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SUMMARY

In this thesis, the numerical solutions of magnetohydrodynamic (MHD) flow
problems using Chebyshev spectral collocation method (CSCM) are presented. The
CSCM mainly depends on polynomial interpolation, and the differentiation of the
polynomial that approximates the function which is under consideration. Therefore,
the polynomial interpolation theory with salient results is investigated. The
interpolation properties of polynomials by means of Lebesgue constant which provides
a way to analyze the Lagrange interpolation polynomial by determining its closeness
to the best approximating polynomial are also investigated. For this, three sets of points
namely, the equispaced points, the Chebyshev Gauss (CG) points, and the Chebyshev
Gauss Lobatto (CGL) points are considered, and the associated Lebesgue constants are
evaluated to determine interpolation aspects of the choice of interpolation points.
Thereafter, approximating the derivative of a function which is a solution to a given
differential equation is taken into consideration.

The accuracy of CSCM methodology is analyzed by solving one-dimensional and
two-dimensional laminar flow problems of incompressible viscous fluids. A simple
one-dimensional flow problem known as MHD Couette flow that relies on the
interaction of electric, magnetic, and hydrodynamic forces in the fluid, is studied to
explore the convergence properties of the method. Moreover, two-dimensional MHD
flow problems, subjected to an externally applied magnetic field, with a novel solution
strategy designed to take account the induced magnetic field in a non-singular lid-
driven cavity is introduced. The obtained numerical results indicate that the designed
procedure effectively approximates the full MHD equations by following a
discretization in the physical space, and of moderate size. Moreover, the divergence-
free nature of the magnetic field is shown to be preserved on the whole computational

domain.

Keywords: Chebyshev interpolation, CSCM, MHD flow, Divergence-free field.



OZET

Bu tez c¢alismasinda Chebyshev spektral kolokasyon yontemi (CSCM)
kullanilarak manyetohidrodinamik (MHD) akis problemlerinin sayisal ¢oziimleri
sunulmustur. Bu metot esas olarak ele alinan bir fonksiyon ve bu fonksiyonun
tiirevinin interpolasyon polinomuyla yaklasik olarak hesaplanmasina baghdir. Bu
gerekgeyle, calismada polinom interpolasyon teorisi ve bu teorinin 6ne ¢ikan
ozellikleri incelenmistir. Lagrange interpolasyon polinomunun belirli bir norma gore
en iyi yaklasik polinomu ile olan yakmligini belirleyerek analiz etmek i¢in bir yol
saglayan Lebesgue sabiti ile polinomlarin interpolasyon 6zellikleri de incelenmistir.
Bunun igin, esit aralikli noktalar, Chebyshev Gauss (CG) noktalar1 ve Chebyshev
Gauss Lobatto (CGL) noktalar1 olmak {izere ii¢ ayriklagtirma goéz Oniinde
bulundurulmus ve ilgili Lebesgue sabitleri karsilastirilmistir. Daha sonra, belirli bir
diferansiyel denklemin ¢oziimii olan bir fonksiyonun tiirevinin yaklasik olarak
hesaplanmasi ele alinmistir.

CSCM metodolojisinin dogrulugu, sikistiritlamaz viskoz akiskanlarin bir boyutlu
ve iki boyutlu laminer akig problemlerini ¢6zerek analiz edilmistir. Akiskandaki
elektrik, manyetik ve hidrodinamik kuvvetlerin etkilesimine dayanan MHD Couette
akist olarak bilinen bir boyutlu akis problemi, yontemin yakinsaklik 6zelliklerini
incelemek tizere ele alinmistir. Ayrica, harici olarak uygulanan bir manyetik alan etkisi
altinda iki boyutlu MHD akig problemleri, tekil olmayan bir duvari hareketli kanal
problemi tizerinde indiiklenen manyetik alan1 modele dahil edebilmek i¢in tasarlanan
yeni bir ¢dziim stratejisi ortaya konmustur. Elde edilen sayisal sonuglar, tasarlanan
prosediiriin, fiziksel alanda ve orta biiyiikliikte bir ayriklastirma izleyerek tam MHD
denklemlerine etkili bir sekilde yaklasik sonuglar elde edildigini gostermistir. Ayrica,
manyetik alanin serbest-diverjans oOzelliginin biitlin problem bdlgesi iizerinde

korundugu gosterilmistir.

Anahtar Kelimler: Chebysev interpolasyonu, CSCM, MHD akisi, Serbest-

diverjans alan.
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1. INTRODUCTION

1.1. Subject And Purpose Of The Thesis

Many problems within industrial, engineering and scientific areas that are defined
by partial differential equations (PDEs) do not have analytical solutions. Analytical
methods are mostly applied in some simplified flow problems in simple geometries.
There is therefore the significant need for developing efficient and accurate numerical
techniques for solving these PDEs. Computational fluid dynamics (CFD) is a research
area which involves the applications of numerical analysis in fluid dynamics, and often
requires the use of discretized PDEs. CFD, fundamentally purposes to solve numerically
complex problems of fluid dynamics which emanate from disciplines such as chemical
process engineering, ocean engineering, aerodynamics, and air pollution modeling.
There is a large number of computational tools used in CFD. However, there are ongo-
ing studies to improve the numerical methods and the physical methods. Many solution
methodologies exist in solving flow problems which include finite difference method
(FDM), finite volume method (FVM), and spectral methods. With the advantage of
numerical computation machines, notably computers, these methods have now become
an essential tools for solving many fundamental problems of scientific phenomena
which were difficult to solve in the past.

Spectral methods are generally defined as a family of numerical methods in which
a function is globally approximated by representing it as a finite sum of orthogonal
functions preassigned. In these methods, each function spans the entire domain un-
der consideration. Consequently, the derivatives of the function depend on the whole
discretization. The most characteristic property of these methods is the global ap-
proximation feature. Furthermore, the derivatives of polynomials previously assigned
approximate the spatial derivatives of the solution. A subclass of the spectral methods
is the spectral collocation method also known as pseudo-spectral method and is similar
to FDM in the direct use of a set of grid points namely, collocation points.

The Chebyshev spectral collocation method (CSCM) is an example where the inter-
polating polynomials are defined on a set of points in which the differential equations

are discretized to approximate the unknown functions. The polynomials are analytically



differentiated, and for derivative approximation a differentiation matrix is constructed.
The collocation points in this method are taken as the Chebyshev Gauss Lobatto (CGL)
points that are the extreme points of the Chebyshev polynomials in [—1, 1].

Essentially, the CSCM depends on polynomial interpolation and the differentiation
of this polynomial that approximates the function under consideration. Therefore, in
this study the interpolation theory to some extent will be detailed in Chapter 2. As a
matter of fact, these results are known, and fully available in the literature, however,
we collect them in Chapter 2 to enlighten the theory behind the CSCM. To do this, the
Lagrange interpolation polynomial with equispaced points is introduced after which
the existence and uniqueness of interpolation polynomial is proved. Next, Weierstrass
theorem which asserts that any continuous real valued function on [a,b] can be ap-
proximated to any accuracy by polynomials is also introduced and proved. Thereafter,
the Runge phenomenon which is a complication that emerges when approaching a
function with polynomials of high degree over a set of equally spaced interpolation
points is discussed. Then, the solution to the problem arising from this phenomenon
is considered by choosing special points. Next, Chebyshev polynomials as well as the
points to be used in the interpolation are also presented. Polynomial approximation in
the infinity norm is used to determine differences in the function and its interpolating
polynomial. Consequently, the best approximation of a fixed degree is stated with ex-
amples. Moreover, the Lebesgue function which is the summation of the absolute value
of Lagrange basis functions, as well as its maximum over the domain of interpolation
called the Lebesgue constant are evaluated. The Lebesgue constant, defined as the
maximum of Lebesgue function depends on the interpolation points, and gives an idea
to how far in a working norm, the Lagrange interpolation polynomial is from the best
approximation polynomial. For this purpose, three sets of points, namely, the equis-
paced points, the Chebyshev Gauss (CG) points, and the CGL points are investigated in
terms of Lebesgue constant to determine their interpolation properties. With regard to
the application of CSCM, differentiation of interpolation polynomial is presented and
illustrated by examples.

There are several advantages of spectral methods over alternative approaches, such
as finite element method (FEM) or FDM. The characteristic specialty of the spectral

methods is the high precision resulting from the high order approximation compared to



local methods where the solution at a particular node is affected by a limited number
of points around it. Their main advantage is the convergence rate that depends on the
smoothness of the solution, and the number of continuous derivatives admitted by the
solution. The error in the spectral method solution decreases exponentially for infinitely
smooth solution. Over the last decades, the implementation of spectral methods for
applications such as CFD has broaden.

Magnetohydrodynamic (MHD) flows are of great importance for many researches.
MHD which is the coupling between electro-magnetism and hydrodynamics, combines
elements of electro-magnetism and fluid mechanics to define the flow of electrically
conducting fluids. The MHD equations are obtained by coupling the Navier-Stokes
(N-S) equations with Maxwell’s equations by using Ohm’s law. In literature, there
are studies solving MHD equations with several numerical methods. In general, these
methods produce results which do not satisfy the divergence-free condition. Therefore,
the ultimate objective of this study is to solve MHD equations numerically using CSCM
with a methodology that produces results in such a way the physical properties are

satisfied.

1.2. Formulation Of MHD Flow Equations

In this section, the MHD flow of an incompressible, steady, and electrically con-
ducting fluid is considered. As mentioned before, the MHD equations are governed by
Maxwell’s equations and N-S equations. Maxwell’s equations which are the combina-

tion of laws of electromagnetism are given as follows [1]-[2]

VXE=0 (Faraday’s law) (1.1)
VxH=J (Ampere’s law) (1.2)
V.D=p, (Gauss’s law) (1.3)
VB=0 (Gauss magnetism’s law) (1.4)



where E is the electric field, J and H are the current density and the magnetic field
strength, respectively. D is the time rate of electric displacement field, p. is the free

electric charge density, and B is the magnetic induction. For the free space, the relations

D=E¢E and B=pu,H (1.5)

are valid, where & is the electric permittivity, and L, is the magnetic permeability. The

N-S equations are given as

V.vV=0 (Continuity equation) (1.6)
1
VV.V= _EV p+ VAV + X (Momentum equation) (L.7)

where A is the Laplace operator, V is the velocity field, p is the density, p is the
pressure, U is the kinematic viscosity, and X, is the force applied externally which is
a totalization of body forces and the Lorentz force (V x B) x B. These equations are

associated with Maxwell’s equations given above using Ohm’s law

J=0(E+VxB), (1.8)

where o is the electrical conductivity. Combining Equations (1.1)-(1.8), a steady,

incompressible MHD flow governing equations are written in non-dimensional form as

(3]

Vu=0,
V.b=0,
1 (1.9)
—V x (uxb)=——Ab,
Re,,

1
uVu=-Vp+ R—Au +AL(V xb) x b+ xp,
e

where ), is the body force, u the velocity field, p the pressure, and b the magnetic

field. Re,, is the magnetic Reynolds number defined as Re,, = o u,,LU, where L is the



characteristic length and, U the characteristic velocity. A/ is the Alfvren number which
is defined as Al = B? /punmU?, where B is the characteristic magnetic induction. Re is

the Reynolds number defined as Re = LU /v.

A solution methodology to approximate the solution to these equations in several

physical configurations will be presented in Chapter 3.

1.3. Literature Survey

MHD is a branch of science which combines electromagnetism elements and fluid
mechanics to define the flow of electrically conducting fluids. Because of the wide range
of significant applications in various fields such as MHD generators, nuclear reactors,
and metallurgical industries, MHD flow of electrically conducting fluids in the presence
of magnetic field in enclosures has been the subject of a great number of theoretical, ex-
perimental, and numerical investigations. The physical models that describe MHD flow
consist of coupling the problem of magnetic field in N-S equations with Lorentz’s force,
and Maxwell’s equations of electromagnetics using Ohm’s law. Extensive research is
ongoing in the direction of designing numerical techniques applicable to the MHD flow
and viscous incompressible laminar flow as the analytical solutions apply only under
some special conditions. In majority of the studies, the aim is to determine the influence
of the characteristic problem parameters such as Reynolds, magnetic Reynolds, and
Hartmann numbers on the flow. In general, the governing equations can only be solved
numerically because of their nonlinearity and the additional terms due to the existence
of Lorentz’s force. Another restriction comes from the divergence-free constraint for
both the magnetic and the velocity fields. Therefore, to develop accurate and effective
numerical methods is a challenging task. Many different numerical methods have
been introduced for approximating solutions to MHD flow and viscous incompressible
laminar flow.

In [4], the primitive variable formulation of full MHD equations have been ap-
proximated by using a second order FDM combining the MAC scheme for the N-S
equation with the Yee’s scheme for the Maxwell equations without taking into account

the divergence-free condition (I.4) in the numerical model. An approximate solution



of the incompressible MHD flow equations have been given in [1]] using a dual reci-
procity boundary element method. A stabilized FEM solution to the MHD problem
with thermal coupling has been proposed in [5]. A numerical solution using FEM for
the approximation of laminar, steady, natural convection flow in inclined enclosures
under the influence of an oblique magnetic field has been given in [6]. In [7], a dual
reciprocity boundary element solution for full MHD equations has been proposed in a
lid driven square cavity. In [8] a numerical solution using a fourth order finite differ-
ence algorithm has been proposed for the solution of incompressible steady full MHD
equations formulated in stream function, velocity, and magnetic induction. In a recent
study [9], a solution for the full MHD equations coupled with energy equations has
been proposed using CSCM to approximate an unsteady, incompressible, laminar MHD

problem with heat transfer using the Boussinesq approximation for thermal coupling.



2. THEORY OF INTERPOLATION

In this chapter, the polynomial interpolation, and the importance of the choice of
interpolation points is presented. Determining the right choice of interpolation points
is important because it allows for the precise approximation of functions. Numerical
interpolation generally consists of approximating a function whose values are only
known at certain points. More precisely, given xg,x1,...,Xy, distinct real numbers, and
Y0,Y1,---,yn real numbers, the problem consists of finding an interpolation function ¢
such that ®(x;) =y, for j =0,...,N. Then, it is said that ® interpolates y; to points x;.
The form of the interpolation function & depends on the problem and the purpose of the
interpolation. In fact, @ can be a polynomial, in which case it is referred as polynomial
interpolation, or ¢ can be a piecewise polynomial function, and can also be said to be a
piecewise interpolation. In this thesis, the case where @ is a polynomial is considered.
The reason for choosing ® as a polynomial is that, polynomials can be calculated by
elementary operations, may be differentiated and integrated without difficulty, and are
simple in form. The interest and the mode of use of an interpolation function depends
mainly on the origin of the data. The quantities y; may, for example, represent the
values at the points x; of an analytically known function f. The interpolation function
then makes it possible to simplify the numerical calculations of integrals or derivatives.

To begin with the interpolation idea, the Lagrange polynomial interpolation with
equispaced points is introduced. Then the Runge phenomenon is discussed with the
solution to the problem arising from this phenomenon is considered by choosing special
points. To illustrate interpolation, exponential function and Runge’s example are used
and for Runge case, two different interpolation points are used with the help of Lagrange
polynomials. The motivation to include these two cases is to illustrate how the choice
of the interpolation points is important.

In the first section, the basic problem of polynomial interpolation is introduced, and
the existence and uniqueness of the interpolation polynomial is proven. In certain cases,
the interpolating polynomial can differ significantly from the function to be interpolated.
This is illustrated first by Carl Runge, and it is called the Runge Phenomenon. The
example due to Runge is presented along with a few results on convergence of the

interpolating polynomials. Furthermore, Chebyshev polynomials as well as the points



to be used in the interpolation will be also presented.
In the second section, the best approximation in the infinity norm with some
theorems and examples are introduced. Next, Lebesgue function and Lebesgue constant

are evaluated. Finally, differentiation is also presented and examples are given.

2.1. Polynomial Interpolation

In this section, the polynomial interpolation with some important properties and
results are presented. For a non-negative integer N, let &y be the set of all (real valued)
polynomials of degree at most N defined over R, it is obvious how to extend the theory
for complex numbers. The goal in this section is to numerically approximate some
smooth functions, and investigate their convergence properties. Thereafter, ways of

choosing the interpolation points which results in an acceptable approximation.

Lemma 2.1. (Existence of interpolating polynomial)

Let N > 1. There exist polynomials C, € Py, k=0,1,....N, such that:

1 if j=k
Celx)) = f Vj,k=0,1,...,N. 2.1)

0 otherwise

Furthermore,
N
pn(x) =) Gi(x)yi; pn € Pw, (2.2)
k=0

is a polynomial such that py(x;) = y;.

Proof.  For k in the interval [0,N], Ci(x) has the form

N

oy [ J(x—x;j), (2.3)
i=0
itk

0
~
~
SN—
I

where oy € R is a constant to be determined. From , to have Cy(xy) = 1, it is set

N
as Cy(xg) = o Ho(xk —Xj).
J:
Jk



N

Therefore, it is obtained as oy = . Then,
j=0%k = Xj
J#k
N X — Xj
Gx)=T] , for k=0,1,...,N, (Ci(x) € Py). (2.4)
j=0%k = Xj
J#k

N
Writing py(x) with py € P, and such that pn(x) = Y. ykCy(x). Thus,
k=0

pn(xj) = v0Co(xj) +y1 Cr(xj) +---+y;Ci(xj) +- - +ynCn(x;). (2.5)
=0 =0 =1 =0

Hence, from it is obtained that py(x;) = ;.
[

As an example regarding the Lagrange basis functions, the following graphs in
Figure[2.T|are illustrated. This figure presents the graphs of the Lagrange basis functions
based on the equispaced (left) and CGL (right) points respectively for N = 12. It is
observed that the graphs of Lagrange basis functions using equispaced points oscillates

near the endpoints which is not the case of CGL points.

L L L L L L L L L i 04 L L L L L L L L L 1

1 08 -06 -04 -02 0 02 04 06 08 1 -1 -08 -06 -04 -02 0 02 04 06 08 1
X XCGL
Il ]

Figure 2.1: Graphs of Lagrange basis functions using equispaced (left) and CGL (right)
points on [—1,1] for N = 12.

The interpolation polynomial is unique as asserted by the following theorem taken

from [10].

Theorem 2.1. (Uniqueness of interpolating polynomial)



Suppose that N > 0. Let xq,x1,...,xn, be distinct real numbers and yo,y1,...,YN
be real numbers, then there is a unique polynomial py € Py so that py(x;) = yj,

j=0,1,...,N.

Proof. Suppose that gn(x) € Py exists such that gy (x;) =y;, j=0,1,...,N, different
from py(x) € Py. Let pn(x) = py(x) — gn(x), this implies that py(x) € Py and, has
N + 1 distinct roots xo,x1, ..., xn. Since py is a polynomial of degree N, it can not have
more than N distinct roots. Therefore, py(x) is the zero polynomial, which contradicts
the fact that qn and py are distinct. Thus py = qn. Hence, the interpolating polynomial

is unique.

Definition 2.1. (Lagrange interpolation polynomial)
Suppose that N > 0, given the real valued function f € C|a,b|, where C|a,b] is the
set of continuous functions on [a,b|, and x;, j=0,1,...,N, the distinct interpolation

points, the polynomial py defined by

N
pn(x) =Y Crlx)f(xe), (2.6)
k=0

is the Lagrange interpolation polynomial of degree N with interpolation points x;j, j =

0,1,...,N, for the function f where Cy(x) is the cardinal function (or Lagrange basis)

defined in (2.4).

In providing estimates of the error that emerges in interpolating the function f,
Theorem [2.2]is included below. The interpolant and the function are not expected to be
close to each other at any point provided they both agree with each other at the points
of interpolation. The difference between them on the interpolation domain which is

referred to as the interpolation error given in [[10] can however be estimated.

Theorem 2.2. (Interpolation error)

Suppose that N >0, and f € CN*[a, b], then given x € [a,b), there exists { = {(x)
in (a,b) such that
FOE)

W(DNH(X); oy+1(x) = (x—x0) - (x—xn)- 2.7)

f(x) = pn(x) =

10



Moreover,

[f () = pn(0)| < 7

(N—l—l) Ty (x)], where Ty = mcax FNFD (). (2.8)

The following examples are included to illustrate how Theorem [2.2|can be used

to estimate the interpolation error.

Example 2.1. The function f : x — €* defined on [—1,1] is considered. From this the
Lagrange interpolation polynomial of degree 2 is constructed, and then Theorem is
verified.

In this case N = 2, the interpolation points are xo = —1, x1 =0, and x; = 1. Then,

Co(x),C1(x), and Cy(x) need to be determined. For Cy(x) the following applies:

(x —x1)(x—x2)
(xo —x1) (%0 —x2) (2.9)
= —x(x— l).

Co(x) =

For C\(x) the following applies:

(x+1)(x—1)
1(=1) (2.10)

=1-x

Ci(x) =

For Cy(x) the following applies:

| @2.11)
= Ex(x—l— 1).

fxo)=e"', f(x1) =1, and f(x;) = e. By using the relation @), and —,
1 1
it is obtained as: py(x) = Ex(x —De ' (1-x%)+ Ex(x—l— 1e.
Therefore, by using Theorem[2.2]it is obtained as:

max_|f(x) - ()!_3,|w3< x|, whereTs= max |fP)(Q)). (212

—1<x<1 —1<¢<1

From (12.12), the following applies max |f(x)— pa(x)| < i|x(x2 -1 < £ —0.435.
—1<x<1 3! 3!

Hence, the estimation of the interpolation error with respect to the infinity norm on

11



the interval [—1,1] reads as max | f(x) — pa(x)]| <0.435.
lex<
The real error max | f(x) — pa(x)| is 0.0785. Thus, it can be seen that 0.0785 is
lex<
less than 0.453 which verifies Theorem 2.2}

T T T T

O  Interpolation-points
== = | agrange-Interpolation D
m— exact solution

257

Figure 2.2: Graphs of f(x) = ¢* and p>(x) on [—1,1].

Table 2.1: Maximum error in infinity norm of the difference between f(x) and py(x).

Maximum error

7.85x 102
9.98 x 1073
1.12x10~*

o || w | |2

5.80 x 1078
10 | 2.35x10710
25 | 7.29x 107!
100 | 3.79 x 10111

Figure presents the graphs of the exponential function f(x) = e* and the
Lagrange interpolation polynomial of degree 2 for f. From Figure[2.2] it is observed
that the graph of Lagrange interpolation approximates f well. Moreover, in Table2.1]
the maximum errors of the difference between the exponential function and Lagrange
interpolation polynomial are listed, where it is observed that the error decreases for

some values of N, whereas when the number of nodes increases, it increases.

12



The following example is included to show the existence of the number §, which

can be unique or not, defined in Theorem [2.2]

Example 2.2. Consider the Lagrange interpolation polynomial of degree 1 for the

following functions:
i) f x> x> with interpolation points xy = 0 and x| = a.
i) fix— (2x— a)4 with interpolation points xo = 0 and x| = a.
In verifying Theorem 2.2 by direct calculation for both cases, it can be found that:

1 _
i) To show that for f(x) = x°, { is unique and § = §(x+a). We have Cy(x) = A
—a

and C(x) = . The interpolation polynomial is given by p(x) = Cy(x)f(0) +
a

Ci1(x)f(a) which implies that pi(x) = r—ad

(0> + B = dPx. The following ap-
—a a

plies

— (P —d?) (2.13)

By using Theorem [2.2]it is obtained as follows:

10 =it =T w0, @19

(9
2

1
It is known that f"({) = 6§. Therefore, x+a=3{ = (= g(x+a).

From (2.13) and (2.14)), the following applies: x(x —a)(x+a) = x(x—a).

1
Hence, there is a unique { = g(x+ a).

X —

ii) It is seen that Cy(x) = a’ and Cy(x) = a Then, the interpolation polynomial is
—a a
x p—

a( a)4 4 )_Ca“ —dx—a (x —a). The following applies:
—a a

given as: p1(x) =

—p1(x) = (2x—a)* +a*(x—a) —a’x
) =pi(x) = (2x—a)" +a’(x—a) 2.15)
= 8x(x —a)(2x* — 2ax+a?).

13



By using Theorem [2.2]it is obtained as:

[
2

fx)=pi(x) = x(x—a). (2.16)

/!
From (2.15) and (2.16)), 8x(x — a)(2x* — 2ax+a*) = %C)x(x—a). It is known
that f"(§) = 48(28 — a)®. Therefore, 4(2x* —2ax + a*) = 12(2 — a)? which
2x* —2ax+a*
12

1
1 (2x2—2ax+a2>2

an 2
implies that = (C - 5) . Hence, there are two values of § given

cE=-—at
by: §=7a 12

The following theorem known as Weierstrass approximation theorem [[10]]-[11]]
shows that any f € C[a,b] in a given closed interval can be approximated uniformly as

close as desired by polynomials.

Theorem 2.3. (Weierstrass approximation (1885))
Suppose that f € Cla,b), then given any € > 0 there is a polynomial p € Py such

that

|f—plle<e. 2.17)

This theorem asserts that any continuous real valued function on [a,b], can be
approximated to any accuracy by some polynomials. In other words, this theorem
says that the polynomials are dense in C|a, b] with respect to the infinity norm. Many
different proofs have been found due to the importance of the theorem. The proof given

here is proposed by Bernstein in 1912 [12].

Definition 2.2. (Bernstein’s polynomials)
For each N, a non-negative integer, and x € [0, 1], the Bernstein polynomials
By € P are defined as follows:
N!

XA -x)V*  k=0,1,...,N. (2.18)

Byi(x) = KN —R)!

The following lemma is included in order to prove Weierstrass approximation

theorem by using Bernstein’s polynomials which play a central role in Bernstein’s

14



proof.

Lemma 2.2. If f € C[0, 1] then,

N
pn(xX) =) Bi(x)f (%) . for 0<x<l, (2.19)
k=0

there exists a real number N = N(€) such that || f — py|| < €.

Proof. It is known that f € C|0, 1] which implies the uniform continuity of f on the
interval [0,1]. Therefore, given € > 0 there is a 8 > 0 such that |x — k/N| < 8 implies

that
|f(x)—f(k/N)| <€/2 forall xe€]0,1]. (2.20)

Recall the binomial formula,

(x+y)N = i Lx"yN*k (2.21)
= k(N —k)! ’ '

N
by setting y = 1 —x, it is obtained that Z Byi(x) = 1. By expanding (2.21)), it can be

k=0
seen that:
N
(1—x+tx)V =Y By(x)f, for 0<x<1. (2.22)
k=0
N
The sum Z can be written as:
k=0
N
Y=Y+Y (2.23)
k=0 keSy  keS,
such that:
k k
keSS — x—ﬁ <0,andke S, — x_ﬁ > 0. (2.24)

15



Differentiating equation (2.22)) with respect to t, this gives:
N
Nx(1—x+t)""' =Y Bk, x€10,1]. (2.25)
k=0

In Equation (2.25)), substituting t = 1 the following applies:

N
Y kByi(x) = Nx. (2.26)
k=0

Differentiating ([2.25)) with respect to t, this gives:

N
Y. Bui(x)k(k— 1)i* 2 = N(N — 1)x?(1 —x+1x)V 2 (2.27)
k=0

By substituting t = 1 from ([2.27), it is obtained as:

N
Y Bui(x)k(k—1) = N(N — 1)x*. (2.28)
k=0
N k 2
Expanding the expression Z Bk (x) <x — N) and using (12.26)), and (2.28), the fol-
k=0

lowing applies:

]ibBNk(x) (x— %)2 = leﬁbBNk(x) - <%) ékBNk(x) + (%) ]i()szNk(x)
=x’ - (%) Nx—+ (]%) [N(N — 1)x* + Nx|
x(1—x)

N

(2.29)

N
From (2.18), Byy > 0 when x € [0,1] and Z Byi(x) = 1, and using the definition of
k=0

pN(x) from (2.19), it is obtained as

) - pu(x) = ¥ [f(x) f (5) BNk<x>} . 2:30)

16



By taking the absolute value of (2.30) and using (2.23)), the following applies:

N k
70 = pal < X 1501 () | Bruto)
=0 ) ) (2.31)
:kgl f(x)—f<N) Bk (x +k§2 (N) By (x).
By using (2.20), the following applies
k
kg,l f(x)—f<N> By (x <k§1< )BNk
( ) Y Bui(x (2.32)

keS

o M

For the other sum, since f € C[0,1], for all x € [0,1], there is a M > 0 such that
| f(x)| < M. Therefore,
k
-1 ()

From (2.24), k € S, implies that

)}

keS,

Byk(x) <2M )" Byi(x). (2.33)
keS,

k
xX— ﬁ‘ > 0, and by using equation (2.29) the following

inequality is obtained:

2
52y Bu(x) < Y <x——) Bai(x) < 1 —x) (2.34)

keS, keSy N

From inequality (2.34)), the following applies

2
y ( —%) Byi(x) sx(;gvx). (2.35)

keS,

-1 (x)

)3

keS,

Byi(x) <2M )" Bui(x)
keS,

_2M x(1 —x)

~ 8 N (2.36)
oM 1

— 82 4N

M

282N

17



1
since 0 < x(1 —x) < 1 and all the terms in the sums are positive. Thus, if Ny = 75%¢
M £
is chosen such that N > Ny, then N2 < 5 Therefore,
k €

L@ —f (5 )| Bwx) <35 (2.37)

keSH
Hence, by adding the two sums and (2.37), Equation becomes

€ E
|f(x) = pn(x)| < st =¢ (2.38)

when N > Ny. Since the value of Ny does not depend on the value of x chosen, the
inequality holds for all x in [0, 1].

2.1.1. Convergence

Polynomial interpolants may not behave as the function concerned in every case.
They might oscillate much more than the function to be interpolated. In practice, it often
happens that when increasing the degree of interpolating polynomial, the error increases.
The question that can be asked is whether or not a sequence (py) of interpolation
polynomials converges to f as N tends to infinity. In fact, the sequence of interpolants
might not converge to the function f. A more specific question is required since py
depends on the distribution of the interpolation points xg,x1,...,Xy, not just on the
value of N. A first question which arises is how to derive conditions which imply the
convergence of the interpolant. Supposing, for instance, that it is agreed to choose

equispaced points on the interval [a,b] with

xj=a+hj, j=0,1,...N (N>1), h= (2.39)

N
From (2.8), it is seen that py depends on x; and I'y . Thus, the answer regarding the

convergence of the sequence of interpolation polynomials py relies on the behaviour of

Iv+1 as N increases, with Ty, = max |[f™FD(Q)).
a<f<b

18



: . I .
In this case lim —> " max |@on+1(x)| =0 could be expected, where @y is

N—oo (N—|— 1)‘ a<x<b
given in (2.7). Moreover, by using (2.8),

lim max |f(x) — pn(x)| =0, (2.40)

N—ooq<x<b

where,

Iy
— < —F . .
afgfébv(x) pN ()] < NE1)! afgfgb|wN+1(x)| (2.41)

It is said that (py) converges uniformly to f as N — oo with equispaced points on the
interval [a, b]. This gives a sense that the relation (2.40) will be satisfied if all derivatives
of f exist and are continuous on [a,b]. However, in general, this is not always true

since the sequence (I'y 41 maxh|a)N+1 (x)|) may tend to infinity as N becomes too large,
a<x<

faster than the sequence (ﬁ) tends to 0. Therefore, the last factor in the
relation depends on the choice of the interpolation points. Thus, the useful idea
will be to choose the N + 1 interpolation points in the closed interval [a,b] in such a way
that max |y 41 (x)| does not become too large. The following subsection is included

to elaborate on the Runge phenomenon.

2.1.2. Runge Phenomenon

The Runge phenomenon is referred as the problem that can emerge when ap-
proaching a function by polynomial interpolation when polynomials of high degree
defined on equally spaced points. Runge [13], first observed this phenomenon in 1901,
when he was studying the behaviour of the approximation error between a function
and its interpolating polynomials. He observed that, there are certain functions for
which, when the degree of interpolating polynomials is increased, the interpolation error
increases and the corresponding interpolating polynomial oscillates near the boundary
of the interpolation interval. This shows that the use of higher degree interpolating
polynomial does not always improve accuracy. It is easy to see that the maximum
error between the function and the interpolating polynomial depends on the set of
interpolation points {xp,x1,...,xy}. The following example is taken from [10] and

illustrates this phenomenon.
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Example 2.3. (Runge’s example)
The function f : x — (14+16x*)"" defined on the interval [—1,1] is considered.
For this example, the maximum error in the infinity norm for equispaced interpo-

lation points on the interval [—1,1] is checked as well as the convergence behaviour.

Table 2.2: Maximum error in infinity norm of the difference between f(x) and py(x)

N | If=pwlle
4 | 0.3853
10| 1.1769
12| 1.9692
16 | 59104
20 | 18.751
50 | 1.99 x 10°
60 | 4.81 x 10’
80 | 2.95x 10°

Table presents the maximum error in the infinity norm of the difference be-
tween f and py for x in the interval [—1, 1], for several values of N from 4 up to 80.
It can be observed from the values listed in Tabld2.2] that the maximum error in the
infinity norm of the difference between f and py increases when the number of nodes
increases, and then for values from N = 16 up to N = 80 the error becomes too large.

Figure|2.3|plots the function f(x) = (14 16x?)~! and the Lagrange interpolation
polynomial py for f based on equispaced points on the interval [—1,1]. In this figure, it
is observed that p,4 tends to approximate reasonably the function f.

Figure|2.4|presents the function f(x) = (1+ 16x?)~! and the Lagrange interpola-
tion polynomial py, for f based on equispaced points. From this figure it is observed
that p1, does not seem to approximate f closely, and the resulting interpolation oscil-
lates toward the ends of the interval.

The function f can be expanded in a power series centered at the origin as follows:

(1+16x%) 1= (1= (=16%)) ' = Y (=1)N(—16x%)".
N=0

(o)

Hence, (1416x*)7! = Z (—=1)N(=16)"x*N. The following applies to find the
N=0

1 1
16 <1 — if<— — -,
x| < |x| <16 |x|<4

radius of convergence R,
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1
Thus, the radius of convergence is R = T The singularities of f are at 1 + 16z =
1
0, this implies that z = £—i, which are the poles of f as well. The Taylor series converges

1
therefore only for |z| < 7 This is because the complex extension (1+16z2)~" has

singularities on the circle |z| = % so that the infinite series i (—16)Vz?N has R = "
For points outside the convergence circle, the above inﬁn]ivtzopower series diverges,
including points on the real axis where |z| > 411 For the interval [—1,1], these poles
definitely lie within the region €, so that f is not analytic in €. (A function f(z) is
said to be analytic in a region € of the complex plane if f(z) has a derivative at each

point of € [14]). For this reason, convergence on the whole interval [—1, 1] can not be

longer expected.

' I = = = Lagrange-Interpolation
Al I @ Interpolation-points

021 s —cxact solution A F

04 I L I L s I L |
-1 08 <06 04 02 ] 02 04 06 08 1
X

Figure 2.3: Graphs of f(x) = (1+16x*)"! and py(x), for N=4on [~1,1].

= = = Lagrange-Interpolation
@ Interpolation-points
— e xact solution

S -

-1 08 06 04 02 0 0.2 0.4 08 08 1
x

Figure 2.4: Graphs of f(x) = (1+16x?)~! and py(x), for N =12 on [—1,1].
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Previously, the notion of Runge phenomenon was discussed. To better understand
it was illustrated by an example using equispaced points with interpolating polynomials
of degree N. It is observed that for large values of N, the polynomial interpolation of
degree N using equispaced points can be troublesome. One of the reasons is that when N
increases, the magnitude of the derivatives of Runge’s function increases quickly. That
is why as it tends to approximate the Runge’s function f by polynomial interpolation
pn for higher degree, it is observed that in region close to the end points the maximum
error between f and py gets larger.

Noting that the Runge phenomenon does not contradict Weierstrass approximation
theorem. In the theorem, it is not generalized all the polynomials but only stated the
existence of a set of polynomial functions without specifying the case of Lagrange inter-
polation polynomial at equispaced points. Therefore, the polynomial py constructed at
equispaced points may diverge away from f as N increases which is the case of Runge
phenomenon.

The oscillation observed from the Runge phenomenon toward the end points can
be minimized by using CGL points for which, with increasing polynomial order, the
maximum error in approximating the Runge function is guaranteed to decrease. In
order to better understand this, the following subsection is introduced and the concept
of Chebyshev polynomials is provided to minimize approximation error.

Chebyshev polynomials are important in many areas of mathematics and are used
in numerical analysis. In the next subsection, some elementary formulae for the manip-
ulation of Chebyshev polynomials are presented and will be used throughout this thesis.

The following discussion follows [16]-[17] closely.

2.1.3. Definition Of Chebyshev Polynomials

The Chebyshev polynomial of degree N is denoted Ty(x), and is defined for

x € [—1,1] by the explicit formula

Ty(x) = cos[Narccos(x)], forall N >O0. (2.42)

Note that Ty(x) = cos0 = 1 and T;(x) = cos(arccos(x)) = x. When the first two Cheby-

shev polynomials Tp(x) and 7j(x) are known, the other polynomials 7y (x) can be
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obtained by the following recurrence relation: for N > 1,

TN—H (x) = ZXTN(X) - TN_1 (x) (243)

Lemma 2.3. (Orthogonality)

Chebyshev polynomials are orthogonal with respect to the weight function
w(x) = (1—x2)""2. That is,

/11TN(X)T’”(X)(1—xz)_l/zdx: 0 if m#N

(2.44)
if m=N VN2>I.

1]

-1 -08 -06 -04 -02

0 02 04 06 08
X

Figure 2.5: Graph of w(x).

1

w(x) aims to attribute various degrees of importance to approximations on certain
parts of the interval.

Figure [2.5|presents the graph of w(x), it is observed that w(x) places more focus

close to the endpoints of the interval, and less emphasis close to the center.

The following lemma is included to introduce some properties of Chebyshev
polynomials which will be used in this thesis.

Lemma 2.4. The Chebyshev polynomials have the following properties:

i) The coefficient of xN in Ty is 2N~! for N > 1.
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ii) For N = 2m (even), then Ty, is an even function on |—1,1]. This means that
T (—x) = Toy(x), and when N = 2m+ 1 (odd), then Ty is an odd function on
[—1,1]. This means that Toy11(—x) = —Toms1(x) for N > 0. The symmetry and

anti-symmetry of Toy, and Toy, 1 respectively in Figure[2.6|can be seen.

iii) For N > 1, Ty(x) has N real distinct zeros Xy which lie in the interval [—1,1]. The

zeros of Ty are given as follows

2k—1
X = k=0,1,...,N. 2.45
X cos( N ﬂ), R SEERR) ( )

In this thesis the values of Xy are the CG points.
iv) For N > 0, the following applies |Ty(x)| <1, for —1<x<1.

v) For N > 1,

Ty (x)| is maximized on the interval [—1,1] at the N + 1 points
CGL km
xg " = cos ) k=0,1,....N. (2.46)

Tn(x6L) = (= 1)K, where x{CL are the CGL points.

Let Gy(x) = 2!"NTy(x), and .Z) the set of all monic polynomials of degree N.

The following theorem is taken from [17].

Theorem 2.4. The polynomials of the form Gy(x), for N > 1, have the property that

max |On(x)| > max |Gy(x)|=2'"N, forall Qy e .y. (2.47)

—1<x<1 —1<x<1

Furthermore, there is equality if Oy = Gy.

Proof. Assume that Qy € My and that max |Qy(x)| < max |Gy(x)| =2'"N. Let
—1<x<1 —1<x<1
R =Gy —QOn. Then Gy,Qn € AN, therefore, R € Py _y. Furthermore, at the N + 1-th

CGL points, it is obtained as
ROE) = G () — Q) = (D21 —on(af9). (248)
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However, for each k =0,1,...,N, 21"™N > |0y (x$CL)|. Therefore, for k = 2m (even),
R(x$CLY > 0 and R(x{CL) < 0 when k =2m+1 (odd). Since R € C[—1,1], by using
the Intermediate Value Theorem, there is at least one zero of R(x) between xCGL and
ZCJFGlL foreachi=0,1,...,N— 1. Thus, in the interval |—1,1], R has at least N zeros.

However R € &y _, therefore R = 0. Hence Qy = Gy.
O]

Recall that in (2.7), it is seen that @y (x) depends on interpolation points. In
order to minimize the interpolation error in , Theorem @ can be used. Moreover,
since @y (x) € #n+1, the minimum can be obtained when wy1(x) = Gy41(x). In
the case where x; is considered as the (k+ 1)st zero of Gy 41, _max_ |wn1(x)| is the

smallest. By choosing x; to be X, 1,

27N = _max |oy+1(X)] < _max | oy 11 (x)], (2.49)

for any choice of interpolation points in [—1, 1].

Corollary 2.1. Assume that py € & with points at the zeros of Ty 1. Then,
—N

—Il‘ria)él|f( ) ( )| = (N+1) {I;%C);l|f(N+l)(x)|, feCN+l[_1;1]- (250)
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Figure 2.6: Graphs of the first twelve Chebyshev polynomials: 77, 75,...,T1».

Figure 2.6 presents the graphs of the first twelve Chebyshev polynomials. It is
observed that 7y is symmetric according to y-axis when it is an even function, while in
the case where Ty is an odd function it is seen that 7Ty is symmetric according to the
origin.

Figure [2.7] presents the CGL points (marked by x*) as the projections onto the

26



09

08

0.7

0.6

05

0.4

03

0.2 [

0.1

|

|

|

|

|

|

|

|

| |

| |

| |

| |

| |

| |

| |

| |

| |

| |

| |
TN Se N

K N
0.2 0.4 0. .8 1

|
|
|
|
I
I
|
|
I
|
|
|
|
|
|
|
K

I R e e
(o]
o

@

Figure 2.7: Graph of CGL points (marked by %) on [—1, 1] for N = 10.

x-axis of equispaced points on the unit semicircle in the interval [—1, 1], and these

points are numbered from right to left.

2.2. Polynomial Approximation in The Infinity Norm

In this section, the polynomial approximation in the infinity norm other type of
approximation by polynomials is discussed which led to the introduction of the notion
of the best approximation in the infinite norm. For better understanding of the best
approximation in the infinity norm, the concept of norm is introduced which allows
for the quantitative comparison of various approximations after which the polynomial
which has the smallest approximation error is selected. To begin with, the following

definitions may be recalled.

Definition 2.3. (Normed linear spaces).
Let X be a real linear space. A non-negative function ||.|| defined on X is called a

norm on X if it satisfies the following axioms:

i lfl=0 < f=0inX.

ii) [lefl =lalllfll, VaeR, VfeX.

i) ||fi+ fall < Al + ]2

’ vfl?fZEX'

(X, |-1|) is called a normed linear space.
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Definition 2.4. (co-norm)

The set Cla,D| is a normed linear space with norm:

[[f]leo = max [£(x)]. (2.51)
x€la,b)

The norm ||. ||« is called the infinity norm. For reason to be clear in the sequel,

the definition of the 2-norm is included. The 2-norm is defined as
Y
1= ([ 10 Pwar) 252
a

where w(x) is an admissible weight function. The following lemma given in [10]
(without a proof) provides a comparison between the infinity norm and 2-norm. As it is
standard and is very important in the approximation theory highlighting the importance

of the working norm, we provide a way to prove it below.

Lemma 2.5. Suppose that w(x) is an admissible weight function on (a,b). Then, for any
1

f € Cla,b), the following applies || f|l» < W/||f|

b 2
ooy Where W = [/ w(x)dx] :
a
For any € and M positive numbers, there is a f € Cla,b| such that || f|» < €, and
[flleo > M.

Proof.

i) It is known that |f(x)| <||f|le = m[ai] | f(x)|. Then, by using (2.52)), the following
x€la,

applies

1y = [ )P
b
< [ wlols2ax .53
b
=712 [ was.

From (2.53), it is obtained as {||f|l2}> < W2 £12 = |Ifll2 < W||f]|-

il) For the given M, defining f such that || f|le=0M with a > 1, so
| flle =0M > M.
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oM A 8) i <x<ats
0 if a+8<x<b.

Then, w(x) = 1.

2

oM
dx

b
; —((x—a—9)

Uy = |5

202 patd
_¢ / (x—a—8)%dx
a

62 2.54
M2 (x—a—§)3 | 259
e 3 ;
a’M?s
iy = 252

0
From (2.54), it is obtained as ||f || = OCM\/;.

0
If 8 is chosen such that || f|» = OcM\/; < €, then ||f||2 < €. Therefore, when

3¢?
o > 1and § < —— satisfies ||f|2 < €, and || f|| > M, for any positive numbers

oa’M?
gand M.

]

The following subsection investigates the polynomial py of degree at most N that
best approximates f € C[a,b| uniformly on [a,b]. For this, the infimum of the distance
between f and all possible degree at most N polynomial approximations is sought.
The theorems presented in the following subsection are proved in [[10] and adapted for

completeness.

2.2.1. Best Approximation Of Degree N in Infinity Norm

Given that f € C[a,b], and N a positive integer. The problem is to find py € Py,
such that || f — pylle = Inf ||f —¢llw, Vg€ Pn.
qgEPN
It is known that such a polynomial exists uniquely and it is called as the minimax

polynomial [[10]].

The following theorem is included to provide a characterization of the oscillation

property of the minimax polynomial.
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Theorem 2.5. ( The Oscillation Theorem)
Let f € Cla,b]. A polynomial r € Py is a minimax polynomial for f on [a,D] if,

and only if, there is a sequence of N + 2 points such that a <xo < --- <xy4+1 < b,

’f(xi) —r(Xi)l = Hf_rH°°7 fori:0,1,...,N+ 17 (255)

and

fOxi) = r(xi) = =[f (xip1) = r(xig)]; fori=0,1,...,N. (2.56)

The following example is included to illustrate how to construct the minimax

polynomial for the exponential function on the interval [1,3].

Example 2.4. The function f(x) = e defined on [1,3] is considered. From this, the
minimax approximation polynomial g1 € 2\ of degree 1 to f on [1,3] is constructed.
Let uy(x) be the line which connects the endpoints (1, f(1)) and (3, f(3)), this

means that,

ul(x):e+(e33__1e) (x—l):e—|—<e32_e>(x—1). (2.57)

— e

From (2.57), it is obtained as: u;(x) = e+s(x—1), where s =

1y (x) = 8.6836x — 5.9653.

is the slope. Hence,

Now, the minimax polynomial q(x) = Pix+ Po can be sought for, such that q;
and f have an alternating set {1, o, 3}. Let E,, be the difference between f and q in
infinity norm. The Oscillation theorem asserts that if qy is a minimax polynomial to f,
then there exist N + 2 points in [1,3] on which the error f — q| changes sign. In our
case N = 1, therefore, the maximum error E,, is attained at three points which are 1, 3,
and a € (1,3) to be determined, that attains the same maximal error E,, with opposite

sign. The following three equations may be considered:

f()—q1(1) =e—Po— 1 =En (2.58)

fla)—qi(a) =e*—Po—Proe = —Ep (2.59)
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f(3)—qi1(3) =&~ Bo—3B1 = En. (2.60)

There are four unknowns (PBo,B1,a,Ey) and three equations, a fourth equation is
obtained by requiring that the error has a maximum at x = o when f'(a) — ¢} (a) = 0.

This gives:

e — By =0. (2.61)

Subtracting from to eliminate E,, and obtain ;.
Then, & —Bo—3B1—e+Po+Pi=0 = & —e—2B=0 = B, =
= P ~8.6836.
From (2.61)), it is obtained as: e* = B; = o = log f1. This gives, a ~2.1614.
Adding from to eliminate E,, and obtain B.
Then, e —Bo—Pia+e—Po—P=0 = 2Bp+e*—PBi(1+a)=0
— Bo= (" te—Pi(lta) = Py~ —8.0254.

2
Hence, the minimax polynomial qi(x) is given by:

63—6

2

q1(x) = 8.6836x — 8.0254. (2.62)

The maximum error is given by: |Epll< = || f — q1]| = 2.0601.

Let uy(x) be the tangent to f(x) at a point o, the following applies

w(x) = fla)+f (@) (x—a) =B +pilx—a)=Pux+pi(l-a).  (2.63)

Hence, from ([2.63)), it is obtained as: u>(x) = 8.6836x — 10.0855.

Figure[2.8| presents the graphs of the exponential function (continuous curve), the
minimax polynomial q| of degree 1 for f (straight line), the line u; (the dotted curve),
and the tangent u, (the dotted curve). By observing Figure[2.8} it can be seen that the
line uy and the tangent u, are parallel and the graph of the approximation polynomial

q1 is parallel to these two lines, and it lies at equal distance between them.
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Figure 2.8: Graphs of f(x) = ¢* and ¢;(x) the minimax polynomial of degree 1 for f
on [1,3].

Another example follows to illustrate the construction of the minimax polynomial

for the function x on the interval [0,2].

Example 2.5. The function f(x) = x* defined on the interval [0,2)] is considered. From
this the minimax approximation polynomial q; € &) of degree 1 to f on [0,2] is
constructed.

Assume that the minimax polynomial q; € &1 has the form q1(x) = Bix+ Bo. A
straight line q1(x) = Bix+ Po can be sought for, such that q| and f have an alternating
set {0, a, 2}. Let E,, be the maximum error || f — qi||. According to the Oscillation
theorem if q) is a minimax polynomial to f, then there exist N + 2 points in [0,2] on
which the error f — q changes sign. In this case N = 1, therefore, the maximum error
E,, is attained at three points which are 0, 2, and a € (0,2) to be determined, that
attains the same maximal error E,, with opposite sign. The following three equations

may be considered:

f(0)—q1(0) = —Bo =Ep, (2.64)
fla)—qi(a)=a*—Bo—Piot=—Ey (2.65)
f(2)=q1(2) =4—Po—2B1 =En. (2.66)
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There are four unknowns (Bo,B1,®,Ey) and three equations, a fourth equation is
obtained by requiring that the error has a maximum at x = & when f'(ot) — g () =0

vields. This gives:

2a— B =0. (2.67)

Subtracting from to eliminate E,, and obtain B.

Then,4—ﬁ0—2ﬁ1—|—ﬁ0:0 — 2ﬁ1:4:> ’81:2

From (2.67)) then, 20 = 3y — o = % This gives, & = 1. Adding (2.65)) from (12.64

to eliminate E,, and obtain B.

1
Then, Otz—Bo—BlOC—ﬁ():O - —2[30+062—B10620 - ﬁ(): 5 (062—[3106)
1

Hence, the minimax polynomial q(x) is given by:

1
q1(x) =2x— . (2.68)

The maximum error is given by:

[Emlleo = [1f — g1l = 0.5. (2.69)

Let uy(x) be the line which connects the endpoints (0, f(0)) and (2, f(2)), this means

that,
u (x) = £(0) + (w) (x—0) =0+ (%) N (2.70)

From (2.70), it is obtained as u; (x) = 2x.

Let uy(x) be the tangent to f(x) at a point a which is given by:

uw(x) = fla)+f (o) (x—oa) =14+2(x— ). (2.71)

Hence, from , it is obtained as uy(x) = 2x — 1.
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Figure 2.9: Graphs of f(x) = x> and ¢; (x) the minimax polynomial of degree 1 for f
on [0,2].

Figure|2.9 presents the graphs of the function f(x) = x> (continuous curve), the
minimax polynomial q| of degree 1 for f (straight line) parallel between u, and u;, the
line uy (the dotted curve), and the tangent u, (the dotted curve). From Figurd2.9} it is
observed that the minimax approximation polynomial q is the straight line and the

curve graph is the plot of the function x* and then the maximum error between f and q,

is 0.5.

The following subsection introduces the Lebesgue function and its maximum
over the domain of interpolation polynomial. Furthermore, three sets of points, namely
equispaced points, CG points and CGL points are investigated in terms of Lebesgue

constant to determine their interpolation properties.

2.2.2. The Lebesgue Function And The Lebesgue Constant

The Lebesgue function is defined as the summation of the absolute value of La-
grange basis functions. The Lebesgue constant which is the maximum of the Lebesgue
function, depends on the interpolation points and gives an idea on the closeness of
Lagrange interpolation polynomial py to the best approximation polynomial of degree
N. One of the reasons for investigating the Lebesgue constant is related to the upper

bound in the interpolation error || f — pn||-, Which will be shown later in this subsection.
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The operator that associates the spaces of continuous functions and polynomials

Py is linear and it is given as

Py :Cla,b] — Py:f(x) = pn: p()=pn(f;.). (2.72)

Therefore, for a;, a € R, and f1, f> € Cla, b] then Py (ot fi + 0 f2) = 01 Py f1 + Qo Py f.
Furthermore, for all f € &y, Pyf = f which implies that Py is a projection operator

[18]. A norm of Py can be defined as follows:

e Py f]|
reclab) | f]]
F£0

1Bn | =

(2.73)

Taking the infinity norm of the Lagrange interpolating polynomial of f associated with

the interpolation points given in (2.6), it is obtained [18]

N
()l = mas, | 1 F)C(a)

N
2.74)
<
<)l max Y [Cel)]
)
= [|f lleo | AN | o
where
N
An(x) =Y |Ci(x)] (2.75)
k=0
is called the Lebesgue function. Define,
Ay = 2.
N agljgb()w(x)) (2.76)

as the Lebesgue constant. It is clear that Ay(x) and Ay depend on the interpolation
points but not on the function f(x;). Thus, the Lebesgue constant is a numerical value
which provides a measure of the interpolation error compared to the best polynomial
approximation in the infinity norm.

Let gy be the best approximation of f on [a,b] in the infinity norm by polynomials
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of degree at most N. By using the projection property Pvgn = gn, and (2.74)-(2.76), it
is obtained that,

1f = PN Sl = IIf —an +an — PN Sl
< |If = anlle+llav — pn Sl
= I/ —anlls+lpn(gn = f)ll 2.77)
<|If = agnlleo + ANl f — gn][e

< (1AW —anll-

Hence, py converges to f as the factor Ay||f — gn||- goes to 0 as N tends to infinity.
However, Ay is not uniformly bounded.

In order to have a good approximation, we would like to choose the interpolation
points in such a way that Ay does not become too large. The following theorem is taken
from [[19] which asserts the existence of a positive constant ¢ such that no matter how

the points xg, X1, .. .,xy are chosen, Ay > O(logN) always holds as N — eo.

Theorem 2.6. For any sequence of interpolation points, there exists a positive constant ¢

such that

2
Ay > = log(N+1) —c. (2.78)

In order to answer the question about the best choice of interpolating points,
firstly, the attention is focused on the case of equispaced points with the associated
Lebesgue constant denoted by Af,qs, and then discussion on the case of CG points which
are Chebyshev points of the first kind with the associated Lebesgue constant Ag,G is
provided. And further discussions on the case of CGL points (extreme points) with
the associated Lebesgue constant A]f,GL are presented. And finally, a comparison of the
three cases to see which one is more accurate than the other is also carried out.

Starting with the case of equispaced points, the following theorem taken from [20]

which gives the upper and lower bounds of A& is included.

Theorem 2.7. For each integer N > 1, the Lebesgue constant Af,qs is bounded as:

<A< (2.79)
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with the asymptotic estimate

N+1
AEqu 2N

~N——m——, N—o 2.80
N " eN(logN +7y)’ (2.80)

where v = 0.57721566 is the constant known as Euler’s constant.

From relation li it is observed that the Lebesgue constant Aﬁqs grows fastly
when N increases. This shows that when the number of nodes increases, interpolation
using equispaced points results in a very poor approximation. Therefore, the choice
of equispaced points results in an inconvenient interpolation in connection with the
Runge phenomenon. Figure[2.10]and Table[2.3]are included to better illustrate a result

of choosing equispaced points for the polynomial interpolation.

Table 2.3: Lebesgue constant Af,qs for equispaced points.

N AL®

1 1

2 1.25

3 1.6311

4 2.2078

5 3.1063

10 29.8981

15 512.34

20 | 1.0979 x 10*
65 | 8.8449 x 10'°
100 | 1.7575 x 10%7

From Table [2.3|it can be seen that the Lebesgue constant Af,qs increases dramati-
cally as N increases.

In Figure [2.10] the graphs of the Lebesgue function for N = 5,10, 15,20 using
equispaced points are drawn, where it is observed that the Lebesgue function oscillates
near the endpoints as in case of Runge phenomenon. It is also seen that near the mid-
point of the interval [—1, 1] the Lebesgue function decreases. Furthermore, when the

number of nodes increases, interpolation using equispaced points results in a very poor
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Figure 2.10: Graphs of Lebesgue function )ﬁqs, for N =5,10,15,20.

approximation. It can be seen that the Lebesgue constant Af,qs of equispaced points
increases very fast when N increases.

The case of CG points defined in (2.45) which are the zeros of Chebyshev
polynomials Ty is considered next. In [21] the Lebesgue constant for interpolation

using the CG points denoted by A]%G is given as:

CG _
Ay~ =

SRS

8 T
logN log — (07 here0 <oy < =7, N>1. (281
(og +}/+0gn)+ N, Where N L V2 ( )

Table 2.4] presents the Lebesgue constant for CG points for various N. It can be seen
that the Lebesgue constant AI%G is not too large when N increases compared to the case
of equispaced points. Figure 2.T1] presents the graphs of the Lebesgue function for
N =5,10,15,20, using CG points. From this figure it is seen that when the number of

nodes increases, interpolation using CG points results in a good approximation.
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Table 2.4: Lebesgue constant A]%G for CG points.

N | AC
1| 14142
2 | 1.6667
3 | 1.8478
4 | 1.9889
5 121044
10 | 2.4894
15 | 2.7278
20 | 2.9008
65 | 3.6297
100 | 3.9006
TN

Figure 2.11: Graphs of Lebesgue function AA?G, for N =5,10,15,20.

The case of CGL points with the associated Lebesgue constant AIQ,GL is finally

presented. Recall that the CGL points are the zeros of the polynomial (1 —x?)7y(x)
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and are defined in (2.46) which are the extrema points of Chebyshev polynomials of
Tn(x) over [—1,1].

In [22] the Lebesgue constant for interpolation using CGL points AgGL is given as:

2 8 1
ASCL — Z (] log — — 2.82
N n(ogN%—}H— Ogn)+0(N2>’ (2.82)

where N is the number of points and 7 is the Euler’s constant.

Table 2.5: Lebesgue constant AS,GL for CGL points.

N | Ao
1 1

2 1.25
3 | L6667
4 | 1.7988
5 | 1.9889
10 | 2.4210
15 | 2.6867
20 | 2.8677
65 | 3.6200
100 | 3.8930

Table[2.5]is included to better understand why the choice of CGL points for the
polynomial interpolation is more accurate than equispaced points.

Table [2.5| presents Lebesgue constant for CGL points for various N, where it can
be seen that the values of Af,GL are not too large when N increases compared to the two
other cases, namely equispaced points and CG points.

Figure presents the graphs of the Lebesgue function for N = 5,10, 15,20,
using CGL points. From this figure it is seen that when the number of nodes increases,
interpolation using CGL points results in a good approximation.

In order to better understand the choice of interpolating points and to allow a
comparison in terms of accuracy Af,qs, A, and AGCL are compared in Table

By comparing AL?, ASC, and ASCY listed in Table 2.6} it can be observed that
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Figure 2.12: Graphs of Lebesgue function /IISGL, for N =5,10,15,20.

Table 2.6: Comparison between Ay, AGC, and AGL.

N Aﬁqs ASG | ASCL
1 1 1.4142 1

2 1.25 1.6667 | 1.25

3 1.6311 1.8478 | 1.6667
4 2.2078 1.9889 | 1.79838
5 3.1063 2.1044 | 1.9889

10 29.8981 2.4894 | 2.4210
15 512.34 2.7278 | 2.6867
20 | 1.0979 x 10* | 2.9008 | 2.8677
65 | 8.8449 x 10'6 | 3.6297 | 3.6200
100 | 1.7575 x 10%7 | 3.9006 | 3.8930

the CGL points yield the smallest Lebesgue constants among the three interpolation

points. It can also be seen that Af,qs of equispaced points increases very fast when N
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Figure 2.14: Graphs of Lebesgue function lﬁqs (left), lng (middle), and JL]{;GL (right),
for N = 20.

increases.

Figure presents the plots for Ay?, ASC, and ASCL for varying N. Figure
m presents the plots for Lebesgue function /'Lﬁqs, 256, and ASCL for N = 20. By
observing Figure it can also be seen that when N increases Af,qs of equispaced
points increases very fastly. From Figure [2.13]and Figure [2.14]it is observed that the
CGL points are the most accurate among the three sets of interpolation points.

Figure m presents the plot for Lebesgue constant Ag,GL for varying N. From
this figure it is observed that even for a large value as N = 500, the Lebesgue constant
in the case of CGL points is not very large compared to that of equispaced points for

N =12.
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Figure 2.15: Graph of variation of Lebesgue constant AI%GL, with respect to N = 500.

In addition, by using the inequality (2.77/) for N = 200, the interpolation error

based on the equispaced points is computed as

If = P lleo < (963 X 10°) || f — g | co- (2.83)

The case of the interpolation error based on the CG points for the same degree can be

considered as follows:

I1f = Pl < (534 x 10°)]| f — g |oo- (2.84)

For comparison if CGL points for the same N are chosen, then the interpolation error is:

I1f = Pl < (533 x 10°)]| f — g |o»- (2.85)

From (2.83)-(2.85), it is concluded that the choice of CGL points is more accurate than

other two interpolating points.

In the following example which is taken from [15] the maximum error in the
infinity norm for equispaced and CGL interpolation points on the interval [—1,1] as

well as the convergence behaviour are investigated.
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Example 2.6. (Runge’s example)
The function f : x+— (1+ 16)62)*1 which is considered by using equally spaced

interpolation is now considered with CGL points defined on the interval [—1,1].

Table 2.7: Comparison of the maximum error in the infinity norm of the difference

between f and; each of py and py with equispaced (|| f — pn||~) and CGL points
(1f = Bnlleo.

N | If=pnlleo | If = Bnlle
4 | 0.3853 0.37083
10| 1.1769 0.07476
12| 1.9692 0.04251
16 | 5.9104 0.01754
20| 18.751 | 6.67x1073
50 | 1.99 x 10° | 3.96 x 1076
60 | 4.81 x 107 | 3.35x 1077
80 | 2.95x10° | 2.36 x 107?

Table2.7|presents the maximum error in the infinity norm of the difference between
f and; each of py, and py for x in the interval [—1,1] using equispaced and CGL
points respectively, for several values of N from 4 up to 80. From Table [2.7] it is
observed that the maximum error in the infinity norm of the difference between f and
pn increases when the number of nodes increases, and then for values from N = 16 up
to 80 the error becomes too large (Runge phenomenon) as previously explained, while
the maximum error in the infinity norm of the difference between f and py decreases
when N increases.

Figure plots the function f(x) = (1+16x?)~" and the Lagrange interpolation
polynomial po for f based on equispaced points on the interval [—1,1|. From this
figure it is observed that the graph of the Lagrange interpolation polynomial pyy does
not seem to approximate f, and the resulting interpolation oscillates toward the ends of
the interval [—1,1].

Figure presents the function f(x) = (1+16x%)"! and the Lagrange inter-
polation polynomial pyo for f based on CGL points on the interval [—1,1]. From this

figure it can be seen that the graph of the Lagrange interpolation p1o approximates the
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Figure 2.16: Graphs of f(x) = (1+16x?)~! and its polynomial interpolation py(x)
with equispaced points for N =10 on [—1, 1].
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Figure 2.17: Graphs of f(x) = (1+ 16x?)~! and its polynomial interpolation py(x)
with CGL points for N =10 on [—1, 1].

function f well.

Figure[2. 18| presents the graphs of the absolute errors of the function f and its
interpolating polynomials py and py for N = 10 on [—1, 1] using equispaced and CGL
points respectively. From this figure it is seen that in case of equispaced the absolute

error oscillates towards the end points (Runge phenomenon) while in case of CGL

points the absolute error is not large.
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Figure 2.18: Graphs of the absolute error of f and its interpolating polynomials py(x)

and py(x) for N =10on [—1,1].

According to the application of CSCM, the following subsection is included to
see how to obtain an approximation of the derivative f’ from the Lagrange interpolation

polynomial defined by (2.6).

2.2.3. Differentiation

In this subsection the differentiation of the interpolation polynomial is considered.
Supposing that the polynomial pj, which is an approximation to f” from the Lagrange
interpolation polynomial defined by the relation (2.6)) is to be obtained. The polynomial

Pl has the degree at most N — 1 and is given as follows
N
pn() = ) GOf(),  (N=1). (2.86)
k=0

The following theorem gives an expression for the difference between f’(x) and the

approximation pj, (x) which is proved in [10].

Theorem 2.8. Assume that f € CV 1! la,D], and xo,x1,...,xn are distinct interpolation
points, and py € Py is the Lagrange interpolation polynomial for f. Then, there exist

distinct points Xy, X1, ...,Ky in (a,b), and corresponding to each x in [a,b|, there is
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§ = {(x) in (a,b) such that:

SN

f1(x) = piy(x) = === OF (x), where w(x) = (x— k) (x = Ky) -+ (x = Ky).

N!
(2.87)

The following corollary is included to illustrate the bound of error for the differ-

ence between f’ and p), .

Corollary 2.2. Let N > 1, and assume that f € CN1a,b]. Suppose that xo,x1,...,xn
are distinct interpolation points in the interval [a,b], and py € Py the Lagrange

interpolation polynomials for f.

I'nia
N!

(b—a)MTy4s

@5 (x)] < TN

(%) = piv(x)] <

Dyt = max [FV ().

(2.88)

Remark 2.1. If f and all its derivatives are defined and continuous on [a,b|, and
b—a)"T

lim (b=a) Tn+1 _ =0, then lim max, |f'(x) — piy(x)| = 0. This shows the uniform

N—yoo N! N—oog

convergence on [a,b| of the sequence of interpolation polynomial p) to f.

The following example is included to illustrate how the Corollary [2.2]can be used.

Example 2.7. Consider the function f:x+— € on [—a, o], where o > 0. Assume
that f is given at the xo = — and x| = o, and that f(—a.), f(¢) are known, however,
up to given rounding errors €_ and €, respectively. Also assume that p; € & is the

Lagrange interpolation polynomial for f at xo and x| which is given as

e*—e @
pi(x) = T(x—i— o)+e (2.89)
% — o
Differentiating (2.89) with respect to x. It is obtained as p'(x) ~ “oa Therefore,

Py € Py which represents an approximation to f'(0) = 1 at any x in the interval
[—o,a]. However, only e=% +¢_ and e* + €, are available due to the presence of

rounding errors, with unknown €_ and €. Therefore, it can be only calculated

(e“+e)— (e +e )

o (2.90)
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o

e*—e ™ g —€
Equation (12.90) can be written as follows: + . Then,
20 200
e*—e @
li —— —f(0)) =0. 291
tim (“" o) 2o
o -

From (2.91)), it is obtained that % converges to f'(0) as o tends to 0, while for

€_ and &, nonzero and fixed, the following applies,

. &L — &
1 = oo, 2.92
1m< 0 ) (2.92)

Remark 2.2. The approximation of f'(0) might not be accurate due to a large error
ey —& |
2o

might be small when o becomes very large in comparison with |€; —

whose size is

ey — |
200

when a becomes too small in comparison with |€; — €_

>

while
€_|. Therefore, the existence of an optimal o that depends on the magnitude of the
rounding error is shown by these observations, where the error between f'(0) and the

approximation (2.90) is smallest.

(e“+e)—(e%+e )
T = f(0).

By expanding e~% and e into Taylor series about point x = 0, it is obtained as:

Consider E(a) =

e = f(0)—af'(0)+ %azf”(O) - éasfﬁ/(Q)» (2.93)
and
& = 1(0) + s (0)+ 502 (0) + ¢S (&), 2.9

where ) € (—a,0) and §; € (0, ).
Subtracting equation (2.94)) from (2.93), it is obtained as

e =2ap'(0)+ (G + (&), 2.95)

The fact that there exists f/”/(x) = ¢* which is continuous at all x € [—o, &¢], this implies
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1
the existence of { in (—a, o) such that () = E(f”’(Cl) + " (&)). Moreover, by
using (2.95)) it is obtained as

— —f/(()) _ éazf/,/(C)7 (2.96)

and hence

£, —€_

o (2.97)

E(a) = o (0) +

By taking the absolute value of both sides in the relation (2.97)), the following applies

e —€_
20

_ 1 2 o €y — €
E(a)|=|-a’f (C)JFT

<
6 =

(2.98)

1 2 et
£ 0|+

By bounding | f"'({)| by I's = I[nax }|f’”(x)|, and then |e;| and |e_| by €, then the
xE[—o,0

result

I 5 €
E < —aT3+—. 2.99
E(0)] < g0+ (2:99)

Let K(o) be the right-hand side of the relation (2.99) as a function of a > 0, this
function is positive. We need to have the value of a for which the bound on |E ()| is

1 €
minimized. Setting the derivative of K(a) = —o°T'3 + p to 0, the following applies

6
Lars— £ —0 (2.100)
3 o? ’
and hence,
3e 3
o= (E) , 2.101)

which gives the value of o for which the bound on |E(a)| is minimized.
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Table 2.8: Values of p (x) and |E ()| with different values of o.

o | pix) | |E(a)]
0.1 | 1.0017 | 0.0017
0.01 | 1.000 0
10-12 | 1.000 0
10713 0.9998 | 0.0002
107141 0.9992 | 0.0008
10715 | 1.0547 | 0.0547
10716 | 0.5551 | 0.4449
10-17 0 1

Table shows p/(x) which represents an approximation to f'(0) = 1, and
|E(a)| the error between f’(0) and the approximation for several values of «.
From Table it can be seen that for a = 0.01 up to 107'2, P (x) approximates
well f'(0) which is equal to 1, while for & = 0.1, p/ (x) = 1.0017 and for o = 10~ 13,
P’ (x) = 1.0547. Furthermore, for & = 1071* and a = 1071°, p/(x) = 0.9998 and
P’ (x) = 0.5551 respectively, and then for o = 10717, p} (x) = 0.

The graphs and tables of the maximum error in the infinity norm of the difference
between f and; each of py and py with equispaced (|| f — pnl|~) and CGL points
(||f — Pnll=), and, f’ and; each of p), and p) with equispaced (|| /' — pjy||-) and CGL
points (|| f — Py ||«), are given in that follows.

For that, the first case fj(x) = ¢*sin(5x), and the second case f>(x) = sin(10x) are

considered. It is known that f](x) = *(sin(5x) + 5cos(5x)), and f3(x) = 10cos(10x).

Table 2.9: Comparison of [|fi — pxlle= » [l/1 = Pl and [| /] = Plylleo » /] = Dy le=-

N | [[fi—pwlle 1fi=Bnlle | Ifi—Plles | 111 = Byl
5167499 x 1071 | 5.3279 x 107! 7.9959 4.6414

10 | 5.8674x 1073 | 8.7306 x 1074 3.7807 0.0225

20 | 2.1520x 1072 | 1.3768 x 10711 | 1.8336 | 6.7161 x 10~1°
50 | 5.9108 x 107* | 3.1086 x 10~1° |  0.7274 | 4.9094 x 10~ 3
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Figure 2.19: Graphs of || f{ — pjy || (left) and || f{ — pjy |- (right) on [—1,1].

Table [2.9] presents the maximum error in the infinity norm of the difference
between f] and; each of py, and py for x in the interval [—1, 1] using equispaced and
CGL points respectively, for several values of N from 5 up to 50. From this table it is
observed that the maximum error in the infinity norm of the difference between f and
pn decreases when N increases. Furthermore, it can be seen that the maximum error
in the infinity norm of the difference between f| and py decreases when N increases.
When compared with the results obtained by using equispaced points, it is observed
that the results obtained by using CGL points give more accurate approximations than
obtained by equispaced points. In the same way, in the case of differentiation, the results
obtained by using CGL points give more accurate approximations those obtained by
equispaced points.

Figure shows the graphs of || f{ — piy|l- and ||f] — py |- for N = 10 and
N =50 on [—1, 1] using equispaced points and CGL points respectively. It is observed
that the maximum error in the infinity norm of the difference between f] and p},, and,

f1 and ply decreases as N increases. Moreover, It is also seen that for the case using
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CGL points for N = 50, the results give a good approximation.

Table 2.10: Comparison of || f2 — pnlle » | f2 — PN |l @and || f5 — phylleos [|.f3 — Biyloo-

N | la=pwlle | Ifa=pnlle | Ilz=Phlle | IS5 = Pylles
5 2.7141 1.4238 13.9000 11.3219
10| 2.4663 6.0413x 107" | 2.7645 6.2859

20 | 1.7445x 1073 | 1.2239x 1073 1.2076 3.9430 x 10~4
50 | 9.7587 x 10~ | 2.1094 x 1015 0.4682 4.3165 x 10713
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Figure 2.20: Graphs of || f; — piy || (left) and || f5 — Pyl (right) on [—1, 1].

Table [2.10] presents the maximum error in the infinity norm of the difference
between f, and; each of py, and py for x in the interval [—1, 1] using equispaced and
CGL points respectively, for several values of N from 5 up to 50. From this table it
is observed that the maximum error in the infinity norm of the difference between f>
and py decreases when N increases. Further, it can be seen that the maximum error

in the infinity norm of the difference between f, and py decreases when N increases.
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When compared to the results obtained by using equispaced points, it is observed
that the results obtained by using CGL points give a more accurate approximations
than those obtained by equispaced points. In the same way, it can be seen that in the
case of differentiation, the results obtained by using CGL points give more accurate
approximations than those obtained by equispaced points.

Figure [2.20] shows the graphs of ||f; — piy|l and || /5 — Pyl for N =10 and
N =50 on [—1, 1] using equispaced points and CGL points respectively. It can be seen
that the maximum error in the infinity norm of the difference between f} and p),, and,
f5 and pj decreases as N increases. Furthermore, it is observed that there is a good
approximation for the case using CGL points than that of the case using equispaced for
N =50.

As a conclusion, in this chapter, the theory of polynomial interpolation has been
included with the existence and uniqueness of Lagrange interpolation polynomial. In
estimating the error that exists between the function and its interpolating polynomial, it is
shown generally that, the convergence that is expected to occur does not happen, and for
this reason it is necessary that the error is carefully evaluated. The Runge phenomenon
is discussed and then, the solution to the problem arising from this phenomenon is
considered by placing special points. Moreover, polynomial approximation in the
infinity norm is used to determine differences in the function and its interpolating
polynomial. Because of this, the best approximation of degree N is stated and examples
are provided. After this, the Lebesgue function and the Lebesgue constant are evaluated.
The Lebesgue constant gives an idea on the closeness of Lagrange polynomial to the best
approximation polynomial of degree N. Three sets of points, namely, the equispaced
points, the CG points and the CGL points are used. It is observed that, among these sets
of points, the CGL option is the most accurate. Finally, differentiation is also stated and

with examples given.
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3. NUMERICAL SOLUTIONS OF MHD EQUATIONS
USING CHEBYSHEV SPECTRAL COLLOCA-
TION METHOD

In this chapter, the numerical solutions of MHD flow equations using CSCM are
presented. The CSCM relies on the interpolating polynomials which are defined on a
set of CGL points where the differential equations are discretized to approximate the
unknown functions. The polynomials are analytically differentiated, and for derivative
approximation a differentiation matrix is constructed. The derivatives of higher order
can easily be obtained by the multiplication of lower order matrices if a careful tech-
nique is considered to reduce the rounding errors induced. This makes the procedure
computationally simple and achieves a high order accuracy for small sized problems.
Thus, the method is used extensively in simple geometries. The main goal of this chapter
is to use the convenience of CSCM with high order accuracy to approximate MHD
equations. Section [3.1]describes the method of obtaining the differentiation matrices
and the details of the collocation approach using CGL points. Applications of CSCM to
2D incompressible, MHD problems are presented in Section [3.2] The CSCM solutions
to one-dimensional MHD Couette flow are presented in Section[3.3.1] Additionally, the
application of CSCM to the two-dimensional forced MHD flow problem with analytical
solution is presented in Section In Section the application of CSCM to
the two-dimensional fluid flow problems, laminar, transient, incompressible MHD flow
subjected to an externally applied magnetic field, with attention to the induced magnetic

field in a regularized lid-driven cavity is considered.

3.1. Chebyshev Spectral Collocation Method

The basic idea in CSCM is to require the numerical approximation py of a solution

f to a boundary value problem

Df=g
Bf=h

3.1
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to be exactly satisfied on a set of predefined points called the collocation points. In
B is the boundary operator, ® is the differential operator, # and g are respectively
known functions in the problem domain and on the boundary. In this method, the
solution f is generally interpolated at the collocation points which are taken as CGL
points defined in the previous chapter. Moreover, the derivatives of f are approximated
by the derivatives of py. Due to the desired property of uneven distribution in the
standard interval, the CGL points are widely used in interpolation, where most of them
are gathered near the endpoints on the interval.

Recall that in the previous chapter the Chebyshev polynomial of the first kind
Ty(x) of degree N on the interval [—1, 1] and the recurrence relation were defined. The

recurrence relation on the derivative is given as

T1\/1+1 (x) _ T1<171 (x)

ANFT) 2(N—1) =Ty(x), forN>1. (3.2)

Previously, it is seen that f € C[—1, 1] can be approximated by py of degree at most N
of the form [23]]-[IL5]

pr(x) =) Ci)F (), (3.3)

CGLY — f(xCOL

with py (x5 7

as [24]

), and Cj(x) is a Lagrange basis function of degree N defined

(1 =2 Ty (x)
YiN?(x —x?GL)

2 u 1 CGL
= 2y Ln(Sotyn).
Ngj[;()gl

Ci(x) = (—1)"" for j=0,1,...,N

(3.4)

T
In the previous chapter the CGL points on [—1, 1] are given as ijGL = Ccos (Jﬁ) ,

and =y =2,andy;=1for j=1,...N—1.

Cj(xk):3j fOl‘j,k:O,l,...,N (3.5)

and gj =2for j=0,N, ¢;=1if j=1,...,N— 1. The derivatives of the approximate
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solution py are estimated by derivation of (3.4)) at the collocation points and evaluated
by expression (3.3). This gives

P () = Y O (x) £S5, (3.6)

At the CGL points, the first derivative satisfies Cj(.l) (x;) = d;j where

2N?+1

doo = c

dny = —do, 3.7)
Gi(—1)+/ .

dij=———"—= Jj#i, Jji=1,....N—1.

T G

J

In order to obtain the discrete values of the first derivative of f the following applies
1) u L
x)=Y dijf(x§9h). (3.8)
Jj=0
In matrix-vector form, Equation (3.8) can be written as
d 1
oy = D) pw), (3.9)

where {py} = [pn(x§9E), py(xS9L), ... py(x§PE)] T, and [DY))] = [di;] is the first or-

der Chebyshev differentiation matrix (CDM) which is of size (N+1) x (N + 1), [23]-
[LLS]].

In order to calculate the first derivatives, the round off errors are minimized by

computing the diagonal entries d;; as [[15]
dij=— Y dij. (3.10)
The m-th order derivative of the function f(x) is approximated by
& (o} = Do), (3.11)
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(m)]

where [D](Vm)] = [DI(\:)]’” and m denotes the usual matrix multiplication m-times. [Dy,
is referred as the m-th order CDM. The CGL points on an arbitrary interval [a,b] can be

taken by a linear transformation as

b—a JT a+b
CGL __ P
X; _TCOS (N)—i- 7 where j =0,1,...,N. (3.12)

A sample distribution of the CGL points used as collocation points on a 16 x 16 grid in
the problem domain is illustrated in Figure where it can be seen that the collocation

points gather through the boundaries.

Figure 3.1: A sample CGL points distribution of a square region using N = 16.

3.2. Applications Of CSCM To MHD Equations

This section presents the applications of the Chebyshev spectral collocation method
to 2D incompressible, steady, MHD flow problems. As mentioned in Chapter 1, the
MHD equations are obtained by coupling the Maxwell’s equations with N-S equations
by means of Ohm’s law. The governing equations can be formulated in terms of # and v
the respective x-and y-components of the velocity of the fluid, pressure p, intensity of
the magnetic field B, and B,.

The non-dimensional governing equations for incompressible MHD flow problems

are given as 8]

57



du dv

$+a_y_0’ (3.13)

du du dp 1 [(d*u d*u Ha? dB, JB,
”ZHa_y__EJrE <8x2+8y2> _RemReBy< dox  dy ) (3-142)

dv  dv_ dp 1 (9% Ha? dBy 9B

“ox '3y T 9y Re (ﬁ* ayz) +RemReBx( oy ) . (3.14b)
dB;. 0B,

ax oy O (3.15)
1 [(9d°B, 9?B, p)

Re,, ( ox? + ayz ) +a_y(uBy_VBx) _07 (3163)
1 (d*B, 9?B)\ 0

Rep ( 2 oy ) — 5. (uBy—vB:) =0, (3.16b)

where Re, Re,,, and Ha represent respectively, the Reynolds number, the magnetic

Reynolds number, and the Hartmann number. Equations in (3.13) and (3.14)) are

obtained from the N-S equations namely the continuity and momentum equations,
respectively, whereas the equations (3.15)) and (3.16)) are obtained from Maxwell’s
equations. The divergence-free condition for the magnetic field given in (I.4)) could
be considered as redundant. The system can be numerically solved without using this
equation. In order to reduce the Maxwell equations in the continuous level, the previous
condition (I.4) is implied in combination of Ampere’s and Ohm’s laws as described in
Chapter 1.

Equations in (3.13) and (3.14) accurately constitute the fluid flow phenomena,

however, the pressure terms in the momentum equations cause difficulties in the di-
rect solution of these equations. Consequently, many researchers have introduced
alternative formulations to represent these equations. The formulation of the stream
function-vorticity is one of these methodologies for the 2D flow. In order to obtain this

formulation, stream function y satisfying the equation (3.13)) automatically is given as

_ 9y _ 9y

5 T e (3.17)

u
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From (3.17), by substituting # and v in the equation (3.13), it is obtained that,

du dv_ 'y oy _
ox dy IJxdy Jxdy

(3.18)

Thus, the continuity equation is satisfied. The non-zero component of the vorticity field
win a 2D flow is defined as
dv  du

From (3.17), by substituting « and v in the equation (3.19), results in the following

_dv  du

T o dy
P’y Py

T2 9y? (3.20)

= —Ay.

Therefore, the relation between w and y is given by w = —Ay.
In analogy to the stream function vorticity formulation, a natural approach is to
introduce the magnetic stream function A relating to the magnetic field components as

follows
(3.21)

The current density J is defined as

o, o
dx  dy’

(3.22)

Now, it is possible to eliminate the pressure terms in the equations (3.14) by subtracting
the derivative of the first equation of ([3.14]) with respect to y, from the derivative of the
second equation of (3.14]) with respect to x. This is done to avoid handling the pressure

as it has no physical boundary conditions.
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Let Hy be the left hand side of the resulting equation, and Hg the right hand side.

Then, Hy, gives

g2 (20 vy _ 9 (,9u_ du
L=ox\"ax "oy ) Ty \Max "V ay

_ouav v avav | v
dxdx  dx* dxdy  dxdy
du du 0’u  dvaiu du
T 9yox “oxdy ayay oy
dv (du dv av 9%y
- = (a‘i‘a—y) +Mﬁ+vm
=0
du (du Jdv 9%u du
‘5(%*@)”5@‘?@
T
av %y 9%u du
T +vc?x&y B u&x&y _v(?_y2

(2 (o
— "\ ox ayxvax y/,
%/_/

(3.23)

w.
X wy
= UWx + VW)
o
“ox vay
T
L= dy dx odx dy’
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And Hp gives,

Hg =

1 /d%  du *v  u
Re (8)63 ~ 9x2dy + 0xdy? 8y3>
Ha? (8Bx dB, 9B, dB, B 9By, asz)
Ren,Re \ dx dx  dy dx " 9x2 Ixdy
N Ha? (5‘By JB, 9JB, an+ @_B @)
ReyRe \ dy dx  dy dy Yoxdy 7 0y?

_ L] (v _du\ 9 (ov ou
" Re ) ox2\dx dy/) 9y2\ox dy
—— ——

w w

(

N Ha*> ) 9B, (0B, _ 0B, +aBy dBy 9B,
ReyRe | dx \ dx  dy dy \ dx dy
—_—

(3.24)

+Ha2 5 (9B 9B 5 JBy, 9B,
RenyRe ) 2\ dx 9y v \ox 9y /),

v v

Jy Jx

Ha*> (0B, OB
J Y]+ B.J.+ By,J
RemRe{8x +8y +XX+yy}

1
= R_e( xx+wyy)+

Aw

1 Ha? <an JB,

= — | +ByJy + ByJ.
Re Rey,Re 8x+ 8y)+ xe T Byly

=0
1 Hda?
=—Aw+ :
Re Re,, Re
1 Ha? <8A dJ O0A 8])

= Aw4 (222929
Re W+RemRe+ dy dx dxdy

+ (BuJx + ByJy)

Hpg

Therefore, Equation (3.14) can be expressed in terms of ¥, w,A and J as follows:

Jyow Jdydw 1 Hd? dAdJ JAIJ
Thus, from Equation (3.25)), the following applies:
B dydw Jdydw Ha?> (0AdJ 0AdJ
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Similar to the above deduction, Equations (3.15))-(3.16) can be obtained. The left hand

side gives

1{83By J’B,  9°B, 83Bx} 1 02 (aBy an>

Rem | 03 8x2(9y+ 0xdy2  dy? - Reym | 0x2 \ ox 9y
J
L L) (98, os, (3.27)
Re, | y* \ dx  dy

J

1 82J+82J
" Rep, \9x2  9y? )’

The right hand side gives

9? 9? 92  9?
W(MBy - VBx) - {—a—yz(l/tBy - VBx)} = <ﬁ + 3_)72) (MBy - VBX). (328)

Hence, it is obtained as

1 (9% 9% ? 92
Rey, ((9)62 * 8y2> - (ﬁ + a_yz> (uBy —vBy). (3.29)

Thus, from the equation (3.29) the following is obtained

AJ = ReA(uBy — vBy). (3.30)

In non-dimensional form, Equation (3.22)) can be expressed in terms of A and J as:

o, o

~ dx Oy

_9A_A (331)
dxr  dy?

J=—AA.

Hence, it is obtained as AA = —J.
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Consequently, the governing equations are nonlinear system of PDEs, coupled, and

are given as [8]]

Ay = —w,

e (P03 DWW B (9405 9nds

e dy dx Jdx dy Re, \ dy dx dxdy)’ (3.32)
M= —J,

AJ = Re,,A(uBy — vB,).

In the equations above, the dimensionless parameters Re, Ha and Re,, are given as
described in Chapter 1. The equations defined in (3.32)) are nonlinear, then to solve
these equations, an iterative procedure to approximate the solution of these equations is
applied. For this reason, an artificial time, ¢, dependence is introduced into the problem.

Thus, the equations to solve are given as follows:

Ay = —w,

(P00 DO A (009 A0

Jt dy dx dx dy Re,, \ dy dx dx dy (3.33)
A = —J,

aJ dYyJdA JdyIdA

Now, the CSCM discretization is obtained by following the steps of Section [3.1] the
first order CDM in the x-direction, as denoted by [D]g)] = [dl.(})] is computed. The

second order CDM in this direction is obtained by calculating the square of DV as

N
follows [D](\?)] = [dl-(jz)], and in the same way differentiation matrices in the y-direction,
[E]E,1 )] = [el(})] and [E]E,2 )] = [eg)] are computed. The unconditionally stable backward

difference scheme

au m+1 u(m+1) o u(m)

= = (3.34)

is used for advancing in time direction. Having constructed the differentiation matrices,

the approximations Yy to stream function, wy to vorticity, Ay to magnetic stream
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function and J to current density are substituted into the equations (3.33) as:

di(jZ) (ww)ij + 65_,2) (ww)ij = —(ww)ij, (3.35)
()l 0@ (on )i+ e (wn)ii — ReGii — fi (3.36)
St ij ij ¥ €ij ij ij = Jijs
di(jZ) (An)ij +e§f) (An)ij = —(In)ij, (3.37)
W = d7 (In)ij+ el (On)ij+ Rew(d + ¢S, (3.38)
where i, j=0,1,...,N, and dl-(]].v) and eg-v) are Chebyshev spectral N-th derivative coeffi-

cients in x- and y- directions, respectively. Further,

Hd?

£ = e e (An)idyy) Uiy —d i) (An)igel ()i (339)

and,
Gij = eEp(WN)ijdi(jl)(WN)ij _dz'(]'l)(WN>ijez(]]')(WN)ij] ; (3.40)

and
Sij = elg})(WN)ijdi('l)(AN)ij _dz'(jl)OVN)ijez(})(AN)ij} : (3.41)

By using the Kronecker product ®, the discretized equations in (3.35)-(3.38)) can be

written in matrix-vector form.

oa ob|Ba Bb
o a b oc ad| Pc PBd
For instance, P ® = pe P
0 v c d 6a 6b | 7ya 7Yb
Oc 06d | yc vyd
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Moreover, equations in (3.35]) and (3.37) are written in matrix-vector notation as given

in Section[3.2] as

Kyt = (3.42)
and
KAy = ), (3.43)

Equations in (3.36) and (3.38) are written in matrix-vector notation respectively as

follows
L) om) 1 1
A R
Ha’ 1)
o G il
w](\;"ﬂ) —wj(\,m) = KStwl(\’,"H) — OtRe {ﬁ’(l]/(mﬂ),w](\,mﬂ))}
Ha’ o A(mt1) (mt1)
+E5t{J(AN S
[I—K(St—f— OtRe {35(1;/('”“), l)}] w}(\:;1+1) = wl(vm)
Ha® o (1) (mt])
+mar{J(AN I
[l— ot <Re {ﬁ(l]/("”l), l)} —K)] w](\;nﬂ) = wi(\,m)
Ha® o [ (m+1) (mt1)
+R—em5t{f(AN I}

Hence, equations in (3.36) is expressed in matrix-vector notation as
[1— St (Re {ﬁ(w(m“), 1)} - K)] Wit )+R—a6z {9(A§v R “))} ,and
€m

for the equation in ([3.38) the following applies

J(m'H) J(m)

[I — K61 JZ(\,”’H) = ]1(vm) +Rem5f32(llf(m+l),A1(\,mH)),
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Hence, equations in (3.33) is written in matrix-vector notation as follows

KWI(V”H_I) = _WI(\’[n)a
2
[1_ St (Re{g;(w(m—kl)’l)} _Kﬂ W) +21703t{ﬁ(A1(Vm+1)"]1(\,m+1)>}7
kAU = _jlm)

1= K305 = 1§ 4 Repdt.7 (), A,
(3.46)

K is a matrix of order (N +1)? x (N + 1)? defined as K = Iy ®D](\$) —|—E1(\,2) ® Iy.
I is the identity matrix of size (N + 1)2, and 1 is the vector whose all entries are 1,
and .Z (¢, @) defines the vector constructed by multiplication of the approximations to
the first partial derivatives of its argument vectors. .% (¢, @) is defined as .% (¢, @) =
D(EM @)DV e —D(DM¢)EM @, where D denote the diagonal matrix with the entries
of a vector ¢ on its diagonal.

The final discretized system is iteratively solved. The equation of the stream
function is firsly solved by using the initial vorticity values. Thereafter, the velocity

components are calculated by the following relation:

uy ™ = (B @1y) wy, (3.47)
W == (e D) wir. (3.48)

Then, for the vorticity boundary values the following calculation is applied

, (3.49)

N

)

= [(wen )]

- [(E0en) i)

N

where s denotes the s-th boundary node. Then, the newly obtained stream function
values are used in order to obtain the vorticity boundary values. Finally, the updated

stream function and vorticity values are used to solve the magnetic stream function
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and the current density equations. In an analogous way, for the calculation of the
current density boundary values the case of vorticity is followed. The magnetic field

components are updated first:

B+ (E](vl) ®1N) A, (3.50)
B = (1N®D§V”)A§;"+”. 3.51)

Then, the current density boundary values are calculated as:

[J}Vm“)} (3.52)

= [(wveny) "]

_ [(E]S) ®1N> Bim“)}

N N N

This iterative scheme continues until a convergence tolerance is satisfied within all

unknowns between two successive iterations.

3.3. Numerical Results

In this section the numerical solutions to the MHD equations by using CSCM
are presented. The solution procedures are implemented by a computer program
using MATLAB. First, in Section [3.3.1] the application of CSCM to a one-dimensional
flow problem known as MHD Couette flow is considered. Next, in Section [3.3.2]the
application of CSCM to the two-dimensional forced MHD flow problem with analytical
solution, tests the efficiency of the method and then, provides a comparison with finite
difference method (FDM) results obtained by [8]. The application of CSCM to the
two-dimensional fluid flow problems, laminar, transient, incompressible MHD flow
subjected to an externally applied magnetic field, with attention to the induced magnetic
field in a regularized lid-driven cavity is considered in Section[3.3.3] For this case, an
artificial time ¢ dependence on the problem is introduced to provide an approximate

iterative solution to the governing equations. These equations are given in terms of the
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stream function Y, the vorticity w, magnetic stream function A, the current density J,
and are solved by an iterative procedure based on CSCM. For the time discretization,
an implicit backward finite difference scheme is used. The systems of equations in each
iteration, are solved using optimized solver and for all cases the convergence tolerance
for this test problem is taken as 10~ for all the unknowns involved in the system, at

very points of the problem domain with the use of a time step ¢ = 0.25.

3.3.1. One-Dimensional MHD Couette Flow

As first test, a one-dimensional flow problem known as MHD Couette flow is con-
sidered and studied to explore the interaction of electric, magnetic, and hydrodynamic
forces in the fluid. Here, an electrically conducting fluid is assumed to flow between
two parallel plates, one of which is moving its own plane with a constant velocity. The
flow is subjected to an external magnetic field applied in the +y-direction. Under these

considerations, the equation governs the flow is given non-dimensionally as [25]

— —Hau=«. (3.53)

Here, u is the velocity of the fluid, Ha is the Hartmann number and « is the constant
pressure in non-dimensional form. The solution of will be approximated by
CSCM as follows

(9> —Hd*u = at, (3.54)

where 1 is the vector of size N + 1 whose all components are 1. For this problem, the
approximate solution uy will be compared with the exact solution to (3.53) that is given
as [125]]

; H . Ha(y—1)
sinh(Hay) o 2sinh <%) sinh <+>
u —
exact sinh (Ha) Ha2 cosh (%)

(3.55)

The relative error is calculated as follows:

Eg = ||uexact_uN||oo, (3.56)

|| Uexact ||oo

where uy is the approximation to u.

68



10°

107

107 +

10°

10|

10

1072}

-14|

10

-16

10

1 2

10° 10 10
N

Figure 3.2: Plot of the convergence test for problem[3.3.1

Figure [3.2] shows the graph of the convergence test in the logarithmic scale for
the relative error where Ha = 10, oc = 4, and N varying from 4 to 24 with a step size of
2. From this figure it is evidenced that as NV increases the relative error Er decreases
exponentially, which is also termed as spectral convergence. Let us note here that, for
the values of N greater than 22, obviously the numerical scheme captures the analytical
behaviour of the velocity exactly up to the machine zero.

To explore the effect of the Hartmann number on the flow, we carry out the
numerical simulations for Ha = 1,2, 5, and 10, for a fixed value of o = 1. The results
are depicted in Figure [3.3] This figure puts forward the well known flattening tendency
of the magnetic field. As Ha increases, the velocity values decrease on the whole

domain. This behaviour is pronounced in the neighborhood of y = 0.8.
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Figure 3.3: The effect of Ha on uy, where o = 1, for problem|3.3.1
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3.3.2. Two-Dimensional Forced MHD Flow Problem With Analyti-

cal Solution

As a second numerical test, the application of CSCM to the two-dimensional forced
MHD flow problem on the square domain (0, 1)2, with analytical solution is presented to
test the efficiency of the scheme, and to provide a comparison with the results obtained
in the literature.

The problem we consider is defined as follows

AW: —wW,

B dydw Jdyadw
Aw = Re (a—yg—ga—y) — Xa, (357)
AA = —1J,

where ¥, is the additional force term given by y, = 4Ree* . In this case, the analytical

solution is given as [8]]

V=u=-—v=e¢"Re, A= (x+y)?, By= —B, =2(x+y). (3.58)

The boundary conditions are obtained by the use of this analytical solution. The CSCM
formulation can be obtained by using similar steps given in Section [3.2] Here, x, is

approximated by (x);;. Therefore, the second equation in (3.57) is approximated by
2 2
di(j ) (wn)ij + ez(j) (wn)ij = ReGij— (xn)ij, (3.59)

where G;; is given as @ As the problem is defined on 0 < x,y < 1, the CGL points

in x- direction are given as

1 7T 1
xl.CGL:EC()s (lﬁ) —|—§, where i =0,1,...,N, (3.60)
likewise in y- direction as
yCGL = lcos E —|—l where ] =0,1 N (3 61)
¢ 5 N 5 ... ,N. .
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For this test, Re = 1, Ha = 5, and Re,, = 100, is considered. Table [3.1] presents the

Table 3.1: ||R — Rexact||2, Where R = y,u,v,A, By, By, w, for problem 3.3.2

Yu et al. 65 x 65 (4th order) | CSCM 12 x 12
v 8.139 x 10711 1.9223 x 10711
u 1.058 x 10~ 3.6984 x 1010
v 1.057 x 10~ 4.0309 x 10710
A 7.933 x 10711 2.3979 x 10~
B, 1.997 x 10~10 1.1023 x 107°
B, 1.997 x 10710 2.3128 x 1077
w - 4.5151 x 10711

comparison of the numerical results obtained by the present method with the ones
obtained in [8] using a method based on FDM. In the case of CSCM, N = 12 is used
while in the case of FDM, N = 65 is used. These results comply with the conventionally
known properties of the CSCM. It produces a faster convergence (namely, spectral
convergence) compared to local methods (such as FDM) with a fairly reasonable number

of collocation points.

3.3.3. Two-Dimensional Full MHD Equations

This section deals with the approximation of full MHD equations given in (3.32).
As already noted, the complexity arises mainly because of the nonlinearities in these
equations, and the divergence-free constraint for both the velocity and the magnetic
fields are to be satisfied. Consequently, it is of great important to design efficient
numerical methods and algorithms to solve this problem. Consider CSCM simulation of
two-dimensional, steady, laminar, incompressible MHD flow in a following regularized
lid-driven cavity. This is a setting widely used in incompressible flow models where the
boundary conditions are smoothed in such a way that the velocity and its derivatives
vanish at the corners.
The CSCM introduced in Section [3.1]is applied to the two-dimensional MHD
equations given in (3.33)). The CGL points in x- and y-directions are given as (3.60) and

(3.61)) respectively.
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Numerical tests are performed for Hartmann numbers Ha = 10, 100, Reynolds

numbers Re = 100, 1000, and magnetic Reynolds numbers Re,,, = 0.1, 100.
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Figure 3.4: CSCM solutions where Ha = 10, Re = 100, and Re,, = 0.1, for problem

P33

For the first numerical test, the divergence-free conditions are given as ||V.B|, =
8.1034 x 1071% and ||V.ul|; = 1.0585 x 10~". It is seen that the divergence-free condi-
tions are satisfied in regards to the given tolerance. Figure [3.4] presents the numerical
results in terms of the contours of the unknowns for Ha = 10, Re = 100, and Re,,, = 0.1.

It is observed that both stream function and vorticity contours start to get condensed
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close to the upper right as the upper lid moving. At low values of magnetic Reynolds
number Re,,, = 0.1, the induced magnetic field lines are straight in the +y-direction.

The induced magnetic field is dominated by the applied magnetic field.
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Figure 3.5: The effect of magnetic Reynolds number Re,, = 100, when Ha = 10, and
Re = 100, for problem @

For the second numerical test, the divergence-free conditions are given as |V.B||» =
5.4798 x 10710 and ||V.u||> = 9.556 x 1078 It is observed that the divergence-free
conditions are satisfied. Figure @ shows the behaviour of stream function, vorticity,
magnetic stream function and current density for Ha = 10, Re = 100, and Re,, = 100.
It is seen that stream function and vorticity are not altered much with the increase in
Re,, because the corresponding equations do not have a direct dependence on Re,,.
Moreover, it can be observed that current density forms circulations when Re,, increases
because of the strong Lorentz force effect. Furthermore, the magnetic induction lines
start to circulate inside the channel due to the increasing values of Re,,, = 100.

For the third numerical test, the divergence-free conditions are given as ||V.B|, =
5.358 x 107! and ||V.u||, = 8.1733 x 1078, It is seen that the divergence-free condi-
tions are satisfied. Figure [3.6] presents the numerical results in terms of the contours

of the unknowns for Ha = 100, Re = 1000, and Re,, = 100. From this figure it can be
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seen that formation of boundary layers near the walls of the cavity for both the vorticity
and the current density because of the applied magnetic field intensity. The vortex in the
flow formed along the center due to the increasing values of Hartman number Ha = 100
and Reynolds number Re = 1000. It is also observed that the induced magnetic field
lines start up smoothly due to the high value of Hartmann number. All these results
agree reasonably well with the previous published results (e.g. [1]-[9]).

As a conclusion, in this chapter, some conceptual discussions relating to the main
themes of the work which are CSCM and MHD flow equations are presented. Further,
the applications of these concepts are also presented in this chapter. It is realized that,
the results obtained from the use of the CSCM are more accurate and simpler to compute
than those obtained by local methods in Section [3.3.2] The efficiency and simplicity
associated with the CSCM in the computations aided in solving the full MHD equations.
It is shown that the flow behaviour in the cavity as well as the contour magnitudes
of all the unknowns are in good agreement with the literature results. Moreover, it
is seen that the vortex of the fluid moves through the center as Ha and Re increase.
Besides, the effects of the Re,, on the magnetic field and current density are reduced.

The magnetic field distribution in the cavity is not affected much by increasing the Re,,
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to moderate values. However, for large Re,,, a strong circulation takes place near the
upper right region of the cavity. The numerical results obtained, reveal the fact that the
numerical procedure based on CSCM approximates the full MHD equations effectively.
Moreover, the divergence-free nature of the magnetic field is shown to be preserved on

the computational domain.
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4. CONCLUSION

This study aims at numerical solutions for solving the MHD flow problems. A
CSCM is presented for approximating the full MHD equations. The CSCM is a col-
location method which depends on polynomial interpolation and the differentiation
of this polynomial. The CSCM is based on the fact that interpolating polynomials
are defined on a set of clustered CGL points (collocation points) to approximate the
unknown functions, in which the differential equations are discretized. The polynomials
are analytically differentiated and for derivative approximation a differentiation matrix
is constructed. The approximations to the higher order derivatives are obtained by
multiplying the lower order differentiation matrices.

Chapter two focuses on polynomial interpolation and the significance of the choice
of interpolation points for enhancement of accuracy. The Lagrange polynomial interpo-
lation with equispaced points is presented. Subsequently, the Runge phenomenon is
observed and the solution to the problem arising from this phenomenon is discussed
by choosing special points. Moreover, Chebyshev polynomials as well as the points
to be used in the interpolation are also presented. Polynomial approximation in the
infinity norm is used to determine differences in the function and its interpolating
polynomial. Consequently, the best approximation of degree N is stated with examples.
Thereafter, the Lebesgue function which is the summation of the absolute value of
Lagrange basis functions is evaluated. The Lebesgue constant, defined as the maximum
of Lebesgue function depends on the interpolation points and gives an idea on the
closeness of Lagrange interpolation polynomial to the best approximation polynomial
is also evaluated. For this purpose, three sets of points are used, namely, the equispaced
points, the CG points, and the CGL points. Notably, computation of Lebesgue constant
indicated that the CGL points are the most accurate among the mentioned three sets of
points. Differentiation of the interpolation polynomial is presented and illustrated by
examples.

In the third chapter, numerical solutions of MHD flow equations using CSCM are
presented. In this part one-and two-dimensional laminar flows of viscous and incom-
pressible fluids are considered. The one-dimensional MHD flow known as Couette

flow that explores the interaction of electric, magnetic, and hydrodynamic forces in
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the fluid, is considered firstly. Then, the CSCM solutions to the problems of steady,
two-dimensional MHD flow in a regularized lid-driven cavity are presented. The MHD
flow is subjected to an externally applied magnetic field, where the induced magnetic
field is also considered. The governing equations are coupled, nonlinear system of PDEs
and are given in non-dimensional form in terms of the stream function v, the vorticity
w, the magnetic stream function A, and the current density J. An iterative procedure is
designed for the purpose of estimating the physically unavailable vorticity and current
density boundary conditions. Wherein, the divergence-free condition for the magnetic
field is satisfied automatically on the whole problem domain. In order to provide an
approximate solution to these equations by an iterative scheme, an artificial time ¢
dependence on the problem is introduced. Then, an implicit backward finite difference
scheme is used for time discretization. It is noteworthy that the results obtained by
two-dimensional test using CSCM in the present study, are more accurate and simpler to
compute than those previously reported by [8] using FDM. The simplicity and efficiency
associated with the CSCM in the computations aided in solving the full MHD equations.
It is shown that the flow behaviour in the cavity as well as the contour magnitudes of all
the unknowns are in good agreement with the literature results. The divergence-free
nature of the magnetic field is shown to be preserved on the whole computational
domain. The numerical results obtained from one and two-dimensional MHD flow
problems indicate that the designed procedure based on CSCM, approximates the full

MHD equations efficiently.
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