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SUMMARY

An associative ring with unity is called semi-tripotent if every element is a sum
of a tripotent and element from the Jacobson radical. In this thesis, many of the
useful basic properties of semi-tripotent rings are shown and several examples of some
important classes of rings (such as Boolean rings, strongly nil-clean rings, strongly
2-nil-clean rings and semiboolean rings) are satisfied the semi-tripotent property.
Necessary and sufficient conditions for a Morita context, respectively for a group ring
of an abelian group or a locally finite nilpotent group to be semi-tripotent are obtained.
Furthermore for n > 2, P,(R) is defined for a™ — a is nilpotent for all « € R and
Qn(R) is defined for R/J(R) has identity 2™ = x and J(R) is nil. Then rings R for
which P,(R) holds are completely characterized for integers n up to 12, for n = 2F
with k odd, and for n = 2¥p where k > 0 and p = 3,5, 7 or 9. Finally for an arbitrary
integer n > 2, it is deduced that P, (R) holds if and only if @),,(R) holds for all rings
R if and only if n is even with n = 1 (mod 3), or n is odd with n # 1 (mod 3) and
n # 1 (mod38).

Keywords: Boolean Ring, Semi-Boolean Ring, Idlempotents Lifting Modulo
Jacobson Radical, Ring with Identity 2" = x Modulo Jacobson Radical.
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OZET

Birimli ve degismeli bir halkanin, her elemani bir tripotent eleman ve Jacobson
radikalinden bir elemanin toplamiysa, bu halka yari-tripotent halka olarak adlandirilir.
Bu tezde, yari-tripotent halkalarin temel 6zelliklerinin birgogu gosterilmistir ve bazi
onemli sinif halkalarinin (Boolean halkalari, giiglii nil-temiz halkalari, kuvvetli
2-nil-temiz halkalar1 ve yar1 boolean halkalar1 gibi) birka¢ Orne8i yari-tripotent
ozelligini saglamigtir. Bir Morita baglaminin, bir abelian grubunun grup halkasinin
veya lokal sonlu bir nilpotent grubunun yari tripotent olmasi i¢in gerekli ve yeterli
kosullar elde edilmistir. Ayrica n > 2 ve tim a € R ler icin a” — a nilpotent
olacak sekilde P,(R) tamimlanmuistir ve 2" — x birimli R/J(R) ve J(R) nil olacak
sekilde @,,(R) tanimlanmigtir. Daha sonra, n tam sayisindan 12 ye kadar olan tam
sayilar, k tek sayis1 oldugunda n = 2¥ ve p = 3,5,7 veya 9, & > 0 oldugunda
n = 2*p durumlarinda P,(R) nin saglandig1 tamamiyle karakterize edilmistir. Son
olarak, keyfi n > 2 tam sayis1 ve tim R halkar i¢in P, (R) saglanir ancak ve ancak
Q. (R) saglanir olmast i¢in gerek ve yeter kosulun n ¢ift iken n = 1 (mod 3), yada n

tek iken n # 1 (mod 3) ve n # 1 (mod 8) olmasi gerektidi sonucuna varilmgtir.

Anahtar Kelimeler: Boole halkasi, Yari-Boole Halkasi, Idempotentlerin
Jacobson Radikaline Modiiler Yiikseltilmesi, ™ = r Modiiler Jacobson Radikal

Birimli Halka.
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1. INTRODUCTION

An element a of a ring R is defined to be clean if there is an idempotent e € R
such that @ — e is invertible in R. If each element of R is clean, then R is called
clean ring [Nicholson, 1977]. Nicholson improved that these rings as a natural rings in
which exchange property holds. In [Nicholson, |1999], he also defined strongly clean
rings such that a ring R is called strongly clean if each element of R can be written
as a sum of an idempotent and a unit element of R that commute. These rings are
considered as a natural generalization of strongly m-regular rings. In [Boroah, 2005], it
is shown that every strongly m-regular element of R is strongly clean. For more details
see [Camillo, 2006], [Yang, 2009], [Chen, 2013], [Diesl, [2013]].

Following [Diesl, 2013]], Diesl studied on a general theory of (strongly) clean
rings by using the idea of direct sum decompositions. This leads him to define nil
clean rings and strongly nil clean rings. A ring R is called (strongly) nil clean if
each element of R is a sum of an idempotent and a nilpotent (that commute). He
analyzed basic properties of (strongly)nil-clean rings and behavior of these properties
under some ring extentions. In [Kosan et al., 2016|], Kosan et al. continue the study
on the structure of (strongly) nil clean rings . They observed that an element @ € R is
strongly nil clean if and only if a is strongly clean and a — a? is a nilpotent and this
ring R is strongly nil clean if and only if R/J(R) is boolean and J(R) is nil, where
J(R) is Jacobson radical of R. Also they answer the question of when a matrix ring
is nil clean by proving that the matrix ring over a 2-primal ring R is nil clean if and
only if R/J(R) is boolean and J(R) is nil, i.e. R is strongly nil clean. The subject of
(strongly) nil-clean rings is interesting for many mathematicians [Chen, [2011], [Diesl,
2013]], [Hirano et al., [1988]], [Kosan et al., [2016].

Idempotent elements of a ring has an important role in understanding the
structure of that ring. If a ring has a wealthy supply idempotent elements, then one
could look forward to something good about the structure of the ring. A high case
is the notion of Boolean rings. A ring is called Boolean if each of its elements is
an idempotent. For an idempotent element ¢ € R, both e and —e are tripotent, i.
e., the elements equal to their cubes. Boolean rings are significant in algebra and

applications in other areas. In the ring theory, several researchers have the origin in



Boolean rings. For instance in 1988, as a generalization of Boolean rings, Hirano and
Tominaga investigated the ring R for which every element is a sum of two idempotents,
and they showed the following equivalent conditions: every element of a commutative
ring R is the sum of two idempotents if and only if every element of the ring R is the
sum of two commuting idempotents if and only if R has the identity a®> = a [Hirano
and Tominaga, |1988]].

Up to 2016, there is no structure theorem for the rings for which every element of
aring is a sum of two idempotents. Thus Ying et al. naturally motivated the following
results: (7) each element of ring R is a sum of a tripotent and an idempotent if and only
if R has the identity a® = o if and only if R = A x B, where A/J(A) is Boolean
with U(A) a group of exponent 2, and B is a subdirect product of Zs’s or zero. (ii)
each element of ring R is a sum or difference of two commuting idempotent if and
only if R = A x B, where A/J(A) is Boolean with J(A) = {0,2} or J(A) = 0,
and B is a subdirect product of Z3’s or zero. (iii) each element of ring R is a sum of
two commuting tripotents if and only if R = A x B x C, where A/J(A) is Boolean
with U(A) a group of exponent 2, B is subdirect product of Z3’s or zero, and C'is a
subdirect product of Z5’s or zero [ Ying et al., 2016].

In the recent paper [Chen and Sheibani, 2017], Chen and Sheibani defined the
interesting notion of strongly 2-nil clean rings: A ring is called a strongly 2-nil clean
if every element is a sum of two idempotents and a nilpotent that commute. As a new
type of rings, this ring generalize the notion of (strongly)nil-clean rings. They also
proved the followings: (i) for all @ € R, R is strongly 2-nil clean if and only if R is
a sum of a nilpotent and tripotent that commute. (i7) R is strongly 2-nil clean if and
only if R/J(R) has identity a® = a and J(R) is nil if and only if R = A, B, A x B
where A/.J(A) is a Boolean ring and J(A) is nil, B/J(B) is a Yaqub ring and J(B)
is nil, where a ring R is called Yaqub ring if it is the subdirect product of Zj’s. (i)
each element of a ring R is a sum of a nilpotent and tripotent that commute if and only
if each element of a ring R is a sum of a nilpotent and two idempotents that commute.

Also they proved that every element of a ring R is a sum of a nilpotent and
tripotent (that commute with each other) if and only if every element of a ring R is a
sum of a nilpotent and two idempotents (that commute with each other) and identified

the rings with the equivalent statements.



In the recent paper [Zhou, 2018], Zhou studied the rings in which every element
is a sum of a nilpotent, an idempotent and a tripotent that commute with each other,
and also rings for which every element is a sum of a nilpotent and two tripotents that
commute with each other.

In this thesis we closely study the semi-tripotent rings for which each element of
aring R is a sum of a tripotent and an element from J(R), or equivalently R/.J(R) has
identity a®> = a and 3-potents lift modulo J(R) in R. It is observed that semi-tripotent
rings are naturally connected to Boolean rings, semiboolen rings, strongly nil clean
rings and strongly 2-nil clean rings. We continue the study of semi-tripotent rings with
the focus on the structure and construction of these rings. We also give the necessary
and sufficient conditions for the question of when a Morita context, group of an abelian
group or a locally finite nilpotent group are semi-tripotent.

Finally for an integer n > 2 and a ring 12, we defined the following two notions:

e P,(R):a"™ — aisnilpotent foralla € R
e Q. (R): R/J(R) has identity a™ = a and J(R) is nil

For a ring R, it is shown that P, (R) is entirely described for integers n up to 12,
forn = 2Fp, p = 3,5,7, 0or 9, k > 0 and for n = 2* where k is odd. Moreover, for
n > 1 it is proved that for all rings R, P,(R) < Q,(R) if and only if n is odd with
n # 1(mod3) and n # 1(mod8) or n is even with n = 1(mod3).

This thesis is organized as follows:

In chapter 2, we give some background material from the ring theory and the
theory of group rings. We also discuss some properties of (strongly)nil-clean rings.

In chapter 3, as natural generalizations of Boolean rings, rings R for which
R/J(R) is Boolean and J(R) is nil and, respectively, rings R for which R/J(R)
is Boolean and idempotents lift modulo J(R) have been well studied by taken into
consideration to the literature. The former is the characterization of (strongly)nil-clean
rings, and the latter is the notion of semiboolean rings, which are exactly those rings
R whose elements are the sum of an idempotent and an element from J(R). The
main purpose of this chapter is to view semiboolean rings as a natural generalization
of (strongly)nil-clean rings, with "J(R) is nil" being replaced by "idempotents lift
modulo J(R)".



Furthermore, we motivated the following questions: let p be a prime, () what can
be said about rings R for which R/J(R) has identity a” = a and J(R) is nil? and (i)
what can be said about rings R for which R/.J(R) has identity ¢’ = a and idempotents
lift modulo J(R)? Answers to these questions are known for p = 2 as mentioned
above. Moreover, question (¢) was answered for p = 3 in [Chen and Sheibani, 2017
as mentioned above, and further for p = 5 in [Zhou, [2018]]. In this thesis, we provide
an answer to question (i7) for p = 3. Let n > 1 be an integer. An element a € R
is called an n-potent if ™ = a, and a 3-potent is usually called a tripotent. We call a
ring R semi-n-potent if R/J(R) has identity ™ = a and n-potents lift modulo J(R)
or equivalently every element of R is a sum of an n-potent and an element from J(R),
and a semi-3-potent ring is called a semi-tripotent ring. In the following chapter, some
basic properties of semi-n-potent rings are proved. For instance, the corner rings of a
semi-n-potent ring are again semi-n-potent, and a sufficient and necessary condition
for a Morita context to be semi-n-potent is obtained. Also, various characterizations of
semi-tripotent rings are obtained. Some new equivalent conditions of a semiboolean
ring are also presented. At the end of the chapter, we determine when the group ring
of an abelian group or a locally finite nilpotent group is semi-tripotent.

In chapter 4, we focus on the rings R for which a™ — a is nilpotent for all a € R,
where n > 1 is a fixed integer. The structures of these rings are known if n = 2,3 or
5. By [Kosan et al., 2016, Theorem 2.7] and [Sahinkaya et.al, 2017, Lemma 2.4], for
aring R, a® — a is nilpotent for all ¢ € R if and only if R/J(R) is Boolean and J(R)
is nil, if and only if every element of R is a sum of an idempotent and a nilpotent that
commute. Such rings are called strongly nil-cleans by Diesl [Diesl, 2013]]. In [Chen
and Sheibani, 2017], it is showed that a® — a is nilpotent for all a € R if and only if
R/J(R) has identity ® = a and J(R) is nil, if and only if every element of R is a sum
of a tripotent and a nilpotent that commute. In [Zhou, 2018], it is proved that a® — a is
nilpotent for all « € R if and only if R/J(R) has identity a® = a and J(R) is nil, if
and only if every element of R is a sum of a nilpotent and two tripotents that commute
with one another.

For an integer n > 1 and a ring R, we fix two notations for convenience:
P,(R) denotes that a™ — a isnilpotent forall « € R and @,(R) denotes that

R/J(R) hasidentity " = a and J(R) isnil. Our interest is in characterizing rings



R such that P, (R) holds where n > 1 is a fixed integer. In this chapter, rings R with
P,(R) are completely characterized for integers n up to 12, for n = 2* with k odd,
and for n = 2¥p where k¥ > 0 and p = 3,5,7 or 9. For an arbitrary integer n > 1,
Q. (R) implies P,(R) trivially. It is proved that if n is even with n = 1 (mod 3), or n
is odd with n # 1 (mod 3) and n # 1 (mod 8), then P,(R) < Q,(R). This sufficient
condition is also necessary. Indeed, we prove that, for an integer n > 1, P, (R) holds
if and only if @),,(R) holds for all rings R if and only if n is even with n = 1 (mod 3),
or n is odd with n #Z 1 (mod 3) and n # 1 (mod 8).



2. PRELIMINARIES

In this chapter, we give the necessary background on the ring theory. For the
convenience of the reader, we also give the fundamental definitions which will be
used frequently. We refer reader to [Hirano and Tominagal 1988]], [Diesl, 2013],
[Kosan et al., 2016] and [[Chen and Sheibanil, 2017]] for more details about the clean
and (strongly) nil-clean rings as well as to [Connell, [1963]], [Nicholson and Zhou,
2005] and [Sahinkaya et.al, 2017] for the theory of group rings. Throughout, R is an
associative ring with identity. The Jacobson radical, the group of units and the set of
nilpotent and idempotent elements of R are denoted by J(R), U(R), N(R) and Id(R),
respectively. We write Z, for the ring of integers modulo n, I, for the field of ¢
elements, and M, (R) for the ring of n x n matrices over R whose identity is denoted
by I, and R|x] (respectively, R|[[x]]) for the ring of polynomials (respectively, power
series) over R. When we say that S is a subring of a ring R, we do not insist that S

and IR share the same identity.

2.1. Preliminaries on (Strongly) Nil-Clean Rings

Definition 2.1: Let R be a ring,

e an alement of R is called s trongly m-regular if a € Ri" ™ Na" ' R for some n >,

e an element of R is called strongly regular if a € Ra®*N a®R.

Equivalently for each a € R, there exists n > 1 such that " = ue = eu for some
e? = e and some u € U(R). If every element of a ring is strongly 7-regular, then the
ring is called a strongly 7-regular ring. It is easily seen that, if R is a strongly m-regular
ring with J(R) = 0, then every nonzero right ideal contains a nonzero idempotent.

A Boolean ring R is a ring for which every element is an idempotent. This
ring has an extremely large role in algebra and have many applications in other areas.
In [Hirano and Tominaga, 1988], Hirano and Tominaga consider generalization of

Boolean rings such that for all « € R, a = e + f where e, f € Id(R) and determined



the rings for which every element is a sum of two commuting idempotents.

Theorem 2.1: The following conditions are equivalent:

i) R is a commutative ring in which every element is the sum of two idempotents.
ii) R is a ring in which every element is the sum of two commuting idempotents.

iii) R satisfies the identity 2 = x.
Proof See Theorem 1 in [Hirano and Tominaga, 1988] for more details.

Definition 2.2: Let R be a ring, an element r € R is called nil clean if there exists
e € Id(R) and b € N(R) such that r = e + b; if further eb = be the element r € R is
called strongly nil clean. A ring R is called (strongly) nil-clean if each of its elements

is (strongly) nil-clean.

Proposition 2.1: Let R be a ring, and let I be any nil ideal of R.

i) R is nil clean if and only if R/ is nil clean.
it) If R is a nil clean ring, then J(R) is nil.

Proof (i)The necessity is clear. For the sufficiency, we have idempotents lift modulo
any nil ideal I of R and (1-e) can be lifted to an idempotent e of R so that proof is
easily seen.

(ii) See Proposition 3.16 in [|Diesl, |2015|].

Corollary 2.1: Let R be a ring,

i) Ris nil clean if and only if J(R) is nil and R/ J(R) is nil clean.
ii) R is nil clean if and only if R/ J(R) is Boolean and J(R) is nil.

Proof See Corollary 3.17 and 3.20 in [Diesl, 2013)].

In [Kosan et al., 2016]], it is provided that strongly nil-clean elements are strongly
clean elements a with a —a® € N(R) and so they obtained some equivalent conditions
of a strongly nil-clean element. These conditions constructed the structure of a strongly

nil-clean ring.

Theorem 2.2: [Kosan et al., 2016] Let R be a ring, an element a € R is strongly

nil-clean if and only if a is strongly clean in R and a — a* € N(R).



Proof (=) Let a = e + b be a strongly nil-clean decomposition in R. Then
a = (1 —e)+ (26 = 1 + b) is a strongly clean decomposition in R. Further,

a’ = e+ 2eb + b%, and so that a — a* = (1 — 2e — b)b is a nilpotent.

(<) Now let a = e + u be a strongly clean decomposition in R and a — a* be a
nilpotent. Then a* = e + 2eu + u? and so a — a* = (1 — 2e — u)u and so we have
1 —2e —w is a nilpotent. Therefore a = (1 — )+ (—1+ 2e +u) is a strongly nil-clean
decomposition in R.

By Corollary 3.11 in [Diesl, 2013], characterization of a strongly nil-clean ring is
given such that aring R is strongly nil-clean if and only if R is a strongly 7-regular ring
and U(R) = 1+ Nil(R). In the following theorem, structure of a strongly nil-clean

ring is discussed:

Theorem 2.3: A ring R is strongly nil-clean if and only if R/ J(R) is boolean and J(R)
is nil.

Proof See Theorem 2.7 in [[Kosan et al., 2016]].

M .
N B) where A, B are rings, sMp
and g N 4 are bimodules, and there exist context products M x N — Aand N x M —

Definition 2.3: A Morita context is a 4-tuple (A

B written multiplicatively as (w, z) — wz and (z,w) > zw, such that (N ]\B/l> is

an associative ring with the obvious matrix operations.

Theorem 2.4: i) Let R = A M be a Morita context, and let

N B
ALICA) MM, L (ALIA) /My
( N/Ng B/J(B))' Then B/ J () = ( N/Nq B/J(B)) '
ii) Let R := ]13 ]\g be a Morita context. Then R/J(R) is boolean if and only if

A/J(A), B/J(B) are boolean, M N C J(A) and NM C J(B).

iii) Let R := <A M be a Morita context. If R is a strongly nil clean ring, then

N B
A, B are strongly nil clean rings, MN C J(A) and NM C J(B); the converse holds

if MN, NM are nilpotent ideal of A and B, respectively.

Proof For more details about proofs see Lemma 3.2, Lemma 3.3 and Theorem 3.4,

respectively in [Kosan et al., |2016].



In the next lemma, we have the well-known property for lifting idempotents

modulo a nil ideal:

Lemma 2.1: [Ying et al.l 2016] Let a € R. If a> — a is nilpotent, then there exists a

monic polynomial ¢(t) € Z[t] such that ¢(a)* = ¢(a) and a — ¢(a) is nilpotent.

[Ying et al., 2016] Let R be a ring. Then every element of R is a difference of
two commuting idempotents if and only if R has the identity 2> = .

In [Ying et al.l 2016], it is observed which rings have the property that every
element is a sum of an idempotent and a tripotent that commute and which rings have

the property that every element is a sum of two commuting tripotents.

Definition 2.4: A ring R is called a (strong) SIT-ring if every element is a sum of an

idempotent and a tripotent (that commute).

Theorem 2.5: [Ying et al., |2016][Theorem 3.10] Every element of R is a sum of an
idempotent and a tripotent that commute if and only if R has the identity 2° = x* if
and only if R/ J(R) is Boolean and U(R) is a group of exponent 2 or R is a subdirect
product of Z3’s or R = Ry X Ry, where Ry/J(Ry) is Boolean with U(R1) a group of

exponent 2 and R is zero or a subdirect product of Z3’s.

Theorem 2.6: [Ying et al.| 2016][Theorem 4.4] Every element of R is either a sum
or a difference of two commuting idempotents if and only if R/J(R) is Boolean with
{J(R) = 0 or J(R) = {0,2}}or R is a subdirect product of Z3’s or R = Ry X R,
where R,/ J(Ry) is Boolean with {J(R1) = 0 or J(Ry) = {0,2}}, and Ry is zero or

a subdirect product of Z.3’s.

Theorem 2.7: [Ying et al., 2016|[[Theorem 5.2] Every element of R is a sum of two
commuting tripotents if and only if R = Ry X Ry X Rs, where Ry/J(Ry) is Boolean
with U(Ry) a group of exponent 2, Ry is zero or a subdirect product of Z3’s, and Ry is

zero or a subdirect product of Z5’s.

A ring R is a Yaqub ring if it is the subdirect product of Zjs’s. In the [Chen and
Sheibani, [2017]], Chen and Sheibani introduce the strongly 2 nil-clean rings as a new
type of rings which generalize the ideal of (strongly) nil-clean rings and entirely define

the structure of such rings. By the following results, they obtained basic properties of
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strongly 2 nil-clean rings.

Theorem 2.8: [Chen and Sheibani, |2017][Theorem 2.3] Let R be a ring. Then the

following are equivalent:

i) R is strongly 2-nil-clean.
i) Foralla € R, a — a® € N(R).

iii) Forall a € R, a® € R is strongly nil-clean.

Theorem 2.9: [Chen and Sheibani, 2017|][Theorem 3.3] A ring R is strongly
2-nil-clean if and only if

i) J(R) is nil;
ii) R/J(R) is tripotent.

Theorem 2.10: [Chen and Sheibani, 2017][Theorem 4.5] A ring R is strongly
2-nil-clean if and only if R = Ry, Ry or Ry X Ry, where

i) Ri/J(Ry) is a Boolean ring and J(R;) is nil;
ii) Ry/J(R2) is a Yaqub ring and J(Rs) is nil.

In [Zhou, 2018]], Zhou studied on the rings for which every element is a sum of a
nilpotent, an idempotent and a tripotent that commute with one another, and the rings
for which every element is a sum of a nilpotent and two tripotents that commute with

one another.

Definition 2.5: A ring R is called an SNTT-ring if every element of R is a sum of a
nilpotent and two tripotents, and R is called a strong SNTT-ring if every element of R

is a sum of a nilpotent and two tripotents that commute with one another.

Theorem 2.11: [Zhou, 2018][Theorem 2.5] Let R be a ring with 2 € N(R). The

following are equivalent:

i) Ris a strong SNTT-ring.
ii) a® — a is nilpotent for all a € R.
iii) R/J(R) is Boolean with J(R) nil.

iv) Every element of R is a sum of a nilpotent and a tripotent that commute.
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v) Every element of R is a sum of a nilpotent and two idempotents that commute
with one another.
vi) Every element of R is a sum of a nilpotent, an idempotent and a tripotent that

commute with one another.

Lemma 2.2: If 2 € U(R) and a® — a is nilpotent, then there exists a polynomial ¢(t) €
Z|t] such that ¢(a)® = ¢(a) and a — ¢(a) is nilpotent.

Theorem 2.12: [Zhou, 2018][Proposition 2.8] Let R be a ring with 3 € N(R). The

following are equivalent:

i) Risa strong SNTT-ring.
ii) a® — a is nilpotent for all a € R.
iii) R/J(R) is a subdirect product of Z3’s. with J(R) nil.
iv) Every element of R is a sum of a nilpotent and a tripotent that commute.
v) Every element of R is a sum of a nilpotent and two idempotents that commute
with one another.
vi) Every element of R is a sum of a nilpotent, an idempotent and a tripotent that

commute with one another.

Theorem 2.13: [Zhou| 2018][Theorem 2.11] The followings are equivalent for a ring
R:

i) Every element of R is a sum of a nilpotent and two tripotents that commute with
one another.
ii) R A® B® C, where A is zero or A/ J(A) is Boolean with J(A) nil, B is zero
or B/J(B) is a subdirect product of Zs’s with J(C') nil.
iii) J(R) is nil and R/J(R) has identity z° = x.

iv) a® — a is nilpotent for all a € R.

Theorem 2.14: [Zhou, 2018][Theorem 2.12] Let R be a ring, the following are

equivalent:

i) Every element of R is a sum of a nilpotent, an idempotent and a tripotent that
commute with one another.
ii) Every element of R is a sum of a nilpotent, and two idempotents that commute

with one another.
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iii) Every element of R is a sum of a nilpotent and tripotent that commute.
iv) R= Ry ® Ry, where A is zero or R1/J(Ry) is Boolean with J(Ry) nil, and Rs
is zero or Ry/ J(Ry) is a subdirect product of Z3’s with J(Rs) nil.
v) R/J(R) has the identity * = x and J(R) is nil.

vi) a® — a is nilpotent for all a € R.

2.2. Preliminaries on Group Rings

Let R be aring and GG a group, RG denotes the group ring of the group G over
R. The ring homomorphism w : RG' — R, ¥r,g — Xr, is called the augmentation
map, and the kernel ker(w) is called the augmentation ideal of the group ring RG

and is denoted by A(RG). Note that A(RG) is an ideal of RG generated by the set
{1-9g:9€G}.

Theorem 2.15: Let R be a ring and G be a group.

i) If RG is a semiboolean ring, then R is a semiboolean ring and G is a 2-group.
ii) If R is a semiboolean ring and G is a locally finite 2-group, then RG is a

semiboolean ring.

Proof (i) Cleary, R (as an image of R) is semiboolean and so Z>G is semiboolean.
This ring is also uniquely clean and so G is a 2-group.

(ii) See Theorem 4.4 in [|[Kosan et al., 2016] for more details.

A ring R is regular (in the sense of von Neumann regular) if for every z € R
there exists a y € R such that zyx = x. A group is locally finite if every finite subset

generates a finite subgroup.

Theorem 2.16: Let R and S be two rings, then R is regular if and only if

i) S is regular,
ii) G is locally finite,
iii) each n € o(G) is a unit in S where o(G) denote the set of orders of all finite

subgroups in G .

Proof We refer reader to see Theorem 3.3 in [|[Connell, |19635)].
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A group G is called a p-group if the order of each element of G is a power of p.

Theorem 2.17: Let p be a prime with p € J(R). If G is a locally finite p-group, then
A(RG) C J(RG).

Proof See Lemma 2 in [Zhou, |2010].
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3. SEMI-TRIPOTENT RINGS

This chapter is about rings R for which every element is a sum of a tripotent
and an element from the Jacobson radical J(R). These rings are called semi-tripotent
rings. Examples include Boolean rings, strongly nil-clean rings, strongly 2-nil-clean
rings, and semiboolean rings. Here many characterizations of semi-tripotent rings are
obtained. Necessary and sufficient c onditions for a M orita c ontext, respectively for a
group ring of an abelian group or a locally finite nilpotent group, to be semi-tripotent

are proved.

3.1. Semi-n-potent rings

In this section, n > 2 is a fixed integer.

Lemma 3.1: Let R be a ring and x € R. The following are equivalent:
i) 2" ==
ii) v? = vz, where v ! = 1.

iii) x* = p(x)z, where p(t) € Z[t] with p(x)" ! = 1.

n—1

iv) 2% = vx, where v =1 and vx = xv.

n—1

v) = = eu, where e = e, u" ! = 1 and eu = ue.

n—1

vi) x = eu, where €? = e, "' = 1 and eue = ue.

Proof i) = iii). If 2™ = x, let o(t) = 1+t — "' € Z[t]. Then 2* = ¢(x)x, and
o) =1+2% 2" fork=1,2,...,n. Inparticular, p(z)" ' = 1.

i11) = v) and (v) = vi). They are trivial.

1,.2

v U). Given (iv), we see x = v 'z? = v" 2% = v(v"32?) with

) =
( n— 31.2)2
)

vi) = i1). Given (vi), we have x* = eueu = ux.
ii) = 1i). Given (ii), we have " = vx - 2" % = vz ! = v vz - 23 =
Ve = .=y lx =2 1
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Definition 3.1: Let I be an ideal of a ring R. We say that n-potents lift modulo I in R

if whenever a™ — a € I, there exists " = e € R such thata — e € I.

Definition 3.2: A ring R is called a semi-n-potent ring if every element of R is a sum
of an n-potent and an element from J(R), equivalently if R/ J(R) has identity " = x
and n-potents lift modulo J(R) in R.

The next example can be easily verified.

Example 3.1: Let R, S be rings, V an (R, S)-bimodule, M an R-bimodule, and m > 1.
i) If R is semi-n-potent, then so is every homomorphic image of R.

(i) A direct product || R, of rings is semi-n-potent if and only if every R, is

semi-n-potent.

iii) The formal triangular matrix ring (g ‘é) is semi-n-potent if and only if R and

S are semi-n-potent.
v) T,.(R) is semi-n-potent if and only if R is semi-n-potent.
v) The trivial extension R oc M is semi-n-potent if and only if R is semi-n-potent.
vi) R[z]/(x™) is semi-n-potent if and only if R is semi-n-potent.

vii) R|[[x]] is semi-n-potent if and only if R is semi-n-potent.

A subring of a semi-n-potent ring need not be semi-n-potent: Zs|[x]] is

semi-n-potent, but Zs|x] is not semi-n-potent.

Lemma 3.2: Let I be an ideal of a ring R. The following are equivalent:
i) If a™ — a € I, then there exists e" = ¢ € aR such thata — e € 1.
ii) If a” — a € I, then there exists €" = e € aRa such thata — e € I.

iii) If a" — a € I, then there exists " = e € Ra such thata — e € 1.

Proof Write r = s to mean that r — s € I, so that r = s implies that xry = xsy for
all z,y € R. It suffices to show the implication “(i) = (ii)”. Suppose that (i) holds.
If a" = a, then (a™)" = a". Choose " = [ € a"R such that a™ = f, so f = a.
Write | = a™x with v € R. We may assume that v = xf"!. Let e = a" 'wa € aRa.
Then e" = a" 'z(a"z)"la = a" 1o f"la = a" 'wa = e. Moreover, e = a" 'za =
(@) tza = (a™)"%(a"z)a = (a")" 2 fa = a""*fa = a" = a. So (ii) holds. W
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We say that n-potents lift strongly modulo I if the equivalent conditions of
Lemma [3.2] hold. The following result is known when n = 2 (see [Nicholson and
Zhou, 2005) 2, Lemma 5]).

Proposition 3.1: Let R be a ring. If n-potents lift modulo J(R), then they lift strongly
modulo J(R).

Proof Let ™ — a € J(R). Choose f* = f € R such that f —a € J(R). Then
fmt—a"t e J(R), sou:=1—(f""'—a"') € U(R), and uf = a" ' f € aR. So
e:=ufu"! €CaRande" =e. Asu=1inR/J(R),e=7ufu'=f=a A

Corollary 3.1: Let R be a ring with ¢* = e € R. If n-potents lift modulo J(R) in R,

then n-potents lift modulo J(eRe) in eRe.

Proof Let a™ — a € J(eRe) where a € eRe. Then a" — a € eJ(R)e C J(R),
so, by Proposition there exists f" = f € aRa such that a — f € J(R). As
feaRa CeRe,a— fe J(R)NeRe = J(eRe). B

Corollary 3.2: Let €* = ¢ € R. If R is semi-n-potent, then so is eRe.

Proof As n-potents lift modulo J(R) in R, n-potents lift modulo eJe in eRe by
Corollary Moreover, eRe/J(eRe) = eRe/eJe = eRe C R, where R = R/ J(R).
As R has identity 2™ = x, eRe, and hence eRe/J(eRe) has identity 2" = x. So eRe

is semi-n-potent. B

It is easy to see that no proper matrix ring can be semi-n-potent. Next we

consider when a Morita context is a semi-n-potent ring.

A M
N B
BN 4 are bimodules, and there exist context products M x N — Aand N x M — B

A Morita context is a 4-tuple R := ( , where A, B are rings AMp and
. e A MY .
written multiplicatively as (w, z) — wz and (z,w) — zw, such that N p)Ban

associative ring with the obvious matrix operations.

The next result (in fact, a more general result) can be found in [Sands| 1973].

A M

Lemma 3.3: [Sands, |1973|] Let R .= (N B

) be a Morita context. Then J(R) =

A M, ) | ) |
( Ny J(B))’ where My = {:E €eM:xN C J(A)} and Ny = {y €N :yMC

J(B)}.
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Theorem 3.1: Let R := ]13 ]\g) be a Morita context. Then R is semi-n-potent if and

only if A, B are semi-n-potent, MN C J(A)and NM C J(B).

Proof (=). As R is semi-n-potent, R/J(R) has identity ™ = x. Especially, R/J(R)
is reduced. So, by Lemma[3.3) M = My and N = Ny, and it follows that MN C J(A)
and NM C J(B). By Corollary[3.2] A, B are semi-n-potent.

(). As MN C J(A) and NM C J(B), we have J(R) = (JE\‘?) J?é))

by Lemma For o := (Z i) € R, writea = e+ jaand b = f + jp where

e"=ecA fr=feB jacJ(A)andjg € J(B). Then o = (8 2)—1—(]; ;U)
B
is a sum of an n-potent and an element from J(R). So R is semi-n-potent. B

As a consequence of Theorem|[3.1|and Corollary the following improvement

is observed.:

Corollary 3.3: Let ¢> = e € R. Then R is semi-n-potent if and only if eRe and
(1 — e)R(1 — e) are semi-n-potent, and e R(1 — €) and (1 — e) Re both are contained
in J(R).

eRe eR(1 —e) B
(1—e)Re (1—e)R(1—e)) >
Theorem R is semi-n-potent if and only if eRe and (1 — e)R(1 — e) are

semi-n-potent, eR(1 —e)Re C eJ(R)eand (1 —e)ReR(1 —e) C (1—e)J(R)(1—e).
Note that eR(1 — e)Re C eJ(R)e if and only if eR(1 — e)Re C J(R), if and
only if (eR(1 — ¢)R)?> C J(R), if and only if eR(1 — e)R C J(R), if and only if
eR(1—e) C J(R). Similarly, (1 —e)ReR(1 —e) C (1 —e€)J(R)(1 — e) if and only if
(1—e)Re C J(R). W

Proof Consider the Pierce decomposition R = (

3.2. Characterizaton of Semi-tripotent rings

For n > 3, if n-potents lift modulo J(R) in a ring R, then idempotents lift
modulo J(R). Indeed, if a* —a € J(R), then a — e € J(R) where ¢" = ¢ € R. So
a—e" = (a—a"") + (a" ' —e" ) € J(R) with " an idempotent. This raises
the question whether the converse holds. The next example shows that, for each integer
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n > 4, there exists a ring R such that idempotents lift modulo J(R) but n-potents do

not.

Example 3.2: Let n > 4, and let p(t) € R[t] be any irreducible polynomial of degree
2 which divides t"~' — 1. (For example, if n = 4 then take p(t) = t* + 1t + 1.)
Let R = R[t]pu), the localization of R[t] at the maximal ideal generated by p(t).
Then J(R) is generated by p(t), so R/J(R) = RJt]/(p(t)) = C, the field of complex
numbers. Hence idempotents trivially lift modulo J(R).

The only n-potents in R are 0, 1, and possibly —1 when n is odd. (This is because
R is a subring of the field of rational functions over R.) Since neither t nort — 1 nor
t + 1 lies in J(R), it follows that t is an n-potent modulo J(R) (since t" —t € J(R))

which cannot be lifted to an n-potent in R.

For n = 3, the next lemma gives a partial answer to the question above. Note
that square roots of 1 lift modulo the Jacobson radical exactly when idempotents lift,
provided 2 is a unit (this is proved in [Khurana et al., |2016]), and this result can be

used to give a quick proof of the next lemma. But here we give a direct, self-contained

proof.

Lemma 3.4: Let R be a ring with 2 € U(R). Then idempotents lift modulo J(R) if and
only if tripotents lift modulo J(R).

Proof The sufficiency is noticed above. For the necessity, suppose a®> —a € J(R). Let

b=3(a’>+a)andc=3(a*—a). Thena =b—c¢, b—b* = 3(a+2)(a—a*) € J(R)
and ¢ — ¢* = Y(a —2)(a — @®) € J(R). Thus, in R/J(R), a = b+F5, b = band
¢ = & Moreover, b¢ = ¢b = 1(a* — a?) = 0. Since idempotents lift modulo J(R),
b and @ can be lifted to orthogonal idempotents f and g in R. Let e = f — g. Then
e =canda=b—¢= f —G= e Hence, tripotents lift modulo J(R). B

Lemma 3.5: The following are equivalent for a ring:

i) Foreacha € R, a = ve where ¢* = e and v? = 1.
ii) Foreacha € R, a = fw where f*> = f and w? = 1.
iii) R has identity x® = .
Proof (i) = (iii). By (i), R is a unit-regular ring. We show that R is reduced.
Assume that > = 0 with 0 # r € R. By [Levitzki, 1953, Theorem 2.1], there
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exists 0 # € = e € RrR such that eRe = My(S) for a non-trivial ring S. Let
A= (1 é) € M, (S) and then A?> = A+ I, # I. So, there exists u € U(eRe) such
that u> # e. Thus y :=u+ (1 —e) € U(R) and y* = u* + (1 — e) # 1, contradicting
(1). So R is reduced, and hence is abelian. Therefore, for each a € R, write a = ve

with €* = e and v* = 1, and we see a® = v3e® = ve = a; this proves (3).

(i4i) = (i). It is clear by Lemma[3.1] W

Lemma 3.6: Suppose that, for each a € R, a = b+ 71 + ev = b+ jo + ve, where
J1,Jo € J(R), ¢ = e € R, v* =1, b € N(R) with ab = ba. Then 6 € J(R),
idempotents lift modulo J(R), and R/J(R) has identity x* = x.

Proof Let J = J(R), and R = R/J. Assume that a> — a € J, and write a =
b+ j1+ev = b+ jo + ve, where ji,jo € J, €2 = e € R, v* =1, b € N(R) with
ab = ba. Then

a® = (b+ j1 + ev)(b + jo + ve)

= [ba + (a — b)b] + [j1(j2 + ve) + evi] + e.

Let ¢ = ba + (a — b)b. Then ¢ € N(R) and ac = ca. So, in R, @ = a*> = ¢+ ¢, and it

follows thatc +€ = (¢ +¢€)> = ¢ + 2¢e + €. Thus, ¢ = ¢ + 2¢¢, i.e., ¢(1 — 2¢) = ¢
So¢ = 7c*(1—2e)~! =1 — 2e). As ¢ is nilpotent, it must be that ¢ = 0. Hence
a==e
Write 2 = b+ j; + ev = b+ jo + ve, where j1,jo € J, e2 = e € R, v?> = 1 and
b€ N(R). Then2 =b+ev = b+ e, so

4= (b+ev)(b+ve)=0b(b+7ve)+evb+e==c+e, (3.2)

=4 -1=(+2%e+e)—(c+e)=c(c+2e—1) (3.3)

is nilpotent in R. It follows that 6 is nilpotent in R, so 6 =0, or 6 € J.
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As6 € J, R= Ry X Ry, where 2 = 0in Ry and 3 = 0 in R,. Note that, by hypothesis,
foranya € R, @ = b+ev = b+ ¢ where €2 = ¢ 1> = 1 and b is nilpotent
with @b = ba, so Ve = e, and hence (Ue)® = ve. So, R, is Boolean by [Zhou,
2018, Proposition 2.5] and Ry is zero or a subdirect product of Z3’s by [Zhou, 2018,
Proposition 2.8]. It follows that R/ J has identity x> = z. R

Some characterizations are obtained for semi-tripotent rings.

Theorem 3.2: The following are equivalent for a ring R:
i) Foreacha € R, a = j+ f where j € J(R) and f? = [, i.e., R is semi-tripotent.

ii) Foreacha € R, a = b+ j+ f where j € J(R), f2 = fand b € N(R) with
ab = ba.

iii) Foreacha € R, a = j + ev, where j € J(R), ¢ = e € Rand v* = 1.
iv) Foreacha € R, a = j + ve, where j € J(R), ¢ = e € Rand v* = 1.
v) R/J(R) has identity x* = x and idempotents lift modulo J(R).

vi) R/J(R) = Ry X Ry, where Ry is a Boolean ring, Rs is zero or a subdirect

product of Z3’s, and idempotents lift modulo J(R).

Proof The implication (i) = (ii) is obvious. The implications (i) = (iii) and

(1) = (iv) follow from Lemma

() = (v): 7 = 2,3,4. First assume (iii) holds. For each a € R, @ = €U where
e? = e and v* = 1. By Lemma(3.5} (iii) implies that R/.J has identity x> = x; so R/ J
is abelian. Therefore, @ = €v = ve. It follows that a = j, + ev = jo + ve for some
J1,Jo € J. Similarly, (iv) implies that, for each a € R, a = j; + ev = js + ve where
e? = e,v? = 1l and jy,j» € J. Hence, in view of Lemma [3.1] either of (ii), (iii) and
(iv) implies that, each a € R, a = b+ j; + ev = b+ jo + ve, where ji, jo € J(R),
e? =e € R, v? =1, b € N(R) with ab = ba. Thus, (v) holds by Lemma 3.6}

(v) & (vi). It is clear.

(v) = (i). Let a € R. Since R := R/J(R) has identity x* = x, by [Hirano
and Tominaga, 1988, Theorem 1] 1+ @ = y + z for some commuting idempotents 1y
and z. By [Mazurek et al.| 12015, Theorem 2.1], one can lift the idempotents vy, z to
commutinmg idempotents f,gin R. Thus, 1 +a = f + g + j for some j € J(R),
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and hence a = f — (1 — g) + j where, as a difference of two commuting idempotents,

f— (1 —g)isatripotent. B

We remark that an element that is a product of an idempotent and a square root

of 1 in a ring R may not be a sum of a tripotent and an element from J(R). To see

) . ) 21 1 2 01
this, consider R = M(Q). Then, in R, a := (0 O) = (0 0) (1 O)’ a product

of an idempotent and a square root of 1, but a can not be a sum of a tripotent and an
element from J(R).

We also remark that Theorem [3.26) can not be replaced by the condition that
R = A x B, where A/J(A) is a Boolean ring and idempotents lift modulo J(A),
and B is zero or B/ J(B) is a subdirect product of 7Z3’s and idempotents lift modulo
Z(()Q) Z(%))’ where 73y, Z3)
are the localizations of 7 at 2 and 3. Then R is indecomposable, but idempotents lift
modulo J(R) and R/ J(R) = Zy X Zs.

J(B). To see this, consider the formal matrix ring R = <

A ring R is called semiboolean if every element of R is a sum of an idempotent
and an element form J(R). It is known that a ring R is semiboolean if and only
if R/J(R) is Boolean and idempotents lift modulo J(R) (see [Nicholson and Zhou,
2005, Lemma 2.4] ) A semiboolean ring was also termed as a J-clean ring in [Chen
and Sheibani, 2017, [Kosan et al.| | 2018|] and [Matczuk, |2017|]. We note that J-clean
ring had been used differently in [|Burgess and Raphael, 2007|]. We can add some new

conditions to the equivalence list for semiboolean rings.
Corollary 3.4: The following are equivalent for a ring R:

i) R is semiboolean.

ii) Foreacha € R, a = b+ j + e, whereb € N(R), j € J(R), ¢ = e € R and
ab = ba.

iii) R/J(R) is Boolean and idempotents lift modulo J(R).

iv) R is semi-tripotent and 2 € J(R).

Proof i) = ii). It is obvious.

it) = iii). By Theorem[3.2] we have R/J = Ry x R,, where Ry is a Boolean

ring and Ry is zero or a subdirect product of Z3’s. Assume on the contrary that R/ J is
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not Boolean. Then Ry # 0, so R has a quotient ring isomorphic to Zs. As any quotient
ring of R still satisfies (2), we may assume that R = Zs. So, since N(R) = J(R) = 0,
2 is an idempotent. Thus, 2 = 1, a contradiction.

i) < iii). This is by [Nicholson and Zhou, 2005, Lemma 24] (also see [Kosan
et al., 2018, Theorem 3.2]).

i) = iv). It is easy to see.

iv) = iii). Fora € R, a® —a € J(R) as R/J(R) has identity x> = z. So
(a*—a)* = a'—2d®+a* = a(a® —a) +2(a* —a®) € J(R), and hence a*> —a € J(R).
So R/ J(R) is Boolean. B

The assumption that “ab = ba” in Theorem and Corollary can not be
removed: For k > 2 and n > 1, the ring R := My(Zan) is a nil-clean ring (see
[\Diesl, 2013, Corollary 3.17 and Example 4.5]), that is, every element of R is a sum of
a nilpotent and an idempotent, but R/J(R) is neither a Boolean ring nor a subdirect
product of a Boolean ring and a direct product of Z.3’s. We also remark that there exists
a ring R such that R/.J(R) is Boolean, but idempotents do not lift modulo J(R) (see
[ILee and Zhou, |2016, Example 15]).

None of the conditions of Theorem [3.2] can be replaced by “For each a € R,
a=0b+j+ev, where j € J(R), € = ¢, v = 1, and b € N(R) with ab = ba”:
One can easily check that R = My(Zs) satisfies the latter condition, but R is not

semi-tripotent.

Theorem 3.3: The following are equivalent for a ring R:
i) R is semi-tripotent.
ii) Foreacha € R,a=j+c+ f, where j € J(R), e* =¢, f> = fandef = fe.
iii) Foreacha € R,a = j+ e+ f, where j € J(R), e =e, f>= fandef = fe.

iv) Foreacha € R,a=j+b+e+ f, where j € J(R), b€ N(R), ¢ = ¢, f2 = f,

and b, e, f commute with one another.

v) Foreacha € R,a=j+b+e+ f,wherej € J(R),be N(R), e’ =¢, f>=f,

and b, e, f commute with one another.

Proof i) = ii). By Theorem[3.2) R/J = A/J @® B/.J, where A/J is a Boolean ring
and B/ J is a subdirect product of Z3’s, and idempotens lift modulo J. Write 1 = a+ 3
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where o« € A/J and 3 € B/J. We may assume that, for some ¢* = ¢ € R, a = € and
B=1—ec Letf=1—e¢ Then A/J = (eRe+ J)/Jand B/J = (fRf + J)/J. Let
= € R be an arbitrary element, and write T = @+ bwherea € A/J andb € B/.J. We
may assume that a € eRe and b € fRf.

As A/J is Boolean, a’> —a € J. So, by [Nicholson and Zhou, 2005, 2, Lemma
5], there exists e% =e; € aRa C eRe such that a — ey € J.

By Corollary idempotents lift modulo J(fRf) in fRf. As
fRfJJ(fRf) = B/J is a subdirect product of Z3’s, b — b* € J(fRf), and
2 € U(fRf). So, by Lemma there exists €5 = ey € fRf such that
b—ey € J(fRf) C J. Then x = j + e1 + eg with eye5 = eseq = 0 and to finish the
proof, let g = €3. Then g* = g, and (ea — g)* — (ea—g) = —3(ea—g) € J(fRf) C J.
So by [Nicholson and Zhou, 2005, 2| Lemma 5], there exists h?> = h € (ea—g)R(ea—g)
such that e — g — h € J. Let j' = eo — g — h and write h = (e5 — g)r(ea — g) with
r € R. Then gh = h = hg. As h,g € fRf, etg = ge; = 0 and eth = hey = 0. It
follows that e, + g and h are commuting idempotents and x = (j + j') + (e1 + g) + h.
This verifies (i1).

it) = 1ii) = (v) and (ii) = (iv) = (v). The implications are clear.

v) = 1). By (v), every element of R/ J(R) is a sum of a nilpotent, an idempotent
and a tripotent that commute with one another other. So, by [Zhou, 2018, Theorem
2.12], R/J(R) has identity 2> = x, and hence N(R) C J(R). By Theorem[3.2] to
show (1) it remains to show that idempotents lift modulo J(R). Assume that a — a® €
J(R). Writea =j+b+e+ fasin(5). Then j+b € J(R), so we may assume that
b=0.Thusa—a? = (f — f>=2ef)+(j—ja—(e+ f)j), so f — f>—2ef € J(R),
and hence 2 — f —2ef? = (f — f> —2ef)f € J(R). Let g = e + f? — 2ef?. Then
a—g=7+(f—f*+2ef*) e J(R)and g*> = g. B

3.3. Group rings

Semi-tripotent rings can be constructed via Morita contexts by Theorem[3.1] In
this section, we discuss when a group ring is semi-tripotent. A group G is called locally

finite if every finitely generated subgroup of G is finite. For a prime number p, a group
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is called a p-group if the order of each of its elements is a power of p. A group of
exponent p is a non-trivial group in which every element has order p. We write C,, for

the cyclic group of order n.

Lemma 3.7: Let R be a ring with 2 € J(R) and G a group. If RG is semi-tripotent,
then G is a 2-group.

Proof As RG is semi-tripotent, (R/J)G = RG/JG is semi-tripotent. As 2 € J(R),
2 = 0in (R/J)G, so (R/J)G is semiboolean by Corollary 3.4} Therefore, G is a
2-group by [Kosan et al.,|2016, Theorem 4.4]. &

Lemma 3.8: Let R be a ring with 3 € J(R) and G a locally finite p-group with p a

prime. If RG is semi-tripotent, then either G is a 3-group or G is a group of exponent

2.

Proof As RG is semi-tripotent, R is semi-tripotent, so by TheoremR /J=AXxDB
where A is a Boolean ring and B is zero or a subdirect product of Z3’s. As 3 € J(R),
A =0, so R/J = B which has identity x> = z. If p # 3, then by [|Connell, 1963
Theorem 3], BG is (von Neumann) regular, so J(BG) = 0. But, as an image of RG,
BG is semi-tripotent, so BG has identity x® = x. In particular, g*> = 1 for all g € G.

So, G is a group of exponent 2. W

Lemma 3.9: Let R be a ring and G a locally finite group. If RG is semi-tripotent and
2¢ J(R)and3 ¢ J(R), then G is a group of exponent 2.

Proof As RG is semi-tripotent, R is semi-tripotent, so by TheoremR/ J=AXB
where A is a Boolean ring and B is zero or a subdirect product of Z.3’s. As 2 ¢ J(R)
and 3 ¢ J(R), A # 0and B # 0. As AG is semi-tripotent and 2 = 0 in A, G is
a 2-group by Lemma As BG is semi-tripotent and 3 = 0 in B, G is a group of
exponent 2 by Lemma[3.5 B

Lemma 3.10: [Connell, |1963, Proposition 9] If R is a ring and G is a locally finite
group then J(R) = J(RG) N R. In particular, J(R)(RG) C J(RG).

Lemma 3.11: If R is a semi-tripotent ring with 3 € J(R) and G is a group of exponent

2, then RG is semi-tripotent.
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Proof Let J = J(R) and o € RG. Then there exists a finite subgroup H of G such
that « € RH. Here H is a direct product of finite copies of Cy. As 2 € U(R), RH
is a direct sum of finite copies of R, so RH is semi-tripotent. So, « is semi-tripotent
in RH. We show that « is semi-tripotent in RG. By Lemma JH C J(RH). As
R is semi-tripotent with 3 € J(R), R/J has identity z* = x with 2 € U(R/J). So,
(R/J)H is a commutative von Neumann regular ring by [|[Connell, 1963, Theorem 3].
As (R/J)H = RH/JH, it follows that JH = J(RH). So J(RH) = JH C J(RG)
by Lemma[3.10} Hence, o semi-tripotent in RH implies that o is semi-tripotent in RG.
|

Lemma 3.12: If R is a semi-tripotent ring with 3 € J(R) and G is a locally finite

3-group, then RG is semi-tripotent.

Proof By [Zhou, 2010, Lemma 2], A(RG) C J(RG). As RG/A(RG) = R
is semi-tripotent, idempotents lift modulo J in R by Theorem and moreover
RG/J(RG) has identity x> = x. By [Nicholson, 1977, Proposition 1.5], R is a clean
ring, i.e., every element is a sum of an idempotent and a unit. Hence, by [|Zhou, 2010,
Theorem 4], RG is a clean ring, so idempotent lift modulo J(RG) in RG. Hence, RG
is semi-tripotent by Theorem[3.2] W

A group is said to be nilpotent if it has a central series.

Theorem 3.4: Let R be a ring and G be a locally finite, nilpotent group. Then RG is

semi-tripotent if and only if R is semi-tripotent and one of the following holds:
i) 2€ J(R) and G is a 2-group.
ii) 3 € J(R) and G is a direct product of a group of exponent 2 and a 3-group.

iii) 2 ¢ J(R) and 3 ¢ J(R), and G is a group of exponent 2.

Proof (=). It is known that every locally finite nilpotent group is a direct product
of its p-subgroups. So G'is a direct product of p-groups G\, where p runs over all
primes. Since RG is semi-tripotent, RG, is also semi-tripotent for each p and R is
semi-tripotent. So, by Theorem R/J = A x B, where A is Boolean and B is zero
or a subdirect product of Z3’s.

If2 € J(R), then G is a 2-group by Lemma
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If3 € J(R), then either p = 3 or p = 2 with Gy a group of exponent 2 by Lemma
So G is a direct product of a group of exponent 2 and a 3-group.

If2¢ J(R)and3 ¢ J(R), then2 #0in R/J and3 # 0in R/J. So A # 0 and
B # 0. As images of RG, AG and BG are semi-tripotent. Since 2 = 0in A, G is a
2-group by Lemma[3.7} As 3 = 0 in B, G must be of exponent 2 by Lemma 3.8

(«<=). Suppose that R is semi-tripotent. If (i) holds, then R is semiboolean by
Corollary So RG is semiboolean (and hence semi-tripotent) by [Kosan et al.|
2016, Theorem 4.4].

If (i) holds, then G = Hy x H,, where Hy is a group of exponent 2 and H,
is a 3-group. So RG = (RH,)H,. By Lemma RH, is semi-tripotent, and so
(RH,)H, is semi-tripotent by Lemma|[3.11]

Suppose that (iii) holds. As R is semi-tripotent, R/ J = (X/J) & (Y/J), where
X/ J is Boolean and Y/ J is zero or a subdirect product of Z3’s. As idempotents lift
modulo J, there exist e> = e € X and f> = [ € Y suchthate + f = 1, X/J =
(eRe + J)/J and Y/J = (fRf + J)/J. So, R = eRe + fRf + J, and hence
RG = (eRe)G + (fRf)G + JG. Moreover, by Corollary eRe and fRf are
semi-tripotent. So, by Corollary[3.4] eRe is semiboolean.

If o € RG, write « = y + z +w where y € (eRe)G, z € (fRf)G and w € JG.
Write y = > a;g; where a; € eRe and g; € G for each i. As 2 = 0 in eRe/eJe,
2¢ € eJe, so (e(1+ ¢:))* = e(1+2g; + g?) = e(2+ 2g;) = 2¢e(1 + g;) € (eJe)G.
Hence e(1+yg;) € (eJe)G C JG, as e(1+g;) is central in (eRe)G (for all i). Thus, y =
Yoaigi+yai+ (=Y a) = > ae(l4+g;,)+(= > a;), where Y a;e(1+g;) € JG. As
eRe is semiboolean, write — _ a; = j1 + hy where j; € eJe C J and h% = h; € eRe.
So ji € J(RG) by Lemma[3.11) As3 € J(fRf), (fRf)G is semi-tripotent by Lemma
So z = jo + hy where jo € J((fRf)G) and b = hy € (fRf)G. As3 = 0in
fRf/fJf and fRf]fJf has identity 2* =z, (fRf)G/(fJf)G = (fRf/fJf)G is
semiprimitive (indeed, commutative von Neumann regular by [Connell, 1963, Theorem
3]). It follows that J((fRf)G) C (fJf)G C J(RG). So jo € J(RG). Let =
doaie(1+g;)+j1+jo+wandy = hy+ hy. Then 5 € J(RG). As hihy = hohy = 0,
v =h}+h3=hy+ hy =1. Soa =+~ is semi-tripotent in RG. B

Theorem 3.5: Let R be a ring and G be an abelian group. Then RG is semi-tripotent

if and only if R is semi-tripotent and one of the following holds:
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i) 2 € J(R)and G is a 2-group.
ii) 3 € J(R) and G is a direct product of a group of exponent 2 and a 3-group.

iii) 2 ¢ J(R) and 3 ¢ J(R), and G is a group of exponent 2.

Proof (=). By Theorem |3.4} it suffices to show that G is torsion. As RG is
semi-tripotent, R and hence R/J(R) are semi-tripotent. So, by Theorem
R/J(R) = A x B, where A is Boolean and B is zero or a subdirect product of Z3’s.

If2 € J(R), then G is a 2-group by Lemma|[3.7]

If3€ J(R), then3 = 0in R/J(R), so A = 0. As Zs is an image of R/ J(R),
Z3G' is an image of RG and hence it is semi-tripotent. Assume that GG is not torsion.
Then G/T(QG) is non-trivial torsion-free where T(G) is the torsion subgroup of G,
and 73(G/T(G)) is semi-tripotent (being an image of Z3G). So we can assume that
G is torsion-free. If G has rank greater than 1, then G has a torsion-free quotient
G’ of rank 1. Since ZsG' is semi-tripotent again, we can assume that G is of rank 1.
So G is isomorphic to a subgroup of (Q,+). Take g € G such that g~ # g. Since
g + gt is semi-tripotent in Z3G, there exist j € J(Z3G) and b> = b € Z3G such
that g + g~ = j + b. There exists a finitely generated subgroup G, of G such that
g,7,b,(1+4)~ € Z3G,. Because every finitely generated subgroup of (Q, +) is cyclic,
G is cyclic. Write Gy = (h). Then g = h*, g=' = h™* for some positive integer k.
There is a natural isomorphism Z3(h) = Zs[x, x| with h* + h™" «— 2 + 27, As
R*+h=%—b+1 = 1+j is a unit in Zs(h), 2*+2x7"— f+1is a unit in Z3|x, x~"], where
3 = f € Zs|x, 2. But this is impossible because the tripotents of Zs|x, x| are in
Zs3 and the units of Zs[x, x| are in {az" : 0 # a € Zs3,i € Z}. The contradiction
shows that G is torsion.

If2 ¢ J(R)and 3 ¢ J(R), then 2 # 0 and 3 # 0in R/J(R), so A # 0 and
B # 0. As an image of RG, AG is semi-tripotent. As 2 = 0 in A, G is a 2-group by
Lemma As BG is semi-tripotent and 3 = 0 in B, G is a group of exponent 2 by
Lemma(3.8

(<=). This follows from Theorem[3.4] R

27



4. RINGS WITH X" — X IS NILPOTENT

In this chapter, we introduce P, (R) means that a" — a is nilpotent for all a € R,
and Q,,(R) means that R/J(R) has identity " = x and J(R) is nil, where J(R) is
the Jacobson radical of R for n > 2. We refer reader to [|Diesl, |2013|], [Chen and
Sheibani, |2017] and [Zhou, 2018)], for more details. The main purpose of this chapter
is to characterize P, (R) for integers n up to 12 for n = 2% with k odd, and for n = 2¥p
where k > 0 and p = 3,5,7 or 9. Also, for an arbitrary integer n > 2, we prove that
P,(R) implies that Q,,(R) and vice versa if and only if n is even with n = 1 (mod 3),
orn is odd withn # 1 (mod 3) and n # 1 (mod 8).

4.1 When P,(R) < Q,(R) for every ring R ?

In this section, we determine the integers n such that P,(R) < Q,(R) for
every ring R. We begin with examples of rings R such that P,(R) and Q,(R) are
not equivalent. Note that, if A € M, (F) is a nilpotent matrix where F is a field, then
A" = 0. Indeed, A is similar to a nilpotent Jordan matrix B which is strictly upper

triangular, so B™ = 0 and hence, A" = 0.

Example 4.1: Let n > 1 be an integer with n = 1(mod 3). If R = My(Zs), then
P,(R) holds but Q,,(R) fails.

Proof It is clear that Q),,(R) failes. Write n = 3k + 1 where k is a positive integer.
Let A € R. We verify (A3**! — A)?2 = 0. As R is of characteristic 2, we have
(A3RFL — A)2 = A2(A% — L,). If A is nilpotent, then A? = 0. If A is invertible, then
AS% — I, = 0 as the unit group of units in R has exponent 6. If A is neither a unit nor

a nilpotent, then A is similar to <(1) 8), so A%2 = A and hence, A1 — A = 0.

Example 4.2: Let n > 1 be an odd integer withn = 1 (mod38). If R = My(Z3), then
P,(R) holds but Q),,(R) fails.

Proof It is clear that Q),,(R) fails. Write n = 8k + 1 where k is a positive integer
Let A € R. We verify (A1 — A)® = 0. As R is of characteristic 3, we have
(ASKFL — A)3 = A3(AYMk — ). If A is nilpotent, then A%> = 0. If A is invertible,
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then A*** — I, = 0 as the unit group of units in R has exponent 24. If A is neither a
8 8) where 0 # a € Zs, so A3 = A, i.e.
A(A%— 1) = 0. Hence, ASF — A = A((AY)* — ) = A(A? — L) (A1 .. 4
A2+ 1) =0.

unit or a nilpotent, then A is similar to

Lemma 4.1: [Levitzki, |1953, Theorem 2.1] Let R be a ring with J(R) = 0 such that
every nonzero right ideal contains a nonzero idempotent. If a™ = 0 but a"~* # 0, then

there exists € = e € RaR such that eRe = M,,(T) for some non-trivial ring T.

Lemma 4.2: Let R be a ring and n > 1. If P,(R) holds then J(R) is nil and R
is strongly m-regular. If in addition Q,(R) fails, then R/J(R) contains a subring
isomorphic to My(S) for some non-trivial ring S. The ring S can be chosen to be 7

if n is even.

Proof Leta € R. Then (a—a™)* = 0 for some k > 1, so a*(1—a""')* = 0. It follows
that a* € "' RN Ra**'. So a is strongly m-regular. Thus R is strongly m-regular, so
J(R) is nil. Suppose that Q,,(R) fails to hold. Then a — a" # 0 for some a € R. But
@ — a" is nilpotent in R := R/J(R). Thus, there exists 0 # y € R such that y*> = 0.
As R is strongly m-regular and semiprimitive, by Lemma there exists 2> = z € R
such that zRz = My(S) for a non-trivial ring S.

If n is even, then 2 = (—1)" — (—1) is nilpotent in R, so 2 = 0 in R and in S.
Thus, My(Zs) is a subring of My(S) and hence of R. B

By Examples{.1)and a necessary condition for an odd integer n to have the
equivalence P,(R) < Q,(R) for all rings R isn # 1 (mod 3) and n # 1 (mod 8).

Lemma 4.3: Let n > 1 be an odd integer with n # 1 (mod3). If R is a ring with
P,(R), then R = Ry X Ry, where 3 is nilpotent in Ry and Q,,(Rz) holds.

Proof As 2™ —2 > 1is nilpotent in R and n is odd, we can assume that 3°k is nilpotent
in R, where s > 0 and k > 0 is relatively prime to 3, so 3k is nilpotent. Therefore,
by Chinese Remainder Theorem, R = R; X Ry, where 3 is nilpotent in R, and k is
nilpotent in Ry. As ged(3, k) = 1, 3 € U(Rz). Next we show that (Q),,(Rs) holds.
Note that P,(Rs) holds. Assume on the contrary that Q),,(Rs) fails. Then, by Lemma
Ry/J(Rs) contains a subring isomorphic to My(S) for a non-trivial ring S. Let

-1 1 0 —1 10
w= (_1 O) € My(S). Then w* = <1 _1) and w3 = (0 1).
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Ifn = 3l+2wherel > 0, thenw" —w = (w*)'w? —w = w? —w = (; :?),

so (w" — w)? = (—03 _03) which is not nilpotent (as 3 € U(Ry)), a contradiction

t0 P,(Ry). If n = 3l where | > 1, then w™ — w = (w®)) —w = I, —w = G —11)

2 — g _03) which is not nilpotent, a contradiction to P, (Ry). Hence,
Qn(R2) holds. &

and (w" —w)

Theorem 4.1: Let n > 2 be an integer.
i) If nis even, then P,(R) < Q,(R) for every ring R if and only if n # 1 (mod 3).

ii) If nis odd, then P,(R) < Q,(R) for every ring R if and only if n #Z 1 (mod 3)
and n # 1 (mod 8).

Proof (i) The necessity follows from Example For the sufficiency, assume on the
contrary that P, (R) & Qn(R) for some ring R. Then P, (R) holds but Q),,(R) fails. As

n is even, R/ J(R) contains My(Zs) as a subring by Lemma Let w = <(1) D €

My (Zs). Then w?® = I,. Asn # 1 (mod 3), n = 3k or n = 3k + 2 for some k > 0.
Ifn =3k, thenw" —w = (W) —w = L—w = 1 é

a contradiction to P,(R). If n = 3k +2, then w" —w = (w*)*w? —w = w? —w = I,

, which is not nilpotent,

which is not nilpotent, again a contradiction to P, (R). Therefore, we have P,(R) <
Qn(R).

(ii) The necessity follows from Examples and For the sufficiency,
suppose R is a ring with P,(R). As n # 1(mod3), by Lemma R = R; X Ry
where 3 is nilpotent in Ry, P,(R;) and Q,(R3) hold. So to show that Q,(R) holds,
we just need to show that Q),,( Ry) holds. Therefore, without loss of generality, we can
assume that 3 is nilpotent in R. Thus 3 = 0 in R/J(R). Assume on the contrary that
Qn(R) fails. By Lemma R/J(R) contains a subring isomorphic to My(S) for a
non-trivial ring S. As n # 1 (mod 8), we have n = 3 (mod 4) or n = 5 (mod 8).

e Case I: n = 3(mod4). Write n = 4k + 3 where k > 0. Let w = (_01 (1)> €
My (S). Then w? = —1Iy, so w"™ — w = (w?)*w —w = —Lhw — w = w, which is

not nilpotent, a contradiction.
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e Case 2: n = 5(mod8). Writen = 5+ 8k with k > 1. Let w = <(1) 1) €

5

My (S). Then w® = (0 ) and w® = Ip. Sow" —w = (W)*w® —w = w® —w =

2 2

((1) 1), which is a unit in My (S), a contradition.

4.2 Characterization of rings R with P,(R)

In case n is even with n # 1(mod 3) or odd with n # 1(mod3) and n #
1 (mod 8), Theorem characterizes rings R such that ™ — a is nilpotent for all
a € R as those rings R such that R/J(R) has identity x™ = x and J(R) is nil. But, if
n is not one of these integers, the characterization of rings R with P, (R) is unknown.
In this section, for integers n < 12 orn = 2k with k odd or n = Qkp where k > 1 and
p = 3,5,7 or9, we present characterizations for rings R such that " — a is nilpotent

forall a € R. TheoremW{.1[1) with n = 2 gives an immediate consequence.

Corollary 4.1: [Kosan et al.| 2016|] Let R be a ring. Then a® — a is nilpotent for all
a € Rifand only if J(R) is nil and R/ J(R) is Boolean.

Lemma 4.4: Let p be a prime. The following are equivalent for a ring R:
i) p € N(R) and o — a is nilpotent for all a € R.
ii) J(R) is nil and R/J(R) is a subdirect product of Z,,’s.

Proof (ii) = (i). It is clear.

(i) = (ii). The implication is true for p = 2 by Corollary{.1| So we may assume
thatp > 3. Asp = 0in R/J(R), to show (2), it suffices to show that Q),(R) holds
by [Lam| 1991, Ex.12.11]. Assume on the contrary that Q),,(R) fails. Then, by Lemma
R/ J(R) contains a subring isomorphic to My(S) for some non-trivial ring S. As

= 0in S, S contains Z, as a subring, so R/J(R) contains a subring isomorphic to
My (Z,). Let k = 251, As there are at most k elements in 7., whose k' power is 1, there
[1) 761 € My(Z,). Then w* = ml,
sow? —w = w(w* — L) = w(w?)* — L) = w((ml)* — I,) = w(m* — 1)1, which

exists 0 # m € Z, such that m" # 1. Let w =

is a unit in My(Z,), so wP? — w is not nilpotent, a contradiction. B
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Lemma 4.5: Let a € R with 2 € N(R) and let n > 1 be an odd number. Then o™ — a

is nilpotent if and only if a2~ — a is nilpotent.

Proof Note that ("3 — a)? = a(a” — a) + 2(a* —a"2 ) and a" — a = ("7 —

a)(a"z + 1). So the equivalence “<” follows. B

Corollary 4.2: [|[Chen and Sheibani, 2017] Let R be a ring. The following are

equivalent:
i) a® — a is nilpotent for all a € R.

ii) R = Ry X Ry, where Ry/J(Ry) is Boolean with J(Ry) nil, and Ry is zero or
Ry/J(Rs) is a subdirect product of Z3’s with J(R2) nil.

Proof ii) = 1). It is clear.

i) = ii). As 6 = 23 — 2 is nilpotent in R, 2"3" = 0 for some n > 0. So R =
Ry X Ry where Ry = R/2"R and Ry = R/3"R. Thus, 2 € N(R;) and 3 € N(Ry).
As a® — a is nilpotent for all a € Ry, by Lemma J(Ry) is nil and Ry/J(R3) is
a subdirect product of Z3’s. As a® — a is nilpotent for all a € Ry and 2 € N(Ry),
a® — a is nilpotent for all a € R, by Lemma So, by Corollary J(Ry) is nil and
Ry/J(Ry) is Boolean. B

We see from Theorem H.1(1) that n = 4 is the smallest positive even number
such that P,(R) < Q.(R) for some ring R. Note that, for a prime p and a divison
ring D of characteristic p, if " =a forall a € D, then D is a field by Jacobson's
theorem on commutativity and is finite. Moreover, D = F s with s|k. Also note that, if
R is a right primitive ring that is not simple Artinian, then for any integer k > 0 there
exists a subring Ry, of R such that Ry has an image isomorphic to My (D) where D is

a division ring.

Theorem 4.2: The following are equivalent for a ring R:
i) a* — ais nilpotent for all a € R.

ii) J(R) is nil and R/ J(R) is a subdirect product of rings isomorphic to 7y or F,
or MQ(ZQ)
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Proof (i) = (ii). It follows from (i) that J(R) is nil. As 2 = (—1)* — (1) is
nilpotent, 2 = 0 in R = R/J(R). Let R be a subdirect product of right primitive rings
R.. If R, is not simple Artinian, then, by the structure theorem for right primitive

rings, M3(D) is an image of a subring of R, (where D is a division ring). For x =

1 11 1 01
1 1 0] €eM3(D), thenz* —x = [0 0 1| which is not nilpotent (it is indeed
1 00 111

a unit in M3(D)). This contradiction shows that each R,, is a simple Artinian ring, say
R, = M, (D) with D a division ring. As seen above, it must be that n < 2.
Ifn=1,then R, = D. As a* = a for all a € D, D is a field by a Jacobson’s
Theorem on commutativity and is finite. As D is a vector space over L, D = Fys with
s|2. This is, D = Zy or D = F,.
Ifn =2, then R, = My (D). As D is isomorphic to a subring of My(D), a* = a
forall a € D. As above, D = Zs or D = F,. We next show that D % F,. Assume

L € My(D). Then

that D = F,. Take a € D such that a®> = a + 1, and let x = Cll 0

0 1 a 1 a 0
4 _ — _ — . . . . .
T T (1 a) (1 0) (O a)’ which is not nilpotent. The contradiction
shows that D 2 F .

(it) = (i). If R = Zy or R =T, or R = My(Z,), then a* = a forall a € R, so
(1) follows.

Corollary 4.3: [Zhou| |2018] Let R be a ring. The following are equivalent:
i) a® — a is nilpotent for all a € R.

ii) R = Ry X Ry X R3, where Ry1/J(Ry) is Boolean with J(R3) nil, Ry is zero
or Ry/J(Ry) is a subdirect product of Z3’s with J(Rs) nil, and Rj is zero or
R3/J(R3) is a subdirect product of Zs’s with J(R3) nil.

Proof ii) = 1). It is clear.

i) = ii). As 30 = 2° — 2 is nilpotent in R, 2"3"5" = 0 for some n > 0. So
R = Ry X Ry X Ry where Ry = R/2"R, Ry = R/3"R and R3; = R/5"R. Thus,
2 € N(Ry), 3 € N(Ry) and 5 € N(R3).

As a® — a is nilpotent for all a € Rg, by Lemma 4.4 J(R3) is nil and R3/J(R3)

is a subdirect product of Zs’s.
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As a® — a is nilpotent for all a € Ry and 2 € N(Ry), a® — a is nilpotent for all
a € Ry by Lemma and further a* — a is nilpotent for all a € R, again by Lemma
So, by Corollary[d.1| J(Ry) is nil and Ry/J(R:) is Boolean.

Fora € Ry, [(a+1)° — (a+1)] — (a® —a) = (—a* + a® + a® — a) + 3(2a* +
3a® + 3a® + 2a). It follows that —a* + a® + a® — a is nilpotent for all a € Ro.
So —(a + 1)*+ (a +1)3 + (a + 1)2 — (a + 1) is nilpotent for all a € R,. But
—(a+ D'+ (a+1)P+(a+1)*— (a+1) = —(a* — a®) — 3(a® + a?), so a* — a* is
nilpotent for all a € Ry. Thus, since (a® —a)* = (a* —a?) + (a® — a)a+3(a* —a?), we
see that a® — a is nilpotent for all a € R,. So, by Lemma Ry is zero or Ry/J(Ry)
is a subdirect product of Z3’s with J(Ry) nil. B

For an ideal I of a ring R and a,b € R, we write a = b(mod I) to mean that

a—>bel

Corollary 4.4: Let n = 2¥3 with k > 0. The following are equivalent for a ring R:
i) a™ — a is nilpotent for all a € R.
ii) a® — a is nilpotent for all a € R.

iii) J(R) is nil and R/ J(R) is Boolean.

Proof i) = ii). By (1), 2 = (=1)" — (—1) is nilpotent in R. For a € R,
((a4+1)" = (a+1)) = (a" —a) = ((a+ 1)*)® + a" + 1 (mod 2R)
= (a® +1)%@® + 1)+ a" + 1 (mod 2R)

@ +1)(a® +1)+a" + 1 (mod2R) (4.1)

2k+1

+ a® (mod 2R)

= (a® - a)? (mod 2R),
so a* — a is nilpotent.
it) < 4ii). This is Corollary[.1|
i1) = 1). This is because a™ — a = (a®> —a)(a" ?+a" 3 +---+a+ 1) forall
ce R 1
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By the previous corollary, for a ring R, a® — a is nilpotent for all a € R if and
only if J(R) is nil and R/ J(R) is Boolean.

By Theorem n = 7 is the smallest positive odd number such that P,(R) <
Qn(R) for some ring R.

Corollary 4.5: The following are equivalent for a ring R:
i) a” — a is nilpotent for all a € R.

ii) R = Ry X Ry X Rs, where Ry is zero or Ry/J(Ry) is a subdirect product of
rings isomorphic to Zy or Fy or My(Fy) with J(Ry) nil, Ry is zero or Ry/J(Ry)
is a subdirect product of Zs3’s with J(R2) nil, and R3 is zero or R3/J(R3) is a
subdirect product of Z7’s with J(Rs) nil.

Proof ii) = i). It is clear.

i) = i). As 2-3%.7 = 27 — 2 € R is nilpotent, 2"3"T" = 0 for some n > (,
so R = Ry X Ry X R3 where Ry =2 R/2"R, Ry = R/3"R and R3 = R/7"R. Thus,
2 € N(Ry), 3 € N(Ry) and 7 € N(R3).

As a” — a is nilpotent for all a € Rs, by Lemma J(R3) is nil and R3/J(R3)
is a subdirect product of Z’s.

By Lemma a* — a is nilpotent for all a € R,. So, by Theorem Ry is zero
or Ry/J(Ry) is a subdirect product of rings isomorphic to Zs or Fy or My(Zy) with
J(Ry) nil.

For a € Ry, (a® —a)® = (a" — a)a® + 3(a® — a"), so it follows that a® — a is
nilpotent for all a € Ry. Hence, by Lemma Ry is zero or Ry/J(Rs) is a subdirect
product of Z3’s with J(Rs) nil. B

Corollary 4.6: The following are equivalent for a ring R:
i) a® — a is nilpotent for all a € R.

ii) J(R) is nil and R/J(R) is a subdirect product of rings isomorphic to Z or Fs.
Proof ii) = 1). It is clear.
i) = i1). It follows from (i) that J(R) is nil. As 2 = (—1)® — (=1) is nilpotent,

2 =0in R = R/J(R). Let R be a subdirect product of right primitive rings Rq. If Rq,
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is not simple Artinian, then, by the structure theorem for right primitive rings, My (D)
is an image of a subring of R, (where D is a division ring of characteristic 2). For

T = (1 (1)> € My(D), then 2® = ((1] 1), so 28 —x = I, which is not nilpotent. This
contradiction shows that each R, is a simple Artinian ring, say R, = M,,(D) with D
a division ring of characteristic 2. As seen above, it must be that n = 1. So, R, = D.
As a® = aforall a € D, D is a field by a Jacobson’s theorem on commutativity and

it is finite. As D is a vector space over Fy, D = Fos with s|3. This is, D = Zs or

D~TFy W

Corollary 4.7: The following are equivalent for a ring R:
i) a® — a is nilpotent for all a € R.

ii) R = Ry X Ry X R3, where R is zero or Ry/J(Ry) is Boolean with J(Ry) nil,
Ry is zero or Ry/J(Ry) is a subdirect product of rings isomorphic to Zs or Fy
with J(Ry) nil., and R3 is zero or R3/J(R3) is a subdirect product of Zs’s with
J(R3) nil.

Proof ii) = 1). It is clear.

i) = ii). As2°—2=2-3-5-17 € Risnilpotent and 3° —3 = 2°-3-5-41 € R
is nilpotent, it follows that 2 - 3 - 5 is nilpotent in R. So 2"3"5" = 0 for some n > (),
and hence R = Ry X Ry X R3 where Ry = R/2"R, Ry =~ R/3"R and R3 = R/5"R.
Thus, 2 € N(Ry), 3 € N(Ry) and 5 € N(R3).

As a® — a is nilpotent for all a € Ry and 2 € N(Ry), a® — a is nilpotent for all
a € Ry by Lemma and further a® — a is nilpotent for all a € R, again by Lemma
So, by Corollary[d.2| Ry is zero or Ry/J(Ry) is Boolean with J(Ry) nil.

By Lemma J(Ry) is nil. Let Ry/J(Ry) be a subdirect product of right

primitive rings R,. If R, is not simple Artinian, then My(D) is an image of a

111
subring of R, (where D is a division ring). Letw = |1 1 0| € M3(D). Then
1 00
0 -1 1
2P —x = |—1 —1 1], which is not nilpotent(it is indeed a unit in M3(D) ). This
1 1 1

contradiction shows that each R, is a simple Artinian ring, say R, = M, (D) with
D a division ring. As seen above, it must be that n < 2. Ifn = 1, then R, = D.
As a® = a forall a € D, D = F3 with s|2. Thisis, D = Zs or D = Fy. If
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n = 2, then R, = My(D). As D is isomorphic to a subring of My(D), a® = a for
all a € D. As above, D = 7.3 or D = Fy. We next show that D % Fy. Assume that
D = TFy. Take a € D such that a*> = 2a + 1, and let v = (Cll _01) € My (D). Then

—a -1 Do . S . .
2 — 1 = ( 1 a > which is not nilpotent (it is indeed a unit). The contradiction

shows that D 2 Fy.

For a € Rs, we have

(a+1)? —(a+1)=a’—a®+a" —a® +a° +a* — a® + a® + 3a (mod5R), so

[(a+1)°—(a+1)]—(a’—a)=—a®+a" —a® +a® +a* —a® +a* — a(mod5R).
4.2)

Thus,

[(a+1)° = (a+ D] +{[(a+1)° = (a+1)] = (a® —a)}a

= —a®+ad" —a®+d°+a"—a®+a® + 3a)
4.3)
+(=a®+a" —a® +a® +a* — a® + a® — a)a (mod 5R)

= 2a° + 3a = 2(a”° — a) (mod 5R).
So a® — a is nilpotent for all a € Rs. Hence, by Lemma Rs is zero or R3]/ J(R3) is
a subdirect product of Z5’s with J(R3) nil. R

Forz,y € R, we use x «~ y to mean that x—1 is nilpotent. Note that if v «~ y « 2

and v — y,y — z commute, then x « z.

Corollary 4.8: Let n = 2%5 with k > 0.
i) If k is even, then a™ — a is nilpotent for all a € R if and only if a® — a is nilpotent
foralla € R, ie., J(R) is nil and R/ J(R) is Boolean.
ii) Ifkis odd, then a™ —a is nilpotent for all a € R if and only if a*—a is nilpotent for
alla € R, i.e., J(R) is nil and R/ J(R) is a subdirect product of rings isomorphic
to Zy or Fy or My(Zs).

Proof Suppose that a™ — a is nilpotent for all a € R. Then 2 = (—=1)" — (—1) is

nilpotent in R. Write n = m(4 + 1) where m = 2*. Fora € R,
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(a+1)"—(a+1))—(a" —a) = ((a+1)™)*" +a™ + 1 (mod 2R)

= (a™ 4+ 1)*(a™ + 1) + a™ + 1 (mod 2R)

(a4m +1)(a™ +1)+a" +1(mod2R) (4.4)
= a" + a™ (mod 2R)

= (a* — a)*" (mod 2R),

so a* — a is nilpotent. Thus a® «~ a2, and we have a” = (a®)2" « (a?)?" = (a*)?"
a7 = (a®)?7. Soa" (a2 (a2 o (6P for any t with 2t < E.
If k is even, take t such that k — 2t = 2, so (a®)* ™ = (a®)? = (a*)? - a% As
a « a", it follows that a® — a is nilpotent.

For the converse, note that a® —a nilpotent clearly implies that a" — a is nilpotent.
If a* — a is nilpotent and k is odd, take t such that k — 2t = 1, so (a®)* ™ = (a?)? =

a* «~ a. As argued above, a" « a, so a™ — a is nilpotent. R

By the previous corollary, for a ring R, a'° — a is nilpotent for all a € R if and
only if J(R) is nil and R/ J(R) is a subdirect product of rings isomorphic to Zy or Fy
or Miy(Zs), and a*®° — a is nilpotent for all a € R if and only if J(R) is nil and R/ J(R)

is Boolean.
Corollary 4.9: The following are equivalent for a ring R:

i) a'' — a is nilpotent for all a € R.

ii) R = Ry X Ry X R3, where Ry is zero or Ry/J(Ry) is Boolean with J(Ry) nil,
Ry is zero or Ry J(Ry) is a subdirect product of Z3’s with J(Rs) nil, and R3 is
zero or R3/J(R3) is a subdirect product of Z11’s with J(R3) nil.

Proof ii) = 1). It is clear.

i) = i1). As 21 —2 = 2-3-11-31 € Ris nilpotent and 3'' —3 = 23-3-11%-61 € R
is nilpotent, it follows that 2 - 3 - 11 is nilpotent in R. So 2"3"11" = 0 for some n > 0,
and hence R = Ry X Ry X Ry where Ry = R/2"R, Ry = R/3"R and R; = R/11"R.
Thus, 2 € N(Ry), 3 € N(Ry) and 11 € N(R3).
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As a** — a is nilpotent for all a € Ry and 2 € N(Ry), a® — a is nilpotent for all
a € Ry by Lemma So, by Corollary Ry is zero or Ry/J(Ry) is Boolean with
J(Ry) nil.

For a € Ry, we have

(a+ D" —(a+1)=a" —a' +a’ + a* + a(mod3R), and
4.5)
[(a— D" = (a—1)] - (' —a) = a' +a° — a* — a (mod 3R).

Thus,

~[@+ D" = (a+ D]+ 1+ a){[la= D" = (a=1)] = (" — a)}
(4.6)
= —(a® — a) (mod 3R).
So a® — a is nilpotent for all a € Ry. Hence, by Lemma Ry is zero or Ry/ J(R3) is
a subdirect product of Z3’s with J(Ry) nil.
As a' — a is nilpotent for all a € Rs and 11 € N(R3), Ry is zero or R3/J(R3)
is a subdirect product of Z11’s with J(R3) nil by Lemma [ |

Corollary 4.10: Let n = 287 with k > 0.

i) If k is odd, then a™ — a is nilpotent for all a € R if and only if a®> — a is nilpotent
foralla € R, i.e., J(R) is nil and R/J(R) is Boolean.

ii) If k is even, then a™ — a is nilpotent for all a € R if and only if a* — a is
nilpotent for all a € R, i.e, J(R) is nil and R/J(R) is a subdirect product of

rings isomorphic to Zs or ¥y or My (Zs).

Proof Suppose that a" — a is nilpotent for all @ € R. Then 2 = (—1)" — (=1) is
nilpotent in R. Write n = m(4 + 2 + 1) where m = 2%, Fora € R,

[(a+1)"—=(a+ D](1+a™) — (a" —a)a™ = a™ + a(mod 2R), 4.7)

so a™ — a is nilpotent. It follows that a™ — a” = (a™)" — a” is nilpotent for all a € R.
Soa” —a=(a"—a™)+ (a™ — a) is nilpotent. As 2 € N(R), a* — a is nilpotent for
all a € R by Lemma4.5 Thus a* « a, and we have a” = (a7)2" « o = (a)*" -
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k—2 . . k k—2 k—2t .
a® . A similar argument shows a® «~ a*> ~ a®> =« -+« a®>  for any t with

2

ot < k. If k is odd, take t such that k — 2t = 1, so a® " = a2. As a « a", it follows
that a® — a is nilpotent.
For the converse, note that a® —a nilpotent clearly implies that a™ — a is nilpotent.

Ifa*—a is nilpotent and k is even, take t such that k—2t = 2, so a2 " = a2’ = a* « a.

2k72

t . . .
Asa” - a , we have a™ « a, i.e., a" — a is nilpotent. B

By the previous corollary, for a ring R, a** — a is nilpotent for all a € R if and
only if J(R) is nil and R/J(R) is Boolean.

Corollary 4.11: Let n = 2*9 with k > 0.

i) If k = 2 (mod 3), then a™ — a is nilpotent for all a € R if and only if a® — a is
nilpotent for all a € R, i.e., R is zero or R/ J(R) is a subdirect product of rings

isomorphic to Zy or Fs with J(R) nil.

ii) If k # 2 (mod 3), then a™ — a is nilpotent for all a € R if and only if a* — a is
nilpotent for all a € R, i.e., R is zero or R/ J(R) is Boolean with J(R) nil.

Proof Suppose that o™ — a is nilpotent for all a € R. Then 2 = (—1)" — (—1) is

nilpotent in R. Write n = m(8 + 1) where m = 2*. Fora € R,
(a+1)"—(a+1)] - (" —a) = ((a+1)™)° +a" + 1 (mod 2R)

(@™ 4+ 1)*(a™ 4+ 1) + a™ + 1 (mod 2R)

(@®™ +1)(@™ +1)+a™ +1(mod2R) (4.8)

a®™ 4 a™ (mod 2R)

(a® — a)™ (mod 2R)
so a® — a is nilpotent. Thus a® «~ a, and we have a" = (a°)?" « (a®)?" = o2 =

(a8)2(k+1)73 - a2(k+1)73 ok+1 9(k+1)—3

. A similar argument shows a" «~ a “oa ARERIES

(k+1)—3t
CL2

for any t with 3t < k + 1.
Suppose k % 2 (mod 3). Then k = 3l or k = 3l + 1 for some | > 0. If k = 3|,

o(k+1)—31

then a «~ a" «~ a = a?, so a® — a is nilpotent.
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9(k+1)—31

Ifk =3l +1, thena «~ a" «~ a = a*, so a* — a is nilpotent. Thus, as

a’—a -« (a® —a) — (a* — a)?, a® — a is nilpotent.
For the converse, note that a® —a nilpotent clearly implies that a™ — a is nilpotent.
If a® — a is nilpotent and k = 31 + 2 for some | > 0, then a" «~ a**™™ = a8 « a,

So, a" « a, i.e., a" — a is nilpotent. B

Corollaryﬂ is a special case of the next proposition.

Proposition 4.1: Let n = 2F where k > 0 is odd. The following are equivalent for a

ring R:
i) a”™ — a is nilpotent for all a € R.

ii) J(R) is nil and R/J(R) is a subdirect product of rings isomorphic to Fos where

s|k.
Proof ii) = ). Write k = ms. If a € TFq, then a* = a, so
o = 2™ = (aQS)Q(WHl)S — 27— = ¢ = Therefore, if a € R,

then a™ — a € J(R), so a™ — a is nilpotent.

i) = ii). It follows from (i) that J(R) is nil. As 2 = (—1)" — (—1) is nilpotent,
2 =0in R = R/J(R). Let R be a subdirect product of right primitive rings R,. If
R,, is not simple Artinian, then My(D) is an image of a subring of R, (where D is

a division ring of characteristic 2). For x = G é) € My(D), we have 23 = .

As k is odd, 2% = 31 + 2 for some | > 0. Thus z*° = (2*)'a® = 2% = ((1) 1), 50
12" — x = I, which is not nilpotent. This contradiction shows that each R, is a simple
Artinian ring, say R, = M,(D) with D a division ring of characteristic 2. As seen

above, it must be thatl = 1. So, R, = D. As a" = aforall a € D, D = Fy with s|k.
[ |

For n = 2F with k even, we do not have a characterization of rings R with
P,(R). Next we extend the argument in proving Theorem to characterize rings R

such that a*' — a is nilpotent for all a € R.

Proposition 4.2: The following are equivalent for a ring R:

i) a'® — a is nilpotent for all a € R.
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ii) J(R) is nil and R/J(R) is a subdirect product of rings isomorphic to either of
the rings Zo, Fy, Flﬁ, MQ(FQ) and MQ(]F4)

Proof ii) = 1). Inview of Theorem it suffices to show that x*® — x is nilpotent for

all x € My(Fy). It is known that x is similar to y where y = (g 2) ory = <(1) Z)

As u,v € Fy, u* = wand v* = v.
Ify = G}L 2), then y'% — y = 0 is nilpotent, so x'® — z is nilpotent.

0 wu w? 4+ u?vd UY
Ty = (1 v)’ we have y'* = < v3 o +ul+v

2 2 4 3 3
6 (u” 0 w6 . (ut u 6 oy [wtu o wtut)
Yy = (O UQ)’CU Yy = (1 Uz),andso(y y) = <u2—i—u2 u4—|—u> =0,

so y*® — y is nilpotent and hence x'° — x is nilpotent. When v # 0, then v* = 1, and

0 wv 0 wo+u) . .
16 _ 6 . X
Yy = (1 v > and so y Y (0 0 ) is nilpotent; so x

. When v = 0,

6 — 2 is nilpotent.

Therefore, x'% — x is nilpotent for all x € My(IFy).
i) = i1). It follows from (i) that J(R) is nil. As 2 = (—1)% — (—1) is nilpotent,
2 =0in R = R/J(R). Let R be a subdirect product of right primitive rings Rq. If Rq,

is not simple Artinian, then, by the structure theorem for right primitive rings, M3(D)

111
is an image of a subring of R, (where D is a division ring). Letx = |1 1 0| €
1 00

Ms3(D). Then z7 = I3. So 2'6 — x = (27)%2? — x = 2% — 2 = x(x — I3), which is not
nilpotent (it is indeed a unit, as both x and x — I3 are units). This contradiction shows
that each R, is a simple Artinian ring, say R, = M;(D) with D a division ring. As
seen above, it must be that | < 2.

Ifl =1, then R, = D. As a'® = a forall a € D, D = Fys with s|4.

Ifl = 2, then R, = My(D). As D is isomorphic to a subring of My(D),
a'® = a forall @ € D. As above, D = Fy where s = 1,2 or 4. We next show
that D % Fou. Assume that D = Foi. Take a € D be a primitive element. Then
o(t) = (t —a)(t — a®)(t — a*)(t — a'®) = t* + t + 1 is the minimal polynomial

of a. Thatis, a* = a+ 1. Let v = (Cll (1)) € My(D). Then z'% = ((1) Clb) 50

!0 — g = (g 2), which is not nilpotent. The contradiction shows that D % Fy.. B
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