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SUMMARY

Electrostatic fields created by electric charges in various environments have
many practical applications in engineering. In order to develop these applications and
simulate their behavior in the computer environment, the load distribution and the
area created by this distribution should be calculated. However, it is not possible to
make these calculations analytically if the geometry of the medium carrying the
electric charge is outside of certain shapes. For this purpose, a solution is sought by
reducing the problem to a system of linear equations with certain numerical methods
(finite differences, finite elements, moment method, etc.). However, the equation
system created here is a 1st type linear equation system and as the matrix size
increases, numerical instability problems arise due to rounding errors [1]-[6]. Some
improvement methods have been suggested in the literature (the best known is the
Tikhonov regularization) to prevent such problems [8]-[11]. In this thesis,
“Analytical Regularization Method” to prevent such instability problems will be
discussed.

Primarily, Green's function and analytically regularized formulation of
Laplace's equation are derived for surfaces satisfying the Dirichlet boundary
condition in arbitrarily shaped open and closed geometries with axial symmetry.

Finally, sample engineering applications that require such calculations are

discussed.

Key Words: Boundary Integral Equations, Analytical Regularization Method,
Orthogonal Polynomials Method, Computational Electrostatic.



OZET

Cesitli ortamlardaki elektrik yiiklerinin olusturdugu elektrostatik alanlarin
miithendislikte bir¢ok pratik uygulamasi bulunmaktadir. Bu uygulamalarin
gelistirilebilmesi ve bilgisayar ortaminda davranislarinin simiile edilebilmesi i¢in yiik
dagilimimin ve bu dagilimin olusturdugu alanin hesaplanabilmesi gerekir. Ancak bu
hesaplamalar1 analitik olarak yapmak elektrik yiikiinii tasiyan ortamin geometrisi
belli bagh sekiller disinda ise miimkiin olmamaktadir. Bu amaca yonelik belli bash
sayisal yontemler (sonlu farklar, sonlu elemanlar, moment metodu vb.) ile problem
dogrusal denklem sistemi haline indirgenerek probleme ¢6ziim aranmaktadir. Ancak
burada olusturulan denklem sistemi 1. tiirden bir dogrusal denklem sistemidir ve
matris boyutu biiyiidilk¢ce yuvarlama hatalarindan kaynaklanan sayisal kararsizlik
problemleri ortaya ¢ikmaktadir [1]-[6]. Bu tirden problemleri dnlemeye yonelik
literatiirde bazi iyilestirme yontemleri (en iyi bilineni Tikhonov regularizasyonu)
Onerilmistir [8]-[11]. Tez kapsaminda bu tiirden kararsizlik problemlerini 6nlemeye
yonelik “Analitik Regiilarizasyon Yontemi” ele alinacaktir.

Oncelikle eksenel simetriye sahip keyfi sekilli agik ve kapali geometrilerde
Dirichlet smir kosulunu saglayan ylizeyler i¢in Laplace denklemine ait Green
fonksiyonu ve analitik regularize edilmis formiilasyonu ¢ikarilip, sonrasinda ise bu
tir eksenel simetrili bazi geometrilerde yiizey elektrik yiikk dagilimi ve yiizey
etrafindaki potansiyel ve alan dagilimlar1 hesaplanacaktir.

Son olarak bu tir hesaplamalara ihtiya¢ gerektiren 6rnek mihendislik

uygulamalarindan bahsedilecektir.

Anahtar Kelimeler: Smr Integrali Denklemleri, Analitik Regularizasyon

Yontemi, Ortogonal Polinomlar Yontemi, Hesaplamah Elektrostatik.
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1. INTRODUCTION

The requirements for the analysis of electrostatic fields are encountered in a
very wide area in today's engineering applications [1]. It is important to be able to
calculate the potential distribution created by systems with axial symmetry, whose
physical structure has complex geometry and does not allow calculation analytically
[2]. The reliability of the method to be used is of great importance, especially in
places where this calculation must be done with very high accuracy during the design
phase, such as micromachines, particle accelerators, microprocessor junction zones,
etc. As it is known, performing such a calculation with a computer, in its most
general form requires the reduction of the differential or integral equation to the
linear algebra system and the solution of the matrix equation [2]-[6]. The linear
equation systems of the first type obtained in classical methods are unfortunately
very sensitive to the calculation of the matrix inverse and their reliability is lower
than the equations of the second type [7]. In order to eliminate these disadvantages,
many methods using processes called regularization have been developed in the
literature [8]-[11]. In the Analytical Regularization Method (ARM), which
constitutes the scope of this thesis, Laplace's equation that we want to solve will be
expressed as the Fredholm integral equation of the first kind using the corresponding
kernel function and appropriate boundary conditions. Thus, the equation will be
solved by transforming it into a linear algebra system of the second type with the

transformation operations to be explained in detail.



2. ANALYTICAL REGULARIZATION METHOD

In the solution of the systems of equations related to the electrostatic fields
mentioned in the previous section for complex geometries, we generally do not have
a solution option other than numerical approaches. In the most general form, these
approaches require Laplace's equation to be solved by discretizing all of the solution
domain in the form of a differential equation (FDM, FEM, etc.) or to solve it at the
boundaries in the form of integral equations with the boundary integral equation
(BIE) approach [5], [6], [13]. In both approaches, the system of equations is reduced
to a finite linear algebraic system and a solution is sought. However, these systems of
equations are of the first kind and are generally numerically unstable [7], [13], [15].
This requires us to be skeptical as to whether the solution we obtained converges to

the real solution we seek.

2.1. llI-Posed Problems

The well-posed problem concept defined by Hadamard in 1923 [16].

Accordingly, let us consider equation (2.1).

Ax=b (2.1)

Equation (2.1) is said to be well-posed when it satisfies the following three

conditions.

Existence: There is a solution set x that satisfies the equation Ax = b.
Uniqueness: There is only one solution set x that satisfies this equation Ax = b.

Stability: The solution x depends continuously on b.

The system of equations to be solved is said to be ill-posed unless at least one
of these conditions is met. The three conditions above are generally interdependent.
For example, when A is a bounded linear operator, the stability condition is
automatically satisfied if the existence and uniqueness conditions are met. Existence
and uniqueness are well-studied for many physical and engineering problems.

Therefore, instability is often a primary concern in the study of ill-posed problems. In



general, ill-posed problems where the stability condition is not met are extremely
sensitive to matrix inversion, and the calculated result becomes numerically
instability with increasing system size.

Since the matrix inversion of a system of the first kind is very sensitive to the
number of truncations, it is necessary to transform this system of equations into a
system of the second kind in order to obtain a new system insensitive to rounding
errors [17], [18]. Although there are various regularization methods used for this
purpose, the Analytical Regularization Method will be used due to its various
advantages which will be explained in detail in this thesis.

Briefly, in this method, a new linear algebraic equation system is created by
choosing a left-side operator (L) and a right-side operator (R) and applying them to
the first kind of linear algebraic equation system. This new system is of the second
kind and is stable regardless of the truncation number [14], [15].

Analytical regularization is a technique used to transform the Fredholm linear
algebraic equation system of the first kind with logarithmic singularities into an
equivalent Fredholm linear algebraic equation system of the second kind. Such a
transformation offers an effective solution to eliminating the above-mentioned
problems. Let A be an operator in the Banach (Hilbert) space and it is necessary to
solve the equation of the first kind [19];

To find the unknown x, we need to solve a system of equations of the first kind
containing the operator A (with supposing that inverse operator A~! exists) defined
in Hilbert space with supposing that inverse operator A~! exists (problem has
solution and solution is unique). In practice, when the equation (2.1) is rewritten with

a limited system size with truncation number N, the equation is

Anxy = YN (2.2)

Of course, the solution set xy is an approximate solution of the linear equation

system. There are some questions we need to answer at this stage.

i) Is the truncated solution x, converge to x as N goes to infinity?

limy e Xy 2 X (2.3)



In general, the answer to this question is negative, for the reasons mentioned
above.
ii) According to the definition of the condition number, is vy = v(Ay) < const

when N — oo where vy = ||Ay|l2IIAx1 11, and is the numerical process stable?

In general, the answer is negative too. System of the first kind is characterized
by ||Ayll, = o or [[Axt]l; = oo when N — oo, Consequently, vy — o as N — oo [20]
This means that a stable and correct solution cannot be obtained. At this stage,
our goal is to equivalently transform the original problem into a system of equations
of the second type. Suppose the A operator has the form: A =1 + H, where I is the
unit matrix, H is the compact operator, and (I + H)™! exists and its condition

number bounded as;

Ve, = IT + Hll2 (T + H) I, < oo (2.4)

and the system we have to solve is clearly

(I + HN)xN = bN (25)

truncated matrix operator Hy can be chosen as,

|H—Hyll, >0, asN - o (2.6)

and all vy are uniformly bounded for sufficiently large N:

VN = th—)oo”I + HN“Z”(I + HN)_1”2 = Voo (27)

If we ask the previous questions again:

i) Since (1.6) is valid, also ||x — xy|| — 0. So, the answer is positive.

limxVN = x
N—>o

ii) Because of the relation (2.7), the answer is positive too



Considering the definitions above, regularization for the operator of the
equation of the first kind can be expressed as:

Based on the definitions above, regularization for the operator of the equation
of the first kind can be expressed as follows: Let A be an operator on the pair of
Banach spaces B; and B,, A: B; = B, and there are two operators L,: B, = B and
Ro: B — B; where B is Banach space too and the inverse operators Ly' and Ry exist
and bounded ones. This pair (Lg, Ry) is called a two-sided regularizator if where H is

a compact operator in B. Consider the functional equation of the first kind:
Ax=b, x€B,y€EB, (2.8)
Since Ry! is bounded, for any element x € B; it is valid x = R,y for some
y = Rylx € B. Using this representation and acting on both sides of the equation,
we can obtain

(I+H)y=Lyb, yEB,LbEB (2.9)

with the compact operator H in B.



3. ELECTRIC FIELD CALCULATION BY ARM

In this thesis, we will use the ARM to solve the Fredholm integral equation
problems satisfying the Dirichlet boundary condition involving bodies of revolution
(BOR), which comprise rotationally symmetric open and/or closed arbitrary cross-
sectional toroidal objects [21]-[23].

Such geometries are frequently encountered in engineering applications, which
will be discussed in the following sections. Solving an axially symmetric structure
with the BOR approach instead of 3D solving, of course, provides great advantages
in terms of using computer resources.

Consider a body of revolution such as the cone-sphere in Figure 3.1. Such an
object can be identified by scanning all the points that make up the surface by

rotating the bounding curve about the axis of symmetry.

3.1. Problem Formulation

Let us consider an infinitely thin arbitrarily shaped axially symmetric (toroidal)
screen, and suppose that this screen charged with potential ¥. For a charged
perfectly conductive screen, the potential U is constant on a toroidal screen (TS).

However, due to the wide area of possible applications of the approach, we
suppose that the potential ¥ = ¥ (p) is a given smooth function of the point that
belongsto TS, i.e.,,p € S.

Let U = U(q) be a function describing the electrostatic potential at the space
observation point g € R3. This function satisfies the Laplace equation with the

Dirichlet boundary condition [24].

V2U(q) =0, q€R3\S (3.1)

U(@QQ —%¥(q@) =0, q€S (3.2)

Also, for a physically reasonable solution, it is assumed that the potential

smoothly converges to zero at infinity:



U(q) »0asq— o (3.3)

and the field energy integral must be finite in any confined spatial volume V

including the edges:
f VU |*dv < o (3.4)
%4

The enforcement of conditions (3.1)-(3.4) is adequate to ensure that a unique
solution to the potential problem exists [18], [25].

Thus, the general solution to the problem at hand is expressed in the form of
the surface integral [18], [25], [27], [28]: (for more detail see Appendix A)

U(q) =ffsap(p)6(q,p)ds , QER’, pES, (3.5)
G( )——i LI 3.6
? P kG’ (56)

where ap (p) is an unknown single-layer density (or the surface charge distribution),
G(q, p) is the Green’s function for Laplace’s equation in three-dimensional free
space, and R(q, p) is the distance between g and p points. Thus, the expression (3.5)
with boundary condition (2.2) yields the Fredholm integral equation of the first kind

j ] o» @G (q,p)ds, = ¥(q),q.p €5, 3.7)
S

for the unknown function o, (p).

As the equation constructed as described in the previous section is of the first
type, it is an ill-posed problem [7]-[12], [14]-[16]. In addition, contrary to the finite
energy condition stated in (3.4) for an open-ended geometry, the charge distribution
op on the conductor has a singularity at the edges. In this case, condition (3.4) must

be satisfied with the Meixner boundary condition [26].

op () ~[R(p, pp)1 Y/, (3.8)



3.2. Problem Geometry and ARM Procedure

For a perfectly conductive object charged with a potential V,,, symmetrical with
respect to the z-axis shown in Figure 3.1, two different approaches will be examined,

formed by the open and closed curves shown in Figure 3.2.

Z
|

Figure 3.1: Surface of revolution.
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Figure 3.2: (a) Open Curve (b) Closed Curve.

Let the open curve, in Figure 3.2.a, [, be specified in cross-sectional
coordinates of the BOR with two given functions z(z,), p(t,) of zonal variable

T, € [a1, —a,]. With these functions the arc length of the cross-sectional contour

(1) =V{Z (@} + {p 7 € [0y, —a,] (3.9)

Similar to [y, the closed curve . in Figure 3.2.b, can be parametrized like two
open curves intertwined with each other, and on the edges they closed with a semi-
circle. Then the corresponding z(z.), p(t.) of zonal variable 7, € [—m, 7] is to be
defined.

Let us first, define the distance between two points on the rotating surface and

consider the corresponding integral representation

R(6,7)

(3.10)
= [0) ~ 2" + (600 ~ p®)’ + 40(@)p(@sin?((9(0) ~ (1)) /2)



The distance |6 — 7| between two points 6,7 € S, where 6 = (p,, ¢,,2y) and

= (p,, ¢,,2;). In the cylindrical coordinate system we can write

|q_p| :R(ZB_ZT'pg_pT'(pG_(pr) (311)
ds = I(t)dtd @,

Then integral equation (3.7) can be rewritten as follows:

d ,m
f j G(er P ¢r)G(Z9 —ZuPo — Py Po — QDT)I(T)deQDT = U(ZHI,DGI ‘Pe)'
—dv-m

(3.12)

Here, parameterization [—d,d] will be used by taking [—1,1] for [, and
[—m, ] using the convenient present form for [.. o, G, and U functions are expanded
to the Fourier-Chebyshev series for open curves and the Fourier series for closed
curves, and then the integral equation is rewritten with these components [21]-[23].

In cases where the integration and observation points of p and g do not
overlap, the integral kernel is a regular function, while a logarithmic singularity
emerges as the point p approaches the point g, after a proper scaling as mentioned in
Chapter 4 [21], [22].

In this case, considering that the integral kernel is the sum of a regular function
and a function with a logarithmic singularity, we can write the current kernel as the

sum of two separate functions. Accordingly, equation (3.7) will become

d
J (L6, 7) + K(8,)}z(r)dz = b(0) (3.13)
—d

Here L(6,7) is the most dominant singularity of the integral equation kernel
which is a logarithmical function. K (68, t) from other side is a more smooth function
with first derivatives continuous and partial second derivatives are square integrable.

In the next section, we will consider the calculation and the ARM procedure

separately for open and closed surfaces.

10



3.2.1. ARM Procedure for Open Contours

As mentioned before, the functions forming the equation (3.13) on an open
curve are expanded into the Chebyshev series and the integral equation is rewritten in
the interval [—1,1]. Therefore, a mapping function n({) must be defined to convert
the interval [a,b] to the interval [-1,1].

Here, a known formulation (3.14) can be used to expand the logarithmic

function L(gq, p) to its Chebyshev series [31].

L) =-ntin|t, —1,| = z Yo 2T (v )T (3,), (3.14)
n=0
T4, T, € [-1,1]

Here, T,, is the orthonormal Chebyshev polynomial of the first kind and is

defined as follows.
T,(x) =d;'T,(x), x€[-1,1] (3.15)
Inheredy =vm; d, =+/n/2,forn #0
andyy, = 1//In(2) ; v, =+ In|forn+0

Since other functions that make up the integral are smooth, it is suitable for

expanding to the Chebyshev series.

z(z,) = [1/ /1 - sz]ZznTn(Tp), 7, € [-1,1], (3.16)

b(r,) = ) buTu(z,) 7 € [-11] (3.17)
n=0

K(Tq,‘l,'p) = Z Z ksnTs(Tq)Tn(Tp), T4, T, € [-1,1], (3.18)

s=0n=0

11



Here z, is unknown coefficients, b, and k, are the Chebyshev expansions
belonging to b(t,) and K(z,,,) functions. If we use these expansions and rewrite

the integral equation and after that use the Kronecker & definition

1
Ssn = f(1 — V2T (DT ()dS = {é Z . j ssn=01,23.. (3.19)
-1

and using the orthogonality properties, we can obtain the system of equations
1 (==}
— 7, + 2 ko z, = b, n=0123.. (3.20)
Yn =

3.2.2. ARM Procedure for Closed Contours

We will repeat the almost same operations as in the previous section for a
closed curve. The main difference here is that instead of Chebyshev polynomials,
complex exponentials are used for providing the orthogonal basis. Corresponding
Fourier series definition within [-rr, 7r], we will write the integral in this range. Let us
consider the Fourier expansions of the functions that make up the equation (3.13).

This time the Fourier expansion for the logarithmic function L(q, p) [31].

. 9 _— ein(G—r)
L(6,7t) =—2In (2 |sm< > )|) = an i 0,7 € [-m,m), (3.21)
n+0

Since other functions that make up the integral are smooth, it is suitable for

expanding to the Fourier series.

2(6) = Z zne™®, g€ [-m,7), (3.22)

n=—oo

12



b(r) = Z b,e™, 1€ [—7[,72'), (3.23)

n=—xo

K(0,1) = Z Z kene! ™00, g ¢ € [-7,7), (3.24)

S§=—0N=—oo

Here z, is unknown coefficients, b, and kg, are the Fourier expansions
belonging to b(gq) and K(q,p) functions. As we did for the open curve if we use
these expansions and rewrite the integral equation and after that use the Kronecker &

definition

T 1 1; n=s
8sn = ]—ei(n_s)rd'[ = , s,n=0,+1,+2,... (3.25)
’ 2 0; n+#s
—TT )

and using the orthogonality properties, we can obtain the system of equations

1 (o=}
7+ Z (Kn—s + 8_5080)2s = by n=01,23.. (3.26)
n

§=—00

with v, = max (1, Inl)

The resulting equation is of the first type and has the aforementioned
handicaps. At this stage, let's define new coefficients to make our equation of the
second type by applying the ARM procedure.

Vn, open contour

19L closed contour

coefficient defined and both sides of (3.20) or (3.26) are multiplied by k,,

Vo + Z KnKskns Vi = Kby, n=20,1,23... (3.27)
s=0

13



is obtained. With new definitions k,, = k,k.k,, and b, = k,b,, (3.27) transform

to

V. + z k..y, = b, n=0123.. (3.28)
s=0

The functional equation for this is in the form of

(I+R)y=b ybel (3.29)

The important difference between equation (3.28) and equation (3.20) or (3.26)
is that the K operator is compact in L, when the kernel K (q,p) function is smooth
enough. This means that equation (3.28) is numerically stable regardless of system

size.

3.2.3. Parametrization

Suppose that the generating curve [ located in the X0Z plane parametrized by

the variable in T is smoothly parameterized with

(—T[, 77.'], lc
T €
[_ 111]' lO

z=12z(t), p=p(), TET

The parameter 7 varies in the interval T, where z = z(t) and p = p(7) are
given functions of the zonal parameter t, which define cylindrical coordinates of
point p = p(z,p,¢ = 0) € [; see Figure 3.2 and definitions in section 3.2. The

functions at hand are that an element of arc length

(@ =JZ@F+{p' ([} €T, (3.30)

14



satisfies the condition 0 < I(7) < o, which ensures one-to-one parameterization of
the points on the curve.
Now TS formed with rotation of the generating curve [ around OZ — axis is

defined in cylindrical coordinates {z, p, ¢} by

x=p(t)cosep, y=p()sing, z=2z(1) (3.31)

where T € T and ¢ € ® = [0, 2m]. The surface element for TS in the cylindrical
coordinates is ds = p(t)l(t)dtde. As a result of the axial symmetry of TS, the
distance R(q,p) for q,p € TS is a function of the square of the difference of the

azimuthal angles ¢ = @, — @y:

R(ty 7y, 0) = \/d(‘t’q,‘t'p) + 4w(z,, T, )sin? (g), T€ET, p€ED (3.32)

where d(1,,7,) = {p(7q) — p(Tp)}z +{z(7q) - Z(Tp)}z and
w(t,, 1,) = p(ry)p(z,) For § = 7, — 7, One can approximate

d(t,, 1, — 8) ~ [I(z,)8 + 0(8)]", when |8] « 1.
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4. EXTRACTION OF THE INTEGRAL KERNEL
SINGULARITY

In the previous section, the ARM procedure was given in general, and the
singularity in the integral kernel for an axisymmetric geometry, which is the subject
of our thesis, should be examined in detail.

Introduce the unknown function, describing the normalized single-layer density
onTS

X(t,0) =¢@Il(t)op(t,0), TET, €D (4.2)

where é(t) = /p(7) is the scale function. Utilizing the introduced notations, one can

rewrite equation (4.1) in the following form

f f f(fp) G(Tq"pq;fp"pp) X(Tp"pp) dr, dg, = ‘/J(Tq"pq) (4.2)
o T

where G(rq,(pq ;‘L'p,(pp) is the Green’s function restricted onto surfaces TS, and

ll)(Tq, (pq) = lp(q)lqu
All f(z, ) functions of the azimuthal angle expanding in Fourier series that be

formed

) 2m
. 1 .
g = Y fr@em, i = [ fEpedp  (43)
0

m=—x0

and integrate equation (4.3) with respect to ¢, we obtain the set of decoupled integral

equations

1
f £()GT (25 )X ()7, = 59" (), 7y €T, wo

=0,+1,+£2, ..
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where the G (Tq, Tp) are azimuthal Fourier coefficients of Green’s function. Due to

the axial symmetry of TS, the coefficients of kernels has symmetry

Gln(fq'rp) = GL_m(Tq'Tp)'

In set (4.4) each equation containing the azimuthal Fourier harmonics
corresponds to azimuthal index m. Thus, the initial surface integral equation (3.7) is
separated for TS into an infinite set of decoupled integral equations over the zonal
parameter.

Using the representation of Green’s function for Laplace’s equation, projected
onto the axially symmetrical surface, through the Legendre functions [29], one can

express its azimuthal Fourier coefficients in the following form:

1 1
Gln(Tq'Tp) = T 42 WQW—UZ (X(Tq'Tp)): qQpES, N
4.5
oy P 00 4 (o) - (%) 1d(ren,)
Mlate) = Zp(Tq)p(Tp) - ZW(Tq'Tp)

where Q,,_1,,(x) is the odd-half-integer degree Legendre function of the second
kind, which is a toroidal harmonic [31]. In accordance with definitions d(z,, ,) and

W(Tq,rp) in (2.32) it follows y € [1, «].

—\/EF(%> F(E2uS) = (53 (4.6)
Q—%(X)_m 2 1(1’1’ P)_E 2 1(1'1’ ;F) '

When p(rq)—>p(rp),z(rq)—>z(rp); x — 1. At this stage, there is no

singularity in the % If we examine the hypergeometric function in more detail [31],

VT

(see Appendix B for elliptic integral representation)

T (@) (B)a "

& () n

2K(a, By €)= (4.7)
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Here (P),, denotes the Pochhammer symbol described by

1, n=

(P)n = {p(p +1)..(p+n-1) n>0 (4.8)

In the case of ¢ < 0.5 formula (4.7) converges very well. The more appropriate

form for the case ¢ > 0.5

I[ n(1-8) 2F(apBiyv;1-%) ]I
e o736 = ifﬁ&&z( 2.0, {+¢gﬁ+fg)}| 49
291 +k))]
Y is the digamma function described by
I’ (x)

P(x) = —ln(F( ) = (4.10)

If we use our arguments in the hypergeometric formula we obtain

F(l 3 1 1>
214’4’ i)(z

(1) nfhdaat)ed] o0

r(@)r ()

> L\ ¢(%+n)
. nz::‘) ("')2 ( _)?) +¢G+n) (4.12)
—2y¥(1+n)
13 1

If y—1 then ZFl(Z'Z‘l‘l_ﬁ)" 21:1(4,4,1 0)—1 and also

summation process don’t have any singularity. Only the In (1 —Xiz) part has

singular behavior. To get rid of this singularity we can multiply (4.11) with some

18



logarithmic expression which we know Fourier coefficients and add and subtract
from the formula (4.12). The subtracted part gives us a finite limit when the

logarithm has a singularity. For simplicity p(z,) = p, ,z(7,) = z,,6(z,) = 6,

13 1
A (531550)
x? 4 x?

_ - - (2- 0y = 6p\[°
e )
_+ln<|25m( 5 )|

(4.13)

F(l 3 1 1)
214)4' ')(2

In| X \I F (1 5112

n 7 201\ = Ll ——=

_ 4’4 2) (4.14)
_ T \|2$in (Hq 5 Bp) / X

- 1 3

r(z)r(z)

Now logarithmic part has a limit value when y — 1. Fourier coefficients of the

other logarithmic identity

in

[oe]

2
>= Z a, e n0a=6p) (4.15)

n=—oo

6. —0
2sin (24 p)
sm( 5

1
a, = —m, ag = 0 (416)
1
G (p vZq) Ppr Z, )=—Q 1()() (417)
0\Fq»4q»Fp»“4p ) 0Dy 3
qFp
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L1

2
X -4
s (B2
sin )

In

= ! miC) (4.18)
T () )

6, —0
+2In (‘Zsin< 1 > p)

)4

+¢

This expression is valid everywhere when y defined. But for efficiency we can

use formula (4.7) for iz <05
4

1 —T(1) 13

1
wejmrzir (D)r ) Aty e

GO(pq'Zq'pp'Zp) =

After obtaining the singular behavior of the azimuthal harmonics of Green’s

function for Ty 2 Tp

Gm(‘r T)=— ! ! !ln —JP(Tq)P(Tp) —lle
412 ,7p(‘rq)p(l'p)k 1(z,)I5] 2 |

+ 0(8%In|8)), (4.20)

" =1 (2m4+ 3) +y (2m4+ 1) + 27,
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where 8] = |t, —7,| < 1, ¥(¢) is the digamma function, and y, is the Euler—
Mascheroni constant. For the zeroth harmonic yY™=% = —6In(2) and therefore we

have

Gl(,)(‘[q!rp) = —412 ! In 8M\ + 0(8%In)6)),
™ o) \ P 21

|6] <« 1

Let’s choose the interval of the zonal parameter variation in depen upon a
closed toroidal screen (CTS) or open toroidal screen (OTS) is under consideration:
1 €T ={T = [-m,n],for CTS; T = [—1,1], for OTS}. The reason for such choice

of interval T will be clarified below. Also introduce the notation
X" (1) = {X" (1), for CTS; X™(1),for OTS}

The unknowns in the perfectly conducting OTS in accordance with singular
behaviors of the kind X™ () = (1 — 72)~Y/24™ (1), where 4™ (t) are some smooth
functions of Holder class on the interval = € T. In the case of CTS the unknowns
X™ (1), € T are smooth functions of Holder class.

Now on the basis of the investigation of singular behavior, we introduce the

splitting of azimuthal harmonics of the Green’s function:

1
G (7q,7p) = —m{s(fﬂp) +D"(70,7,)}, 22)
m=0+1+2,.. Tq,TpET

S_(Tq,Tp) =—-2ln (2 |sin fa — Tp|), Ty Tp € T, forCTS (4.23.2)
. 1 )
$(t7p) = =~ Infrg — 7, 7,1, €T, forOTS (4.23.0)
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where S(Tq,rp) is the function that contains the principal singularity of the
azimuthal harmonics of G, (q, p), when ¢,p € S and D™ (z,, 7,) is the more smooth

remainder function

Dm(Tq'Tp) = _{4775(%)6(717)0["(761'%) + S(Tq'Tp)}'
m=20,+1,+2,... T Ty €T

(4.24)

In the case of coincidence of points, i.e. 7, = 7, the exact expression for the

remainder is obtained

lim D™ (Tq,rp) __ i I ({P'(rq)}Z + {z'(rq)}Z) 52

+cm
Ty 2| p(ty)p(z,)

(4.25.9)

+2in (2 sin"¢ _ 21) + 0(82mls),

7, €T, for CTS

Noteworthy that introduced in such a way splitting of the integral equation
kernel produces a quite smooth remainder function: D™ (z,,7,) possesses only
singular terms 0(8'in|8]), where [ > 2. It can be shown, that the reminder and its
first derivatives are continuous: D™, D™ /dt,, D™ /dt, € C(T X T), and the
second mixed derivatives of D™ are square-integrable  functions

0%D™ /07,01, € Lo(T x T).

Now equation (3.2) can be rewritten as:

Tf (8(7q 1) + D" (70, 7 )™ (% )dry = ™ (7q), T €T, m (4.26)

=0,%1,%2, ..

where Y™ (z,) = —2&(7, )™ (1)
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Thus, the kernel function is defined by dividing it into its singular and regular
parts for an axisymmetric geometry, the second type of linear equation system is

obtained by using the regularization operations described in the previous section.

I+D™x™ =¢™, x™ Y™ e, (4.27)
© - 7

Z Z(l +n)(1+s) D] <o (4.28)
n=0s=0

and, consequently, operator D™ is a compact and even Hilbert-Schmidt operator.

Thus, (3.28) is an equation of the second kind.
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5. NUMERICAL RESULTS

In this section, the charge distribution on the conductive bodies with axially
symmetric open and closed geometric surfaces and the potential distribution they
create around their surroundings will be examined using the ARM method.

The accuracy and possibilities of the ARM are demonstrated below by the
examples of the various arbitrary CTS and OTS.

The circular OTS seen in Figure 3.2.a consists of two straight lines articulated
with a quarter circle perpendicular to each other.

The CTS seen in Figure 3.2.b is created by closing the endpoints with a
semicircle to form a closed geometry of the shape used in the OTS.

In Figure 5.3, a closed-surfaced star-like shape is defined by "superformula™
and solved in a similar way.

The charge density distributions on the OTS and CTS with the same
geometrical parameters are shown in Figures 5.1(a) and 5.2(a) correspondingly. The
TS is obtained by rotations of smooth contours composed of circular arcs. Thus, the
sharp variations of surface are absent, and the charge density exposes irregularities
only in the vicinity of the infinitely thin edge of OTS and roundings of CTS. As
mentioned before, the Meixner condition is applied for the singularity at the edges of
the OTS.

In the next section, the numerical effectiveness of the ARM is examined.
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5.1. ARM Solution of the Dirichlet Boundary Value
Problem for Laplace’s Equation

10

10

6 L @ Finishing edge
of parameter

(D

-1 -0.5 0 0.5 1
Arc Length (T)

-1 : 1 . ] . p

0 1 2 3

(b)
Figure.5.1: (a) Surface charge density o versus T € [-1 + h,1 — h] h is grid length

(distance between each calculation point), (b) spatial potential distribution U for the
circular OTS.
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Figure 5.2: (a) Surface charge density o versus t, and (b) spatial potential
distribution U for the circular CTS, h = 0.01.

The charge density distributions ¢ on the circular OTS and CTS with the same
geometrical parameters (and h = 0.01 for CTS) are shown in (5.a) and (5.b)

correspondingly. The TS at hand is obtained by rotations of smooth contours
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composed of circular arc/s. In this case, the sharp variations of surface are absent,
and the charge density exposes irregularities only in the vicinity of the infinitely thin
edge of OTS and roundings of CTS. The unlimited singularity at the infinitely thin
edge of OTS is clearly seen even for relatively small truncation number N =15 due
to the extraction of this singularity (1 — t2)~1/2,

We can take the "Smooth Star" function rotated at a certain angle as another
closed curve example. To derive this geometry, formula (5.1) was used with the

parameters indicated in the Figure.5.3

1
n n .
rp) = —COS(?) g —Sin(:T(p ) 51)

where ¢ is a polar angle and by choosing different values for the parameters
a,b,m,nq,n,, and ny different shapes can be generated. As well we consider the
potential problem for CTS generated by the rotation of the tilted closed “smooth star”
contour around the oZ - axis, see Figure 5.3.

The results for CTS obtained by the rotation of a smooth star contour is
presented in Figure 5.3. Because of the shape of the generating contour, the surface
charge density o as a function of parameter t exhibits pronounced variations, see
Figure 5.3.a. The minimums of o dependence correspond to concave parts of the
smooth star contour. For this charge density the equipotential lines of the
electrostatic potential is presented in Figure 5.3.b. These simulations were performed

with the same size as the truncated system (N =128).

27



-12

10

0 1 1 L 1 1
-T -1y, 0 -1y, m

Arc Length (T)

(b)

Figure 5.3: (a) Surface charge density ¢ versus t, and (b) spatial potential
distribution U for CTS obtained by the rotation of the tilted closed “Smooth Star”
contour around the 0Z —axis with parametersa =1,b=1,m=5,n; =2

n, = 7, n3 = 7 RotationAngle = 3”/2 and symmetry radius = 5



5.2. Numerical Effectiveness of the ARM Solution

The accuracy of the suggested method will be investigated by a potential
problem shown in Figure 5.2. The system (3.29) can be solved by a truncated
number. The solution of the system rapidly converges to the exact solution [14-15].
Efficiency of the method is shown by the behavior of the truncation error vs

truncation number calculated in the maximum norm sense as [24]:

max | ..N+1 N
nglen - xn |
E(N) = < max | vN

If error and convergence analysis is performed for different thickness values of
the calculated geometry as sizes denoted in Figure 5.2, it is seen that the method used
converges to the calculated value with the increase in the truncation number. When
the condition number of the algebraic system with the increase of the truncation
number is examined, it is seen that it converges to a certain limit value. These results
show us that the method used is numerically stable, produced algebraic systems that

are well-conditioned and converge to the correct result as the system size increases.
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Figure 5.5: Condition number vs truncation number.

30



6. SOME ENGINEERING APPLICATIONS OF
ELECTROSTATIC PHENOMENA AND
THEIR ANALYSIS WITH ARM

6.1. Micro Electromechanical Systems

Today, with the development of production techniques, the production of
electromechanical systems at micro scales has provided many practical application
areas for such structures. It has found many applications, especially by minimizing
accelerometers, sensors, actuators, and motors that direct mirrors or lenses, to make
it possible to fit in mobile phones and many portable/wearable devices. In this
section, an electrostatic micropump model for applications such as biomedical drug
delivery will be presented and analyzed with ARM.

The structure we will examine in this section is a micropump system consisting

of two electrodes, one fixed and the other movable positioned parallel to each other.

Liquid or
Elastic Membrane Gas Input

Liquid or
Electrodes Gas Output

Dicelectric Stub T

%

)

Figure 6.1: Sketch of electrostatic micropump structure: a) Top view,
b) Sucking mode, ¢) Pumping mode.

In designing the proposed structure in the most appropriate dimensions, the

system was analyzed with ARM and the results were evaluated. The main physical
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characteristics of the suggested system and its deviation from that of infinitely large
plane approximation are discussed.

Microfluidic systems based on a combination of mechanical and electrostatic
phenomena are commonly encountered in biomedical micropump systems. [33]-[35].
Among them, electrostatically actuated microelectromechanical systems (EA-
MEMS) are well known as structurally simple and functionally flexible [36]. We will
examine a displacement type EA-MEMS with rigid electrodes [37] without flexible
membranes [38], [39], they do not require the inclusion of the deflection
phenomenon in their analysis, only the charges of the junction plates due to attraction
and repulsion [38], [39]. Our model is elaborated through the first kind of boundary
integral equation (BIE) formulation of Laplace's Equation [25]. This type of BIE
analysis is very common in research on complex MEMS organizations. We solved
the system of integral equations thus obtained by means of Orthogonal Polynomial
Methods (OPM) including Chebyshev polynomials developed by ARM [40], [43].

The working principle is basically as follows: Electrostatic pulling and
repulsive forces are created between rigid parallel plates, depending on the voltage
applied to the plates [34]. The inner holes of the rings in Figure 6.1.b,c are filled with
dielectric stub discs in Figure 6.1.a. Thus, the upper rigid electrode is mounted on the
chamber walls with a flexible dielectric ring, allowing it to move up and down under
electrostatic forces. The lower electrode is fixed to the floor of the chamber. In this
way, the liquid can be filled from the inlet into the chamber above the moving
electrode and flows out of the outlet. The amount of flow depends on the surface area

of the plates, the distance between them and the applied voltage.

6.1.1. The Force Between The Plates

In such EA-MEMS setups it is very typical practice to calculate the charge on
the parallel plates as a constant on the infinite plates, ie the fringe electrostatic field
and equipotential lines are not taken into account. In this approach, the following
simple formula is used for the magnitude of the force [1], [41],

B cAV?

- (6.1)
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where ¢ is the dielectric permittivity of the medium, d is the distance between the
plates, V is the potential difference of plates, and A is the area of the electrodes. In
fact, the force between the plates with fixed potentials is the gradient of the stored
electrostatic energy. We, resulting in (6.1) under the idealization above [1]. When the

fringing quantities are not omitted, we write the force as the gradient of We,
€ d
F=VW, = z—f [—|E|2] dv, where E = —VU, (6.2)
2 dz
v

U is the potential distribution between plates that are calculated rigorously

throughout the boundary integral equation formulation in the next section.

6.1.2. Potential Distribution in Space With The Dirichlet Boundary
Conditions

In (6.2), since the supply voltage V is constant on electrodes and the system is
axially symmetrical, U does not change along the azimuthal angle, and forces along
the radial direction are equal to zero. Therefore only the variation along the z-axis
remains. U(q) observed at point g, exists due to the surface charge density g; (p) on
the points p of the electrode numbered i (i = 1,2 ) has the integral representation
over the surfaces forming these electrodes Figure 6.1.b,c. The integral representation
for the corresponding boundary value problem (BVP) contains the unknowns a; (p)
and the Green’s function of Laplace equation: G(q,p) = 1/(4m|q —pl|). Under
Dirichlet boundary conditions (U;(p) = —V;,i = 1,2) we end up with the following

integral equation.

2

Z j 0, (p)G(q,p)ds(p) =V (q), q€C, i=12 (6.3)

=13

It is well known that the singular part of Green’s function of the scalar
Helmholtz equation is G (g, p) given above. G(q, p) is sufficient for constructing the

corresponding solution tailored to the considered problem. In fact, (6.3) can be
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reduced to the following canonical integral equation, the solution procedure of which
is similar to the algorithm established for scalar waves satisfying the Helmholtz
equation [22].

f{—llnlu —v|+K;(u v)} m (v) dv
) T 12 ) /—1 — vz
. (6.4)
m; (v)
+ fKij (u, v)ﬁdv = bl-(u),

-1
wuel-11], i=12;j=21

In (6.4), unknown m;(v) are smooth functions of Hdélder class and all the
kernels K;; are smooth functions too. When i # j, the kernel of the second integral
originates from the infinitely smooth function G(q;,p;), i.e. the source and the
observation points are on different plates. As i =j the kernel originating from
G(q;,p;) leads us to the logarithmically singular kernel as in (6.4), with the steps
thoroughly explained in [22] to be shortly outlined in next section.

Substitution of the Fourier series expansions with respect to the azimuthal
coordinate ¢ of all functions in (6.3), as in [22], is appropriate due to the periodicity
functions with respect to ¢. The constant value of the right-hand side of (6.3) results
to the independence of the whole equation from ¢. Therefore, the equation is
reduced to the so-called DC term, i.e. only m = 0 term presented, where m is the
azimuthal index of the Fourier expansion. The Fourier coefficient for m = 0 of the

kernels in (6.3) in cylindrical coordinates (p, @, z) is evidently the following

A
» 1 de
g —
GO (er)_8n_2 J > 2 - (p
- 411\/(4- — Zj) + (pi - pj) + 4p;pjsin (7) (6.5)

Q=@ — Q.

Points (p(v)) on the plate having constant z coordinate, inner and outer radii a

and b respectively are parametrized as

34



p(w)=Epw)=[b-a)v+b+a)l/2), b>a ve[-11], p
€ [a, b] (6.6)
ds(p(v)) = p(v)p'(W)dv

The ordinary way of such equation solving is based on the utilization of OPM
involving Chebyshev polynomials of the first kind. The polynomials are orthogonal
with the weight (1 — v?)~1/2 which fits the Meixner edge condition for the unknown
charge density o (p(v)) = (1 —v*)"V2m;(v), in (6.3) [22]. The Fourier-
Chebyshev coefficients of the CLS in (6.4) are known [22]. This fact gives a
possibility to construct the regularizer of the equation (6.4) based on the OPM
technique [22]. This construction leads to the infinite system of linear algebraic
equations of the second kind with uniformly bounded condition numbers of the finite
system matrix for their increasing truncation numbers.

In brief, the kernel in (6.4) is separated with the help of the following relation
[22].

Gy (p(w), p(»)) = Q_%(X(u. v), xwv)

1
4/ p(w)p(v)

(6.7)

_ p*(w) + p*(v)
p(wp(v)

where G is the Fourier coefficient of the G(qi,pj) defined by (6.5). It is given in the
closed form (6.7) by means of the negative half-integer degree Legendre function of
the second kind of order zero Q_; /,, which is known as a toroidal harmonic [42]. As
it is known, Q_1,,(x) =m(2x)"Y/2 ,F;(3/4,1/4;1,1/x%) where ,F; is Gauss
hypergeometric function, power series expansions of which can be exploited [1], to

validate the following limit

1
Q 1(x(v+6,v) = —;lnd +K;(v+6,v), 6§ =|u—vl (6.8)
2
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Substituting (6.7) in (6.3) and appropriately scaling the result with /p(u) leads
to (4) ([22]).
Once g; (p) are found from (6.4), the potential distribution U(q), at a point g in

space can be calculated as

2

@ =) | 5@6@pdse) 69

i=1 -t
6.1.3. Results and Discussion of Numerical Modelling

The physical characteristics of the pump model in Figure 6.1 are exposed by
calculating the charge and force distributions on the plates, and the potential space
distribution, as well as the capacitance of the plate system. All physical and
geometrical values below are normalized as dimensionless ones. In particular, the
outer radii of the ring both are equal to R = 1. The Inner radii of the rings are equal
to r and given as fractions of R. Potentials values on plates are V = +1. The values
of the forces and capacities are normalized according to formulae (6.10)-(6.11)

Figure 6.2 depicts the calculated surface charge density distributions on the
plates as functions of d. Figure 6.3 demonstrates the spatial potential distribution of
the U around the plates.

Figure 6.2 shows the well-known square root singularity p~1/2 of the charge
densities, where p is the distance from the observation point on the plate to the ring
edge. As well, the charge density is nearly constant, and its values close to that of an
infinite plate system when the observation point is far enough from the edges. The

mentioned singularities predefine the spatial distribution of potential U.
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Figure 6.2: Charge distribution on the plates.
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Figure 6.3: Potential distribution around plates.

The normalized force applied to the rings is E,,,., = (d*/V?)E, where F, is

the modulus of z component of the force in (6.11) and (6.12), see Figure 6.4.a. In the

formula (6.10) C is the capacitance. Notations E;,,, and E2,,, correspond to the
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exact solution explained above and the approximative solution for infinite plates
respectively. Thus,

2
e _ddc (6.10)
norm 2 dZ
eA
Ee . =— (6.11)
2
The approximated C* and exact value C¢ of C are calculated as follows
co =4 (6.12)
- d ) .
I, e|VU|?dv
C= (6.13)

In Figure 6.4.b the normalized capacitances C,,,, = (d/A)C are depicted
corresponding to the cases in Figure 6.4.a. In both figures, approximative values of
Eyorm and C,,, do not depend on the distance between the rings. In both results of
exact calculations performed while the inner radii of the rings vary with certain
proportions of the outer radii. These variances show that the attractive and repulsive
forces between the rings increase when the inner radii diminish. Accurate
calculations show the essential influence of the parameter d. It means that this

influence must be taken into account in the design of a real pump.
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Figure 6.5: Normalized capacitances C,, via distance between rings.

It is seen in Figure 6.3 that the distribution of U between the rings is similar to
that for infinite plates when the observation point is at some distance from the edges.
Nevertheless, the presence of the edges essentially influences the distribution around

the plates and, consequently, the capacitance of the system and the electrostatic
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forces applied to the plates. This effect is the reason why the forces and capacitance

in Figure 6.4. and Figure 6.5 depend on d and are different from the corresponding

approximative values.
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Figure 6.6: (a) Convergence Analysis (b) Condition Number.
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7. CONCLUSION

Laplace's equation is the most common equation in physics that describes the
behavior of many physical structures. The effort to solve this system of equations for
complex geometries has led to the development of many numerical methods. The
fact that the linear equation system causes instability with the increase in the number
of truncation in classical numerical solution methods has been examined in detail in
many studies. In this study, a numerically stable method for solving Laplace's
equation under Dirichlet boundary condition is investigated for an axisymmetric
structure. A rigorous, efficient and accurate method for the solution of the Laplace
equation with the Dirichlet boundary condition for the open and closed axially
symmetrical surfaces is constructed on the basis of the analytical regularization
method.

This feature is the main advantage of the method used. This proposed approach
gives high-accuracy results in the investigation of the electrostatic behavior of open
and closed axisymmetric structures. In this study, the solution to a real engineering
problem is discussed together with the open and closed geometries examined as
examples. The results obtained form the basis for solving a wide variety of problems
with more complex geometries. In addition, formulating this approach for Neumann
and Robin boundary condition and extending it to the Helmholtz equation may be a

suitable goal for the subject of future studies.
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APPENDICES

Appendix A: Derivation of Fredholm Integral Equation

Consider the potential distribution in space produced by an arbitrarily shaped

conductor with a potential U, and a distributed electric charge f(x).

N

Figure Al.1: An object occupying volume V.

The potential distribution produced by a charged object, y(7) satisfies
Poisson’s equation in (A1l.1) and the boundary value at infinity (A1.2).

V2@ (r) = —f(1), (AL.1)

P(@r)—->0asr > o (A1.2)

An integral equation for this problem can be posed using the free space Green's

function given in (2.6), which is the solution of (A1.3).

VG (r,r) = =6(r, 1), (A1.3)

First, multiply (A1.1) with G(r,7r"), and (A1.3) with ¥ (r).

48



[V2¥(r) = —f ()]G, 1) (A1.4)
[V2G(r,r") = =6(r, "), ]¥(r) (A1.5)

and, integrate the difference of the multiplications over the volume,

J.VZW(r)G(r,r')dv—fVZG(r,r')SU(r) dv

(A1.6)

= —f G(r,r')f(r)dv+f Y(r)s(r,rHdv

v v

Applying the second Green’s theorem (A1.7)

ob 0
f(avzb —bV2a)dv = f (a% - b%) das (AL7)

v N

where S denotes the surface surrounding v, we can get

L4 G (r,r'

dS—f Y(r)s(r,r)dv

(AL.8)

= —f G(r,v)f(r)dv

v

As a property of the Dirac delta function (A1.9)

J 'P(r)d(r,r')dvz{qj(r),; rnv (A1.9)
0; r notinv
v
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f lG(r,r)aq;(r)—lP( )aG(r )ld5+ G(r,r')f(r)dv

) (AL.10)
_{'P(r') ; r'inV,
Lo ; riny

Exchanging r and " and using the symmetry property of Green’s function

Gr,r)= G(r,r)

on' on

S v

f lG(r,r') 0¥ _ Y(r) oG(r, )l as’ +f Gr,r)f(rNdv'
(AL.11)
_ {‘If(r) ; rinV,
o 0 ; rin VO

When there is no source f(r) = 0 at V,,, the volume integral will vanish.

Y(r) —f [G( Y(r )aG(rr) ds’ (A1.12)

This equation shows that the field in a source-free region can be calculated by

applying the potential value and the normal derivative to the surface surrounding the

region. The second term will be zero at the boundary. If we define a new unknown

function

0¥ (r)

o(r) = on’

(A1.13)

then the integral equation will be
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Y(q) = ffap(p)G(q,p)dsp, qpES, (A1.14)
S

1 1

G(q, p) = —Em
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Appendix B: Calculation of Kernel by Elliptic Integral

Approximation

Let us write the Laplace equation in cylindrical coordinates (r, ¢, z). First, we

define

Ry = \/(zq - zp)2 + (r, — rp)z + 4,1, sin? (@)

also define

R,y = @\/1 + a?sin? (%)

n() = (x(1), (1))
Green's function for the Laplace equation

1

Gigpy = ———
(q.p) 47-[qu

(B1.1)

(B1.2)

(B1.3)

(BL.4)

(B1.5)

(B1.6)

(B1.7)

(B1.8)
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Consider

—ime

d
‘g (qup) Zn\/dqp f\/ ¢

2 QD
1+ a?sin 2)

g(Tqu)_Zn'\/d f\/ de

1+ a?sin? (‘g)

Whenq = p

q-0p :>dqp—>0;(p—>0;a2—>oo

If we consider symmetry

(B1.9)

(B1.10)

(B1.11)

(B1.12)

(B1.13)

(B1.14)
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. 1 1 ;
9 (tg1,) = f ®
v 2mdg “n Jl + a?sin? (%)
1 [ 1
= = f do (B1.15)
7 dgp 0 \/1 + a?sin? (g)
for change boundary of integration
T /2
X
[reodx= [ 2roaay  y=3 (B1.16)
0 0
L=0;dp=2d0, o -0 |7T/2 (B1.17)
2 ’ ’ 0 0
thus we have
/2
1 1
gO(T ") = f de (B1.18)
) fdg, 5 V1 + a?sin?e
definition of the complete elliptic integral of the first kind
/2
(B1.19)

K@) J‘ do
)= | —]m}/—/—/——
J V1 —12sin%6

as we see here if we write a? = —72, we can describe our integral in (B18) as a

complete elliptic integral of the first kind

(B1.20)
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/2 /2
deo

do 1
f = f (B1.21)
/ V1 + 12sin?0 \/T2+10 \/1_ T2 29
Zr1°
0 -2 Lokl |- (B1.22)
9 (TQ'Tp'a) o T /dqp V1 + az (Zz + 1 .
We can rearrange the argument of the elliptic integral
4w
Sy e L4
”_a2+1_%+1_4w+d (BL.23)
VA AW =1+ a? (B1.24)
then we can define Green's function of Laplace equation for m=0
0 _Z ! K W (B1.25)
9 (o) " g d+ 4W 4W +d '

If we take into account hypergeometric functions, we can represent complete

elliptic integral as a

T 11
== =, =;1;7? B1.26
K(T) 2 2Fl(212111T) ( )
71'/2 1
K (o) f dz J‘l du ()
T) = = |5 ; U =Sin“(z
) J1-k?sin?(z) 2V1—k2uZ(1 —wu (B1.27)

When q tends to p formula (B23) will tend to 1
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4w

Y=—4W+d;q—>p=>d—>0;y—>1

for y - 1 we have asymptotic expansion

1 1
K(y) = ——log(l—y) [1——+—(y_ 1)? _|_]

3
log(4) + - (1 —log(4)(z—1) + 178 (6log(4)

—7(z-1)

T, —Tg =&
Tg =T
Tp=‘[+€

Ty = r(rq) =1r(1)

, 1,
r,=7r()+7r (t)e + 57 (v)e? + 0(&?)
qa= Z(Tq) = z(7)

, 1.,
» =2(0) +z (De + 7 (1)e? + 0(£?)
1 2 1 2
d= (r’ (e +57" (1)82) + (z’ (e +57 (1)82)

= (r, - rq)z +(z, — Zq)z

" "na
! ! ! " ! n r +Z
d:ez(r2+zz)+s3(rr +zz)+£4<T>

(B1.28)

(B1.29)

(B1.30)

(B1.31)

(B1.32)
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r (1 r(t r'v(t
()£2+ (™) , ()54

W=rr=r@|r@+r (De+ > ¢ £ o (B1.33)
d+ 4W
=4r?|1
(B1.34)
. 4rr'e + (rlz +z %+ 2rr”)e?
+m +( ’ II+ ! H+2 III) 3+ r”2+Z”2+rr1U 4
rr Z Z 3 rr & 4 6 &
) arr’e+ (r'* +27 + 2rr")e?
A= — S e 2 "y v (B1.35)
4r +<rr +zz +=rr )£3+ + et
3 4 6
we can write briefly
d+4W = 4r?(1+ A) (B1.36)
If we put A definition in the y formula (B28) we get this kind of structure
w 1
V==
r4(1+A4)
1 . p (B1.37)
= ; = — 1 _2; = 2 1 -3
y=17r= 7 1+x)7%5 vy (1+x)
series expansion around zero
y = ! =1—x+x%+0(x3) (B1.38)
1+x '
_v_1 —W{1 A+ A%} B1.39
y_r2(1+A)_r2 (B1.39)
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re r et r g et

=14+— B1.4
+r+2r+6r+24r ( 0)

RS

4w w 1

_ 1—A+A2 B1.41
V=4d+aw 121 +4) r( +4% (BL.41)

lg 2 12 12
y—l——(z +r?)e? _1—(2r) ; =74y (B1.42)

If we use this y definition into elliptic integral asymptotic formula (B29)

Ko) 1l (le)z 1+1(le)2+ 9 (l5)4+
V)= —5l08\5; 2\2r) Tea\2r

(B1.43)
log(4) —~(1 —1 (4))(18)2 6log(4) — 7 ( ) 4
OBLH Ty T OB oy 128( o8 )
Finally, we can use this description in Green's function formula (B25)
2 1
0 i
9 (tgp) " 1 , rr”
\/szl +4(r?+rre +782)
( | (le) 1+1<le)2+ 9 (ls>4 )
°8\2r 4\2r) T6a\2r
1 len?
| Hlog@® - -log@)(5-) [ (BL44)

l 4
k +m(6log(4)—7)( 8) J
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Appendix C: Point Matching Method

For comparison our results, we used the standard point matching method with

our kernel.We divide the parallel strips into N segments of width A, with N basis

functions.

_2(b-a)

A, m (C1.1)
The matrix elements can be given as follows.
A,
Zon = 4_Q_l(X(pmf Qn)) (C1.2)
L)

This formula is valid for matrix elements other than diagonal terms. For
diagonal terms (self terms) we need to consider singularity of the kernel. We can

separate singular and smooth parts of Green’ s function.

AP
Zym = lim [ G(q.p)ds®) (C1.3)
0
G(q,p) ! (S + D} (C1.4)
qp) = ——= :
41/ pm O
1
S(Pmr0n) = ——Inlpmenl + Cs (C1.5)
1 (b — a)?
D(pp, 0n) = E{lnm—gm} +Cp (C1.6)
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D is smooth part of kernel which we can integrate numerically. But singular

part S need to evaluate analytically.

N|~°l>

I

Inlpy, — onldp =4, (ln(Ap)) —(n2+1) (C1.7)

N|bl>
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