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SUMMARY

In this thesis, schemes for exact evaluation of the time domain physical optics

(PO) and equivalent edge current (EEC) (radiation) integrals on linear and quadratic

triangular patches and edges, respectively, are developed, and application of the devel-

oped schemes to the analysis of transient scattering from arbitrary perfect electrically

conducting (PEC) and impedance surface scatterers is presented. The exact evalua-

tion schemes are developed based on the Radon transform interpretation of the time

domain radiation integrals. It is shown that the PO integral on a surface of a linear or

quadratic triangular patch is reduced to a line integral on the intersection of the patch

and the plane formed by the propagation direction of the incident plane wave and the

observation direction. Specifically, for linear triangular patches the PO integral is eval-

uated in closed-form, and for quadratic triangles the PO integral is evaluated exactly by

applying an appropriate coordinate transformation (e.g. elliptic coordinates if the inter-

secting curve is an ellipse in barcycentric coordinates of the triangle) and using suitable

order Gauss-Legendre quadrature rule (GLQR). Similarly, the EEC integral on an edge

of a quadratic triangular patch is evaluated in closed-form at the intersecting point of

the edge and the formed plane. In addition, a formula for a special case that occurs if

there is no intersection of the formed plane and all scatterer, called under-sampled re-

flection (USR) case, is suggested. The accuracy and validity of the developed schemes

and expressions are demonstrated via numerical examples.

Keywords: Equivalent Edge Currents (EEC), Impedance Surfaces, Linear and

QuadraticTriangularPatches, PhysicalOptics (PO)Approximation, RadonTrans-

form Interpretation, Time Domain Analysis.
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ÖZET

Bu tez çalışmasında, lineer ve ikinci dereceden üçgenler ile ayrıklaştırılmış mü-

kemmel elektriksel iletken saçıcılar için fiziksel optik (FO) ve eşdeğer kenar akımları

(EKA) (ışıma) integrallerinin zaman uzayında tam (exact) olarak hesaplanması ve li-

neer üçgenler kullanılarak modellenen empedans yüzeylerin zaman uzayında FO yak-

laşımı ile analizi için yöntemler geliştirilmiştir. Işıma integrallerinin Radon dönüşümü

olarak yorumlanmasıyla; lineer veya ikinci dereceden üçgen yüzeyi üzerinden olan FO

integralinin, gelen alan yönü ve gözlem yönünün oluşturduğu düzlem ile saçıcıyı mo-

delleyen üçgenin kesişimi sonucu oluşan eğri üzerinden bir integrale indirgenebileceği

gösterilmiştir. Özel olarak, lineer üçgenler için kesişim düz bir çizgi olduğundan, in-

dirgenen FO integralinin kapalı-form ifadesi belirlenmiştir. İkinci dereceden üçgenler

için ise bu kesişim üçgenin alan koordinatlarında ikinci dereceden bir eğri oluşturur ve

eğrinin türüne (elips, hiperbol vs.) uygun bir koordinat dönüşümü (örneğin elips için

eliptik koordinatlar gibi) ve uygun dereceden Gauss-Legendre integrasyon kuralı kul-

lanılarak FO integrali tam olarak hesaplanmıştır. Benzer olarak, kırınım katkılarının

belirlenmesi amacıyla ikinci dereceden üçgenler ile modellenen saçıcıların kenarları

üzerinden olan EKA integralinin, ikinci dereceden üçgenin kenarı ve düzlemin ke-

sişim noktasında, kapalı-formda hesaplanabileceği gösterilmiştir. Ek olarak, düzlem

ile saçıcı arasında hiç kesişim olmadığı ve saçıcının tamamının atlandığı özel durumda

saçılan alanların FO yaklaşımı ile zaman uzayında belirlenmesi için bir formül öne-

rilmiştir. Geliştirilen yöntemlerin ve ifadelerin doğruluğu ve geçerliliği nümerik örnek-

ler aracılığıyla gösterilmiştir.

Anahtar Kelimeler: Empedans Yüzeyler, Eşdeğer Kenar Akımları (EKA), Fizik-

sel Optik (FO)Yaklaşımı, Lineer ve İkinci DerecedenÜçgenler, RadonDönüşümü,

Zaman Uzayı Analizi.
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1. INTRODUCTION

In the field of electromagnetics, finding location and/or determining properties of

scatterers such as planes, ships, spacecraft, vehicles, people, and natural environments

with the help of the scattered electromagnetic waves is one of the important and com-

mon problems. Radar (RAdio Detection And Ranging), which is a detection system

based on electromagnetic waves [1], is used for these purposes. In the military applica-

tions, radar is used for surveillance, navigation, and weapon guidance for land, sea and

air vehicles. In civil life, it has been used as police radar, weather radar (meteorological

radar), air traffic control radar in airports, spaceborne or airborne radar, which is used to

determine the earth topology and environmental characteristics [2]. The basic working

principle of radar is very similar to the working principle of the sound wave reflection:

an echo occurs if someone shouts towards an object that can reflect the sound. If the

speed of sound, i.e. the propagation speed of the sound in the medium, is known, the

distance and direction of the object can be calculated. Similar to this, in a radar system,

this is done by sending a specific electromagnetic wave signal, which is generated by

the transmitter antenna of the radar. The generated electromagnetic wave, called in-

cident electromagnetic wave, interacts with objects, called scatterers, then spreads in

different directions (in other words, it scatters), which is called scattered electromag-

netic wave. Furthermore, the scattered electromagnetic waves can propagate, interact,

and scatter from other objects as scatterers. Thus, the scattered electromagnetic waves

play an important role in detection of the objects. In the literature, the criterion of

radar detectability of the scatterers is defined by the Radar Cross Section (RCS) [3].

Therefore, RCS value of an object is important in the design and development phase.

RCS of a prototype or object can be determined by measurement [3], once it is fab-

ricated. However, fabricating and measuring every prototype is extremely inefficient

and expensive. Therefore, it is important to predict the RCS of an object via solving

Maxwell’s equations and using computers. In general, RCS is a complex value that

depends on the geometric shape, orientation, and material of the scatterer, as well as

the frequency and polarization of the incident wave [3–5]. Due to this complexity and

lack of the technology, RCS was estimated analytically, but with the development of

the technology, numerical methods have started to gain importance in order to provide
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rapid and accurate solutions to electromagnetic radiation and scattering problems, in-

volving the RCS estimation. As a result, various procedures have been developed for

the simulation of the electromagnetic problems and the numerical side of the field has

begun to emerge. This emerged field is called computational electromagnetics.

The methods to solve the electromagnetic problems can be categorized in two

groups: full-wave solvers and asymptotic techniques. The full-wave solvers such as

finite element method (FEM) [6], finite difference time domain (FDTD) method [7],

and method of moments (MoM) [8], are generally used in low frequency problems and

the solution obtained by applying them consist the effects of all scattering mechanisms,

e.g. reflection, diffraction, surface waves, etc. However, as the physical size of the ob-

ject becomes much larger compared to wavelength, called electrically large scatterers,

the size of the computational domain increases and these methods require very high

computational resources. The asymptotic techniques, such as geometric optics (GO)

and physical optics (PO) approximations [9], are obtained from asymptotic evaluation

of theMaxwell’s equations under the high frequency assumption and they are used effi-

ciently in various high frequency problems involving the analysis of the large scatterers.

Compared to full-wave solvers, asymptotic techniques provide reasonable accuracy for

the solution of electrically large scatterers in reasonable time using less computational

resources. Nevertheless, the aforementioned asymptotic techniques can only model

the reflection of the electromagnetic waves, the other scattering mechanisms such as

multiple reflection, diffraction, i.e. scattering from edges, sharp wedges, etc., must be

determined separately and added to the solution. Specifically to determine the diffrac-

tion effects, asymptotic techniques such as physical theory of diffraction (PTD), geo-

metric theory of diffraction (GTD), and equivalent edge current (EEC), are developed

as complimentary techniques to PO and GO [9–12].

In electromagnetic scattering, the PO approximation is one of the most preferred

high frequency technique to analyze scattering and radiation from electrically large

scatterers. The PO approximation usually involves the analysis of perfect electrically

conducting (PEC) scatterers. The PO approximation for the PEC scatterers assumes

that an equivalent electric current density, which is roughly twice of the tangential

component (w.r.t. scatterer’s surface) of the incident magnetic field, is induced only

on the illuminated part of the scatterer, whereas the current density on the shadowed

2



region is assumed to be zero. Then the PO approximated current density creates the

scattered electromagnetic fields. On the other hand, the PO approximation can be used

for the analysis of scatterers with the impedance surfaces [3, 13–16]. For the analysis

of the scatterers with the impedance surfaces, PO approximation assumes that the elec-

tric and magnetic equivalent currents are induced on the illuminated part of the surface

of the scatterer. In the analysis using the PO approximation, once the current densi-

ties are approximated, the calculation of the scattered fields requires evaluation of a

highly oscillatory radiation integral, which is called PO integral, over the illuminated

surface. Although the PO approximation is a high frequency technique, the numerical

evaluation of the PO integral is usually not efficient, since a huge number of samples

should be taken into account to obtain accurate results for electrically large scatter-

ers. Therefore, finding an analytical or an approximate expression to the PO integral

is crucial to preserve the benefits of the PO approximation. In order to determine the

scattered fields, the scatterer must be discretized using geometric patches. The surface

of the scatterer can be discretized with different surface models, such as linear trian-

gles [17], linear polygons [18–21], quadratic (second order) triangles [22] or NURBS

surfaces [23–25], etc. In this case the scattered fields can be determined by evaluating

the PO integral over the one of these surface models. In the literature, closed-form or

approximate expressions for the PO integral over these surface models are developed:

i) In frequency domain, the PO integral for linear triangular and polygonal patches

are evaluated analytically resulting in the well-knownGordon formula [18,19] or

approximate expressions are available using the Levin’s [26] or Ludwig’s [27]

integral methods. In time domain, analytical expression is also developed for

linear triangular patches using the Radon transform interpretation in [17].

ii) For a quadratic triangular patch, approximate expressions are developed in fre-

quency domain [22,28,29], however in time domain there is no closed-form/ap-

proximate expressions or exact evaluation scheme available for quadratic trian-

gles. Note that similar to the Radon transform interpretation, the closed-form ex-

pressions in time domain are developed for paraboloidal, ellipsoidal, and hyper-

boloidal surfaces [30–32]. These quadratic surfaces are defined in 3-dimensional

space, whereas the quadratic triangles have a second order behavior in barycen-
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tric coordinates. This limits the application of the analytical expressions in [30–

32], since general 3-dimensional quadratic surfaces are not a common way to

discretize arbitrary surfaces, however quadratic triangular meshes can be gener-

ated using open source and commercial software. In addition, the quasi-analytic

expressions in [30] are obtained for a point source instead of a plane wave exci-

tation.

iii) For the NURBS surfaces, it is possible to reduce the PO integral over the NURBS

surface to a line integral, both in time and frequency domains [23, 24, 33–35].

Note that the same PO integral on one of the surface models can be used in the analysis

of the impedance surfaces using the PO approximation, whereas the physical theory

of diffraction (PTD)–equivalent edge currents (EEC) [11, 12] requires evaluation of a

highly oscillatory radiation integral, which is called EEC integral in this thesis, on the

edge of the aforementioned surface models.

In general, all radiation integrals can be interpreted as a kind of a Radon trans-

form, which allows to reduce the dimension of the integration domain. Especially in

time domain this reduction is straightforward and can be performed analytically in most

cases [17, 23, 36–38]. Since the argument of the Dirac delta function in the radiation

integral defines a surface related to the observation direction/point and incident wave,

the domain of the radiation integral can be reduced to the intersection of the surface

defined by the Dirac delta function and the scatterer’s surface. As a result, the PO

integrals for near/far-field scattering due to different source configurations for linear

triangular patches [17, 36, 37], radiation integrals in time domain surface and volume

integral equations, for basis functions defined on linear triangular patches [38–40] and

linear tetrahedral elements [41], respectively, can be determined in closed-form.

The main purpose of this thesis is to develop schemes for exact evaluation of the

PO and EEC integrals on second order triangular patches and edges, respectively, in

time domain using Radon transform interpretation. For this purpose, the closed-form

evaluation of the PO integral for linear triangular patches is revisited and a formula for

the special case that can only occurs in time domain simulations is developed. Then a

scheme for the exact evaluation of PO integrals on quadratic triangles and closed-form

evaluation of the EEC integral on quadratic edges are developed. At last, transient
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analysis of the impedance surfaces using time domain PO approximation and linear

triangular patches is presented.

This thesis is organized as follows: In Chapter 2, the formulation of the closed-

form evaluation of the PO integral for a linear triangular patch in time domain step

by step without any interpretation is presented and the special case is investigated.

In Chapter 3, a scheme for exact evaluation of the PO integral in time domain over

quadratic triangular patches usingRadon transform interpretation is presented. In Chap-

ter 4, the closed-form evaluation of the EEC integral for the quadratic edges of the

quadratic triangular patches in time domain is presented. In Chapter 5, the analysis of

transient scattering from impedance surfaces using the PO approximation and linear

triangular patches is presented. In Chapter 6, the conclusions are drawn. The publi-

cations of the thesis are presented in Appendix A. Frequently used properties of the

Dirac delta function in this thesis is presented in Appendix B, definitions for quadratic

triangles are given in Appendix C, quadratic curve types are given in Appendix D, and

lastly diffraction coefficients for EEC are given in Appendix E.
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2. LINEAR TRIANGLES

In this chapter, the closed-form evaluation of the PO integral for linear triangular

patches in time domain, which is presented in [17], will be re-obtained mathematically

step by step without any interpretation. In [17], the closed-form expression of the PO

integral for linear triangular patches in time domain (and also Fourier transformed to

frequency domain) is evaluated using the Radon transform interpretation. Specifically,

in [17], the PO integral over a linear triangular surface is reduced to a line integral over

the intersection of the linear triangle and the plane formed by the propagation direc-

tion of the incident plane wave and the observation direction, called kr-plane, then it is

concluded that the closed-form expression to the line integral should be a triangle func-

tion since the domain of the PO integral is a linear triangle. However, the closed-form

expression presented in [17] can be obtained mathematically, which will lead to exten-

sion of the procedure for exact evaluation of the PO integral on high order surfaces.

For this reason, in Section 2.1.1, formulation of the closed-form evaluation of the PO

integral for a linear triangular patch is presented step by step without any interpretation

in time domain. In addition, for a time domain simulation, it is possible to encounter

with a case such that all scatterer can be completely fit into two consecutive time sam-

ples, resulting in no intersection. This case is not the specular reflection case (i.e. the

special case that the kr-plane is parallel to the triangular patch) and strongly depends

on the choice of the time step size, the incidence and observation directions. This case

is called under-sampled reflection (USR) case in this thesis. Note that, USR case has

not been encountered in [17] since all examples in [17] are produced in frequency do-

main even the formulation is partially in time domain. Accordingly, in Section 2.1.2,

a formula, which has a rectangular shape in time, is proposed for the USR case, and in

Section 2.1.3 computational complexity is presented. Numerical examples are shown

in Section 2.2. It is shown in numerical examples that the accuracy of the scattered field

obtained using the time domain PO approximation depends on the norm of kr, besides

the time step size. Note that this observation might be crucial to maintain the accu-

racy at the same level for all incident/observation directions. Conclusions are drawn in

Section 2.3.
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2.1. Formulation

Let S denote the surface of a PEC scatterer that resides in an infinite homoge-

neous background medium with permittivity ε0 and permeability µ0. The electric and

magnetic field components of the impulsively excited incident plane wave

Einc(r, t) = p̂δ(t− k̂i · r/c), (2.1)

Hinc(r, t) = η−1
0 (k̂i × p̂)δ(t− k̂i · r/c), (2.2)

respectively, where k̂i and p̂ are the propagation direction and polarization of the in-

cident wave, respectively, δ(·) denotes the Dirac delta function, and c = 1/
√
ε0µ0

and η0 =
√

µ0/ε0 are the speed of wave and the intrinsic impedance of the medium,

respectively. In the PO approximation, the current density is assumed as J(r, t) =

2n̂(r)×Hinc(r, t); r ∈ Slit, and J(r, t) = 0; r ∈ Ssha, where n̂(r) denotes the out-

ward pointing unit normal vector of S, Slit and Ssha denote the illuminated and shad-

owed parts of S. Assuming that Slit is discretized with linear triangular patches, Slit '⋃
N
n=1S̃n, the scattered electric field at far-zone can be determined as

Esca(r, t) = − 1

2πc

∂tδ(t− r/c)

r
∗

[
k̂s × k̂s × (k̂i × p̂)×

N∑
n=1

n̂nhn(t)

]
, (2.3)

where r = rk̂s and k̂s is the observation direction, ∂t and “∗” denote the time derivative

and convolution, respectively, n̂n = n̂(r); r ∈ S̃n, denotes the unit normal vector of

the nth triangular patch, and hn(t) denotes the PO integral:

hn(t) =

∫
S̃n

δ

(
t− 2

c
kr · r′

)
dr′. (2.4)

Here kr = (k̂i − k̂s)/2. Note that in (2.4) the argument of the Dirac delta function

defines a plane with a time dependent location t = 2c−1kr · r′, called kr-plane. Con-

sidering the infinite time integral of hn(t) yields the area of the triangular surface S̃n,
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Figure 2.1: (a) Radon transform of the triangle and (b) intersections on the triangle.

time samples of hn(t) are the intersection of the kr-plane and the triangular surface S̃n.

Since S̃n is a linear triangular surface, the result of the integral should be a triangle

function [17] (see Fig. 1 in [17] or Fig. 2.1(a)). Next the closed-form evaluation of

hn(t) is shown.

2.1.1. Evaluation of hn(t)

A linear triangular patch is defined by three nodes r1, r2, r3, and assume that

these nodes are ordered in intersection time of the node and the kr-plane as t3 > t2 >

t1, where ti = 2c−1kr · ri, i = 1, 2, 3, as shown in Fig. 2.1(a). Any point on S̃n

can be pointed using barycentric coordinates of S̃n, i.e. r′ = (r2 − r1)α + (r3 −

r1)β + r1, where (α, β) denote the barycentric coordinates as shown in Fig. 2.1(b).

The coordinate system can be rotated as (x, y, z) → (xp, yp, zp) such that kr ‖ x̂p. As

a result intersection time can be given as ti = 2c−1 |kr|xp,i, i = 1, 2, 3, and using the
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Dirac delta function’s property given in (B.1), hn(t) in (2.4) can be written as

hn(t) =
c

2 |kr|

∫
S̃n

δ

(
ct

2 |kr|
− x′

p,i

)
dr′p. (2.5)

The argument of the Dirac delta function in (2.5) determines the location of the kr-

plane:

0 =
ct

2 |kr|
− x′

p,i =
ct

2 |kr|
− [(xp,2 − xp,1)α + (xp,3 − xp,1)β + xp,1] . (2.6)

A coordinate transformation as shown in Fig. 2.1(b) is applied to (2.5) and (2.6),

α = u cosΩ− v sinΩ (2.7)

β = u sinΩ + v cosΩ,

where Ω = tan−1[(xp,3 − xp,1)/(xp,2 − xp,1)]. Note that since t3 > t2 > t1 (also

xp,3 > xp,2 > xp,1), Ω ∈ [0, π/2). Substituting (2.7) into (2.6) yields

u =
1

τ

[
ct

2 |kr|
− xp,1

]
, (2.8)

where τ =
√

(xp,2 − xp,1)
2 + (xp,3 − xp,1)

2
. Applying the coordinate transformation

in (2.7) to the PO integral (2.5) yields

hn(t) =
ctAn

τ |kr|

∫
u

δ

(
u− ct

2 |kr| τ
+

xp,1

τ

) ∫
v(u)

dvdu. (2.9)

Here, An = 0.5 |(r3 − r1)× (r2 − r1)| denotes the area of the triangle, 2An is the Ja-

cobean of the transformation. The integral w.r.t. u in (2.9) can be evaluated analytically

using the Dirac delta function’s property given in (B.3) as

hn(t) =
ctAn

τ |kr|

∫
v(u)

dv

∣∣∣∣∣∣∣
u= ct

2|kr|τ
−

xp,1
τ

. (2.10)
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Note that in (u, v), kr ‖ v and the integral in (2.10) represents the line that is formed

as the result of the intersection of the kr-plane and S̃n. In addition, since t3 > t2 > t1;

the kr-plane first intersects with r1 (where α = 0 and β = 0), then intersects with r2

(where α = 1 and β = 0), and lastly intersects with r3 (where α = 0 and β = 1). This

order determines the limits of the integral in (2.10). Hence the integral in (2.10) should

be evaluated for two regions: for t2 > t > t1 the lower and upper limits are on β = 0

and α = 0 lines, respectively. For t3 > t > t2 they are on α = 0 and γ = 1−α−β = 0

lines, respectively. For a given u, intersection of the v axis with β = 0, α = 0, and

γ = 1− α− β = 0 lines can be found using the inverse transformation of (2.7) as

vβ(u) =
−u sinΩ

cosΩ
=

−u(xp,3 − xp,1)

(xp,2 − xp,1)
, (2.11)

vα(u) =
u cosΩ

sinΩ
=

u(xp,2 − xp,1)

(xp,3 − xp,1)
, (2.12)

vγ(u) =
1− u[cosΩ + sinΩ]

cosΩ− sinΩ
(2.13)

=
τ − u[xp,2 + xp,3 − 2xp,1]

xp,2 − xp,3

,

respectively. As a result, the closed-form expression of hn(t) in (2.10) can be deter-

mined for t2 > t > t1 as

hn(t) =
ctAn

|kr| τ
[vα(u)− vβ(u)]u= ct

2|kr|τ
−

xp,1
τ

(2.14)

=
ctAn

|kr| τ 2

[
ct

2 |kr|
− xp,1

] [
τ 2

(xp,3 − xp,1)(xp,2 − xp,1)

]
=

ctAn

|kr|

ct
2|kr| − xp,1

(xp,3 − xp,1)(xp,2 − xp,1)

= 2An
t− t1

(t3 − t1)(t2 − t1)
,
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and for t3 > t > t2 as

hn(t) =
ctAn

|kr| τ
[vγ(u)− vα(u)]u= ct

2|kr|τ
−

xp,1
τ

(2.15)

=
ctAn

|kr|

ct
2|kr| − xp,3

(xp,3 − xp,1)(xp,2 − xp,3)

= 2An
t− t3

(t3 − t1)(t2 − t3)
.

If t > t3 or t1 > t, then there is no intersection and hn(t) = 0. Consequently, hn(t)

can be given as follows

hn(t) =


2An(t−t1)

(t2−t1)(t3−t1)
, (t1 < t < t2)

2An(t−t3)
(t2−t3)(t3−t1)

, (t2 < t < t3)

0, elsewhere.

(2.16)

As a special case, if t1 = t2 = t3, i.e. the specular reflection case, where n̂n ‖ kr and

kr · r′ is constant all over S̃n, (2.4) can be written as

hn(t) =

∫
S̃n

δ (t− 2kr · r1/c) dr′ (2.17)

= δ (t− t1)

∫
S̃n

dr′

= Anδ (t− t1) .

With (2.16) and (2.17), the closed-form expressions in [17] are obtained.

2.1.2. Under-sampled Reflection (USR) Case

For a time domain simulation a time step size ∆t should be selected consider-

ing the desired higher limit of the frequency band of the simulation, i.e. fmax. The

intersection of the scatterer and the kr-plane occurs in a time interval t ∈ [tmin, tmax],

where tmin = min{2c−1kr · r} and tmax = max{2c−1kr · r}, ∀r ∈ S. Note that tmin

and tmax depend on the kr-direction, which is not a unitary vector and also depends on

the incidence and observation directions. If the time step size ∆t samples the interval
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[tmin, tmax], i.e. the kr-plane intersects with the scatterer at any time sample, then the

closed-form expressions given in the previous subsection can be used. However, if

(m + 1)∆t > tmax > tmin > m∆t for an integer m, then samples of the kr-plane has

no intersection with the scatterer. As a result, the scatterer is totally neglected as it does

not exist. This case is named as USR case in this thesis.

In order to remedy this problem, a simple formula is suggested considering the

PO integral hn(t) for a triangle patch is in triangle form in time as in (2.16) and its

temporal integral yields the area of the patch, then hn(t) can be represented by

hn(t) =

 An

t3−t1
, t3 > t > t1

0, elsewhere,
(2.18)

where the temporal integral of (2.18) yields An and the Fourier transform of (2.18) is

similar to the Fourier transform of (2.16) for the frequency f < fmax, since∆t is large

enough [42].

2.1.3. Computational Complexity

The computational complexity and memory requirement of the PO approxima-

tion are different than themarching on-in-time (MOT) based time domain integral equa-

tion solvers [43,44], since in PO approximation the solution is obtained without solving

a matrix equation. The solution with time domain PO approximation requiresO(NtN)

operations and O(NT ) memory, where N is the number of triangles, Nt is the maxi-

mum number of time steps that the kr-plane and a triangle intersects, NT is the total

number of time steps that samples the scatterer in [tmin, tmax], in other words total num-

ber of time steps that the kr-plane and the scatterer intersects. For the USR case, both

the computational complexity and the memory requirement are O(N). N , Nt, and NT

depend on ∆t, size of the scatterer, norm of kr, and discretization size. Also it should

be emphasized that USR case might be used if the scatterer and the kr-plane does not

intersect, in other words NT = Nt = 0, therefore it might not be conclusive to com-

pare the computational complexity and memory requirement of the USR case given in

Section 2.1.2 and the time domain PO formulation in Section 2.1.1.
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2.2. Numerical Examples

In all examples presented in this section, a p̂ = x̂ polarized plane wave traveling

to k̂i = −ẑ direction illuminates the scatterers. The upper frequency limit for simu-

lations fmax = 2 GHz (the minimum wave length λmin = 0.1499 m) and the time step

size is determined by ∆t = 1/(2fmaxNos), where Nos denotes the oversampling factor.

When Nos = 1, ∆t = 250 ps is the Nyquist sampling limit for 2 GHz. In all figures,

TD denotes the time domain results obtained using (2.16) and (2.17), FD denotes the

frequency domain results obtained using the formulas given in [17], and USR denotes

the case in Section 2.1.2. Analytical PO solutions for the unit sphere and rectangular

plate are given in [45] and [9], respectively. While calculating errors, discrete Fourier

transformed TD, FD, and analytical results are calculated at f = [10MHz, 2 GHz] with

∆f = 10MHz interval, then norm of the relative error in RCS, where all the frequency

samples are taken into account, is determined.

2.2.1. Unit Sphere

First example analyzes the change of the error in the backscattered RCS (k̂s =

−k̂i and kr = k̂i) w.r.t. analytical PO solution as the number of triangles increases. The

illuminated part of the unit sphere is discretized with 1188 to 172700 triangles, where

the average edge lengths change from 0.77λmin to 0.06λmin. Fig. 2.2 shows the relative

errors of FD and TD results for ∆t = {0.55, 50, 100, 250} ps. Note that the relative

errors in TD for∆t = {50, 100, 250} ps saturate and do not decrease as the number of

triangles increases, even though time step sizes satisfy the Nyquist sampling criterion.

This error is not caused by the discretization since the error of FD results, where time

step size has no effect, is lower. The behavior of the error for ∆t = {50, 100, 250} ps

is caused because most of the triangles are not taken into account since these triangles

do not intersect with the kr-plane. If the time step size is chosen as small as there

is an intersection with all triangles, i.e. TD result for ∆t = 0.55 ps, then the error

levels coincide with FD results. Fig. 2.3 shows the relative error in backscattered RCS

obtained by TD w.r.t. FD results to investigate the dependence of the accuracy to kr (or

k̂s). k̂s is swept between θ = [0◦, 180◦] (φ = 0◦) and the illuminated part of the unit
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Figure 2.2: Relative error in the backscattered RCS of the unit sphere.

Figure 2.3: Relative error for θ = [0, 180]◦ interval in the backscattered RCS.

sphere is discretized with 9307 triangles as shown in Fig. 2.3. Note that |kr| changes

from 1 to 0 with θ and the spatial step that the kr-plane takes in a time step changes

as ∆x = 0.5c∆t|kr|−1
. Fig. 2.3 plots the relative error for ∆t = {5.0, 10.0} ps and

∆x = {0.749, 1.5} mm. The former results are obtained by keeping ∆t fixed and for

the latter ones, ∆t is updated to keep ∆x fixed, also in these cases no triangles are

omitted. It can be seen in Fig. 2.3 that for θ < 80◦ the error levels for associated ∆t

and ∆x are coinciding but for θ > 80◦ the error for the fixed ∆t increases as the error

for the fixed ∆x remains in the same level.

2.2.2. Inclined Plate

As a second example, backscattered fields (k̂s = −k̂i) of an inclined plate with

corners r1 = (−0.5,−0.5, 0), r2 = (0.5,−0.5, 0), r3 = (0.5, 0.5, 0.1), and r4 =

(−0.5, 0.5, 0.1), modeled with 4 linear triangles (see inset of Fig. 2.4) is analyzed.

Fig. 2.4 plots the time domain behavior of
∑

n̂nhn(t) for different∆t. It is known that

the total PO integral should be in the form of a rectangle function for the plate [9,23] and
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Figure 2.4: Norm of the total PO integral of the plate.

Figure 2.5: Comparison of the relative error in the backscattered RCS.

as it can be seen from Fig. 2.4 that the TD results are not satisfactory until ∆t = 3.91

ps (Nos = 64). Fig. 2.5 shows the relative error in backscattered RCS obtained by TD

results w.r.t. the analytical PO solution as the time step size changes. The relative errors

for USR and FD results are also plotted. Note that USR and FD results do not change

with∆t. It can be seen from Fig. 2.5 that as the time step size increases, the TD results

begin to deteriorate and for∆t > 0.667 ns the scatterer fits in two sequential time steps,

TD results become inconclusive, and the error is unitary, since there is no intersection

of the kr-plane and the plate, i.e. hn(t) = 0. For ∆t > 0.667 ns, USR result, which

coincides with the FD result very well, can be used in time domain. The error level of

TD results coincide with FD result for∆t < 0.0153 ps (Nos > 16384). In addition, this

limit is higher as the inclination of the plate decreases to obtain enough intersections.

Eventually, if the plate is normal to kr, the formula for the specular reflection case in

(2.17) should be used.
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2.3. Conclusions

In this chapter, the complete formulation of the closed-form evaluation of the PO

integral on linear triangular patches in time domain is presented. Numerical examples

show that even the closed-form expressions are used, time step size should be chosen

considering the triangle sizes, incident and observation directions (or spatial steps),

since for a fixed time step size, the accuracy of the solution depends on the norm of kr.

If the scatterer fits into two consecutive time steps and the kr-plane does not intersect

with the scatterer at all, the formula for the USR case can be used.
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3. QUADRATIC TRIANGLES

In this chapter, a scheme for exact evaluation of the PO integral in time domain on

quadratic triangular patches using Radon transform interpretation is presented. Similar

to the previous chapter, the scatterer is assumed to be illuminated by a plane wave and

the scattered fields are observed at far-zone. Specifically, the argument of the Dirac

delta function defines a plane and the dimension of the surface integral on a quadratic

triangle can be reduced to the intersection of the plane and the quadratic triangle. As

a result, the surface integral is reduced to a line integral. To determine the analyti-

cal expression of the intersecting curve (not the integral), the equation that defines the

quadratic triangle and the equation of the plane defined by the Dirac delta function

are solved together in barycentric coordinates of the associated quadratic triangle. The

resulting intersection, is in the form of a quadratic curve, which can be an ellipse, a

hyperbola, a parabola or a line/lines. Once the type of the curve is determined, then

a suitable coordinate transformation is applied to parametrize the intersecting curve,

e.g. elliptic coordinate system is used for an ellipse. At this point, instead of searching

for a closed-form expression to the line integral, the Gauss-Legendre quadrature rule

(GLQR) is applied to determine the PO integral over the parametrized curve. Due to

the quadratic nature of the intersecting curve, the PO integral can be determined exactly

using an appropriate order GLQR. The resulting scheme has two main advantages: (i)

although the incident field is assumed to be band limited in time domain simulations,

mathematically in time domain PO approximation it is possible to use an incident field

with a Dirac delta time signature, which has infinite bandwidth. In this case the upper

frequency to obtain accurate results is limited by the time step size and discretization

efficiency of the scatterer’s surface. If results for a specific time signature is required,

they can be obtained by convolving the desired time signature with the scattered fields

found for the Dirac delta excitation (see Chapter 5). (ii) Discretizing with quadratic tri-

angles models the scatterer’s surface much more accurate with less number of triangles

than using linear ones, especially for curved surfaces. For a curved scatterer discretized

with the same number of linear and quadratic triangular elements, the upper frequency

limit for the quadratic triangles is much higher than the limit for the linear triangles.

The rest of the chapter is organized as follows: firstly, the formulation of the
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PO approximation is presented in Section 3.1, and the evaluation of the PO integral

on quadratic triangles is shown. Specifically, in Sections 3.1.1 and 3.1.2 the formu-

lation of the PO approximation and evaluation of the PO integral is presented. The

formulations for determining the analytical expression of the parametrized intersecting

curve types is shown in Sections 3.1.3, 3.1.4, and 3.1.5, for an ellipse, a hyperbola, and

a line/lines cases, respectively. The application of the GLQR over the parametrized

curve, is shown in Section 3.1.6. In Section 3.2, numerical examples that demonstrate

the accuracy and validity of the proposed scheme are presented, and in Section 3.3

conclusions are drawn. Additionally, the properties of the Dirac delta function, the pa-

rameters of the quadratic triangle definition and the parameters for the triangle plane in-

tersection in barycentric coordinates, and variables for the quadratic curve types, which

are frequently used throughout this chapter, are given in Appendices B, C, and D, re-

spectively.

3.1. Formulation

3.1.1. POApproximation

Let S denote the surface of a PEC scatterer, residing in an unbounded medium

with permittivity ε0 and permeability µ0. S is illuminated by an incident plane wave

with a Dirac delta time dependence. The electric and magnetic field components of the

incident wave are given in (2.1) and (2.2), respectively. Asmentioned in the Section 2.1,

the PO approximated surface current density is assumed asJ(r, t) = 2n̂(r)×Hinc(r, t);

r ∈ Slit, and J(r, t) = 0; r ∈ Ssha, where n̂(r) is the outward pointing unit normal vec-

tor on S, Slit and Ssha denote the illuminated and shadowed part of S, respectively. The

scattered electric field at the far-zone can be found as [46, 47]:

Esca(r, t) = − 1

2πc

∂tδ(t− r/c)

r
∗ Esca

rc (k̂s, t). (3.1)

Here Esca
rc (k̂s, t) is the range-corrected scattered electric field [46, 47]:
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Figure 3.1: The intersection of the kr-plane and the quadratic

triangle: t0 < t1 < t2 < t3 < t4.

Esca
rc (k̂s, t) = − η

2
k̂s × k̂s ×

∫
S

J(r′, t) ∗ δ(t+ k̂s · r′/c)dr′. (3.2)

Substituting the PO approximated current density into (3.2) and assuming that the il-

luminated surface Slit is discretized with quadratic triangles, i.e. Slit '
⋃

N
n=1Sn,

Esca
rc (k̂s, t) can be written as:

Esca
rc (k̂s, t) = k̂s × k̂s × (k̂i × p̂)×

N∑
n=1

hn(t), (3.3)

where hn(t) is called the PO integral in this section and defined as:

hn(t) =

∫
Sn

n̂(r′)δ(t− 2kr · r′/c)dr′. (3.4)

Themain difference of (3.4) from the formulation given in Chapter 2 or in [17] for linear

triangles is that n̂(r) is not constant throughout the integration domain Sn. Therefore

n̂(r) should be taken into account while evaluating the integral, hence hn(t) is a vector

function.

3.1.2. Evaluation of hn(t)

The PO integral hn(t) given in (3.4), can be interpreted as a planar Radon trans-

form due to the set of points that makes the argument of the Dirac delta function zero

is a plane with the surface normal k̂r = kr/ |kr| (called kr-plane), and the position of

the plane depends on time, as shown in Fig. 3.1. Integral domain in (3.4) is a quadratic

triangle Sn, which is defined by 6 nodes, ri, i = 1, . . . , 6, as shown in Fig. 3.1(a).
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Depending on the position of the kr-plane, quadratic triangle, and time, the integral in

hn(t) can be reduced to a line integral that is formed by the intersection of the kr-plane

and Sn, as shown in Figs. 3.1(b)-(d). If there is no intersection then hn(t) = 0, as

shown in Fig. 3.1(e). To find the expression of the intersecting line, the expression that

defines the surface of the quadratic triangle should be substituted into the equation of

the kr-plane and the resulting equation should be solved.

As the first step, it is assumed that the coordinate system is rotated (x, y, z) →

(xp, yp, zp) such that k̂r = x̂p. Since this is a simple rotation operation, it brings unitary

Jacobean, moreover kr ·r′p = |kr|x′
p and using the Dirac delta function’s property given

in (B.1), (3.4) can be written as:

hn(t) =

∫
Sn

n̂(r′p)δ(t− 2kr · r′p/c)dr′p (3.5)

=
c

2 |kr|

∫
Sn

n̂(r′p)δ

(
ct

2 |kr|
− x′

p

)
dr′p.

If the definition in (C.1) that defines the location of any point on Sn, is substituted in

the equation of the kr-plane in (3.5), expression of the intersecting curve in barycentric

coordinates can be found as:

0 =
ct

2 |kr|
− xp(α, β) =

ct

2 |kr|
−

6∑
i=1

Ni(α, β)xp,i (3.6)

= ãα2 + b̃β2 + c̃α + d̃β + ẽαβ − f̃ = F (α, β).

Here the equation in the second line is a general quadratic curve equation [48], and de-

pending on the coefficients it can be an ellipse, a hyperbola, a parabola or a line/lines.

The determination of the curve type can be found in [48] and is briefly given in Ap-

pendix D for the appropriate notation in (3.6). The explicit expressions of ã, b̃, c̃, d̃, ẽ, f̃

are given in (C.5). Note that even it is not explicitly shown, the coefficients ã, b̃, c̃, d̃, ẽ, f̃

are functions of the nodes of Sn (xp,i, i = 1, . . . , 6), in addition f̃ is a function of time.

The variables of the PO integral in (3.5) can be changed to the barycentric coordinates
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(α, β) as

hn(t) =
c

2 |kr|

∫
Sn

n
(
r′p(α, β)

)
δ

(
ct

2 |kr|
− x′

p(α, β)

)
dαdβ, (3.7)

where the Jacobean J(α, β) = |n(r′p(α, β))| is the norm of the normal vector, which

is defined in (C.3) for Sn.

Hitherto, the variable of the PO integral is changed to barycentric coordinates

and the type of the intersecting curve is determined. The next step is parametrizing

the intersecting curve for the ellipse, hyperbola, and line cases. Note that parabola

case is not common and has never been encountered in simulations, even if (3.6) can

represent a parabola. Therefore the formulation for the parabola case is not given here,

nevertheless the expressions for the parabola case can be derived applying the similar

steps in the following sections.

3.1.3. Ellipse Case

If ∆ 6= 0, ∆/I < 0, and ζ > 0, as defined in Appendix D and Table D.1, the

quadratic curve is an ellipse and at a certain time the quadratic curve equation in (3.6)

represents, in general, a rotated ellipse with the center (ĝ, ĥ). (3.6) can be reorganized

as

1 = â(α− ĝ)2 + b̂(β − ĥ)2 + ê(α− ĝ)(β − ĥ), (3.8)

where coefficients â, b̂, ê, ĝ, ĥ are defined in Table 3.1. A coordinate transformation,

where the major and minor axes of the ellipse coincide with u, v axes, is applied to

(3.8) as shown in Fig. 3.2:

α− ĝ = u cosΩ− v sinΩ (3.9)

β − ĥ = u sinΩ + v cosΩ.
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Table 3.1: Coefficients of the reorganized quadratic curve equation for

different type of curves.

Coefficient Ellipse/Hyperbola Coinciding/Parallel

Cases Lines Cases

â ã/f̂ ã+ b̃

b̂ b̃/f̂
√
c̃+ d̃

ê ẽ/f̂ –

f̂ ãĝ2 + b̃ĥ2 + ẽĝĥ− f̃ −f̃

ĝ [−2b̃c̃+ d̃ẽ]/[4ãb̃− ẽ2] –

ĥ [c̃ẽ− 2ãd̃]/[4ãb̃− ẽ2] –

Ω 0.5arctan
(
ê/(â− b̂)

)
0.5arctan

(
d̃/c̃

)

Figure 3.2: Intersection of the ellipse and the quadratic triangle in

barycentric coordinates, and coordinate definitions for the ellipse case.

Here the rotation angle Ω = 0.5 arctan(ê/(â − b̂)). As a result (3.8) is converted to a

standard ellipse equation

u2

a2elp
+

v2

b2elp
= 1, (3.10)

where aelp and belp are major and minor axes of the ellipse, respectively. Note that the

coordinate transformation in (3.9) results in a unitary Jacobean in (3.7), also aelp and

belp are function of time due to f̂ . To parametrize the ellipse, Cartesian coordinates u, v
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are transformed to elliptic coordinates (aelp, φ) as

u = aelp cos(φ) (3.11)

v =
√
a2elp − c2elp sin(φ),

where aelp ∈ [0,∞), φ ∈ [0, 2π), celp =
√

a2elp − b2elp is the focal length of the ellipse.

If (3.9) and (3.11) are applied to (3.7), hn(t) can be given as

hn(t) =
c

2 |kr|

amax∫
amin

∫
φ(aelp)

n
(
r′p(aelp, φ)

)
(3.12)

× δ

(
ct

2 |kr|
− x′

p(aelp, φ)

)
J̃elp(aelp, φ)dφdaelp,

where amin and amax are the minimum and maximum major axis sizes that intersect

with the quadratic triangle in barycentric coordinate system, as shown in Fig. 3.2. If

aelp < amin or amax < aelp, then hn(t) = 0, i.e. there is no intersection. The Jacobean

for the coordinate transformation is

J̃elp(aelp, φ) =
a2elp + b2elp − c2elp cos(2φ)

2belp
. (3.13)

As the last step, to use (B.3), the argument of the Dirac delta function should be given

in terms of aelp. This is achieved by using the property (B.2) as

hn(t) =
c

2 |kr|

amax∫
amin

∫
φ(aelp)

n
(
r′p(aelp, φ)

)
|Ψelp(a0, φ)|

(3.14)

× δ (aelp − a0) J̃elp(aelp, φ)dφdaelp,

where Ψelp(a0, φ) = ∂F (aelp, φ)/∂aelp|aelp=a0
and a0 (amin < a0 < amax) is the root

of the argument of the Dirac delta function in (3.12). Note that Ψelp(a0, φ) can be

determined using a symbolicmathematical calculator, explicit expression ofΨelp(a0, φ)

is not given here since it occupies too much space. Due to the second order behavior,
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there are two roots of the argument of the Dirac delta function in (3.12):

a0,1 = ±
√
(âcos2Ω + b̂sin2Ω + ê cosΩ sinΩ)

−1
(3.15)

and there should be two integrals w.r.t. aelp, however only a0 satisfies the condition

amin < a0 < amax, since amin > 0 and amax > 0. As a result the integral for root a1

is zero due to the Dirac delta function’s property in (B.3). Using (B.3), hn(t) can be

found as:

hn(t) =
c

2 |kr|

∫
φ(a0)

n
(
r′p(a0, φ)

)
|Ψelp(a0, φ)|

J̃elp(a0, φ)dφ, (3.16)

where the major and minor axes are defined as:

a0 =

√
(âcos2Ω + b̂sin2Ω + ê cosΩ sinΩ)

−1
, (3.17)

b0 =

√
(âcos2Ω + b̂sin2Ω− ê cosΩ sinΩ)

−1
, (3.18)

respectively. It should be emphasized that a0 and b0 are time dependent variables.

Hitherto, line integral representation of hn(t) for the ellipse case is determined.

3.1.4. Hyperbola Case

The steps for the hyperbola case is very similar to the ellipse case. If (∆ 6= 0 and

ζ < 0) as defined in Appendix D and Table D.1, the quadratic curve is a hyperbola and

at a certain time the quadratic curve equation in (3.6) represents, in general, a rotated

hyperbola with four branches centered at (ĝ, ĥ). The same reorganization in (3.8) and

the coordinate transformation given in (3.9) can be applied to (3.6) as in the previous

subsection. As a result (3.6) is converted to a standard hyperbola equation

u2

a2hyp
− v2

b2hyp
= 1, (3.19)
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Figure 3.3: Intersection of the hyperbola and the quadratic triangle in

barycentric coordinates, and coordinate definitions for the hyperbola case.

where ahyp and bhyp are transverse and conjugate axes of the hyperbola, respectively.

To parametrize the hyperbola, Cartesian coordinate u, v is transformed to elliptic cylin-

drical coordinates [48] (chyp, θ, φ):

u = chyp cos(θ) cosh(φ) (3.20)

v = chyp sin(θ) sinh(φ),

where chyp =
√

a2hyp + b2hyp ∈ [0,∞) is the focal length of the hyperbola, θ ∈ [0, 2π)

denotes the branches of the hyperbola with the focal length chyp on four quadrants, and

φ ∈ (0,∞), as shown in Fig. 3.3. If (3.9) and (3.20) are applied to (3.7) and the similar

steps in previous subsection for ellipse case is repeated, hn(t) can be found as

hn(t) =
c

2 |kr|

cmax∫
cmin

∫
φ(chyp)

n
(
r′p(chyp, θ, φ)

)
|Ψhyp(c0, θ, φ)|

(3.21)

× δ (chyp − c0) J̃hyp(chyp, φ)dφdchyp,

where cmin and cmax are the minimum and maximum focal length sizes that inter-

sect with the quadratic triangle in barycentric coordinate system. If chyp < cmin or

cmax < chyp, then hn(t) = 0, i.e. there is no intersection. The Jacobean for the coordi-

nate transformation is J̃hyp(chyp, φ) = 0.5c2hyp(cos(2φ) − cosh(2φ)), Ψhyp(c0, θ, φ) =
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Figure 3.4: Intersection of the line and the quadratic triangle in

barycentric coordinates, and coordinate definitions for the line case.

∂F (chyp, θ, φ)/∂chyp|chyp=c0
and c0 (cmin < c0 < cmax) is the root of the argument of

the Dirac delta function:

c0,1 = ±

√√√√ 2(âcos2Ω + b̂sin2Ω)

(âcos2Ω + b̂sin2Ω)
2
+ (ê cosΩ sinΩ)2

. (3.22)

Only the positive root c0 satisfies the condition cmin < c0 < cmax, and the integral for

root c1 is zero due to the Dirac delta function’s property in (B.3). Note that for a given

hyperbola with the focal length c0, θ can have four different values that represent the

branches of the hyperbola, e.g. θ ∈ {θ0, π − θ0, π + θ0, 2π − θ0} where θ0 ∈ [0, π/2].

Using the property in (B.3), hn(t) can be found as

hn(t) =
c

2 |kr|

∫
φ(c0)

n
(
r′p(c0, θ, φ)

)
|Ψhyp(c0, θ, φ)|

J̃hyp(c0, φ)dφ, (3.23)

where the focal length is given in (3.22). It should be emphasized that c0 is a time

dependent variable. Hitherto, line integral representation of hn(t) for the hyperbola

case is determined.
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3.1.5. Line Case

If∆ = 0, as defined inAppendix D andTable D.1, the quadratic curve equation in

(3.6) denotes, in general, rotated and shifted two lines. These lines can be intersecting,

coinciding or parallel lines. As a special case, if ã = 0, b̃ = 0, ẽ = 0, then (3.6) denotes

a single rotated and shifted line. Here, coinciding and parallel lines cases in Line Case 1

and single line case in Line Case 2 are considered. Intersecting lines case has not been

encountered in simulations, nevertheless it can be considered as two separate single

lines and the formulae given in this subsection can be extended easily.

• Line Case 1

If ∆ = 0, ζ = 0, (ã, b̃, ẽ are not zero all together), then (3.6) denotes coinciding

or parallel lines. In this case, the coordinate transformation in (3.9) with (ĝ, ĥ) = (0, 0)

is applied to (3.6), where the rotation angle Ω = arctan(d̃/c̃), and u, v ∈ (−∞,∞).

As a result (3.6) is converted to a coinciding or parallel lines equation parallel to the v

axis:

âu2 + b̂u+ f̂ = 0, (3.24)

where coefficients â, b̂, f̂ are given in Table 3.1. Applying the same transformation to

(3.7) and following the similar steps as in ellipse case, hn(t) can be found as

hn(t) =
c

2 |kr|

umax∫
umin

∫
v(u)

n
(
r′p(u, v)

)
|Ψline(u0, v)|

δ (u− u0) dvdu, (3.25)

where umin and umax are the minimum and maximum lines intersecting with the quad-

ratic triangle as shown in Fig. 3.4 and Ψline(u0, v) = ∂F (u, v)/∂u|u=u0
. Note that

in line case there is no need for an additional coordinate transformation. In (3.25), u0

(umin < u0 < umax) is the root of the argument of the Dirac delta function. Due to the

second order behavior, there are two roots:

u0,1 =
−b̂±

√
b̂2 − 4âf̂

2â
. (3.26)
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If the lines are coinciding then u0 = u1. As in previous cases, contribution of the two

roots should be considered w.r.t. u. If u0,1 < umin or umax < u0,1, then hn(t) = 0, i.e.

there is no intersection. At this point, it is assumed that only u0 satisfies the condition

umin < u0 < umax, hence single integral due to u0 contributes to hn(t). Using (B.3),

hn(t) can be determined as:

hn(t) =
c

2 |kr|

∫
v(u0)

n
(
r′p(u0, v)

)
|Ψline(u0, v)|

dv. (3.27)

If umin < u1 < umax then contribution of u1 should be added to (3.27). Hitherto, line

integral representation of hn(t) for the coinciding or parallel lines cases is determined.

• Line Case 2

If ã = 0, b̃ = 0, and ẽ = 0 in (3.6), then resulting expression denotes a single

line. In this case, (3.6) reduces to

0 = c̃α + d̃β − f̃ . (3.28)

Applying the same coordinate transformation to (3.6) results in a line equation parallel

to v axis:

u = f̃/
√

c̃2 + d̃2. (3.29)

Following the similar steps, hn(t) can be found as in (3.27). Note that in single line

case there is only one root, i.e. u0 = f̃/
√
c̃2 + d̃2 (umin < u0 < umax). If u0 < umin

or umax < u0, then hn(t) = 0, i.e. there is no intersection. Using (B.3), hn(t) can be

determined as in (3.27). Hitherto, line integral representation of hn(t) for the single

line case is determined.

3.1.6. Evaluation of the Line Integrals

Here, instead of searching for a closed-form expression to the integral in (3.16),

(3.23), and (3.27), Nq point GLQR is applied to calculate the line integral over the
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intersecting curve:

hn(t) =
c

2 |kr|

Nq∑
q=1

n
(
r′p(a0, φq)

)
|Ψ(a0, φq)|

J̃(a0, φq)wq∆φ, (3.30)

where∆φ = φmax(a0)−φmin(a0), φq = φmin(a0)+pq∆φ, pq andwq are the quadrature

nodes and weights, respectively. In (3.30), φ and a0 represent the integral variable and

the root of variable of the Dirac delta function’s argument, respectively. For example,

for the ellipse case (3.30) can be written as

hn(t) =
c

2 |kr|

Nq∑
q=1

n
(
r′p(a0, φq)

)
|Ψelp(a0, φq)|

J̃elp(a0, φq)wq∆φ, (3.31)

where r′p(a0, φq) can be determined using (C.1) and the barycentric coordinates

αq = a0 cos(φq) cosΩ−
√

a20 − c2elp sin(φq) sinΩ + ĝ (3.32)

βq = a0 cos(φq) sinΩ +
√
a20 − c2elp sin(φq) cosΩ + ĥ.

Note that because of the second order behavior of the integrand in (3.7) and consid-

ering the effect of Jacobean and coordinate transformations, 4 point GLQR is enough

to obtain exact results in the sense of machine precision as shown in numerical exam-

ples (see Figs. 3.5(b) and 3.6(b)). Hence there is no need to search for closed-form

expressions of hn(t).

3.2. Numerical Examples

In this section, numerical examples are presented to validate the proposed scheme

in this section. In all examples, it is assumed that the scatterers are residing in an

unbounded space with permittivity ε0, permeability µ0, and the speed of wave is c =

1/
√
ε0µ0. A p̂ polarized plane wave travelling to k̂i direction, given in (2.1) and (2.2), is

incident on the scatterers. The illuminated part of the scatterer is discretized with linear

and quadratic triangles, and the PO integrals on linear triangles are calculated with the

analytical expressions given in [17] directly in time domain, whereas the PO integrals
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on quadratic triangles are calculated with the proposed scheme in this section. In all

examples 4 point GLQR is chosen unless otherwise specified and the time step sizes

are determined using∆t = 1/(2fmaxNos), where fmax denotes the maximum frequency

of interest andNos denotes the oversampling factor (5 ≤ Nos ≤ 7.5). The relative error

of a function Φ(m),m = 1, ...,M , w.r.t. Φwrt(m) is calculated using

Relative Error =

√√√√ 1

M

M∑
m=1

|Φ(m)− Φwrt(m)|2

|Φwrt(m)|2
, (3.33)

where Φ(m) can be time samples of Esca
rc (r, t) or hn(t), frequency samples of RCS

values at a given angle, while Φwrt(m) denotes the values used for comparison. All

results in this section are produced in Matlab using a computer with Intel i5-4590 CPU

and 4 GB RAM.

3.2.1. A Single Triangle

In this example, a single quadratic triangle with the nodes r1 = (0.218, 0.705,

0.675), r2 = (0.221, 0.531, 0.818), r3 = (0.181, 0.3397, 0.923), r4 = (0.409, 0.406,

0.817), r5 = (0.6292, 0.356, 0.691), r6 = (0.458, 0.5688, 0.6831) is analyzed to demon-

strate the accuracy and validity of the proposed scheme. For this example, the time step

size ∆t = 38.4 ps, p̂ = x̂, and k̂i = −ẑ. The observation direction k̂s = ẑ, resulting

in kr = ẑ. In this case, the intersection of the kr-plane and the quadratic triangle yields

hyperbolas.

Fig. 3.5(a) plots the ẑ-component of hn(t) obtained for the quadratic triangle

(QT-1), 6, 36, and 216 linear triangles (LT-6, LT-36, and LT-216). The linear triangles

are obtained by repeatedly dividing the quadratic triangle to 6 linear and quadratic sub-

triangles. Consequently, all linear triangles are obtained from quadratic sub-triangles.

It can be seen in Fig. 3.5(a), the intersection starts and ends at t = −6.158 ns and

t = −4.505 ns, respectively, and hn(t) obtained for linear triangles converge to the

result of the quadratic triangle as the number of linear triangles increases.

Next, the effect of the triangle size on the accuracy of theGLQRorder is analyzed.

The nodes of the quadratic triangle, denoted by QT× 1, are multiplied by 10 and 100,

denoted by QT× 10 and QT× 100, respectively, to expand the size of the triangle.
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(a)

(b)

Figure 3.5: (a) ẑ-component of the PO integral and (b) change of the relative

error in hn(t) with the number of GLQR points for the single triangle.

Fig. 3.5(b) plots the relative error in hn(t) for different number of GLQR points w.r.t.

hn(t) obtained for 9 point GLQR. In Fig. 3.5(b), the errors are calculated using 42,

429, and 4296 samples between t ∈ [−6.158,−4.505] ns, t ∈ [−61.58,−45.05] ns,

and t ∈ [−615.8,−450.5] ns for QT× 1, QT× 10, and QT× 100, respectively. It

can be seen in Fig. 3.5(b) that after 4 point GLQR the relative error in hn(t) is in order

of machine precision and the size of the quadratic triangle does not have any effect on

the accuracy of hn(t). This example clearly shows that 4 point GLQR integrates hn(t)

exactly. It can be also shown that 2 point and 3 point GLQRs are enough to evaluate

the PO integral exactly for lines and ellipses, respectively.

3.2.2. A Unit Sphere

In this example, scattering from a unit sphere centered to the origin is analyzed

to examine the multiple curve types together. For this example, k̂i = −ẑ and p̂ = x̂,

unless it is specified the observation direction k̂s = ẑ, hence kr = ẑ. In this case, half
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(a)

(b)

Figure 3.6: (a) x̂-component of Esca
rc (r, t) and (b) change of the relative

error in Esca
rc (r, t) with the number of GLQR points for the unit sphere.

of the sphere is illuminated, and analytical expression of the PO integral is available in

frequency domain [45] and can be given in time domain as:

hanalytic(t) =

 −πc2t
2

ẑ, 0 > ct
2
> −1

0, otherwise.
(3.34)

Fig. 3.6(a) shows the x̂-component of the range-corrected scattered electric field

Esca
rc (r, t) of the unit sphere, where the illuminated region of the sphere is modeled by

48 and 1188 linear triangles (LT-48 and LT-1188), 48 and 176 quadratic triangles (QT-

48 and QT-176), and compares them with the analytical result obtained using (3.34)

for the time step size ∆t = 38.4 ps. The kr-plane starts to intersect with the sphere at

t = −6.671 ns. In Fig. 3.6(b), the effect of GLQR order is shown via comparing the

relative error inEsca
rc (r, t) for quadratic triangles and different number of GLQR points.

Relative error is calculated as in (3.33) w.r.t. the result obtained for 10 point GLQR
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(a)

(b)

Figure 3.7: (a) Backscattered RCS of the unit sphere and (b) relative

error in the backscattered RCS w.r.t. the analytical solution.

using the time samples between t = −6.671 ns and t = 0 s. Considering the results

shown in Figs. 3.6(a) and (b), all errors are practically in machine precision above 4

point GLQR. It can be concluded that using 4 point GLQR is enough to integrate hn(t)

exactly.

Next the RCS of the unit sphere is analyzed. The RCS value (σ) at a given direc-

tion k̂s is obtained by discrete Fourier transforming the time samples of Esca
rc (k̂s, t) for

the time step size ∆t = 19.2 ps, i.e. Esca
rc (k̂s, f), and using σ = (k2/π)

∣∣∣Esca
rc (k̂s, f)

∣∣∣2,
where k = 2πf/c is the wave number, since the Fourier transform of the incident wave

is unitary. In Fig. 3.7(a), the backscattered RCS values obtained using 94 and 1188

linear and quadratic triangles (LT-94, LT-1188, QT-94, and QT-1188) in 0-4 GHz fre-

quency band with steps ∆f = 10 MHz are compared with the analytical PO solution

of the unit sphere given in [45], i.e. σa = πra
2|1− exp[−jkra]sinc(kra)|2 where ra

denotes the radius of the sphere. Note that the RCS results obtained using QT-94 and

QT-1188 are coinciding with the analytical result roughly till 750 MHz and 3 GHz,

respectively, whereas the results for LT-94 and LT-1188 are inaccurate above 250 MHz
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(a)

(b)

Figure 3.8: Bistatic RCS comparison of the unit sphere at 4 GHz:

(a) θ ∈ [0, 180]◦ and (b) θ ∈ [130, 180]◦.

and 1 GHz. Fig. 3.7(b) shows the relative error in RCS values calculated using the

frequency samples in 2-4 GHz band w.r.t. the analytical result for different number of

linear and quadratic triangles (LTs and QTs). It can be seen from Fig. 3.7(b) that the er-

ror obtained using 94 quadratic and 5444 linear triangles are in the same level, and the

solution time for 94 quadratic triangles is 0.301 s, whereas the solution time for 5444

linear triangles is 0.631 s. Fig. 3.8 plots the bistatic RCS results at 4 GHz obtained

using 94 and 1188 linear, and 94 quadratic triangles (LT-94, LT-1188, and QT-94) for

the same incident field and compares them with the Mie series solution. The obser-

vation direction k̂s is chosen as θ ∈ [0, 180]◦ and φ = 0◦. This results in different kr

directions. It is seen from Figs. 3.7 and 3.8 that small number of quadratic triangles is

enough to obtain accurate results.

3.2.3. AGeneric Missile

In this subsection, a missile-like scatterer with the maximum length, width, and

height of 3.325 m, 1.74 m, and 0.51 m, respectively, as shown in inset of Fig. 3.9(b), is
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(a)

(b)

Figure 3.9: (a) Norm of Esca
rc (r, t) and (b) RCS comparison for the

generic missile scatterer.

analyzed. Note that the scatterer does not have any flat parts. A p̂ = (0.866, 0,−0.5)

polarized incident field illuminates the scatterer from k̂i = (−0.5, 0,−0.866) direc-

tion. The scattered fields are observed on k̂s = (−0.866, 0, 0.5) direction. In this

case illuminated part of the scatterer’s surface is modeled by 1621 quadratic triangles

(QT-1621), 1785 and 50169 linear triangles (LT-1785 and LT-50169). The time step

size ∆t = 16.667 ps. Fig. 3.9(a) shows the norm of the range-corrected scattered

electric field, where the kr-plane starts to intersect with the scatterer at t = −1.967

ns and intersection ends at t = 3.9 ns. It can be seen that the results for QT-1621

and LT-50169 are coinciding very-well. The solution times for QT-1621, LT-1785, and

LT-50169 are 3.978 s, 0.326 s, and 4.975 s, respectively. Fig. 3.9(b) shows the RCS

values that are obtained from the time domain samples of Esca
rc (k̂s, t), as explained in

previous subsection, in 0-4 GHz frequency band. In addition, in Fig. 3.9(b), the fre-

quency domain PO solutions obtained using the closed-form expressions given in [17]
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and 50169 linear triangles (LT-50169-FD), and using 7-point GLQR for triangles and

152876 linear triangles (GLQR7-152876) are included to compare the accuracy of the

time domain results. It can be seen that all results except the results for LT-1785 are

coinciding very-well. Note that the relative errors, which are calculated using (3.33), in

the backscattered RCS values w.r.t. frequency domain GLQR7-152786 solution using

frequency samples in 0-4 GHz frequency band with steps ∆f = 10 MHz, are 0.0184,

0.164, and 0.0179 for QT-1621, LT-1785, and LT-50169, respectively.

3.3. Conclusions

In this chapter, the exact evaluation of the PO integral in time domain on quadratic

triangular patches using Radon transform interpretation is presented. The scatterers are

assumed to be illuminated by a plane wave with Dirac delta time signature and the scat-

tered far-fields are observed. Using the Radon transform interpretation, the PO integral

on quadratic triangles is reduced to a line integral over a quadratic curve, e.g. an ellipse,

a hyperbola or a line/lines in barycentric coordinates. The quadratic curve is obtained

by the intersection of the quadratic triangle’s surface and the plane which is formed

by the incident field direction and the observation direction. For the evaluation of the

line integral, first an appropriate coordinate transformation (e.g. elliptic coordinates

for ellipse) is applied to parametrize the quadratic curve, then, instead of searching for

a closed-form expression, a suitable order GLQR is applied to determine the PO inte-

gral exactly. It is shown that using 4 point GLQR provides the PO integral in machine

precision independent from the size of the quadratic triangle and the numerical errors

caused by the evaluation of the PO integral are removed. In addition, when compared

with linear triangles, modeling errors in representing the scatterer’s surface are reduced

because of the quadratic triangles.
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4. QUADRATIC EDGES

In this chapter, the closed-form evaluation of the time domain equivalent edge

current (EEC) contour integral on quadratic edges of quadratic triangular patches, is

presented. In [11], the EEC representation is used to determine both the PO and diffrac-

tion contributions to the scattered field for linear surfaces, e.g. linear triangular patches,

in addition, for linear edges of linear triangular patches the radiation integral in the EEC

representation can be evaluated in closed-form in time domain using Radon transform

interpretation [49]. However, in this chapter the quadratic surfaces and edges are used

to model the surface of the scatterers. For the quadratic edges, the EEC formulation

in [11] cannot be directly used to determine the PO contribution, however diffraction

contributions can still be determined, since diffraction is a local phenomenon. There-

fore, in this thesis, unlike the EEC formulation in [11], where the PO and EEC integrals

are both expressed as contour integrals, the PO and EEC integrals are evaluated sepa-

rately: the PO integral is evaluated on the surface of the quadratic triangular patch to

determine the PO contribution as shown in Chapter 3, and the EEC integral is evaluated

on the edge of the quadratic triangle to determine the diffraction contribution. Using a

similar procedure presented in Chapter 3, the EEC integral on the quadratic edges are

determined in closed-form using the Radon transform interpretation of the radiation

integrals. Specifically, it is shown that the EEC integral in time domain can be deter-

mined in closed-form as a function evaluation at the intersection point of the edge of

the quadratic triangle and the plane formed by the incident plane wave and observation

direction.

The rest of the chapter is organized as follows: time domain EEC formulation

is presented in Section 4.1.1, and in Section 4.1.2 closed-form evaluation of the EEC

integral is shown. In Section 4.2, the numerical examples that demonstrate the accuracy

and validity of the developed closed-form expressions in this chapter are presented. In

Section 4.3, conclusions are drawn. Lastly, the diffraction coefficients and associated

parameters used in this chapter are given in Appendix E.
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4.1. Formulation

4.1.1. Time Domain EEC

Let Slit and l denote the illuminated surface and edge of a PEC scatterer, resid-

ing in an unbounded medium with permittivity ε0 and permeability µ0, by an incident

plane wave with a Dirac delta time dependence, and Slit is discretized with quadratic

triangular patches as Slit '
⋃

N
n=1Sn, as explained in Chapter 3. Hence, l can be repre-

sented by the quadratic edge segments ln attached to Sn, as l '
⋃

Ñ
n=1Sn. For the time

domain EEC, the scattered electric far-field due to an impulsively excited plane wave

is expressed as

Esca(r, t) =
δ(t− r/c)

4πr
∗ Ēsca

rc (k̂s, t), (4.1)

where Ēsca
rc (t) is the range-corrected scattered electric field due to EEC, which is only

related to diffraction. Note that the PO contribution should be added to the scattered

electric field separately using (3.1). Ēsca
rc (t) can be expressed as

Ēsca
rc (k̂s, t) =

Ñ∑
n=1

sn(t). (4.2)

In (4.2), sn(t) is called EEC integral in this thesis and defined as [11]

sn(t) =

∫
ln

δ

(
t− 2

c
kr · r′

)
A(r′)dl′, (4.3)

whereA(r′) is given as

A(r′) =
{
k̂s × k̂s × t̂n(r

′)
[
DI

e,np̂ · t̂n(r′) +DI
h,n(k̂i × p̂) · t̂n(r′)

]
(4.4)

+k̂s × t̂n(r
′)
[
DM

h,n(k̂i × p̂) · t̂n(r′)
]}

.

Here, t̂n(r) is the unit tangent vector along the edge ln (see Fig. 4.1), the diffraction

coefficientsDI
e,n,D

I
h,n,D

M
h,n are given inAppendix E, and parameters of the diffraction
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Figure 4.1: Intersection of the quadratic edge and the kr-plane.

coefficients are shown in Fig. 4.2. Note that even it is not shown explicitly, sn(t)

depends on k̂s, k̂i, t̂n(r), D
I
e,n, D

I
h,n, and DM

h,n. For the edge of a linear triangular

patch, t̂n(r) and the diffraction coefficients are constant along the edge, however for

the quadratic edges, they are not constant throughout the segment ln, therefore they

should be calculated for every time instance while evaluating sn(t).

4.1.2. Evaluation of sn(t)

The quadratic triangular patch is defined in barycentric coordinates using the

shape functions given inAppendix C. Assuming that the nodes of the quadratic triangle

Sn, i.e. ri, i = 1, ..., 6, are ordered as shown in Fig. 4.1, at a given time t = t0, sn(t)

can be evaluated as follows:

Step 1: Rotate the order of the nodes such that the interested edge ln is always defined

by ri, i = 1, 3, 6, nodes of the quadratic triangular patch, i.e. the edge with

the barycentric coordinate α = 0. As a result, the EEC contour integral sn(t)

can be evaluated for α = 0.

Step 2: The Dirac delta function in (4.3) defines the kr-plane at the given time t =

t0, i.e. ct0 = 2kr · r′. Inserting the barycentric coordinates defined on the

quadratic edge/triangle into the plane equation results in the quadratic equation

in (3.6). The solution of (3.6) for α = 0 yields the intersection point (r′p and

β0 in barycentric coordinates) on the quadratic edge (see Fig 4.1). Note that,

39



if there is no intersection, then sn(t0) = 0.

Step 3: Using the Dirac delta function’s property given in (B.1) and transforming the

coordinates to barycentric coordinates of the quadratic triangular patch, the

EEC integral sn(t) in (4.3) can be expressed as

sn(t) =
c

2 |kr|

∫
ln

δ

(
ct

2 |kr|
− x′

p(0, β)

)
A

(
r′p(0, β)

)
J(α, β)dβ (4.5)

=
c

2 |kr|

∫
ln

δ

(
ct

2 |kr|
− x′

p(0, β)

)
A

(
r′p(0, β)

) ∣∣tn (r′p(0, β))∣∣ dβ,
where J(α, β) is Jacobian, defined as J(α, β) =

∣∣tn (r′p(0, β))∣∣. Note that in
(4.5), x′

p(0, β) is a quadratic expression in terms of β as given in (3.6).

Step 4: Using the Dirac delta function’s property given in (B.2), (4.5) is reduced to

sn(t) =
c

2 |kr|

∫
β

∣∣tn (r′p(0, β))∣∣∣∣Ψ (
r′p(0, β0)

)∣∣δ (β − β0)A
(
r′p(0, β)

)
dβ, (4.6)

where

Ψ(0, β0) =
∂

∂β

[
ct

2 |kr|
− x′

p(0, β)

]
β=β0

, (4.7)

and β0 is the barycentric coordinate of the intersection point r
′
p with (α, β) =

(0, β0).

Step 5: Using the sampling property of the Dirac delta function in (B.1), the closed-

form expression of the EEC integral sn(t) at (t, r) = (t0, r
′
p) can be obtained

as:

sn(t) =

∣∣tn (r′p(0, β0)
)∣∣∣∣Ψ (

r′p(0, β0)
)∣∣ {k̂s × k̂s × t̂n

(
r′p(0, β0)

)
(4.8)[

DI
e,np̂ · t̂n

(
r′p(0, β0)

)
+DI

h,n(k̂i × p̂) · t̂n
(
r′p(0, β0)

)]
+ k̂s × t̂n

(
r′p(0, β0)

) [
DM

h,n(k̂i × p̂) · t̂n
(
r′p(0, β0)

)]}

The parameters for sn(t) are determined using the intersection point r′p. It
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Figure 4.2: Parameters for the edge diffraction.

should be emphasized that t̂n(r),D
I
e,n,D

I
h,n, andD

M
h,n are not constant through

a quadratic edge and should be calculated for each time step and intersection

point.

4.2. Numerical Examples

In this section, the evaluation of time domain EEC contributions to determine

the diffraction from edges of the scatterers is considered. However, in the numerical

examples the PO contributions are also included using the exact evaluation scheme

presented in Chapter 3. In all examples presented in this section, the range-corrected

scattered electric field of PO and EEC are denoted by EPO
rc (k̂s, t) and E

EEC
rc (k̂s, t), and

determined using (3.3) and (4.2), respectively. Hence, the total scattered electric field

at far-zone can be written as

Esca
tot (r, t) =− ∂tδ(t− r/c)

2πrc
∗ EPO

rc (k̂s, t) (4.9)

+
δ(t− r/c)

4πr
∗ EEEC

rc (k̂s, t)

=− ∂tδ(t− r/c)

2πrc
∗ Esca

rc (k̂s, t),

where Esca
rc (t) is the total range-corrected scattered electric field, which consists of the

contributions from PO and EEC:

Esca
rc (t) = EPO

rc (k̂s, t)− 2c−1∂−1
t EEEC

rc (k̂s, t), (4.10)
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Figure 4.3: Comparison of the x̂-component of the range-corrected

scattered electric field EEEC
rc (k̂s, t) for the parabolic scatterer.

Figure 4.4: Comparison of RCS results for the parabolic scatterer.

where ∂−1
t denotes the temporal integration. In all examples, it is assumed that the scat-

terers are residing in an unbounded space with permittivity ε0, permeability µ0, and the

speed of wave is c = 1/
√
ε0µ0, and a p̂ polarized plane wave travelling to k̂i direction,

given in (2.1) and (2.2), is incident on the scatterers. In the figures presented in this

section, quadratic and linear triangles abbreviated as QTs and LTs, while quadratic and

linear edges abbreviated as QEs and LEs, respectively.

4.2.1. A Parabolic Scatterer

A parabolic scatterer with radius of 0.5 m and focal depth of 0.9 m (shown in

Fig. 4.3), is analyzed to show the accuracy and validity of the proposed scheme. The

scatterer is illuminated from incident angles θ = 120◦ and ϕ = 0◦, and backscattered

fields are observed (k̂s = −k̂i), the time step size ∆t = 0.999 ps.

Fig. 4.3 plots the x̂-component of the range-corrected scattered electric fields due

to the time domain EEC for QTs-8/QEs-8, LTs-48/LEs-16, and LTs-373248/LEs-512.
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Figure 4.5: Error in RCS results obtained for LTs w.r.t. the RCS obtained for 8 QTs.

Figure 4.6: x̂-component of EEEC
rc (k̂s, t) and E

PO
rc (k̂s, t) for

QTs-1144/QEs-66 for the composite scatterer.

In this setup, k̂r = k̂i, the plane starts to intersect with the scatterer at t = −7.445

ns, and the intersection ends at t = 5.036 ns. Fig. 4.4 plots the RCS (including the

both PO and EEC contributions) obtained by Fourier transforming the time domain PO

and EEC results for QTs-8/QEs-8, LTs-48/LEs-16, and LTs-373248/LEs-512. It can

be seen from Figs. 4.3 and 4.4 that the results for LEs/LTs converges to the results for

QTs-8/QEs-8 as the number of LTs increases. Fig. 4.5 plots the relative error in the RCS

results obtained for LTs-(288-373248)/LEs-(48-512) w.r.t. the RCS results obtained for

QTs-8/QEs-8. The convergence of the results can be seen clearly.

4.2.2. A Composite Scatterer

A composite scatterer located in free space is analyzed to show the accuracy of

the proposed scheme. The upper part of the scatterer is a parabolic surface with radius

of 0.5 m and connected to a truncated circular cone with the height of 0.75 m, upper

and lower radii of 0.5 m and 1 m. A p̂ = (−0.866, 0,−0.5) polarized plane wave
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Figure 4.7: Comparison of the x̂-component of the total range-corrected

scattered electric field Esca
rc (k̂s, t) for the composite scatterer.

propagating to k̂i = (0.5, 0,−0.866) direction with the Dirac delta time signature, and

the backscattered field is observed with the time steps size∆t = 9.994 ps. In this case,

all scatterer’s surface is illuminated and kr = k̂i. The illuminated part of the scatterer is

modeled by QTs-43/QEs-13 and QTs-1144/QEs-66, and for comparison it is modeled

by LTs-116/LEs-22 and LTs-1144/LEs-66. 4-point GLQR is used to evaluate the PO

integrals exactly.

Fig. 4.6 shows the x̂-component of the range-corrected scattered electric fields

EPO
rc (k̂s, t) and EEEC

rc (k̂s, t) for QTs-1144/QEs-66, and Fig. 4.7 shows the comparison

of the x̂-component of the range-corrected scattered electric fieldEsca
rc (k̂s, t) as defined

in (4.10) for different number of triangles/edges. It can be seen that the kr-plane starts

to intersect with the scatterer at t = −4.826 ns and intersection ends at t = 3.336 ns,

and the results obtained using LTs/LEs converge to the results obtained using QTs/QEs.

4.3. Conclusions

In this chapter, the closed-form evaluation of the EEC contour integral on quad-

ratic edges is presented. The closed-form expression is obtained by intersecting the

plane, which is formed by the incidence and observation directions, and the quadratic

edge segment. The numerical examples demonstrate the accuracy and efficiency of

the developed closed-form expression, since accurate results can be obtained using

less number of surface and edge elements. The modeling error of curved scatterers is

reduced due to the use of quadratic triangle patches and the error in the calculation of the
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radiation integrals is removed due to the closed-form evaluation of the EEC integral.
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5. ANALYSIS OF IMPEDANCE SURFACES

In this chapter, the analysis of transient scattering from impedance surfaces using

the PO approximation is presented. Specifically, the Leontovich impedance bound-

ary condition is used as the surface impedance, whereas the formulation given in this

chapter can be extended for higher order surface impedances [50, 51]. The time do-

main PO approximation for impedance surfaces has two difficulties: (i) the surface

impedance approximations are usually formulated in frequency domain, which results

in a frequency dependent surface impedance function [3,13,15,16,50–52]. For a time

domain analysis, time domain counterpart of the surface impedance function is re-

quired [51–54]. However, it is not always possible to find a closed-form expression

of the time domain surface impedance (or time dependent functions related with the

PO approximation, see Section 5.1.1). To overcome this difficulty, a similar procedure

given in [55] for time domain integral equations is followed. Particularly, a weighted

rational function fit is employed to the frequency samples of the surface impedance (or

related frequency dependent functions) using the fast relaxed vector fitting (FRVF)

scheme [56–58]. Time domain functions are then obtained analytically by inverse

Fourier transforming the rational function fit, which results in a weighted summation

of the decaying exponential functions. Note that the rational function fit is usually em-

ployed to find the time domain response of the dispersive permittivity, e.g. [55,59], or

impedance, e.g. [51,53,54], whereas in this chapter it is employed to determine the time

domain response of the functions involving reflection coefficients, incidence direction,

surface orientation, and impedance function (see Section 5.1.1). (ii) Unlike the fre-

quency domain counterpart, the scattered fields should be determined by the convolu-

tion of the time domain surface impedance and the PO integral. This convolution can be

evaluated in several ways, e.g. using recursive convolution method [51,53,54,59–61].

In this scheme, the time samples of the time domain surface impedance and the PO in-

tegral are calculated separately, then they are convolved numerically. It is also possible

to evaluate this convolution analytically [55, 62], which can be preferred to eliminate

the time samples of rational function fit. Note that very preliminary results of the de-

veloped scheme in this chapter are presented in [63], in which only planar scatterers

with a constant (frequency independent) surface impedance can be analyzed.
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The rest of the chapter is organized as follows: in Section 5.1, time domain PO

formulation for surfaces that has Leontovich impedance boundary condition as the sur-

face impedance, is presented. In Section 5.1.1, rational function fit to the time de-

pendent surface impedance is explained. In Section 5.1.2, implementation details and

special cases are discussed, and in Section 5.2, frequency domain formulation is briefly

presented. In Section 5.3, numerical examples are presented and lastly, in Section 5.4

conclusions are drawn.

5.1. Time Domain Formulation

LetSimp denote the surface of a scatterer with a time dependent surface impedance

Z(t) [13,52], residing in an unbounded medium with permittivity ε0, permeability µ0,

and intrinsic impedance η0. Simp is excited by an incident plane wave with a Dirac

delta time signature, the electric and magnetic field components of the incident wave

is given in (2.1) and (2.2), respectively. Using the Leontovich impedance boundary

condition in time domain, i.e. ∀r ∈ Simp [52]

−n̂(r)× n̂(r)× Etot(r, t) = Z(t) ∗ n̂(r)×Htot(r, t), (5.1)

the PO approximated equivalent electric andmagnetic current densities on the impedance

surface Simp can be given in terms of the total magnetic fieldHtot(r, t) as [3]

J(r, t) =

 n̂(r)×Htot(r, t); r ∈ Simp
lit

0; r ∈ Simp
sha ,

(5.2)

M(r, t) =

 −Z(t) ∗ n̂(r)× n̂(r)×Htot(r, t); r ∈ Simp
lit

0; r ∈ Simp
sha ,

(5.3)
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Figure 5.1: Definitions of the unit vectors on the impedance scatterer.

where Simp
lit and Simp

sha are illuminated and shadowed part of the impedance scatterer,

andHtot(r, t) is approximated as [13]

Htot(r, t) = η−1
0 δ(t− k̂i · r/c) ∗ u(r, t). (5.4)

Here u(r, t) is a function of time, position, incidence direction, surface orientation and

defined as

u(r, t) = R̃‖(t)
[(

k̂i × p̂
)
· ê‖(r)

]
ê‖(r) + R̃⊥(t)

[(
k̂i × p̂

)
· ê⊥(r)

]
ê⊥(r), (5.5)

where ê‖(r) and ê⊥(r) are unit vectors in the parallel and perpendicular directions, re-

spectively, and θi is the narrow angle between the propagation direction of the plane

wave k̂i and the surface normal n̂(r), as shown in Fig. 5.1. R̃⊥(t) = 1 − R⊥(t) and

R̃‖(t) = 1−R‖(t), where R⊥(t) and R‖(t) are functions of the surface impedance and

their evaluation is explained in Section 5.1.1 in detail. Scattered fields have contribu-

tions from both the electric and magnetic currents, and the scattered electric field at the

far-zone can be found as [46, 47]

Esca(r, t) =
∂tδ (t− r/c )

4πrc
∗ Esca

rc (k̂s, t), (5.6)
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where ∂t denotes the temporal derivative andEsca
rc (k̂s, t) is the range-corrected scattered

electric field [46, 47]:

Esca
rc (k̂s, t) = η0k̂s × k̂s ×

∫
Simp

J(r′, t) ∗ δ(t− k̂s · r′/c )dr′ (5.7)

+ k̂s ×
∫

Simp

M(r′, t) ∗ δ(t− k̂s · r′/c )dr′.

Substituting (5.2)-(5.4) in (5.7) yields

Esca
rc (k̂s, t) = k̂s × k̂s ×

∫
Simp
lit

[
n̂(r′)× u(r′, t) ∗ δ

(
t− 2k̂r · r′/c

)]
dr′ (5.8)

− k̂s ×
∫

Simp
lit

[
n̂(r′)× n̂(r′)× Z(t)

η0
∗ u(r′, t) ∗ δ

(
t− 2k̂r · r′/c

)]
dr′.

Assuming that the scatterer’s surface is discretized with the linear triangular patches

Simp
lit '

⋃
N
n=1Sn, the integrals in (5.8) can be determined by the sum of the integrals

over triangular patches. In addition due to the use of the linear triangles, the unit normal

vector and parameters in u(r, t) are constant throughout a patch, i.e. n̂(r) = n̂n and

u(r, t) = un(t) for r ∈ Sn. By defining ũn(t) = Z(t) ∗ un(t), the range-corrected

scattered electric field at the far-zone can be determined as

Esca
rc (k̂s, t) = k̂s × k̂s ×

N∑
n=1

n̂n × un(t) ∗ hn(t) (5.9)

− 1

η0
k̂s ×

N∑
n=1

n̂n × n̂n × ũn(t) ∗ hn(t).

Here, as mentioned in Section 2, hn(t) is called the PO integral [17], the closed-form

expressions can be found in (2.16) and (2.17) as well as in [17].

5.1.1. Evaluation of un(t) and ũn(t)

The impedance boundary conditions are usually frequency domain approxima-

tions, and their time domain counterpart can be obtained by inverse Fourier transform-

ing the associated frequency domain approximation. However, it might not be always
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possible to determine the time domain expressions of impedance boundary condition

in closed-form. Therefore, in this thesis the samples of un(t) and ũn(t) are determined

by rational function fitting to their frequency domain samples and then inverse Fourier

transforming them. For the rational function fit, fast relaxed vector fitting (FRVF) al-

gorithm [56–58] is employed.

The frequency samples of the parallel and perpendicular reflection coefficients

(R‖(ω) and R⊥(ω)) can be determined using [13]

R‖(ω) =
Z(ω)/η0 − cos θi
Z(ω)/η0 + cos θi

, R⊥(ω) =
Z(ω)/η0 − sec θi
Z(ω)/η0 + sec θi

, (5.10)

respectively. Here Z(ω) is the surface impedance in frequency domain and ω = 2πf

denotes the angular frequency. Note that R‖(ω) and R⊥(ω) also depend on θi, but this

dependence is not explicitly shown for brevity. The frequency domain counterpart of

un(t) and ũn(t), i.e. un(ω) and ũn(ω), are given as follows [13]:

un(ω) = R̃‖(ω)
((

k̂i × p̂
)
· ê‖(r)

)
ê‖(r) (5.11)

+ R̃⊥(ω)
((

k̂i × p̂
)
· ê⊥(r)

)
ê⊥(r),

ũn(ω) = Z(ω)R̃‖(ω)
((

k̂i × p̂
)
· ê‖(r)

)
ê‖(r) (5.12)

+ Z(ω)R̃⊥(ω)
((

k̂i × p̂
)
· ê⊥(r)

)
ê⊥(r).

To determine the rational function fit to un(ω) and ũn(ω), FRVF is applied to four

different frequency dependent functions:

R̃‖(ω) =
2 cos θi

Z(ω)/η0 + cos θi
, (5.13)

R̃⊥(ω) =
2 sec θi

Z(ω)/η0 + sec θi
, (5.14)
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Z(ω)R̃‖(ω) =
2Z(ω) cos θi

Z(ω)/η0 + cos θi
, (5.15)

Z(ω)R̃⊥(ω) =
2Z(ω) sec θi

Z(ω)/η0 + sec θi
, (5.16)

using their samples at ωi ∈ 2π[fmin, fmax], i = 1, . . . , N g
ω [56–58]. As a result a

weighted rational function fit to the functions, g(ω) ∈ {R̃‖(ω), R̃⊥(ω), Z(ω)R̃‖(ω),

Z(ω)R̃⊥(ω)} can be determined as

Fg(ω) = dg +

Ng
p∑

i=1

bgi
jω + agi

, (5.17)

whereN g
p denotes the number of poles, agi and b

g
i are the pole and residue pairs, d

g is the

constant term, j is the imaginary unit. Once agi , b
g
i , and dg are determined then (5.17)

can be inverse Fourier transformed to find the time domain counterpart of (5.13)-(5.16):

F g(t) = dgδ(t) +

Ng
p∑

i=1

bgiH(t) exp[−agi t]. (5.18)

Here H(·) denotes the unit step function. Note that the rational function fit given in

(5.17) can have a linear term with respect to ω but the surface impedance model used

in this thesis does not require a linear contribution. When the rational function fit is

applied to higher order impedance models as in [13, 50, 51], the linear term should be

taken into account, this might also require modification of the PO formulation depend-

ing on the used impedance model. In addition, the causality of (5.18) is ensured by

enforcing agi > 0. Using the rational function fit in (5.18), un(t) and ũn(t) can be

determined as:

un(t) ≈ F R̃‖(t)
[(

k̂i × p̂
)
· ê‖(r)

]
ê‖(r) (5.19)

+ F R̃⊥(t)
[(

k̂i × p̂
)
· ê⊥(r)

]
ê⊥(r),
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ũn(t) ≈ FZR̃‖(t)
[(

k̂i × p̂
)
· ê‖(r)

]
ê‖(r) (5.20)

+ FZR̃⊥(t)
[(

k̂i × p̂
)
· ê⊥(r)

]
ê⊥(r).

5.1.2. Discussion

In this subsection some of the important formulation and implementation details

are discussed:

i) It can be seen in (5.9) that the temporal convolution of hn(t) and {un(t), ũn(t)}

is required to determine the range-corrected scattered electric field. Using the

rational function fit in (5.18), this convolution can be written as

F g(t) ∗ hn(t) = dghn(t) + hn(t) ∗
Ng

p∑
i=1

bgiH(t) exp[−agi t]. (5.21)

In (5.21), the first term at the right hand side is obtained analytically using the

properties of the Dirac delta function, whereas the second term can be evaluated

in several ways. First one is evaluating the convolution H(t) exp[−agi t] ∗ hn(t)

analytically as in [55]. It is also possible to use recursive convolution method

[51, 53, 54, 59–61], which reduces the size of temporal samples of the rational

function fit, however using the recursive convolution might not be beneficial and

effective, since the convolutionH(t) exp[−agi t]∗hn(t) can be determined analyt-

ically, where the temporal samples of H(t) exp[−agi t] can be eliminated totally.

Another way of determining the convolution at the second term in (5.21), which

is chosen in this thesis, is sampling the functions H(t) exp[−agi t] and hn(t) in

time, then calculate the discrete convolution numerically. In this case, temporal

samples of H(t) exp[−agi t] can be limited to a preset accuracy level, which also

reduces the number of samples account for the convolution, especially for fast

decaying exponentials.

ii) In specular reflection case, i.e. if the surface normal n̂n and kr are parallel, then

t1 = t2 = t3 and hn(t) = Anδ(t− t2). However the t2 does not have to coincide

with a temporal sampling point (e.g. j∆t < t2 < (j+1)∆t) and the effect of the

Dirac delta function cannot be directly added to the time samples of the scattered
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field. In this case the intersection time t1 = t2 = t3 and An are saved and taken

into account separately. This case also affects (5.20), as

F g(t) ∗ Anδ(t− t2) =dgAnδ(t− t2) (5.22)

+ An

Ng
p∑

i=1

bgiH(t− t2) exp[−agi (t− t2)].

iii) As explained in Section 5.1.1, un(t) and ũn(t) are functions of θi, which is de-

termined by the surface normal of the patch n̂n and k̂i as shown in Fig. 5.1.

For every patch, θi might be different, and {un(t), ũn(t)} should be determined

individually, hence the FRVF scheme should be applied to (5.13)-(5.16) for asso-

ciated θi to determine {dg, agi , b
g
i }, g ∈ {R̃‖, R̃⊥, ZR̃‖, ZR̃⊥}. In this work, in-

stead of applying the FRVF scheme for all surface patches, it is applied to a preset

interval of θi in the beginning of the calculation. For example, {dg, agi , b
g
i }, g ∈

{R̃‖, R̃⊥, ZR̃‖, ZR̃⊥} coefficients are determined for θi ∈ [0, 90]◦ with∆θi = 1◦

by applying FRVF scheme, then temporal samples of
∑Ng

p

i=1 b
g
iH(t) exp[−agi t] are

calculated and stored. For a particular value of θi (for a given triangular patch),

these calculated and stored samples are interpolated.

iv) The scattered fields are determined for an incident field with a Dirac delta time

signature. Even though the Dirac delta function has an infinite bandwidth, the

rational function fit is employed to a frequency band [fmin, fmax], which restricts

the validity of the solution to this band. In addition, the scattered fields for a

specific time signature in [fmin, fmax] can be obtained easily by convolving the

desired signature G(t) and the range-corrected scattered electric field in (5.8)

Ẽsca
rc (k̂s, t) = G(t) ∗ Esca

rc (k̂s, t), (5.23)

where Ẽsca
rc (k̂s, t) is the range-corrected scattered electric field due an incident

plane wave with G(t) time signature.

v) If the frequency domain surface impedance is constant, i.e. Z(ω) = Z, then

there is no need to use FRVF scheme, since bgi = 0 , i = 1, ..., N g
p in (5.21).

Specifically, Z(ω) = 0 yields the PEC surface case.
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5.2. Frequency Domain Formulation

The frequency domain analysis of scattering from impedance surfaces using PO

approximation is relatively easier and straightforward than its time domain counterpart.

In this section, exp[jωt] time dependence is assumed. Surface impedance of the scat-

terer Simp in frequency domain is defined as Z(ω). The magnetic field component of

the incident wave is given as

Hinc(r, ω) =
1

η0
k̂i × p̂Ei exp[−jkk̂i · r], (5.24)

where k = ω/c is the wave number. Following the formulation in Section 5.1, the scat-

tered electric far-field from a scatterer discretized with linear patches can be determine

as

Esca(r, ω) =
1

4π
(jk)

exp[−jkr]

r
Esca

rc (k̂s, ω), (5.25)

where the range-corrected scattered electric field in frequency domain can be given as:

Esca
rc (k̂s, ω) = k̂s × k̂s ×

N∑
n=1

n̂n × un(ω)hn(ω) (5.26)

− 1

η0
k̂s ×

N∑
n=1

n̂n × n̂n × ũn(ω)hn(ω).

Here un(ω) and ũn(ω) are defined in (5.11) and (5.12), respectively. The closed-form

expression of hn(ω) can be determined by Fourier transforming hn(t) given in (2.16)

and (2.17), also as shown in [17]

hn(ω) =



2An

ω2 [ exp[−jωt1]
(t2−t1)(t1−t3)

+ exp[−jωt2]
(t3−t2)(t2−t1)

t1 6= t2 6= t3

+ exp[−jωt3]
(t2−t3)(t3−t1)

];

2An

ω2 [ exp[−jωt2](jωt2−jωti+1)

(t2−ti)
2 tj = t2 6= ti

− exp[−jωti]

(t2−ti)
2 ];

An exp[−jωt2]; t1 = t2 = t3.

(5.27)
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Note that in frequency domain, the specular reflection case does not have to be taken

into account separately.

5.3. Numerical Examples

In this section, the accuracy and validity of the proposed scheme are demonstrated

through the numerical examples. Unless otherwise specified, in all examples, a lossy

scatterer Simp with homogeneous permittivity ε, permeability µ, and conductivity σ

resides in an unbounded free space is analyzed. The surface impedance of Simp, i.e.

Z(ω), is

Z(ω) =

√
jωµ

σ + jωε
, (5.28)

under the assumption of |NR| � 1 and |Im(NR)|ωa
√
ε0µ0 � 1, ∀ω ∈ 2π[fmin, fmax],

where NR = cµ/Z(ω) is the complex refractive index, a is the minimum radius of

curvature onSimp, Im(·) operator yields the imaginary part of its argument, as explained

in [50, 52]. Note that even it is possible to find the time domain counterpart of Z(ω),

as shown in [52], inverse Fourier transform of (5.13)-(5.16) might not be determined

analytically. In all examples, the scatterers are illuminated by a p̂ polarized plane wave

with a Dirac delta time signature traveling to k̂i direction as given in (2.2).

In examples and figures, TD denotes the time domain results obtained using the

proposed scheme in Section 5.1, while FD denotes the frequency domain results ob-

tained using the formulation given in Section 5.2. RCS results are obtained as explained

in Chapter 3.2 in detail and results for the PEC scatterers are obtained using the formu-

lation in [17].

5.3.1. A Unit Square Plate

In this example, scattering from a unit square plate with a constant surface imped-

ance of Z(ω) = {0.6η0, 1.6η0} is analyzed in 100MHz-1.5 GHz frequency band. The

square plate is centered on x−y plane and modeled with 4 triangles. For this example,

all triangles are always illuminated and the backscattered fields are observed, i.e. k̂i =
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(a)

(b)

Figure 5.2: (a) Norm of the range-corrected scattered electric field and

(b) backscattered RCS results for the PEC and impedance surfaces.

−k̂s. In addition, there is no need to use the FRVF scheme since Z(ω) is constant.

Time step size ∆t = 1.33 ps.

Fig. 5.2(a) compares the norm of the range-corrected backscattered electric field∣∣∣Esca
rc (k̂s, t)

∣∣∣ for Z(ω) = 0.6η0 (TD-Imp(0.6η0)), Z(ω) = 1.6η0 (TD-Imp(1.6η0)),

and PEC plate (TD-PEC). The properties of the incident wave are chosen as k̂i =

(0.766, 0, 0.643) and p̂ = (0.643, 0,−0.766), which is equivalent to p̂ = θ̂ (vertical)

polarization at θ = 50◦ and φ = 0◦. It can be seen in Fig. 5.2(a) that the temporal

behavior of Esca
rc (k̂s, t) has a rectangular shape because of the symmetry of the prob-

lem to x− z plane. Due to the constant impedance, the results for impedance surfaces

are time limited between t = −2.555 ns and t = 2.555 ns, which is same for the PEC

plate. Fig. 5.2(b) plots the backscattered RCS values in 100 MHz-1.5 GHz frequency

band with frequency interval∆f = 1MHz obtained using the time domain results and

compares them with the frequency domain (FD) simulations. It can be seen from Fig.

5.2(b) that time and frequency domain results are coinciding very-well. In addition,
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(a)

(b)

Figure 5.3: Monostatic RCS results at 700 MHz for Z(ω) = 0.6η0:
(a) horizontal polarization and (b) vertical polarization.

Figs. 5.3(a) and (b) plot the monostatic RCS values at 700 MHz for horizontal (p̂ = φ̂)

and vertical (p̂ = θ̂) polarizations, respectively, and compares them with the RCS re-

sults given in [13] (“Ref-PEC” and “Ref-Imp”) for Z(ω) = 0.6η0 and PEC cases. In

Fig. 5.3, k̂i direction is chosen as θ ∈ [0, 90]◦ and φ = 0◦.

5.3.2. A Unit Sphere

In this example, scattering from a unit sphere with ε = 10ε0, µ = µ0, and σ =

0.04 is analyzed in 100 MHz-10 GHz frequency band. The properties of the incident

wave are chosen as k̂i = ẑ and p̂ = x̂, and the backscattered fields are observed

(k̂s = −ẑ). The illuminated part of the sphere is discretized with 1555534 triangles

and time step size ∆t = 1 ps. Since Z(ω) in (5.28) is used as the surface impedance,

the FRVF scheme is applied to (5.13)-(5.16) usingN g
ω = 991 samples in the frequency

band fmin = 100 MHz and fmax = 10 GHz, and N g
p = 4 poles, which yield less than
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(a)

(b)

Figure 5.4: (a) Norm of the range-corrected scattered electric field and

(b) backscattered RCS results for the unit sphere.

10−7 relative error ∀θi ∈ [0, 90]◦ and g ∈ {R̃‖, R̃⊥, ZR̃‖, ZR̃⊥}.

Fig. 5.4(a) plots norm of the range-corrected electric field Esca
rc (k̂s, t) for imped-

ance and PEC surfaces (TD-Imp andTD-PEC). Note that the results for the PEC surface

is time limited between t = −6.67 ns and t = 0 ns, however for the impedance surface

Esca
rc (k̂s, t) starts to change at t = −6.67 ns and decays as the time increases due to the

convolution in (5.9). In Fig. 5.4(b), the backscattered RCS for the impedance surface

obtained using the time domain results is plotted with the frequency step∆f = 10MHz

and compared with the frequency domain results (FD-Imp). Similar to the previous

example, RCS obtained using time and frequency domain results agree very-well.

5.3.3. A Composite Scatterer

As the last example, scattering from a composite scatterer discretized with 74038

linear triangles is analyzed in 100 MHz-5 GHz frequency band. As shown in the inset
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(a)

(b)

Figure 5.5: (a) Norm of the range-corrected scattered electric field and

(b) backscattered RCS results for the PEC and composite scatterers.

of Fig. 5.5(a), the upper part of the scatterer is a parabolic surface with the focal length

0.25 m and radius 0.5 m, and is connected to a truncated circular cone with the height

of 0.75 m, upper and lower radii of 1 m and 0.5 m. The upper part of the scatterer (light

gray part in the inset of Fig. 5.5(a)) is an impedance surface with ε = 12ε0, µ = µ0,

and σ = 0.2 and the lower part (dark gray part in the inset of Fig. 5.5(a)) is a PEC

surface. A p̂ = (0.93, 0,−0.34) polarized (θ = 160◦ and φ = 180◦) incident field

illuminates the scatterer from k̂i = (−0.34, 0,−0.93) direction and the time step size

∆t = 2 ps. The backscattered fields are observed on k̂s = (0.34, 0, 0.93) direction. In

this case scatterer’s surface is completely illuminated. As in the unit sphere example,

since Z(ω) in (5.28) is used as the upper surface’s impedance, the FRVF scheme is

applied to (5.13)-(5.16) using N g
ω = 491 frequency samples and N g

p = 6 poles, which

yield less than 10−6 relative error at ∀θi ∈ [0, 90]◦.

Fig. 5.5(a) plots the norm of the range-corrected scattered electric field for the

composite scatterer (TD-Imp) and compares it with the range-corrected scattered elec-
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(a)

(b)

Figure 5.6: (a) x̂- and (b) ẑ-components of the range-corrected scattered

electric field with the modulated Gaussian signature.

tric field for the PEC case (TD-PEC), which assumes that all scatterer is a PEC surface.

Fig. 5.5(b) compares the RCS for the impedance and PEC surfaces obtained using the

time domain results (TD-Imp and TD-PEC) and the frequency domain results (FD-Imp

and FD-PEC) with the frequency step ∆f = 10 MHz. It can be seen from Fig. 5.5(b)

that all frequency and time domain results agree very-well and RCS for the composite

scatterer with impedance surface is smaller than RCS for the PEC case, especially at

high-frequencies.

Fig. 5.6 plots the x̂- and ẑ-components of the range-corrected scattered electric

field with the modulated Gaussian signature G(t) (i.e. Ẽsca
rc (k̂s, t) in (5.23)) for the

composite (TD-Imp) and PEC (TD-PEC) scatterers. Themodulated Gaussian signature

G(t) = cos(2πf0t) × exp(−t2/2σ2
v), where the center frequency f0 = 2.55 GHz, the

duration σv = 3/(2πfbw), and the effective bandwidth fbw = 1.8 GHz. Note that

due to the symmetry of the problem to the x − z plane ŷ-component of Ẽsca
rc (k̂s, t)

is zero. Ẽsca
rc (k̂s, t) is obtained by convolving the range-corrected scattered electric

field Esca
rc (k̂s, t), given in Fig. 5.5(a), and the modulated Gaussian signature G(t), as
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explained in Section 5.1.2.

5.4. Conclusions

In this chapter, a scheme to analyze the transient scattering from impedance sur-

faces using PO approximation is presented. The scattered fields are determined by con-

volving the time dependent impedance and associated functions, which is determined

by applying the FRVF scheme to their frequency domain counterpart to find a weighted

rational function fit and applying inverse Fourier transform to the resulting fit, and the

PO integral, which is determined using the closed-form expressions obtained by the

Radon transform interpretation. Even the Leontovich impedance boundary condition

is used in this chapter, the different impedance boundary conditions can be analyzed by

modifying the formulation, since FRVF scheme is used for determining the time depen-

dent impedance and associated functions. It is also assumed that the incident wave has

a Dirac delta time signature, which has an infinite bandwidth, however due to FRVF

scheme is applied in a certain band, validity of the solution is limited to this frequency

band. The scheme presented in this section can be incorporated into a PO-time domain

integral equation (TDIE) hybridized solver [64,65] by convolving the PO solution and

the incident wave’s time signature used in TDIE.
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6. CONCLUSIONSAND FUTUREWORKS

In this thesis, schemes for exact evaluation of the PO and EEC integrals on linear

and quadratic triangular patches and edges, respectively, are developed in time domain.

The scatterers are assumed to be illuminated by a plane wave with Dirac delta time sig-

nature and the scattered fields are observed at far-zone. Using the Radon transform

interpretation, it is shown that the radiation integrals can be reduced to an integral on

the intersection of the triangular patch/edge and the kr-plane, which is formed by the

incidence and observation direction. Using this fact, the PO integral on the triangu-

lar surface is reduced to a line integral on the intersection of the patch and kr-plane.

Then the PO integral for linear triangular patches is evaluated in closed-form, since

the intersection is a straight line. For quadratic triangular patches, the PO integral is

evaluated exactly considering the intersecting curve in the barycentric coordinates of

the quadratic triangle and using suitable coordinate transformation and suitable order

Gauss-Legendre quadrature rule (GLQR). For the EEC integral, the intersection of the

edge and the kr-plane, in general, yields a point, and the EEC integral is evaluated

in closed-form for quadratic edges. The accuracy and the validity of the closed-form

expression of the PO integral on linear triangular patches, the developed scheme for ex-

act evaluation of the PO integral on quadratic triangular patches, and the closed-form

expression for the EEC integral on quadratic edges are demonstrated via numerical

examples in Chapters 2, 3, and 4, respectively.

In addition, a formula for the USR case, which is the case if the scatterer fits into

two consecutive time steps and the kr-plane does not intersect with the scatterer at all,

is suggested and its accuracy is demonstrated in Chapter 2.

At last, a scheme to analyze the transient scattering from impedance surfaces

using PO approximation and linear triangular patches is presented in Chapter 5. The

scattered fields are determined by convolving the PO integral, presented in Chapter 2,

and the time dependent impedance and associated functions, which are determined by

applying the FRVF scheme to their frequency domain counterpart to find a weighted

rational function fit and applying inverse Fourier transform to the resulting fit. The ac-

curacy and the validity of the developed scheme for the transient analysis of impedance

surfaces using PO approximation is also demonstrated in Chapter 5.
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The future works can be listed as follows:

i) The developed exact evaluation scheme for the PO integral on quadratic trian-

gular patches in Chapter 3 can be extended to higher order triangular patches,

however the scheme developed in Chapter 3 requires the use of quadratic curve

types and associated coordinate transformations to calculate the integral on the

intersecting curve. This type of classification is not available in the literature for

higher order curves. Therefore, a new formulation, which does not require this

type of coordinate transformation should be developed.

ii) In Chapter 4, the EEC integral on quadratic edges is evaluated in closed-form,

since the intersection of the kr-plane yields a point. This case is same for higher

order edges, and the scheme presented in Chapter 4 can be easily extended to the

closed-form evaluation of the EEC integral on higher order edges.

iii) The scheme developed for the analysis of the transient scattering from impedance

surfaces using PO approximation in Chapter 5 requires evaluation of the PO in-

tegral and the applying a rational function fit to the time dependent impedance

and associated functions. Since the scatterer is modeled using linear triangular

patches, the scattered fields can be determined by separate evaluation of the PO

integral and the time dependent impedance (and associated functions), then con-

volving them. If the scatterer is modeled with higher order surfaces, then these

evaluations cannot be performed separately, since un(t) and ũn(t) in (5.7) can-

not be moved out of the integral and evaluation becomes extremely complicated.

It can be concluded that for the transient analysis of impedance surfaces using

PO approximation using linear triangular patches is straight-forward and has less

mathematical complexity. Nevertheless, the scheme developed in Chapter 5 can

be extended to the analysis of higher order impedance models.

iv) The presented schemes in this thesis can be incorporated into a PO-time domain

integral equation (TDIE) hybridized solver [64, 65] by convolving the PO solu-

tion and the incident wave’s time signature used in TDIE.
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Appendix B: Properties of Dirac Delta Function

In this section, the Dirac delta function’s properties, which are used in this paper,

are presented. These properties are either given in [66] or they can be derived by using

the properties given there.

δ(ax) =
1

|a|
δ(x), a 6= 0 (B.1)

For an arbitrary Ψ(x) function

δ[Ψ(x)] =
∑
i

δ(x− xi)

|Ψ′(xi)|
(B.2)

where xi are the root ofΨ(x) and the sum extends over all roots ofΨ(x). Ψ′(x) denotes

the derivative w.r.t. its argument.

For an arbitrary Φ(x) function

∫
Φ(x)δ(x− x0)dx = Φ(x0)

∫
δ(x− x0)dx (B.3)

= Φ(x0),

where it is tacitly assumed that the integration limits enclose the point at which the

argument of the Dirac function vanishes.

Appendix C: Definititions for Quadratic Triangle

In this section, the definition of the quadratic triangle and determination of the

intersection points of the plane with surface normal k̂r and the edges of the quadratic

triangle are shown. Each quadratic triangle is defined by shape functions and the nodes

ri, i = 1, . . . , 6. Thus, any point on a quadratic triangle’s surface Sn can be represented

using

r(α, β) =
6∑

i=1

Ni(α, β)ri, (C.1)

71



where α and β are the barycentric coordinates of the quadratic triangle. In (C.1), the

shape functions Ni(α, β) are given [6] as

N1 = (2γ − 1)γ, N2 = (2α− 1)α, N3 = (2β − 1)β, (C.2)

N4 = 4γα, N5 = 4αβ, N6 = 4γβ,

where γ = 1− α− β. The normal vector of the points on Sn can be determined as:

n(r(α, β)) = v1(α, β)× v2(α, β), (C.3)

where v1(α, β) and v2(α, β) are defined as

v1(α, β) =
6∑

i=1

∂Ni(α, β)

∂α
ri, v2(α, β) =

6∑
i=1

∂Ni(α, β)

∂β
ri. (C.4)

Assuming that ri denote the rotated coordinates where k̂r = x̂p and xi = x̂p · ri,

coefficients ã, b̃, c̃, d̃, ẽ, f̃ in the quadratic equation (3.6) can be found as

ã = 2x1 + 2x2 − 4x4, b̃ = 2x1 + 2x3 − 4x6, (C.5)

c̃ = −3x1 − x2 + 4x4, d̃ = −3x1 − x3 + 4x6,

ẽ = 4(x1 − x4 + x5 − x6), f̃ = −x1 +
ct

2 |kr|
.

Independent from the form of the quadratic curve, the intersection of the plane and the

edges of the Sn can be determined by solving (3.6) for β = 0, α = 0, and γ = 0 (i.e.

β = 1− α). For these cases, the intersection points can be found as follows:

α1,2 =
−(−3x1 − x2 + 4x4)±∆α

2(2x1 + 2x2 − 4x4)
, β1,2 = 0, (C.6)

α3,4 = 0, β3,4 =
−(−3x1 − x3 + 4x6)±∆β

2 (2x1 + 2x2 − 4x4)
, (C.7)

α5,6 =
x2 + 3x3 − 4x5 ±∆γ

4 (x2 + x3 − 2x5)
, β5,6 = 1− α5,6, (C.8)
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Table D.1: Quadratic curve types.

Curve Type Condition

Ellipse (Real) ∆ 6= 0, ∆/I < 0, ζ > 0

Parallel Lines (Real) ∆ = 0, ζ = 0, κ < 0

Hyperbola ∆ 6= 0, ζ < 0

Intersecting Lines (Real) ∆ = 0, ζ < 0

Parabola ∆ 6= 0, ζ = 0

Coinciding Lines ∆ = 0, ζ = 0, κ = 0

Single Line ã = 0, b̃ = 0, ẽ = 0

respectively. In (C.6)-(C.8), ∆α, ∆β , and ∆γ are given as

∆α =

[
−4

(
− ct

2 |kr|
+ x1

)
(2x1 + 2x2 − 4x4) + (−3x1 − x2 + 4x4)

2

] 1
2

, (C.9)

∆β =

[
−4

(
− ct

2 |kr|
+ x1

)
(2x1 + 2x3 − 4x6) + (−3x1 − x3 + 4x6)

2

] 1
2

, (C.10)

∆γ =

[
−4

(
− ct

2 |kr|
+ x1

)
(2x2 + 2x3 − 4x5) + (−x2 − 3x3 + 4x5)

2

] 1
2

. (C.11)

If {∆α,∆β,∆γ} < 0, then there is no intersection with the associated edge. On the

other hand, if {∆α,∆β,∆γ} > 0 then the intersection points can be determined as in

(C.6)-(C.8). The points that satisfy the conditions, 0 ≤ {α, β, γ} ≤ 1, simultaneously,

are the desired points of interest.

Appendix D: Quadratic Curve Types

In this section, quadratic curve types that can be represented by (3.6) are given.

The type of the intersecting quadratic curve can be classified by the following quantities

and Table D.1, which are given in the form of the general quadratic curve equation [48].

Note that only the interested types of curves are listed in Table D.1, whereas there are

other, mainly imaginary, types of curves still can be represented by (3.6) [48].
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∆ =

∣∣∣∣∣∣∣∣∣
ã ẽ/2 c̃/2

ẽ/2 b̃ d̃/2

c̃/2 d̃/2 −f̃

∣∣∣∣∣∣∣∣∣ , ζ =

∣∣∣∣∣∣ ã ẽ/2

ẽ/2 b̃

∣∣∣∣∣∣ , (D.1)

κ =

∣∣∣∣∣∣ ã c̃/2

c̃/2 −f̃

∣∣∣∣∣∣+
∣∣∣∣∣∣ b̃ d̃/2

d̃/2 −f̃

∣∣∣∣∣∣ , I = ã+ b̃.

Appendix E: Diffraction Coefficients

In this section, diffraction coefficients, which are used in Section 4, are presented.

These coefficients can be found in [11] and the parameters are given in Fig. 4.2.

DI
e,n =

−4 [sin (φ′/2) (κ− sinβ′ cos (φ′/2))]

sinβ′ [sinβ′ (sinβ cosφ+ sinβ′ cosφ′) + cosβ′ (cosβ− cosβ′)]
, (E.1)

DM
h,n =

−2 [sinβ′ sinφ′ (1− sinβ′ cos (φ′/2)κ−1)]

sinβ [sinβ′ (sinβ cosφ+ sinβ′ cosφ′) + cosβ′ (cosβ− cosβ′)]
, (E.2)

DI
h,n =

−2 [sinβ′ (cotβ cosφ+ cotβ′ cosφ′ + cos (φ′/2)κ−1ζ)]

sinβ′ [sinβ cosφ+ sinβ′ cosφ′ + cosβ′ (cosβ− cosβ′)]
, (E.3)

κ =
√

sinβ′[sinβ′ − sinβ cosφ+ cosβ′(cosβ− cosβ′)/2 ], (E.4)

ζ = cotβ′ [sinβ cosφ+ cotβ′ (cosβ− cosβ′)− sinβ′ cotβ cosφ] , (E.5)

φ = tan−1

[
n̂(r′p) · k̂s(

−n̂(r′p)× t̂n(r′p)
)
· k̂s

]
, (E.6)

φ′ = tan−1

[
n̂(r′p) · (−k̂i)(

−n̂(r′p)× t̂n(r′p)
)
· (−k̂i)

]
, (E.7)
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β = cos−1
[
k̂s · t̂n(r′p)

]
, (E.8)

β′ = cos−1
[
k̂i · t̂n(r′p)

]
. (E.9)
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