfy ag < 81 < ay < By, we
can applying Theorem (4.19) and using (4.98), then we get the existence of alternating
monotone sequences which converge to minimal and maximal solutions in the sector

[—1,e].
4.4. The Method of Mixed Monotony

In this section, we discuss the method of mixed monotone such that

e we first need to assume at least mixed monotone property to obtain this general-
ization.

e if we does not have any monotone property, we can construct monotone sequences

to the systems by using a method known as the method of mixed monotonicity.

Consider dynamic initial value problem

u® = g(t,u), u(0)=uy, tecT* (4.103)

where g : C,4[T* x R™ R"]. A function u : T* — R" is a solution of IVP (4.103), if
u(t) is an anti-derivative of g(t,u) on T* and satisfies u(ty) = uo. In this section, let

T* = [0, JO] NT, Jo > 0.

Definition 4.22: Let G : C,q[T* x R* x R*, R"]. Then we say that G is mixed-monotone,
if there exists a continuous map g : TF x R" — R" satisfying:
i) G(t,u,u) = g(t,u);
ii) Yo € R, uy,up € TF, uy < ug = G(t,ur,v) < G(t, ug,v);
iii) Yu € R", v < vy = G(t,u,v1) > G(t,u,vy).
In short, G(t,u,v) is monotonically non-decreasing in u and monotonically

non-increasing in .
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Theorem 4.23: Let a function G(t,u,v) € Cpq[T* x R™ x R® — R"], such that

i) G(t,u,v) is non-decreasing in u and non-increasing in v for t € T,

i) G(t,u,u) = g(t,u),

i) af < G(t,ap, Bo), BS > G(t, Bo, ), ao(t) < Bo(t), t € TF,

where ag, By : TF — R™ are differentiable for t € T*. Then there exist monotone

sequences {c,(t)}, {Pm(t)} such that o, — p, By —> 1 as m — oo locally

uniformly and monotonically on T and that p,r satisfy

pA = G<tap7 T)) p(O) = Up;

r® = G(t,r,p), 7(0)=u.
If in addition, we suppose that

|G(t,u,v) — G(t,v,u)| < K|u—wv|.

Then u(t) = p(t) = r(t) is the unique solution of (4.103) on T*.

Proof. Define a,,,(t), B (t) as follows

a?n—i—l = G(ta am7ﬂm)7 O{m_H(O) = Uo,

7%—}-1 = G(ta 67717 am); Bm—‘rl(o) = U

(4.104)

(4.105)

(4.106)

(4.107)

(4.108)

since af < G(t, ag, By) = o, B5 > G(t, Bo, ) = B and by (4.23), it is clear that

ao(t) < ay(t), Bo(t) > Bi(t) on T*, we know that the fact o (0) < ug < [o(0).

Assume that for some k > 1,

ap-1(t) < ap(t), Bi(t) < Bra(t) onT.

(4.109)
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Then by using (i), we have

akA(t) = G(taak—hﬁk’—l) S G(taalmﬁk) = akA+1(t)7 (4110)

where ay,41(0) = ax(0) = up, and also

B = G(t, Bryan) < G(t, Br—1,ap-1) = B @.111)

where Bi11(0) = Bx(0) = ug; which implies that o, (t) < agi1(t), Be > By, t € T

Hence, by induction we obtain this relation

ap <o << ay < B << B < B (4.112)

on T*.

Clearly, the constructed {c, (1)}, {Bim(t)} are uniformly bounded and since G is
bounded, we have |5 (t)| and |85 (t)| are also bounded. The sequences {, }, {Bm}
are equicontinuous. Then by using Arzela-Ascoli Theorem, there exist subsequences
{am, ()} and { B, (t)} which converge uniformly on T*. {a,,(t)},{Bm(t)} locally

uniformly and monotonically on T*. It then follows by the standard argument that

lim_ap(t) = p(t) (4.113)
lim () = r(t) (4.114)

We need to prove that p,r satisfy

p™ = G(t,p,r), p(0) = uo,
TA = G(ta T, p)’ T(O) = Up.

(4.115)

Taking delta integral to (4.107) and (4.108) on each side from 0 into t. We find

that

Amr1(t) = a1 (0) +/0 G(s, am(s), Bm(s))As. (4.116)
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Buia() = B (0)+ [ Gls. (o))

(4.117)

Now, we will take limit on each side as m — oo and since {a,, },{fm} are

uniformly convergent, therefore we get that

p(t) = ug —l—/o G(s,p(s),r(s))As.

r(t) = up +/O G(s,7(s), p(s))As.

Taking delta derivative to (4.118) and (4.119), we obtain

pR(t) = Gt p(t), 7(t),  p(0) = uo.

TA(t) = G(t,?“(t),p(t)), T<O) = Up-

To prove u = p =, letting N = |r — p

< Kgq,

, by using (4.106). Then

(4.118)

(4.119)

(4.120)

(4.121)

(4.122)

since q(0) = 0, we get by Corollary 3.13 that q(t) < 0. Thus r = p = u on T*. Since

G(t,u,u) = g(t,u), we note that u = p = r is the unique solution of (4.103) on T*.

This proof is complete.

Theorem 4.24: Suppose that

]

i) let a, B : TF — R™ are differentiable for t € T* such that o™ < g(t,a) —

A(B—a), B> > g(t,8) + A(B — a), a(t) < B(t) ont € T,
i) |g(t,u) — g(t,y)| < A(u — y) whenever a(t) <y < u < 5(t),

where A is matrix m x m of non-negative elements. Then the system (4.103) admits the
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method of mixed monotony.

Proof. We define

Glt,v, 2) = %[g(t,v) +g(t2) + Alv — 2)].
(4.123)

G(t,v,z) = %[g(t,@) +g(t,2) + AT — 2)].

It easy to note that G(t,v, z) is mixed monotone and locally Lipschitzian. Then

—A(v—1) < g(t,v) — g(t,7) < A(v —7) (4.124)

—A(z—=2) < g(t,z) — g(t,z) < A(z — 2). (4.125)

We reduce to

—A(z—2)— Alv =) < g(t,v) — g(t,0) + g(t,2) — g(t,Z2) < A(v —T) + A(z — 2).
(4.126)

Now, multiply the equation ( 4.126) by % on each side, after that we will add

sA(v — 1) — $A(z — Z) 1o both sides. We obtain that
—A(z—2) < G(t,v,2) — G(t,v,Z) < A(v — D). (4.127)

whenever o(t) < v < v < B(t) and at) < Z < z < [(t). in particular, if v = z,

Z = v and substitution in (4.127), then we have that
—A(z —v) < G(t,v,2) — G(t,z,v) < A(v — 2). (4.128)
Then
G(t,v,2z) — G(t, z,v) = A(v — 2). (4.129)

It follows from (4.129) that G(t,«, B) — G(t, 5, ) = A(a—[3), and from (4.123),
we get that
1
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It follows from (ii) that
9(t,8) = g(t, @) = A(S — a),
By employing substitution in (4.130), gets
G(t,5,a) > g(t,a),
then multiplying the equation (4.132) by (—1), we find
—G(t, B,a) < —g(t, @)
adding G(t, «, B) to both sides in the equation(4.133). Therefore
—A(f —a) < G(t,a, ) — g(t,a)

Thus,
a® < G(t,a, B).

Similary, we can prove 3~ > G(t, B, ). It follows from (4.129) that
G(t,6.0) ~ Glt,,5) = A )
and we know that
Gt.. ) = 3lo(t,0) + gl 5) + Al — B

By employing (ii), we have

g(t,a) < g(t, B) — Ala — ).

By substitution in (4.137), we obtain

G(t, o, B) < g(t, 5).

(4.131)

(4.132)

(4.133)

(4.134)

(4.135)

(4.136)

(4.137)

(4.138)

(4.139)
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Multiplying the equation (4.139) by (—1), we have

_G(taaaﬁ) > _g(taﬂ)
Adding G(t, B, «) to both sides in the equation (4.140), then
A(ﬁ - a) > G(t>ﬁ7a) - g(t>ﬁ)

Thus,
B> G(t, B,a).

Finally, setting u = v = z, then we get that

G(t,u,u) = g(t,u).

(4.140)

(4.141)

(4.142)

(4.143)

]
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5. THE METHOD OF QUASILINEARIZATION ON
TIME SCALE

In this chapter, by utilizing the method of lower and upper solutions together with
the method of quasilinearization, it is probable to construct two monotone sequences
that converge super-linear to the unique solution of the considered problem. We devote

a method of quasilinearization to the dynamic equation on T, that is,
u® = g(t,u), u(0)=ug 5.1

where g € Cyal 0, R, Qo = {(t,u) : G(t) < ut) < B(t),t € Thand &3 €
CL [T, R"] such that &(¢) < 3(t),t € T. The time scale T is supposed to have ¢ = 0 as
a minimal element and ¢ = T, as a maximal element which is not left-scattered.

Let Q = {(t,u,v) : a(t) < u,v < B(t),t € T}. Let us show the following

theorem.

Theorem 5.1: Suppose a function R € C,4[Q2, R"] such that

i) @0 € CogT,R" with a(t) < B(t) and @™ < R(t,&,a), B> > R(t,B,5);

ii) R is bounded on Q, R(t,u,v) is quasi-monotone non-decreasing in u and
R;(t,u,v)u*(t) + u; is non-decreasing in uj, foreach 1 < j < m, t e T
and a(t) < v < B(t);

iii) R(t,u,u) =g(t,u) in Qand R(t,u,v) < R(t,u,u), u>wv,teT;

iv) Rj(t,ui,v) — Rj(t,ug,v) < LY5 (uy; — uy;), whenever uy > uy and a(t) <
v < B(t),t €Ty

v) R(t,u,u) — R(t,v,z) < A(u — )8 + B(u — v), whenever a(t) < u,v,z <
5(75), t € T, where A, B are k X k non-negative matrices.
Then there exists monotone sequence { &, (t)} which converges locally uniformly

to the unique solution of (5.1) on T and this convergence is super-linear.

Proof. Set a = ay, B = BO and

ad = R(t,ay,ap), a1(0) = uo, (5.2)
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since a5 < R(t,ap, ), ao(t) < Bo(t) and by (iii), we have that EOA >
R(t, EO, EO) > R(t,go, ap). By using Theorem 4.7 there exists a solution &(t) of
(5.2) such that oy < a; < B}) on T. Applying the Theorem 3.12, which shows that o is
the unique solution of (5.2). Then due to (iii), we find

&f - R(t, &1, &0) S R(t, &1, &1)
Set
a5 = R(t,ag,a1), a2(0) = ug (5.3)
since a2 < R(t, ay,ay), BO > ay and by (iii), then
& > R(L, bo, Bo) > R(t, Bo, 0r).
By using Theorem 4.7, there exists a solution ds(t) of ( 5.3) such that ay < a; <
a on T. By Theorem 3.12, proves that s is the unique solution of (5.3) implies that
ap < a; <ay < 50 on T. Continue in the same way, let

a2 = R(t, Qm, Gm_1), am(0) = uo. (5.4)

m

As before, a5 | < R(t, Qp_1, Q1) 50 < @1, then we get

B/OA Z R(ta 507 5mel>~

Then there exists a solution d.,, (t) of ( 5.4) such that &g < Qy—1 < &y, on T.Then

Qy, IS the unique solution of (5.4) implies that
o < ... @y < &y < BoonT. (5.5)

We note that
o < @m < Bo
and &, By are bounded. Thus, {G,,(t)} is uniformly bounded on T. In view the fact
&, Bo are bounded and R is bounded, then we have {a2 (1)} is also uniformly bounded
on T. This proves that {a,,(t)} is equicontinuous on T. Applying Arzela- Ascoli’s

Theorem, then we obtain {a,,(t)} converge uniformly to u(t) and monotonically on T.

It is easy to note that u(t) is the unique solution of u™(t) = R(t,u,u) = g(t, u).
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Finally, to show that the convergence {a,,(t)} to u is super-linear, let
Pmr1(t) = u(t) = Ay (t), and s0 Py 41(0) = 0.

Differentiating above equation with respect to t, gives

S%A@Jrl(t) = UA(t) - aTAn—H(t)

(5.6)
= R(t,u,u) — R(t, Qpmy1(t), am(t)).
We note that p,,1(t) > 0. Then by (v), we find
Pim1(t) < Bult) = Gr (1)) + Au(t) — an(t) 7 57)

< B (t) 4+ A, ()15,

By employing the method of variation of parameters formula(VPF) for dynamic

equation to solve above equation, let
Om+1(t) = ep(t, 0)w(t). (5.8)
Then by using product rule, we find
1 (t) = Bep(t,0)w(t) + eg(a(t), 0)w(t). (5.9)

Then by substituting in(5.7), we get

wA(t) < ep(0,0(t)) Ap(t)' 7 (5.10)
/0 wA(s)AsgA/O e5(0,0(s))em(s) TP As

w(t) < A/O ep(0,0(5))pm(s) TP As.
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Then, by substituting in (5.8), we have that

e (1) < ep(t,0)A / e5(0,0(5))pm(5) 0 As.

t (5.11)
< A/ ep(t,o(s))om(s) TP As,
0
where eg(t, s) is the solution of
Y& = BY, Y(0)= I(identity matrix). (5.12)
t
i [ (6] < max A [ enlt,o(9)pn(s) 70
0 T (5.13)
< mgaxlion (714 [ fent.o(s)As],
0

where W = A fOTO les(t, o(s))As|. Thus,
max |om1(t)] < Wm%x |l om (1)1 17 (5.14)
This shows the convergence of {,,(t)} to u is super-linear O

In the next theorem, when ¢(t, u) is convex function, then one can give lower and
upper bounds, at the same time they converge quadratically to unique solution of the

IVP (5.1).

Theorem 5.2: Suppose that

C1) &g, o € Cra[T, R] with 38 < g(t, &) and & > g(t, Bo) such that &g (t) < Bo(t)
on'T;

C2) g is bounded on Qg where Qg = {(t,u) : do(t) < u < Bo(t),t € T} such that
g(t,u)p*(t) + u is non-decreasing in u for each t € T and g,(t,u), gu.(t, u)
exists and rd-continuous on €y;

C3) g(t,u) is convex function on .

Then there exists monotone sequences &y, (t) —> p(t) and By (t) —s r(t) which

converge uniformly to unique solution p(t) = r(t) = u(t) of IVP (5.1) on T and the

convergence is quadratic.
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Proof. By assumption (C3),

[ gt 20
gu(t,u) — gu(t,v) >0
u u (5.15)
/ gu(t, s)As > / gu(t,v)As
g<t7 u) g<t7 U) > gu(t, U) (u - U)
We get that
g(t,u) > g(t,v) + gu(t,v)(u—v), u>w, (5.16)

Thus, g(t,u) satisfies Lipschitz condition. Consider linear dynamic equation as

follows

&7%—&—1 = g(t, am) + gu(t7 &m)(&m+1 - &m); 62m.|-1(0) = Up (517)
NrAn+1 = g(t, gm) + gu(ta 62m)(§m+1 - gm)a Bm-‘rl (0) = Up (518)

and ap(0) < uy < EO(O). Now, we shall show that oy < a; < Bl < EO is true for

h =1, onT. It follows from (5.17) and (5.18) that
ar = g(t, ao) + gu(t, ao)(ar — ao), a1(0) = uo, (5.19)

gf = g(t, go) + gul(t, 520)(51 — Eo% 51(0) = Up. (5.20)

Let p = &g — @iy, so that p(0) < 0 and

(5.21)

By using Corollary 3.14, we obtain that ¢(t) < 0, which shows this ay < &y on

T. Similarly, we can also prove 50 > 51 on T. Since 50 > a and by (5.16), then

g(t, Bo) > g(t. o) + gu(t, @) (Bo — Go)-
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Now, let o = &y — [31, then p(0) = 0 and

SOA = a1 51
= g(t,d0) + gu(t, @o) (@1 — ao) — g(t, Bo) — gult, @) (51 — o)

< gult, @) (@0 — o) + gu(t, @) (@ — Go) — gult, &) (B — Bo) (5.22)
< gu(t, o) (o — 50 +a; — oy — El + 50)
< gu(t, @) (@1 — By)
S Qu(t, O‘O)@a
by Corollary 3.14, we find that p(t) < 0. Thus, &; < Bl on'T.
Suppose that for some h > 1,
G<a < <apa<an<Bh<Ba<--<B<PoonT. (5.23)
Next, we wish to show that
Gp<< << <P <P << B < Byon. (5.24)
Put uw = ay, v = ay,_1 and by (5.16), we find that
g(t,an) > g(t, an—1) + gu(t, ap—1)(an — ap_1). (5.25)
Since a1 < ay, and g,(t, u) is non-decreasing, then
Gu(t, an—1) < gult, an). (5.26)

Let ¢ = ap, — apy1, so that p(0) = 0. Then

A ~A  ~A
Y =ap — Qg

= g(t,ap—1) + g2 (t, ap_1)(n, — an—1) — g(t, an) — gu(t, an)(@hs1 — )
(5.27)

Then oy, < ayyq on T. Similarly, we can aslo prove that 8,1 < B on T.
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Put v = Eh_l, v = Eh, then

9(t, Br-1) = g(t, B) + gu(t, B) (Buo1 — Bn)- (5.28)
Let o = Byy1 — By so that o(0) = 0. Then

o = B — O
= g(t, B) + gu(t, @) (Brr — Bi) — 9(t. Ba—1) — gu(t, @n—1)(Br — Bn1)
< gult, B) (Bn = Bu-1) + gu(t, @) (Burr — Bi) + gu(t, &) (Bu-1 — i)
< gu(t,@) (Bh — Buet + Brr — Br + Buet — Br)
< gu(t, an)p-
(5.29)

Thus, we have ¢(t) < 0 which shows that Bpi1 < B on T. Now, let o =

Qi1 — Ehﬂ, then p(0) = 0 and so that

P = e — B
= g(t, &) + gu(t, @) @1 — Tn) — 9(t, Bn) = gu(t, @) (Busr — Bn)
< gu(t, @) (@n — Br) + gult, @) (@nsr — @n) — gu(ts @) (Bass — Bn)  (5.30)
< gu(t, @) (@ — Bn + Gngr — Gh — Brgs + Bn)
< gu(t, an)e,

since g, is non-decreasing and by (5.16) when we choose u = (3, and v = a,. We get
that o(t) < 0. Hence, ap11 < Ehﬂ on T.

Consequently, we conclude by mathematical induction that

<A< S <P < <P <PoonT. (5.31)

Here, we need to prove that {i,(t)}, {Bm(t)} are uniformly convergent and
monotonically on T. Clearly, these sequences {ain,(t)} and {Bn(t)} are uniformly
bounded, because of (5.31) on T. Since g(t, u) is bounded, then we have that {a~ (t)}
and {B2(t)} are also uniformly bounded on T. This shows that {@,,(t)} and {5 (t)}

are equicontinuous on T. By employing Arzela- Ascoli Theorem 4.5, there exists
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subsequences {,,, (t)} and {Bmk (t)} which converge uniformly on T. Because of
the monotonicity of {im (t)} and {B,.(t)} implies that {a,,(t)} and {B(t)} converge
uniformly and monotonically to p(t) and r(t), respectively as m — oc.

Now, let us show that p(t) and r(t) are solutions of IVP (5.1) on T. Taking delta
integral to both sides of (5.17), (5.18), then we find

/O&ﬁ+1(S)A8=/0[g(sa&m(S))+gu(8,5?m(8))(&m+1(8)—&m(S))]AS

A () = o + /0 9(s, Qm(s)) + gu(s, Qm(s))(Am41(5) — @m(s))]As,
(5.32)
/0 B (s)As :/0 (9(5: B (5)) + 9u(s, @n(5)) (Bms1(5) = Bn(s))] A
Brna (£) = uo + /0 (95, Bn(9)) + gu(s, T (5)) (B2 (5) = B (5))] As.
(5.33)

We have {an(t)}, {Bum(t)} converge uniformly to p,r respectively on T and
passing limit to both side as m — oo, then we obtain that
t
lm @y (t) = —i—/ [g(s, lim a,,(s))
m—>00 0 m—r0o0

+ gu(s, Im @,(s))( im @pyi(s) — lm a@,(s))]As

p(t) = o + / 4(s. p(5)) As

pS=g(t.p), p(0) = uo.

And also,

im_Fes(t) = w0+ [ lg(s. im ()
0

+gu(s, T Gn(s)( . Fua(s) — lim_Fuls)]As
r(t) = uop —{—/0 g(s,r(s))As

r® =g(t,r), r(0)=uo.

(5.35)

Hence, p(t) and r(t) are solution of IVP(5.1). Because of g(t,u) satisfies one

side of Lipschitz condition and g,(t,u) is bounded on Qy, this shows that there is a
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unique solution of IVP such that p(t) = r(t) = u(t).
Finally, we shall show the convergence of {am(t)} and {B,(t)} to the unique

solution u(t) is quadratic; that is, we need to show that
max lu(t) — am1(t)] < Vmﬂ@x [u(t) — am|?. (5.36)
Let o1 = U — Gy, Pms1(0) = 0. We note that

Om41(t) > 0. (5.37)

Then by using mean value theorem, we find

A _ A ~A
Spm—&-l =u- — O‘/m—f—l

= g(t, u) - g(tv &m> - gu(t7 am)<am+1 - &m)

<ut7 _~m+ut7~m ~m _~m

< Gu(t, O(u — am) + gult, Q) (A1 — i) (5.38)
S gu(t> C)me + QU(ta &m)gpm+l - gu(ta &m)spm

< Guu(t;1)(C = W) P + Gu(t, Q) Pmsa

where O, < ( < U, 0y, < n < (. Since gy (t,u), guu(t, u) exist on g, then Z >

lgu(t,u)| and K > |guu(t,u)|, (t,u) € Qo We get that

Prmir(t) S K@2 (1) + Zomia(t). (5.39)

Utilizing the method of variation of parameters formula(VPF) for dynamic equa-

tion, let

pmi1(t) = ez (L, 0)p(t), (5.40)

then p(0) = 0. By product rule of (5.40), gives

o ar () = Zeg(t,0)p(t) + Pz (o(t),0)p (1) (5.41)
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By substituting in (5.39), gives

po(1) < ez (a(t),0) Ky, (t) (5.42)

So that

o (t) < e2(t,0)K / e2(0,0(5)) 22 (5) As

t (5.43)
<K [ exlto)e(s)s
0
where ez(t, s) is solution of
Y& =2Y, Y(0)=1I (5.44)
Therefore
t
e | (8] < K mxlez(t,0(5) | ()
L0 (5.45)
< Kmax | (0)] [ leztt.o(s) sl
0
LetV = K fg lez(t, o(s))As|, we conclude that
max [ 1 (1)] <V max @], ()] (5.46)

Hence, the convergence of {a,,(t)} to u is quadratic. In the same way, we can
show the convergence of {Em(t)} to u is quadratic. Let .1 = Bps1 — U, »(0) = 0.
We see that

Ymy1(t) >0 (5.47)
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Using mean value theorem, gets

A _ AA A
m+l = Pma1 — U

= g(t, Bn(£) + gu(t, G (£) (B 1 () —
S gu(t’ U)wm + QU(ta &m(t))(gm-&-l(t) - )
wlt, B )¥om + G, G (1)) (B (£) = B (1))

1 ~
guu(tv 5)%271 + §guu(t> 5)90% + gu(ta O‘m@))d’m—&-l

() — g(t,u)

B
B (1)) (5.48)
_ -

<

oW R

where u < o < f3,, and &, < 6 < [3,,. We obtain that

1
A ()< ;wan(t) + KGR0+ Zihma (1) (5.49)

Now, by using the method of variation of parameters formula 3.30 for dynamic

equation, we get that
3 2 1 2
Ymi1(t) < EKV max | ()] + §KV max lon, (1) (5.50)

Therefore this proof completes this theorem. O

In the next theorem, we generalized the method of quasilinearization such that
g(t, ) is no convex function, but imposing a less restrictive assumption; that is; g (¢, u)+

¢(t,u) are convex function for some convex function ¢(¢, u).

Theorem 5.3: Suppose that conditions (C1), (C2) of Theorem 5.2 are satisfied and
C3*) g(t,u) + ¢(t,u) > 0 where ¢ € Crq[Q,R] such that ¢, ¢y, exists and rd-
continuous and ¢, (t,u) > 0 on Q.

Then the conclusion of Theorem 5.2 is true.

Now, we need to use Theorems 3.12, 4.7 to improve Theorem (5.1) to obtain two
monotone sequences which converge to unique solution and also the convergence is

super-linear in the following result.

Theorem 5.4: Suppose that there exists a function a, E , R; for each v = 1,2 such that

the following conditions are satisfied:
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0 A0) R; € C4[T,R"|, R; bounded on Q) where , Q = {(t,u,v,w) : a(t) <
u, v, w < E(t),t € T}, Ri(t,u,v,w) is quasi-monotone non-decreasing in u
and R;(t,u,v, w)u*(t) + u; is non-decreasing in w;, for each 1 < i < m, and
a(t) <v,w < B(t)

eAl) @[3 € CL[T, R satisfying &® < R(t,&,a,05), B> > R(t,B,a,0) and
at) < Bt)onT;

0 A2) Ry(t,v,v,w) = g(t,v), Ro(t,w,v,w) = g(t,w) and R;(t,u,u,u) = g(t,u);

0A3) ifv < u, for each a(t) < w < B(t), then Ry(t,u,v,w) < Ry(t,u,u,w), and
also if u < w, for each a(t) < v < B(t), then Ry(t,u, v, w) > Ro(t,u, v, u);

0 Ad) Ri(t,uy,v,w) — Ri(t,ug,v,w) < LY ", (uy, — ug;) whenever a(t) < ug <
up < g(t),for some L > 0;

oA5) |Ri(t,u,u,u) — Ri(t,z,y, 2)| < Blu — x| + Alju — y|*** + |u — 2|*T2], for
teT, u,x,y,z € Qwhere) < X\ <1, Band A are k X k non-negative constant

matrices.

Then there exist two monotone sequences {Gy,(t)} and { B (t)} which converge
uniformly, locally to the unique solution of (5.1) on T and this convergence is super-

linear.

Proof. Let &(t) = do(t) and B(t) = Bo(t), consider dynamic IVPs

Q1 = Rl (ta &erla 62m7 Em)a aerl(O) = U, (551)

Nr%Jrl = R2(t7 §m+17 amv Bm)u gm+1 (O) = Uo- (552)

Firstly, let us show that
Go<a; <P <ByonT. (5.53)
It follows from (5.51) and (5.52) that
&8 = Ri(t, a1, a0, Bo), @1(0) = uo, (5.54)
B2 = Ra(t, 51,60, Bo),  1(0) = uo, (5.55)
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such that &o(0) < ug < Bo(0). In veiw of (A0) and (A2), we obtain
a6 < g(t,@) = Ru(t, o, do, o) (5.56)

B8 > g(t, Bo) = Ri(t, Bo, do, Bo)- (5.57)

By using Theorems 3.12 and 4.7, we have the existence of a unique solution & (t)

of (5.54) and (5.55) on T satisfying
Go(t) < ar(t) < Bo(t) on T, (5.58)
As before, due to (A0) and (A2), we also obtain
a5 < g(t, @) = Ral(t, o, do, o) (5.59)

EOA > g(t, go) = Ry(t, go, &mgo) (5.60)

By similar argument, by using the same Theorems 3.12 and 4.7, we have the

existence of a unique solution 51 (t) of (5.55) on T satisfying
do(t) < Pi(t) < Bo(t) on T. (5.61)

Now, we need to show that c; < 51. Because of oy < ay and 51 < Bo, by (A3),

then

a; = Rl(ta&l,&(bgo) < Rl(t»a17&1>§o)>

~ - - - ~ (5.62)
B1 = Ra(t, B, aw, Bo) > Ra(t, B, a, B1)
where a1 (0) = up = 31(0). Applying Theorem 3.12, we get that
a1(t) < Bi(t) on T.
Hence, the relation (5.53) is true for h = 1 on T
Gy < a1 < B < fo. (5.63)
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We wish to show that
an < @nir < Pupr < BronT.
Suppose for some h > 1 andt € T,
ay < glt,an), B = g(t.Bu)
where ap,(t) < Eh(t),from (5.51) and (5.52), we get that
oy = Ra(t,Gpsr, @ns Br),  Gnn (0) = o,

EhA-i-l = Ry(t, Buir, @ns Bn)y - Bria (0) = .

It is clearly that
ahA S g<t7 &h) = Rl(ty aha &hv ﬁh)

5}? Z g(tﬁh) = R1<t7gha ahagh)-

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

(5.69)

Applying Theorem 3.12and Theorem 4.7, then there exists a unique solution

an+1(t) of (5.66) which satisfies

an(t) < ang1(t) < Bu(t) on T,

In the same way, we can also show that &, (t) < Byt < Bu(t) on T.

ahA S g<t7&h) = RQ(taaha&hvﬁh)

BE > g(t, Bn) = Ra(t, Bn, @, Bn)-
Hence, as before, we give that

an(t) < Bry < Bult).

(5.70)

(5.71)

(5.72)

(5.73)
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Next, since oy, < a1 and Eh > Ehﬂ on T and by (A3), we obtain that

ey = Ra(t,@ngr, Gn, Bn) < Ralt, @ngr, Gngr, Bi), (5.74)
EhAH = Ry(t, Bhit, &mgh) > Ry(t, Bhst, Gn, thrl)- (5.75)

Therefore
1 < Bhﬂ on'T. (5.76)

We conclude by induction this relation for all m, on T

G <@ < <An<Pu<- <P <PoonT. (5.77)

We need to show that {G, (1)}, {Bm(t)} are uniformly bounded and equicontin-

uous on T. Clearly {an(t)} and {B(t)} are uniformly bounded on T. Since R; is

bounded on Q for each i = 1,2, then we get that {a2 (t)} and {B2(t)} are equicontin-

uous on T. Applying Arzela-Ascoli’s Theorem 4.5, there exist subsequences {Qy,, ()},

{ Emk (t)} which converge to p(t),r(t), respectively on T. Since the sequences are mono-

tone, the entire sequences {G(t)}, {Bn(t)} converge uniformly and monotonically to

p(t),r(t), respectively as m — oo. Let us show that p,r are solution of IVP (5.1) on

T. Integrating of the equations (5.51), (5.52), gives that

[ @809088 = [ Ri(s, G (5).8n(5). Bu(s) s
0 0 (5.78)

Gt (1) = g + /O Ri(S, Qa1 (5), G (S), Bin(s))As.

B2 (s)As = / Ro(5, Bs1 (), Goa(5), () As
0 (5.79)

~+

~$+1(t) = Ug +/0 Ro(5, Bns1(5), @m(5), Bm(s))As.
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Because of {a, (1)}, {Em(t)} converge uniformly and by (A3), so that we find

t ~
lim &’mﬂ(t):uo%—/ Ri(s, lim @pyqi(s), lim a,(s), lim S,(s))As
0 m—ro0

m——>00 m—>00 mM——>00

p@=%+Ame@m@ﬁ@ms

t
o+ [ gls.ps)s
0
(5.80)

t
Ry(s, lim Bpii(s), lim ap(s), lim Bn(s))As
m—->r00 m—r00 m—>r00
t

Ry(s,7(s), p(s),r(s))As

=3
I
S
+
NOA\C\;

=uo+ [ g(s,7(s))As
(5.81)
Therefore
PR () = g(t p(t),  p(0) = uo, (5.82)
r&(t) = g(t,r(t)), 7r(0) = uo. (5.83)

Since R; for each 1 = 1, 2 satisfies one side of Lipschitz condition, then it is easy
to see that u is a unique solution of u® = R(t,u,u,u) = g(t,u).
In this step, we shall show that the convergence of {ai,,(t)} to w is super-linear.

Letting
Om1(t) = u(t) — Ay (), (5.84)

so that

o(t) = 0,0(0) =0
Employing (A5) and differentiating it with respect to t, we arrive at

P (t) = u(t) = Gy ()
= Rl(t,u,u,u) — Rl(t,&m+1,am,ﬁm) ) (585)
< Blu(t) = Gmsa ()] + Allu(t) — @ (O] + Ju(t) = Bu ()]

< Bomaa(t) + Allen ()] + [m (O],
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Now, we use the method of variation of parameters formula for dynamic equations.

Let
Om+1(t) = ep(t,0)z(t), =(0)=0. (5.86)

Differentiating it with respect to t and using product rule, we get
@1 (t) = Bep(t,0)z(t) + ep(o(t), 0)22(¢). (5.87)
Substituting in equation (5.85), we obtain

Bejs(t,0)2(t) + ep(o(t), 0)2(t) < Bep(t, 0)2() + Allgm ()" + [ ().

(5.88)
Then
en(0(t),0)22(t) < Allom(O" + [m (6]
22(t) < ep(0,0()Allom (O + [ (6]
t t (5.89)
[ #2685 <A [ enl0.06)len(& + on(s)] a5
0 0
t
2(t) < A/ e5(0,0(3))[lem(s)]" + [t (s)[ ] As.
0
Substituting in equation(5.86), we get
t
Pm1(t) < 63(75,0)%1/ e5(0,0(s))[|0m(s)" + [ ()] T As
. 0 (5.90)
< A/ e (t, o (s))[lom(s) T + [t (s)] T As,
0
where eg(t, s) is exponential function such that it is solution of
Y& =BY, Y(0,0)=1. (5.91)
Therefore
t
s ()] < Amax((in(® + (O ) [ len(t.(5)) ]
’ ’ 0 (5.92)

<V max(om (] + ()
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where

- A/O len(t, o(s))As].

Similarly, we will also prove that the convergence of { gm(t)} to u is super-linear.

Ums1(t) = Bnia () — u(t), (5.93)

we see that

»(t) = 0,4(0) = 0.

Differentiating above equation (5.93) with respect to t and by (A5) , gives as

nA”Hrl(t) = 7%+1(t) - UA(t)
= RQ(t> gm-i-l; Ema &m) - RZ(t7 u,u, u)
< Blu — §m+1| + AHU - Emll—’—)\ + Ju — ZY/m|1+>\]

< Bltm1(t)] + Al (O] + lom ().
Employing the method of variation of parameters formula, setting
Um1(t) = ep(t,0)w(t), w(0) =0
differentiating it with respect to t, gets
21(t) = Bep(t,0)w(t) + ep(o(t),0)w?(t). (5.94)

So that

Beg(t,0)w(t) + ep(o(t),0)w™(t) < Bep(t,0)w(t) + Alltm(H)]" + | ()]
es(a(t),0)w(t) < Allm ()] + lom(t)]]

wi(t) < e (o(t), 0)Allm ()] + lom (O,

integrating it, we find

w(t) < A / (0, 0())[[¢m ()] + ()] As. (5.95)
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We obtain that

b <4 | st oIS+ oA (596)
Therefore
X 1 (8] < P gl (5)]* + i) (5.97)
where
P=a [ lestoto)sl
Hence, both of {ai,(t)} and {B(t)} super-linear converge to u. O

As an application of Theorem 5.4, there are conditions which guarantee the
existence of R;, for each 7 = 1, 2 verifies the hypotheses of Theorem 5.4. Suppose that
i) @, 08 € Crg[T,R"] with &2 < g(t, &), 3% > ¢(t, B) and also @ < B on T.
i) g € Cpq[T x R™,R"| and on €2, ¢(t, u) is quasi-monotone non-decreasing in w.

Moreover, g(t,u) is uniformly convex in x and g, (¢, u) exists and

|gu(t, u) — gu(t,v)] < Klu—v["for0 <n <1 (5.98)

where K is an matrix [ X [ and |u| = (Ju1], . . ., |um|), such that we consider
Ry(t,u,v,w) = g(t,u) + gu(t,v)(u —v) (5.99)
Ry(t,u,v,w) = g(t,w) + gu(t,v)(u — w) (5.100)

for (t,u, v, w) on Q.
Let us show the following lemma which help us to satisfy that the conditions (A0)
to (A4) of Theorem 5.4 are satisfied by R;, for each i = 1, 2.

Lemma 5.5: Suppose g € Cyq[T x R",R"], g,,(t, u) exists and continuous. If g(t, u) is

uniformly convex in u, then
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where the inequalities are component wise.

Proof. Since g,(t,u) exists and continuous, we have

g(t,u+h)=g(t,u) + g,(t,u)h + |h|6(t,u,h), h,ue€R" (5.102)

where |0(t, z,y)| — 0 as |h| — 0. Since g(t, u) is uniformly covex, so that g(t,u) is

convex,
git,Tu+ (1 —7)2) <7g(t,u)+ (1 —7)g(t,2), 0<7<1. (5.103)
Let
h
z=u-+ , O0<7r<1
1—7
so that

(1—7)+Tu="1u+h.

Substituting by u + h in the equation(5.102), gives as

g(t. 70+ (1= 7)2) = g(t, 1) + gu(t, u)h + [B]6(, u, h) 5100
= rg(t,u) + (1 — 7)g(t,u) + gu(t, wh + [hl6(t, u ).

Substituting in (5.103), we get

Tg(t,u) + (1 — 7)g(t,u) + gu(t,u)h + |h|6(t,u, h) < Tg(t,u) + (1 — 7)g(t, 2)

1—17

|h’6<t7u7 h) < (1 - T)[g(t,Z) - g(tv u)] - gu(tau)h

1—71

.

< (L =7)lg(t,2) — g(t,u) — gu(t, u)

1—7

(5.105)
It follows from (5.102) that

h h h
<(1—7)[|—— _
|h|6(t, u, h) < (1 T)Hl — T|<5(t,u, - 7)] o(t,u,

)|Al. (5.106)

1—71
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Consequently, we have
h
d(t,u, h) < 6(t, u, 1—), for0 <71 <1.
—T

Now, leth =2, yeR"andT =1 — % we obtain

5(t,u, %) < 5(t,u,v).

Taking limit as n — 00, we find

d(t,u,v) >0

Hence, the inequality (5.101) is true. This proof is complete.

(5.107)

(5.108)

(5.109)

]
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Table 5.1: Comparison between the method of monotone iterative technique and the
method of quasilinearizartion.

Monotone Iterative Technique | Quasilinearization
The method of
lower and exist exist
upper solutions
(t,u) defined T % R7 Q= {(t,u)
on
a(t) <u(t) < B(t)}
Convergence
of monotone | uniformly convergent quadratic convergent
sequences
Uniqueness of . . .
. may be there are a unique there are a unique solutions
solutions
solutions or Not
Monotone
property of a | nondecreasing nondecreasing
function
The existence
of extremal | exist exist
solutions
such that p(t) < u(t) < r(t) such that p(t) = u(t) = r(t)
Construction
of Monotone
sequences linear dynamic equations linear or nonlinear dynamic
corresponding
from
equations
Use showing existence of solutions | obtaining approximate solutions

of nonlinear dynamic equations

of nonlinear dynamic equations
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