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SUMMARY 
 
 

Spectral graph theory looks at the interplay between the structure of a graph 

and the eigenvalues of a matrix associated with the graph. Many interesting graphs 

have rich structure which can help in determining eigenvalues associated with some 

particular matrix of a graph. There are many different matrices that are considered, 

including the adjacency matrix A whose entries indicate when two vertices are 

adjacent, Laplacian matrix Ł and normalized Laplacian matrix Ł෨ . 

Let Γ be an undirected graph without an isolated vertex, then the normalized 

Laplacian matrix  Ł෨(Γ) is defined as Ł෨(Γ) = D
షభ
మ  Ł(Γ) D

షభ
మ  where D is diagonal matrix 

whose entries are degrees of vertices of  Γ. The eigenvalues of Ł෨(Γ) are called as the 

normalized Laplacian eigenvalues of Γ. Cavers in [Cavers, 2010] focused on graphs 

that are co-spectral with respect to the normalized Laplacian eigenvalues. 

Furthermore, he discussed properties of graphs with few normalized Laplacian 

eigenvalues. Almost at the same time, he and Fallat [Cavers et al., 2010] considered 

the energy of a simple graph with respect to its normalized Laplacian eigenvalues, 

which is called the Ł෨-energy. Van Dam and Omidi in [Dam and Omidi, 2011] gave a 

combinatorial characterization of those graphs whose normalized Laplacian have 

three distinct eigenvalues. 

The goal of this thesis is to investigate the spectrum of the normalized 

Laplacian of some special graphs, in particular, we will be looking at understanding 

how eigenvalues can be computed for some types of join graphs, as a note on 

[Hakimi-Nezhaad and Ghorbani, 2017]. 
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ÖZET 
 
 

Spektral çizge teorisi, bir çizgenin yapısı ve çizgeye ait herhangi bir matrisin 

özdeğerleri arasındaki ilişkiyi inceler. Birçok ilginç çizge, çizgenin bazı özel 

matrisleri ile ilişkili özdeğerlerin belirlenmesine yardımcı olabilen zengin bir yapıya 

sahiptir. 

İki düğümün ardışık olması durumuna göre elemanları belirlenen bitişiklik 

matrisi A dahil, Laplacian matris Ł ve normalize Laplacian matris Ł෨  gibi pek çok 

farklı matris vardır. 

Γ, ayrık bir düğümü bulunmayan yönsüz bir çizge olsun. Bu durumda D, bu 

çizgedeki düğümlerin derecelerini içeren köşegen matris olmak üzere, normalize 

Laplacian matrisi Ł෨(Γ) = D
షభ
మ  Ł(Γ) D

షభ
మ   olarak tanımlanır. 

Ł෨(Γ) matrisinin özdeğerleri,  çizgenin normalize Laplacian özdeğerleri olarak 

adlandırılır. Cavers [Cavers, 2010]’de, normalize Laplacian özdeğerleri ile ilgili 

olarak ko-spektral olan çizgelere odaklanmıştır. Ayrıca, birkaç normalize Laplacian 

özdeğeri ile çizgelerin özelliklerini tartışmıştır. Aynı zamanda Cavers ve Fallat 

[Cavers et al., 2010]’de, Ł෨(Γ) enerji adı verilen normalize Laplacian özdeğerleri ile 

ilgili basit bir çizgenin enerjisi üzerinde durmuştur. Van Dam ve Omidi [Dam and 

Omidi, 2011]’te, normalize Laplacian’ın üç farklı özdeğerine sahip olan bu çizgelerin 

bir kombinatoryal karakterizasyonunu vermiştir. 

Bu tezin amacı, bazı özel çizgelerin, normalize Laplacian spektrumunu 

araştırmaktır. Özellikle [Hakimi-Nezhaad and Ghorbani, 2017] içeriğinden 

faydalanarak, bazı birleşik çizge türleri için, özdeğerlerin nasıl hesaplanabileceğini 

anlamaya çalışacağız. 
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1. INTRODUCTION 

 
The infrastructure of spectral graph theory were laid in the middle of 

19୲୦century, though its origins can be dated back even earlier. Spectral graph theory 

starts by associating matrices to graphs, mostly, the adjacency matrix and the 

Laplacian matrix and following the general theme which is computing or estimating 

the eigenvalues of such matrices, and furthermore, discussing the structure of those 

graphs via their spectral information. The relationship between chemical eigenvalues 

and molecules is shown by using the spectral graph theory. Furthermore, it also 

appears that the graph spectra appeared in various problems of the theoretical physics 

and quantum mechanics. 

In quantum chemistry, the concepts about spectral graph theory can be found in 

a paper which is published by Hückel [Hückel, 1931]. In this paper, the concept of 

the energy of a graph was first seen. The carbon atoms and hydrogen bonds between 

carbon atoms have represented as vertices and edges, respectively. To find the total 

energy of some electrons has used the eigenvalues. 

 The Matrix-Tree Theorem, which gives the number of spanning trees of a 

graph by using the matrix, is seen as a conclusion of spectral graph theory. This 

theorem was proved by Brooks, Smith, Stone and Tutte [Brooks et al.,1940] and 

independently by Trent [Trent, 1954] in 1954. According to many authors, the 

Matrix-Tree Theorem is indirectly contained in Kirchhoff’s classic 1847 paper 

[Kirchhoff, 1847]. 

Cvetkovic´, Rowlinson and Simic´ [Cvetkovic´, 1997] claim that the 

investigation between spectral and structural properties of graphs can be found in the 

unpublished thesis of Wei [Wei, 1952] from 1952 and an unpublished summary of a 

1956 paper by Lihtenbaum [Lihtenbaum, 1956] communicated at the Third Congress 

of Mathematicians of the U.S.S.R. 

 Since then, spectral graph theory has been well documented in several surveys 

and books such as [Biggs, 1993], [Biggs et al., 1986], [Brouwer and Haemers, 2010], 

[Cvetkovic´ et al., 1998], [Cvetkovic´ et al., 1980], [Cvetkovic´ et al., 1997], [Godsil 

and Royle, 2001], [Seidel, 1989]. 

In the last decade, the geometric approach  has enhanced  the area of spectral 

graph theory. For instance, Lubotzky-Phillips-Sarnak [Lubotzky et al., 1988] has 
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studied the eigenvalues and isoperimetric properties of graphs. Novel and powerful 

spectral information and techniques emerged. In brief, a new era has begun in the 

spectral graph theory. Verifying the fundamental properties and structure of a graph 

from its graph spectrum is one of the main goals in graph theory. Eigenvalues are 

closely related to a general graph. Especially eigenvalues play an important role in 

perceiving the structure of graphs. With examining the graph eigenvalues, an 

important interaction has been observed, especially between spectral graph theory 

and differential geometry. 

There is an interesting analogy between spectral Riemannian geometry and 

spectral graph theory, see [Xiao and Hancock, 2004].  

The concepts and methods of spectral geometry bring useful tools and crucial 

insights to the study of graph eigenvalues. Thus, new directions and results have 

emerged in spectral geometry. Algebraic spectral methods are also very useful, 

especially for extremal examples and constructions. 

The recent progress on expander graphs and eigenvalues was initiated by 

problems in communication networks. Applications of graph eigenvalues occur in 

numerous areas and in different forms. 

In this study, we investigate the relationship between the eigenvalues of the 

main graph and the associated eigenvalues for the s-vertex and s-edges graphs. The 

goal of this thesis is to investigate the spectrum of the normalized Laplacian of some 

special graphs, in particular, we will be looking at understanding how eigenvalues 

can be computed for some types of join graphs. We start by giving some 

preliminaries in graph theory and linear algebra. Then we mention some basic 

definitions and results that will be used throughout the thesis. 

In third section we provide how the matrices of graphs is written, such as 

adjacency, Laplacian etc. We examine the Laplacian matrix of the some graphs 

depending on an edge e. We prove how the number of spanning tree of any 

undirected graph with at least one vertex is calculated by using the Laplacian matrix. 

In fourth section we consider the spectrum of Laplacian matrix and normalized 

Laplacian matrix and the properties of them. After, we consider the relationship 

between the eigenvalues of signless Laplacian matrix and the eigenvalues of 

subdivision graph.  

In fifth section we identify the normalized Laplacian spectrum for the s-vertex 

and s-edges graphs by using the eigenvalues of main graph. In addition, we 
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investigate how the normalized Laplacian spectrum changes if one of graphs the s-

vertex and s-edges is isomorph to K୬మ. 

In  sixth section we investigate the some results on two new join graphs. We 

calculate both the normalized Laplacian energy and the degree Kirchhoff index for 

the s-vertex and s-edges graphs by defining the concepts of the Ł෨-integral, 

normalized Laplacian energy and the degree Kirchhoff index. 
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2. PRELIMINARIES AND BASIC RESULTS 
 

2.1. Preliminary Definitions and Results in Graph Theory 
 

 In this part we give those definitions and results in graph theory that will be 

used in other parts of this thesis. We follow the notations an results in [West, 2001]. 

We begin by the definition of a graph. 

 

Definition 2.1: A graph ߁ is an ordered pair (ܸ(߁),  as its vertex set (߁)ܸ with ((߁)ܧ

and (߁)ܧ as its edge set where each edge is associated with two vertices called the 

endpoints (not necessarily distinct). When ݑ and ݒ are the endpoints of an edge, they 

are called adjacent or neighbors. Adjacency of ݑ and ݒ is denoted by {ݑ,   or  {ݒ

ݑ − ∋ ݒ For a vertex .ݒ  is the (ݒ)denoted by ॉ௰ ,߁ is ݒ the neighbourhood of ,(߁)ܸ

following set: 

 

ॉ௰(ݒ) = ∋ ݑ} (߁)ܸ  ∶ ,ݒ}  {ݑ ∈  (2.1)                              .{(߁)ܧ 

 

In this case, the positive integer |ॉ௰(ݒ) | is called the degree of ݒ in ߁. 

 

Definition 2.2: A loop is an edge whose endpoints are equal. Multiple edges are 

edges having the same pair of endpoints. A simple graph is a graph having no loops 

or multiple edges. 

 

Definition 2.3: A walk in a graph is an arbitrary sequence of vertices and edges, say 

,଴ݒ ݁ଵ, ,ଵݒ ݁ଶ, … , ݁௞, ௞ݒ  that begins and ends of a vertex. A path in a simple graph  Γ 

is a walk where all the vertices ݒ଴, ,ଵݒ … , ௞ݒ  are distinct. If ݑ and ݒ are two vertices 

of ߁, a path between these two vertices, is called a ݒݑ-path. A close path where only 

initial and final vertices repeat is called a cycle. 

 

Definition 2.4: A graph ߁ is connected if for every pair of vertices ݑ and ݒ of ߁ there 

is a ݒݑ-path in ߁. 
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Definition 2.5: In a graph ߁, the distance between two vertices ݑ and ݒ is the length 

of a shortest path in ߁ joining ݑ and ݒ. The diameter of ߁ is the maximum distance 

among all pairs of vertices in ߁. It should be mentioned that if the graph is 

disconnected, we consider this value as ∞ . 

 

Definition 2.6: A bipartite graph is a graph whose vertex set can be partitioned into 

two independent sets and no two graph vertices within the same set are adjacent. 

Bipartite graphs are mostly used in modeling relationships, especially between two 

entire separate classes of object. 

 

Definition 2.7: A graph ߁ is called ݎ-regular if every vertex has precisely ݎ edges, in 

other words, every vertex has degree ݎ. Cycles are examples of connected 2-regular 

graph. 

 

Definition 2.8: The complement ߁ത of ߁ is the graph with the same vertex as ߁, where 

two distinct vertices are adjacent whenever they are nonadjacent in ߁. 

 

Definition 2.9: A connected graph with no cycles is called a tree. A spanning tree of 

a graph ߁ with n vertices, is a subset of n  1 edges of ߁ that form a tree. The 

number of distinct spanning trees in a graph ߁, denoted by ܰ(߁), is called the tree 

number of ߁. For example; the spanning trees of the cycle graph ܥସ are all pathes of 

length three. 

 

Definition 2.10: With respect to a graph ߁ and ݁ ∈  the graph obtained by (߁)ܧ 

deleting the edge ݁ from ߁ is denoted by ߁\{݁}, while the graph obtained by deleting 

the edge ݁ of ߁ and merging the endpoint of ݁ is denoted by ߁/{݁}. 

 

Example 2.1: Consider the following graph: 
 

 
 

Figure 2.1: A graph Γ and its edge {2,3}. 

5 4 

3 2 

1 
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Consider the edge ݁ ∶=  {2,3}. With respect to the above definition ߁\݁ has the 

structure mentioned in Figure 2.2, while ߁/݁ is the graph in Figure 2.3, where 0 is 

the new vertex obtained by merging the vertices 2 and 3. 

 

 

 
Figure 2.2: The graph Γ\e. 

 

 
 

Figure 2.3: The graph Γ/e. 
 

Lemma 2.1: Let ߁ be a graph. For each ݁ ∈  :we have ,(߁)ܧ 

 

(߁)ܰ  = (݁\߁)ܰ  +  (2.2)                       .(݁/߁)ܰ

 

Proof 2.1: There is a one to one correspondence between the set of spanning trees of 

 Let .݁\߁ which contains ݁ and the set of spanning trees of ߁

 

 ߙ: ={ T: T is a spaning tree of ߁ passing e} 

 

and let 

 

 ߚ: = { T: T is a spaning tree of ߁ not passing e} 

 

Since ܰ(߁)  = |ߙ|  + ,|ߚ| |ߙ|  = (݁\߁)ܰ and ,(݁/߁)ܰ   = (߁)ܰ we have ,|ߚ|   =

(݁\߁)ܰ  +  .(݁/߁)ܰ

 

5 4 

3 2 

1 

5 4 

0 

1 
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Definition 2.11: [West, 2001] An isomorphism from a simple graph ߁ to a simple 

graph ∆ is a bijection ݂ ∶ (߁)ܸ   →  ܸ(∆) such that {ݑ, {ݒ ∈   if and only if (߁)ܧ 

,(ݑ)݂} {(ݒ)݂  ∈  to ∆, these two graph are ߁ If there is an isomorphism from  .(∆)ܧ 

called isomorphic and this property is denoted by ߁ ≅ ∆. 

 

Definition 2.12: Suppose ߁ is a graph. Edge subdivision operation for an edge 

,ݑ} {ݒ  ∈ ,ݑ} is the deletion of (߁)ܧ  ,ݑ} and the addition of two edges ߁ from {ݓ  {ݓ

and {ݓ,  ∆ This operation generates a new graph .ݓ along with the new vertex {ݒ

such that  

 

 ∆ =  (ܸ ∪ ,{ݓ} ∪ ܧ ,ݑ} {ݒ ∪ ,ݑ}} ,{ݓ ,ݓ}  .({{ݒ

 

Definition 2.13: For a graph ߁, the Graph subdivision, denoted by ܵ(߁), is a graph 

obtained by applying a sequences of edge subdivision operations to all edges of the 

graph ߁. 

 

Example 2.2: Consider the graph ߁ as in Figure 2.4. 

 

 
 

Figure 2.4: The graph Γ. 
 

With respect to the Definition 2.13, the graph subdivision of the graph Γ will 

be the one in Figure 2.5. 

5 4 

3 2 

1 
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Figure 2.5: The subdivision graph. 
 

Lemma 2.2: (Introduction in [Cvetkovic´ et al., 1980]) Subdivision graph of a graph 

is bipartite. 

 

Proof 2.2: Suppose ߁ is a graph with vertex set ܺ ∶= ܻ and edge set (߁)ܸ  ∶=  .(߁)ܧ 

It is clear that ܵ(߁) is a graph whose vertex set is ܺ ∪ ܻ which is a bipartition for 

 is (߁)ܵ has one vertex in ܺ and one vertex in ܻ. Thus (߁)ܵ as any edge of (߁)ܵ

bipartite.  

 

Definition 2.14: [Hakimi-Nezhaad and Ghorbani, 2017] The Svertex   join of two 

graphs ߁ଵ  and ߁ଶ, denoted by ߁ଵ  ⊎  ଶ  by߁ and ( ଵ߁)ܵ ଶ , is the graph obtained from߁

joining all vertices of ߁ଵ  with all vertices of ߁ଶ. 

 

Definition 2.15: [Hakimi-Nezhaad and Ghorbani, 2017] The Sedge   join of two graphs 

ଶ߁ ଵ   and߁  , denoted by ߁ଵ  ⋁ ߁ଶ is the graph obtained from ܵ(߁ଵ ) and ߁ଶ   by joining 

all vertices of ܵ(߁ଵ ) corresponding to the edges of ߁ଵ, (i.e. the new added vertices), 

with all vertices of ߁ଶ  . 

 

Definition 2.16: Let ߁ be a simple graph. The line graph, (߁)ܮ of the graph ߁ is the 

graph whose vertices are edges of the main graph ߁ with the following properties: 

 

i) There is exactly one vertex ݒ(݁) in (߁)ܮ for each edge ݁ in ߁.  

5 4 

3 2 

1 

6 

7 

8 

9 

10 
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ii) For any two edges ݁ an ݁′ in (߁)ܮ ,߁ has an edge between ݒ(݁) and ݒ( ݁′ ),  if 

and only if ݁ and ݁′ are incident with the same vertex in the graph ߁. 

 

2.2. Preliminary Definitions and Results in Linear Algebra 
 

In this part we give those definitions and results in linear algebra that will be 

used in other parts of this thesis. We follow the notations an results in [Hoffman and 

Kunze, 1971]. We begin by the notion of a binary operation. 

 

Definition 2.17: On a nonempty set ܣ, a binary operation is a map ݂ ∶ ܣ  × → ܣ

 such that ܣ

 

i) f is defined for every element of ܣ ×  and ,ܣ

ii) f uniquely associates each element of ܣ ×  .to some element of A ܣ

 

It is easy to see that over the set A ∶=  ℂ of complex numbers, addition +, 

subtraction −, and multiplication × are all binary operations. 

 

Definition 2.18: Suppose ܨ is a nonempty set together with two binary operations on 

it, called addition and multiplication. Furthermore, suppose addition and 

multiplication are both commutative and associative, multiplication is distributive 

over addition, there exist unique elements 0ி, 1ி  ∈  such that for each c ∈ F, we ܨ 

have c =0ி +c and c = 1ிc, and for each ݔ ∈  there exists a unique element ,ܨ 

ଵିݔ ∈ ଵିݔݔ such that ܨ  =  1ி . Then ܨ is called a field. The elements of ܨ are called 

scalars. By easy verification, one can see that ℝ and ℂ are both fields with respect to 

their natural addition and multiplication. 

 

Definition 2.19: Let ܸ be a nonempty set and ܨ be a field. ܸ is called a vector space 

over the field F, if there exist two operations; a vector addition, 

 

+∶  ܸ × ܸ ⟶  ܸ                                                       (2.3) 

,ߙ) (ߚ  ↦ + ߙ    ߚ 
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and one scalar multiplication 

 

∙∶ × ܨ  ܸ ⟶  ܸ                                                       (2.4) 

(ܿ, (ߚ  ↦  ߚ ܿ   

 

which satisfy the following properties: 

 

i) ߙ + = ߚ ߚ  + ,ߙ for each ߙ  ;ܸ ∋ ߚ

ii) (ߙ + (ߚ + = ߛ ߙ  + ߚ) + ,ߙ for each (ߛ ,ߚ ∋ ߛ  ܸ; 

iii) There exists a unique zero vector, say 0௏  =  0 such that for each ߙ ∈  ܸ we 

have  0௏   + = ߙ + ߙ  0௏   =  ;ߙ 

iv) For each vector ߙ in ܸ there is a unique vector −ߙ in ܸ such that  

ߙ + (ߙ−) =  0௏; 

v) For each ߙ ∈  ܸ, 1 ∙ = ߙ  ;ߙ 

vi) (ܿଵܿଶ)ߙ = ܿଵ(ܿଶߙ) such that ܿଵ, ܿଶ ∈ ∋ ߙ and ܨ  ܸ;  

vii) ܿ ߙ) + (ߚ  = ߙܿ  + ∋ ܿ where ߚ ܿ ,ߙ and ܨ  ∋ ߚ  ܸ; 

viii) (ܿଵ + ܿଶ)α = ܿଵα +ܿଶα where ܿଵ, ܿଶ ∈ ∋ ߙ and ܨ   ܸ. 

 

Example 2.3: Let ܨ be a field, and let 

 

ܸ ∶= = ߙ}  ,ଵݔ)  . . . , (௡ݔ ∶ ௜ݔ  ∈ ,ܨ  ≥ ℎ 1ܿܽ݁ ݎ݋݂  ݅ ≤  ݊}.             (2.5) 

 

If ߚ = ,ଵݕ)  . . . , (௡ݕ  ∈  ܸ, the sum of ߙ and ߚ is defined by 

 

+ ߙ = ߚ  ଵݔ)   + ,ଵݕ ଶݔ + ,ଶݕ . . . , ௡ݔ +  ௡).                      (2.6)ݕ

 

The product of one scalar ܿ and the vector ߙ is defined by 

 

= ߙܿ ,ଵݔܿ)  . . . ,  ௡).                                         (2.7)ݔܿ

 

It is easy to see that V, together with this vector addition and scalar 

multiplication is a vector space over the field F. 
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Definition 2.20: Suppose ܸ is a vector space over a field ܨ. A vector ߚ in ܸ is said to 

be a linear combination of the vectors ߙଵ, ,ଶߙ … ,  ௡ in ܸ if there exist scalarsߙ

ܿଵ, ܿଶ, … , ܿ௡in F such that 

 

ଵߙଵܿ=ߚ + ⋯ + ܿ௡ߙ௡= ∑ ܿ௜
௡
௞ୀଵ  ௜                              (2.8)ߙ

 

Definition 2.21: Let ܸ be a vector space over a field ܨ. A subspace of  ܸ is a subset 

ܹ of ܸ which is itself a vector space over ܨ with the operations of vector addition 

and scalar multiplication on ܸ. 

 

Theorem 2.1: [Hoffman and Kunze, 1971] A non-empty subset ܹ of ܸ is a subspace 

of ܸ if and only if for each pair of vectors ߙ,  the ܨ in ܹ and each scalar ܿ in ߚ

vector  ܿߙ +  .ܹ is again in ߚ 

 

Example 2.4: Let A be an ݉ × ݊ matrix over a field ܨ. The set of all  ݊ × 1 ( column) 

matrices ܺ over ܨ such that ܺܣ =  0 is a subspace of the space of all ݊ × 1 matrices 

over ܨ. 

 

Definition 2.22: Let ܵ be a subset of  ܸ, where ܸ is a vector space over a field ܨ. The 

subspace spanned by ܵ, denoted by <  ܵ >, is defined to be the intersection of all 

subspaces of ܸ containing ܵ. One can see that <  ܵ > is the set of all linear 

combinations of elements of  ܵ. While  ܵ is a finite set of vectors, {ߙଵ, ,ଶߙ … ,  ௞}, weߙ

have <  ܵ >=< ,ଵߙ  ,ଶߙ … , ௞ߙ >. 

 

Definition 2.23: Let ܸ be a vector space over a field ܨ. A subset ܵ of ܸ is said to be 

linearly dependent, if there exist distinct vectors ߙଵ, ,ଶߙ … ,   ௡ in ܵ and scalarsߙ

ܿଵ, ܿଶ, … , ܿ௡  in F, which are not all zero, such that 

 

ܿଵߙଵ + ⋯ + ܿ௡ߙ௡ = 0.                                 (2.9) 

 

A set which is not linearly dependent is called linearly independent. If the set 

ܵ = ,ଵߙ}  ,ଶߙ … , ,ଵߙ ௡} we may callߙ ,ଶߙ … ,  ௡ as dependent (or independent)ߙ

vectors. 
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Definition 2.24: Let ܸ be a vector space over a field ܨ. A linearly independent set of 

vectors in ܸ which spans the whole vector space ܸ is called a basis of  ܸ. If  ܸ has a 

finite basis, it is called finite dimensional. 

 

One can see that for a vector space V over a field F, different bases have the 

same cardinality. So if  β is a basis for V, we call | β | as dimension of V, and denote 

it by dim୊V, or simply by dimV, if the field is clear for us. 

 

Definition 2.25: The inner product of two column vectors ݔ and ݕ, of same order ݊, 

is scalar function denoted by (ݕ ,ݔ), as well as two other forms shown below, and is 

defined by 

 

ݕ்ݔ= (ݕ ,ݔ) = ݔ்ݕ =  ∑ ௜ݕ௜ݔ
௡
௜ୀଵ .                        (2.10) 

 

A minor is defined as a value computed from the determinant of square matrix 

which is obtained after crossing out a row and a column corresponding to the 

element that is under consideration. 

Suppose we want to compute the value of minor for the ݆݅-th element in a 

matrix A, then we should form the determinant of the sub-matrix obtained by hiding 

݅th row and ݆th column of ܣ. This minor is known as (݅, ݆) minor and usually denoted 

by ܣ(݅|݆). The scalar (−1)௜ା௝݀݁((݆|݅)ܣ)ݐ, denoted by ܿ௜௝, is called the (݅, ݆)-cofactor 

of ܣ which is obviously defined as the signed minor. Suppose ܣ is an ݊ × ݊ matrix 

over a field  ܨ. With respect to any column index ݆, the expansion of ݀݁(ܣ)ݐ by 

cofactors of the ݆th column is as follows 

 

(ܣ)ݐ݁݀  = ∑ ௡     ((݆|݅)ܣ)ݐ௜௝(−1)௜ା௝݀݁ܣ
௜ୀଵ                   (2.11) 

 

Theorem 2.2: (Theorem 13 of [Hoffman and Kunze, 1971]) For an ݊ × ݊ matrix ܣ 

over a field ܨ, the following properties are equivalent: 

 

i) ܣ is non-singular (or invertible); 

ii) The homogeneous system ܺܣ =  0 has only trivial solution; 

iii) ݀ (ܣ) ݐ݁ ≠ 0. 
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Definition 2.26: Let ܣ be an ݊ × ݊ matrix. Suppose ܯ, ܰ, ܲ, and ܳ are some sub-

matrices of ܣ of appropriate sizes. Then the following form is called the block form 

of ܣ with respect to ܯ, ܰ, ܲ, and ܳ: 

 

൤ܯ ܰ
ܲ ܳ൨.                                             (2.12) 

 

Lemma 2.3: [Hoffman and Kunze, 1971] Suppose a matrix ܣ has the following ݊ × ݊ 

block form: 

 

൤ܯ௥×௥ ௥ܰ×௦
0௦×௥ ܳ௦×௦

൨.                                       (2.13) 

 

Then ݀݁(ܣ)ݐ  =  .(ܳ)ݐ݁݀(ܯ)ݐ݁݀ 

 

Proposition 2.1: (Lemma 2.2 in [Cvetkovic´ et al., 1980]) If  ܯ is a non-singular 

square matrix, and 

 

:ܣ = ൤ܯ ܰ
ܲ ܳ൨.                                          (2.14) 

 

Then ݀݁(ܣ)ݐ  = ܳ)ݐ݁݀(ܯ)ݐ݁݀  −  .(ଵܰିܯܲ

 

Proof 2.1: Since ܯ is invertible, ିܯଵexists. Now by applying appropriate elementary 

row operations on the matrix  ܣ, we can obtain the following matrix: 

 

:ܤ = ൤ܯ ܰ
0 ܳ −  ଵܰ൨                                   (2.15)ିܯܲ

 

such that ݀݁(ܤ)ݐ is the same as determinant of the main matrix  ܣ. Now Lemma 2.3 

implies that ݀݁(ܣ)ݐ  = (ܤ)ݐ݁݀   = ܳ)ݐ݁݀(ܯ)ݐ݁݀  −          .(ଵܰିܯܲ

 

Definition 2.27: If ܣ is an ݊ × ݊ matrix over a field ܨ, then a column vector ܺ ≠ 0 in 

(ܨ)௡×ଵܯ ∶=   if ܣ ௡×ଵ  is an eigenvector ofܨ 
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ܺܣ = (2.16)                                            ܺߣ

 

for some ߣ ∈  .ܣ is called an eigenvalue of ߣ and ܨ

  

If ܣ is an ݊ × ݊ square matrix and ߣ is an eigenvalue of ܣ, then the union of 

the zero column vector 0௡×ଵ and the set of all eigenvector corresponding to the 

eigenvalue ߣ is a subspace of ܨ௡×ଵ known as the eigenspace of  ߣ which is denoted 

by the following notation: 

 

ఒܹ  =  {ܸ ∶ = ܸܣ   (2.17)                                   .{ܸߣ 

 

Remark 2.1: Suppose ܶ ∶  ܸ →  ܸ is a linear transformation and ߚ is an ordered 

basis of  ܸ as a vector space over a field ߣ .ܨ ∈  is called an eigenvalue of  ܶ if it ܨ 

is an eigenvalue of the associated matrix ܣ ∶=   [ܶ]ఉ. Suppose ߚᇱ  is another basis of  

ܸ. As we know there exists an invertible matrix ܲ such that ܤ:=[ܶ]ఉᇲ = ܲିଵ[ܶ]ఉܲ =

ܲିଵܲܣ. 

Now we have: 

 

;ܤ)݌ (ߣ = det(ܫߣ − (ܤ = det(ܫߣ − ܲିଵܲܣ) 

= ଵܲିܲߣ)ݐ݁݀  − ܲିଵ(2.18)                                                         (ܲܣ                                                   

= − ܫߣ)ݐ݁݀(ଵିܲ)ݐ݁݀  (ܲ)ݐ݁݀(ܣ = ܫߣ)ݐ݁݀  − (ܣ = ;ܣ)݌      (ߣ

 

Therefore, without loss of generality the characteristic polynomial of  ܶ can be 

defined uniquely as the characteristic polynomial of ܣ (which is equal to the 

characteristic polynomial of ܤ). So the characteristic polynomial of a linear 

transformation does not depend on the basis you work on. 

 

Definition 2.28: For a matrix ܣ ∈  is a field, the characteristic ܨ where ,(ܨ)௡×௡ܯ 

polynomial is defined as follows: 

 

;ܣ)݌ (ߣ  = ௡ܫߣ)ݐ݁݀  −  (2.19)                               .(ܣ

 

Eigenvalues of ܣ are the root of this polynomial. Note that this is a monic 

polynomial of degree ݊. 
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Definition 2.29: For a matrix ܣ ∈  is a field, the minimal ܨ where ,(ܨ)௡×௡ܯ 

polynomial is a monic polynomial denoted by ݉(ܣ;  :with the following properties (ߣ

 

i) ݉(ܣ; ;ܣ)݉ .i.e ,ܣ annihilates (ߣ (ܣ  =  0௡×௡. 

ii) If ݂(ߣ) is another polynomial with coefficients in the field ܨ which annihilates 

;ܣ)݉ then ,ܣ  .(ߣ)݌ divides (ߣ

 

The following theorem is called the Cayley-Hamilton theorem. 

 

Theorem 2.3: (Theorem 4 in [Hoffman and Kunze, 1971]) For a matrix ܣ ∈

;ܣ)݉ ,is a field ܨ where ,(ܨ)௡×௡ܯ  ;ܣ)݌ divides (ߣ  ;ܣ)݉ ,Furthermore .(ߣ   and (ߣ 

;ܣ)݌  .have the same roots, but possibly with different multiplicities (ߣ 

 

Proposition 2.2: Suppose ܣ ∈ መߣ is a field and ܨ where ,(ܨ)௡×௡ܯ   ∈  is an ܨ 

eigenvalue of ܣ. Then ܹ݀݅݉ఒ෡ is at most multiplicity of ߣመ  as a root of the 

characteristic polynomial ܣ)݌;  .(ߣ

 

Proof 2.2: Suppose ܶ is the linear transformation from ℝ௡ to ℝ௡ whose representing 

matrix with respect to the standard basis of ℝ௡  is ܣ. Suppose ߣመ  is an eigenvalue of ܣ 

and so an eigenvalue of ܶ. Assume that ݀݅݉ிܹఒ෡ =  ݉ and multiplicity of ߣመ  in 

;ܣ)݌ (ߣ   = ;ܶ)݌  (ߣ   =  ݀. Since ݀݅݉ிܹఒ෡ =  ݉, there exists an ordered basis ߚఒ෡  = 

,ଵߙ} ,ଶߙ … , ≥ ௠ } for ܹఒ෡. Since for each (1ߙ  ݅ ≤  ܣ ௜ is an eigenvector ofߙ ,(݉ 

with respect to the eigenvalue ߣመ, we have ܶ(ߙ௜)  =  ௜. Extend this basis to obtain aߙመߣ 

basis for ܸ, say ߚ = ,ଵߙ}  ,ଶߙ … , ௠ߙ , ,௠ାଵߙ …  ௡ }. Nowߙ

 

ఒ෡ܣ ≔ [ܶ]ఉ ≔ ൤
[ܶ]ఉഊ෡

ܯ
0 ܰ

൨
௡×௡

                                   (2.20) 

 

such that 

 

ఒ෡ܤ ≔ [ܶ]ఉᇲ ≔ ൥
መߣ ⋯ መߣ
⋮ ⋱ ⋮
መߣ ⋯ መߣ

൩
௠×௠

.                           (2.21) 
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Then by Lemma 2.3, and by Remark 2.1 we have: 

 

;ܣ)݌ (ߣ = ;ܶ)݌  (ߣ = ; ఒ෡ܣ൫݌  ൯ߣ = ௡ܫߣ൫ݐ݁݀ −  ఒ෡ ൯ܣ

  = ௠ܫߣ)ݐ݁݀  − (ܤ ௡×௠ܫߣ)ݐ݁݀  − ܰ) = ;ܤ)݌ ௡×௠ܫߣ)ݐ݁݀(ߣ  − ܰ)           (2.22) 

     = ߣ) − ௡×௠ܫߣ)ݐመ)௠݀݁ߣ − ܰ).  

 

Therefore, multiplicity of ߣመ ≥  ݉ =  ܹ݀݅݉ఒ෡.  

 

Lemma 2.4: If ߣ is an eigenvalue of ܣ, then ߣଶ is an eigenvalue of ܣଶ. 

 

Proof 2.4: Since ߣ is an eigenvalue of ܣ, by the definition there exists a nonzero 

column vector ܺ in ܨ௡×ଵ such that ܺܣ =  :Then we have .ܺߣ 

 

= ଶܺܣ (ܺܣ)ܣ   = (ܺߣ)ܣ   = (ܺܣ)ߣ   =  ଶܺ              (2.23)ߣ 

 

which implies that ߣଶ is an eigenvalue of ܣଶ. 

 

Proposition 2.3: Suppose ݃(ݔ)  = ଴ߙ  + .+ݔ ଵߙ . . ௞ݔ ௞ߙ+   ∈  is polynomial [ݔ]ܨ 

over the field ܨ, ∋ ܣ ,ଵߣ and (ܨ)௡×௡ܯ  ,ଶߣ . . . ,  ,ܣ ௡ are eigenvalues ofߣ

then ݃(ߣଵ), ,(ଶߣ)݃ . . . ,  .(ܣ)݃ are eigenvalues of  (௡ߣ)݃

 

Proof 2.3: Let ݃(ݔ)  = ଴ߙ  + .+ݔ ଵߙ . . ௞ݔ ௞ߙ+ ∈ ,ଵߣ and [ݔ]ܨ ,ଶߣ . . . , ௡ߣ  be 

eigenvalues of ܣ ∈ Suppose ௜ܺ .(ܨ)௡×௡ܯ   is an nonzero eigenvector of ܣ with 

respect to the eigenvalue ߣ௜. So by Definition 2.27, ܣ ௜ܺ  = ௜ߣ  ௜ܺ . We claim that 

(ܣ)݃ ௜ܺ  = (௜ߣ)݃  ௜ܺ ,  for (1 ≤  ݅ ≤  ݊). Then   

 

 ݃(ܣ) ௜ܺ = ଴ߙ )  + ܣ ଵߙ + ⋯ + ௞ܣ ௞ߙ   ) ௜ܺ = ଴ߙ )  + ݅ܺܣ ଵߙ + ⋯ + ௞ܣ ௞ߙ
௜ܺ) 

= ቀߙ଴  + ௜ߣ)ଵߙ ௜ܺ)+. . . ௜ߣ)௞ିଵܣ௞ߙ+ ௜ܺ)ቁ. 

 

 As ௜ܺ  = ௜ߣ  ௜ܺ, we can see that ܣ௧(ߣ௜ ௜ܺ)  = ௜ߣ 
௧ାଵ

௜ܺ; for (1 ≤ ݐ ≤ ݇ − 1). Then 
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 ݃(ܣ) ௜ܺ = ൫ߙ଴  + ௜ߣଵߙ ௜ܺ+. . . ௜ߣ௞ߙ+
௞

௜ܺ൯ = ൫ߙ଴  + .+௜ߣଵߙ . . ௜ߣ௞ߙ+
௞൯ ௜ܺ =

(௜ߣ)݃  ௜ܺ. 

 

Definition 2.30. If ܣ is a square ݊ × ݊ matrix, then the trace of ܣ, denoted (ܣ)ݎݐ is 

the sum of all of the entries in the main diagonal, that is: 

 

(ܣ)ݎݐ = ∑ ܽ௜
௡
௜ୀଵ  .                               (2.24) 

 

Definition 2.31: A matrix ܣ ∈  is called diagonalizable, if there exists a (ܨ)௡×௡ܯ 

unique invertible matrix ܲ and a diagonal matrix ܦ whose diagonal entries are 

eigenvalues of ܣ such that ܣ = ܲିଵܲܦ. The columns of ܲ are linearly independent 

eigenvectors of ܣ. 

 

Proposition 2.4: Suppose ܨ =  ℂ, A is an ݊ × ݊ matrix over the field ܨ, and ܣ has ݊ 

distinct eigenvalues as ߣଵ, ,ଶߣ . . . ,  :௡. We have the following propertiesߣ

 

i) ∑ ௜ߣ
௡
௜ୀଵ =  .(ܣ)ݎݐ

ii) ∏ ௜ߣ
௡
௜ୀଵ =  .(ܣ) ݐ݁݀

 

Proof 2.4: i) Since ܣ is an ݊ × ݊ matrix with ݊ distinct eigenvalues, we can obtain a 

basis for ܨ௡×ଵ whose elements are all eigenvectors of ܣ with respect to distinct 

eigenvalues. Thus ܣ is a diagonalizable matrix which implies that there exists 

an invertible ݊ × ݊ matrix ܲ whose columns are the associated eigenvectors of 

 both ,ܣ whose diagonal entries are eigenvalues of ܦ and a diagonal matrix ܣ

over the field ℂ such that ܣ can be written as: 

 

= ܣ  ܲିଵ(2.25)                                                   .ܲܦ 

 

Taking the trace on both sides we have to obtain: 

 

(ܣ)ݎݐ = (ܲܦଵିܲ)ݎݐ = (ଵିܲܲܦ)ݎݐ = (ܦ)ݎݐ = ∑ ௜ߣ
௡
௜ୀଵ .       (2.26) 
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 ii) With respect to the points we mentioned in part ݅), applying determinant on 

the equation (2.25),  we have: 

 

(ܣ)ݐ݁݀  = (ܲܦଵିܲ)ݐ݁݀   =  (2.27)                               (ܲ)ݐ݁݀(ܦ)ݐ݁݀(ଵିܲ)ݐ݁݀ 

= (ܲ)ݐ݁݀(ଵିܲ)ݐ݁݀(ܦ)ݐ݁݀   =  (ܦ)ݐ݁݀ 

 

As ܦ is a diagonal matrix whose diagonal entries are ߣ௜s, we conclude that 

 

(ܦ)ݐ݁݀ = ∏ ௜ߣ
௡
௜ୀଵ =  (2.28)                                .(ܣ) ݐ݁݀

 

Proposition 2.5: If  ߣ௡  + ܿ௡ିଵߣ௡ିଵ+. . . +ܿ଴ = ;ܣ)݌  (ߣ = ௡ܫߣ)ݐ݁݀ −  Then .(ܣ

 

i) ܿ௡ିଵ =  .(ܣ)ݎݐ−

ii) ܿ଴ = (−1)௡݀݁(ܣ) ݐ. 

 

Definition 2.32: A matrix whose elements are entirely of real numbers is called the 

real matrix. 

 

Definition 2.33: A matrix ܣ ∈ ܣ  ௡×௡(ℝ) is symmetric, ifܯ  =  .்ܣ

 

Theorem 2.4: (Theorem 2 in [Hoffman and Kunze, 1971]) Consider a matrix 

∋ ܣ  :is a field. The following properties are equivalent ܨ where (ܨ)௡×௡ܯ 

 

i) ܣ is diagonalizable; 

ii) ܣ)݌; (ߣ = ∏ ߣ) − ௜)ௗ೔௧ߣ
௜ୀଵ , where ߣଵ, ,ଶߣ … ,  .ܣ ௧ are distinct eigenvalues ofߣ

Furthermore for each ݅, ݀݅݉ ఒܹ೔ , the multiplicity of ߣ௜  in ܣ)݌;  .(ߣ

iii)  ݉(ܣ; (ߣ = ∏ ߣ) − ௜)௧ߣ
௜ୀଵ  where ߣଵ, ,ଶߣ . . . , ௧ߣ   are distinct eigenvalues of ܣ. 

 

Theorem 2.5: Let ܣ be a symmetric matrix. Then the matrix ܣ has the following 

properties; 

 

i) ܣ has only real eigenvalues. 

ii) ܣ is diagonalizable. 
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iii)  ܣ has orthogonal eigenvalues. 

 

Proof 2.5: i) Suppose ߣ ∈ ℂ is an eigenvalue of ܣ. Then there exists a nonzero vector 

X such that ܺܣ = ∗ܺ Let .ܺߣ = ( തܺ)். By multiplying both sides of the equality 

= ܺܣ = ܺܣ∗ܺ by ܺ∗, we obtain ܺߣ  = ܺߣ∗ܺ   ,On the other hand .ܺ∗ܺߣ 

= ܺ∗ܺߣ̅ ∗(ܺ∗ܺߣ)   = ∗(ܺܣ∗ܺ)   = = ܺ∗ܣ∗ܺ = ܺܣ∗ܺ  ߣ̅ So .ܺ∗ܺߣ   =  ߣ 

which implies that ߣ ∈ ℝ. 

ii) Suppose ߣଵ, ,ଶߣ . . . , ௧ߣ   are the distinct eigenvalues of ܣ. Since every polynomial 

over ℂ can be written as the product of powers of linear terms, we may assume 

that:  

 

݉(ܽ; (ߣ  = ߣ)  − ଵ)௠భߣ . . . ߣ) − ௧)௠೟ߣ  .                       (2.29) 

 

If ܣ is not diagonalizable, Theorem 2.4 verifies that there exists (1 ≤ ݆ ≤  (ݐ

such that ݉௜ > 1.  As the minimal polynomial annihilates ܣ, we have: 

 

0 = ;ܣ)݉  (ܣ  = ܣ)  − .௠భ(ܫଵߣ . . ܣ) − ௠ೕ(ܫ௝ߣ … ܣ) −  ௠೟ .     (2.30)(ܫ௧ߣ

 

According to the choice of ݆, it is clear that 

 

൫ܣ − ൯ܫ௝ߣ ≠ 0, … , ൫ܣ − ൯௠ೕషభܫ௝ߣ ≠ 0, ൫ܣ − ൯௠ೕܫ௝ߣ = 0.          (2.31) 

 

Hence there exists a nonzero vector ܻ such that ൫ܣ − ൯௠ೕషభܻܫ௝ߣ ≠0. Now we 

have: 

 

0 = ܣ)∗ܻ − ௠ೕܻ(ܫ௝ߣ = ܻ∗൫ܣ − ܣ൯൫ܫ௝ߣ −  ൯௠ೕషభܻ.            (2.32)ܫ௝ߣ

 

But ൫ܣ − ∗൯ܻܫ௝ߣ ≠ 0, which is a contradiction. So, for all (1 ≤ ݆ ≤  ,(ݐ

௝݉  =  1 which implies that ܣ is diagonalizable. 

iii) Let ܣ be a symmetric matrix. By part ݅݅) we know that ܣ is diagonalizable. 

Thus there exists an invertible matrix ܲ such that ܣ =  ܲିଵܲܦ, where ܦ is the 

diagonal matrix with diagonal entries ܦ௜௜  as eigenvalues of ܣ. Then 
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்ܣ = (ܲିଵܲܦ)் = ்ି்ܲܦ்ܲ =  (2.33)                     .்ିܲܦ்ܲ

 

Since ܣ = ்ܣ , we have ܲିଵܲܦ = ܣ = ்ܲ and்ିܲܦ்ܲ = ܲିଵ. As the columns 

of ܲ are eigenvectors of ܣ and ்ܲܲ = ܲିଵܲ =  we conclude that for ,ܫ

(1 ≤ ݅, ݆ ≤ ݊), ௝ܲ
்

௜ܲ = ௜௝, where ௜ܲ and ௝ܲߜ  are the ݅th and ݆th columns of ܲ, 

respectively. This implies that columns of ܲ which are eigenvectors of ܣ are 

orthogonal with respect to the standard inner product. 

 

Definition 2.34: Assume ܣ is an ݊ × ݊ matrix. Then 

 

i) ܣ is positive definite if and only if ܣ = ்ܣ  and ܣ has only positive eigenvalues. 

ii) ܣ is positive semi definite if and only if ܣ =  has only nonnegative ܣ and்ܣ

eigenvalues. 

We have the following properties for such a matrix: 

 

Proposition 2.6: A symmetric ݊ × ݊ real matrix ܯ is positive definite if and only if 

for every nonzero column vector ܼ of n real numbers we have ்ܼܼܯ >  0. 

 

Proof 2.6: First suppose that ܯ is positive definite and assume that there exists a 

nonzero column vectors ܼ such that ்ܼܼܯ  ≤  0. As ܯ is symmetric, Theorem 2.5 

implies that ܯ is diagonalizable. Let ܻ =  ܼܲ where ܲ is the unique invertible 

matrix such that ܯ =  ܲିଵܲܦ and ܦ is the diagonal matrix of eigenvalues of ܯ. 

Then ܲିଵܻ =  ܼ.  Since ܯ and ܦ are both symmetric matrices, we have: 

 

ܲିଵܲܦ = = ܯ  ்ܯ   =  ଵ.                    (2.34)ି(்ܲ)்ܦ்ܲ 

 

Now uniqueness property of ܲ implies that ܲିଵ =  ்ܲ and we conclude that ்ܻܲ =

 ܼ ≠  0. 

Therefore: 

 

0 ≥ =   ܼܯ்ܼ  =   ܼܲܦ்்ܼܲ  ்ܻܲܲܦ்்ܲ(்ܻܲ) =  (2.35)      .ܻܦ்ܻ
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On the other hand, ்ܻܻܦ =  ∑ ௜ߣ ௜ܻ
ଶ௡

௜ୀଵ  >  0, which is a contradiction. So, 

< ܼܯ்ܼ  0. 

Now suppose that ்ܼܼܯ > 0, for each nonzero column vector ܼ. For (1 ≤ ݆ ≤ ݊), 

let ௝ܻ  be the following nonzero column vector: 

 

௝ܻ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

0
⋮
0

1 = ݕݎݐ݊݁ ℎݐ݆
0
⋮
0 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

                                              (2.36) 

 

It is clear that ௝ܼ =  ܲିଵ
௝ܻ ≠  0. From the hypothesis we have: 

 

0 <  ௝ܼ
ܯ் ௝ܼ   =  ൫்ܲ

௝ܻ൯்
൫்ܲܲܦ்ܲ

௝ܻ൯ =  ௝ܻ
்ܲܲܦ்்ܲܲ

௝ܻ  = ௝ܻ
ܦ் ௝ܻ     (2.37) 

 = ෍ ௜ߣ ௜ܻ
ଶ

௡

௜ୀଵ

=  ௝ߣ 

 

Since ݆ was arbitrary, we conclude that ܯ is positive definite.  

 

Definition 2.35: Diagonally dominant matrix is a complex matrix ܤ with the property 

that 

 

| ௜ܾ௜| ≥ ∑ | ௜ܾ௝|௡
௝ஷ௜,௝ୀଵ  for all ݅.                               (2.38) 

 

When all these inequalities are strict, the matrix is called strictly diagonally 

dominant matrix. So for such a matrix we have 

 

| ௜ܾ௜| ≥ ∑ ห ௜ܾ௝ห௡
௝ஷ௜,௝ୀଵ     for all i.                             (2.39) 

 

Lemma 2.5: Strictly diagonally dominant matrices are non-singular. 
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Proof 2.5: Let ܤ be a matrix which is strictly diagonally dominant and singular. 

Then by Theorem 2.2 we deduce that there exists a vector ݑ ≠  0 with ݑܤ =  0. As ݑ 

is nonzero, it has some nonzero entry, say ݑ௜ >  0. Now for each ݆ we have: 

 

0 = ௝(ݑܤ)   ∑ ௜ܾ௝ݑ௝௝ .                                    (2.40) 

 

So, ௜ܾ௝ݑ௝  =  − ∑ ௜ܾ௝ݑ௝௝ஷ௜   and as ݑ௜ is nonzero, ܾ ௜௜ = − ∑ ௨ೕ

௨೔
௜ܾ௝௝ஷ௜ . By taking the 

absolute value of both sides of this equality, we obtain: 

 

| ௜ܾ௜| ≤ ∑ ቚ ௜ܾ௝
௨ೕ

௨೔
ቚ௝ஷ௜  =  ∑ ห ௜ܾ௝ห௝ஷ௜  | ௨ೕ

௨೔
 |.                          (2.41) 

 

Consequently, | ௜ܾ௜| ≤ ∑ ห ௜ܾ௝ห௝ஷ௜ , since ቚ௨ೕ

௨೔
ቚ ≤  1. This is a contradiction. So, ܤ is non-

singular.  
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3. SPECTRAL GRAPH THEORY 
 

3.1. Matrix Representations of Graphs  
 

 In this chapter, we give matrix representations of graphs such as adjacency 

matrix, incidence matrix, Laplacian matrix. Then we focus on the spectrum of 

Laplacian and normalized Laplacian matrix. 

Let Γ be an undirected graph without loops with V(Γ)  =  {vଵ, vଶ, . . . , v୬} and 

E(Γ)  =  {eଵ, eଶ, . . . , e୫}. We may associate the following matrices to the graph Γ. 

 

Definition 3.1: The Adjaceny Matrix of ߁, denoted by ܣ ∶= ݊ is the ,(߁)ܣ  × ݊ matrix 

defined as follows: 

 

௜௝ܣ = ൜1;      ൛ݒ௜, ௝ൟݒ ∈ (߁ )ܧ
0; ݁ݏ݅ݓݎℎ݁ݐ݋               

                                                (3.1) 

 

Definition 3.2: The Incidence Matrix of ߁, denoted by ܴ ∶= ݊ is the (߁)ܴ  × ݉ 

following matrix:  

  

ܴ௜௝ =  ቊ
1; ,௝݁, ௜ ݋ݐ ݐ݊݁݀݅ܿ݊݅ ݏ݅ ௜ݒ     ݅. ݁. ௝݁ ݂݋ ݏݐ݊݅݋݌݀݊݁ ℎ݁ݐ ݂݋ ݁݊݋ ݏ݅ ௜ݒ 

0;                                                                            ݁ݏ݅ݓݎℎ݁ݐ݋                   
 (3.2) 

 

Definition 3.3: The Degree Matrix of ߁ denoted by ܦ ∶=  is the diagonal (߁)ܦ 

matrix whose entries are degree of vertices of ߁. 

 

Definition 3.4: The Oriented Incidence Matrix of ߁, denoted by ܱ ∶=  is the ,(߁)ܱ 

݊ × ݉ matrix whose rows and columns are associated to the vertices and edges of 

 ௜ݒ .i.e ,߁ such that the ݆݅-th entry which is the entry respected to the ith vertex of ߁

and ݆th edge of  ߁, i.e. ௝݁    is defined as follows: 

 

ܱ௜௝ = ൝
݁ ݂݋ ℎ݁ ℎ݁ܽ݀ݐ ݏ݅ ௜ݒ           ;1  

݁ ݂݋ ݈݅ܽݐ ℎ݁ݐ ݏ݅ ௜ݒ               ;1−
0;        ݁ݏ݅ݓݎℎ݁ݐ݋                  

                                    (3.3) 
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Definition 3.5: The Laplacian Matrix of ߁, denoted by  Ł ∶=  Ł(߁),  is the ݊ × ݊ 

matrix whose ݆݅-th entry is defined as follows: 

 

 Ł ௜௝ =   ቐ
(௜ݒ )݃݁݀  ;                                                     ݅ = ݆
−1;                          ݅ ≠ ݆ ܽ݊݀ ൛ݒ௜ , ௝ൟݒ ∈ (߁ )ܧ

0;        ݁ݏ݅ݓݎℎ݁ݐ݋                                          
                            (3.4) 

 

Definition 3.6: Signless Laplacian Matrix of ߁, denoted by ܳ ∶=  is the matrix ,(߁)ܳ

(߁)ܳ = (߁)ܦ +  which are the ߁ The signless Laplacian eigenvalues of .(߁)ܣ

eigenvalues of  ܳ(߁) are denoted by ݍଵ(߁), ,(߁)ଶݍ . . . ,  .(߁)௡ݍ

 

Proposition 3.1: Let ߁ be regular graph of degree ݎ with ݊ vertices. Let ܣ be 

adjacency matrix of  ߁. Then we have the following properties; 

 

i) ݎ is an eigenvalue of ߁. 

ii) For any eigenvalue ߣ of ߁, we have |ߣ| ≤  .ݎ 

iii)  If ߁ is connected, then multiplicity of ݎ as a root of the characteristic 

polynomial of the adjacency matrix of  ߁ is 1. 

iv) 1௡ is eigenvector corresponding to eigenvalue ݎ of  ߁. 

 

Proof 3.1: i) Suppose ܸ(߁)  = ,ଵݒ}  ,ଶݒ . . . , ܣ ௡}. Letݒ ∶= ்ܺ and (߁)ܣ   =  [1, . . . ,1]. 

Then for each ݅ we have (ܺܣ)௜ = ∑ ௜௝ܣ
௡
௝ୀଵ ௝ܺ = ∑ ௜௝ܣ

௡
௝ୀଵ . Since each entry of 

ܺ is 1, it is clear that (ܺܣ)௜  is equal to the sum of the ݅th row of ܣ which is the 

degree of the vertex ݒ௜. As ߁  is  ݎ-regular graph, ݀݁݃(ݒ௜)  =  Hence for .ݎ 

every  ݅ ∈ {1, . . . , ௜(ܺܣ)  ,{݊ = ݎ = ,1]ݎ … ,1]் = ݎ ௜ܺ. This implies that 

= ܺܣ  ,߁ the adjacency matrix of ,ܣ is an eigenvalue of ݎ ,Consequently  .ܺݎ 

so we have part ݅). 

ii) Let ܻ ≠ 0 be an eigenvector with respect to an eigenvalue of ߁, say ߣ. Suppose 

்ܻ  = ,ଵݕ]  . . . , ,௝ݕ . . . , ௝ݕ ௡] and ݆ is the index for whichݕ  is largest in absolute 

value. 

Let 

 

= ܫ  ൛݅ ∶ ൛ݒ௜,  ൟ.                                                  (3.5)߁  ݊݅  ௝ൟݒ
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Then r-regularity of Γ implies that |ܫ|  = r. As ܻܣ = ௝(ܻܣ) :we have ,ܻߣ  =

∑ ௝௜ܣ
௡
௜ୀଵ ௜ܻ = ∑ ௝ݕߣ

௡
௜∈ூ . Therefore |∑ ௜௜∈ூݕ | ≤ ∑ ௜|௜∈ூݕ| ≤  ௝ห which impliesݕหݎ

that |ߣ| ≤  .ݎ 

iii) Let  ்ܺ  = ,ଵݔ]  . . . , = ܺܣ Then .ݎ ௡]  be an eigenvector with respect toݔ  ,ܺݎ 

so for every j, 

 

 (ܺܣ)௜ = ∑ ௝௜ܣ
௡
௜ୀଵ ௜ݔ =  .௝ݔݎ

 

Suppose 1 ≤  ݆ ≤  ݊ is such that |ݔ௝| is maximum among {|ݔ௜| | ∶  1 ≤  ݅ ≤

 ݊}.  Then we have |ݔ௜| ≤ ≥ ௝|,  for every  1ݔ|  ݅ ≤  ݊.  Let 

 

= ܫ  ൛݅ ∶ ൛ݒ௜,  ൟ.                                              (3.6)߁  ݊݅  ௝ൟݒ

 

As for ݅ ∈ ,ܫ  ௜௝ܣ  =  1, we have 

 

 (ܺܣ)௜ = ∑ ௝௜ܣ
௡
௜ୀଵ ௜ݔ = ∑ ௝௜௜∈ூܣ ௜ݔ = ∑ ௜௜∈ூݔ =  .௝ݔݎ

 

Since |ܫ|  = (௝ݒ)݃݁݀   = |௜ݔ| and ݎ  ≤  ௜ݔ copies of ݎ ௝|  for each ݅, the sum ofݔ|

equals to ݔݎ௝  if and only if ݔ௜ = ∋ ݅ ௝ , for everyݔ  .ܫ 

Now let ݒ௧ be a neighbour of ݒ௝ in ߁, so ݀݁݃(ݒ௧) = ,ݎ  ∋ ݐ ௜ݔ and ܫ  =  ௝. Letݔ

 

= ܬ  {݅ ∶ ,௜ݒ}  (3.7)                                   .{߁  ݊݅  {௧ݒ

 

It is obvious that |ܬ| = ∋ ݈ Let .ݎ |௟ݔ| such that ܬ ≥ ݅ ௜|,  for everyݔ| ∈  .ܬ

Continuing as in the previous parts, we can conclude that ݔ௜ =  ௟ for everyݔ

݅ ∈ ,In particular .ܬ  ݆ ∈ ௟ݔ so ,ܬ  =  is connected, continuing like ߁ ௝. Sinceݔ

this, we can conclude that ݔଵ  = ଶݔ  =. . . = ௡ݔ  ∶= = ܺ hence ,ݔ  ,1]ݔ  . . . ,1]. 

As ܺ was arbitrary, we deduce that ௥ܹ  =<  ܺ =  [1, . . . ,1]்  >, thus 

݀݅݉ ௥ܹ = 1. Since ܣ is a real symmetric matrix, it is diagonalizable, so by 

Theorem 2.4, ݀݅݉ ௥ܹ  equals multiplicity of ߣ in the characteristic polynomial 

of ߁. 
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iv) 1 ݐ݁ܮ௡
்  =  [1, . . . ,1] be eigenvector corresponding to eigenvalue ݎ. We have 

1௡ܣ
்  = 1௡ݎ 

்  . This implies that (ܣ − 1௡(ܫݎ
்  =  0. Then 

 

൥
ݎ− ⋯ ܽଵ௡

⋮ ⋱ ⋮
ܽ௡ଵ ⋯ ݎ−

൩
௡×௡

൥
1
⋮
1

൩
௡×ଵ

= ൥
ݎ− + ∑ ܽଵ௜

௡
௜ୀଶ

⋮
ݎ− + ∑ ܽ௡௜

௡ିଵ
௜ୀଵ

൩
௡×ଵ

= ൥
0
⋮
0

൩
௡×ଵ

  .        (3.8) 

 

 The sum of entries of each row of ܣ give the degree of vertex. Thus 1௡ is 

eigenvector corresponding to eigenvalue ݎ of ߁.  

 

Lemma 3.1: [Web 1, 2018] The number of closed walks of length ݈ in ߁ equals: 

 

 ∑ ௟௡ ߣ
௜ୀଵ = 0                                                        (3.9) 

 

Proof 3.1: The matrix ܣ௟ has in its ݒݑ −entry the number of walks from ݑ to ݒ. So a 

diagonal ݒݑ-entry gives the number of closed walks starting and ending at ݑ, and the 

sum of the diagonal entries, ݎݐ(ܣ௟), gives the number of closed walks of length ݈. On 

the other hand, if ߣ is eigenvalue of ܣ, then ߣ௟  is eigenvalue of ܣ௟ with the same 

multiplicity. 

Diagonalizing ܣ௟  as ܵିଵܣ௟  ܵ =  is diagonal matrix with the ܦ where ,ܦ 

eigenvalues of ܣ௟ on the diagonal, gives: 

 

( ௟ܣ)ݎݐ  = ௟ܣଵିܵ)ݎݐ   ܵ )  = (ܦ)ݎݐ   = ∑ ௜ߣ
௟ .                 (3.10) 

 

Lemma 3.2: [Web 1, 2018] A graph ߁ is bipartite if and only if its spectrum is 

symmetric. (i.e if ߣ is eigenvalue, then −ߣ is also eigenvalue and with the same 

multiplicity). 

 

Proof 3.2: Let ߁ be bipartite with parts ܭ and ܮ of sizes ݇ and  ݈. So, for some ݇ × ݈ 

matrix ܤ we have: 

ܣ = ൤
0௞௞ ܤ
்ܤ 0௟௟

൨.                                            (3.11) 

As ߣ is eigenvalue, 
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ቂݒߣ
ቃݓߣ = ߣ ቂݒ

ቃݓ = ܣ ቂݒ
ቃݓ ቂ ݓܤ

 ቃ                               (3.12)ݒ்ܤ

 

So, ݓܤ = = ݒ்ܤ  and  ݒߣ   :is also eigenvalue ߣ− We claim that .ݓߣ 

 

ܣ ቂ ݒ
ቃݓ− = ቂ−ݓܤ

ݒ்ܤ ቃ = ቂ−ݒߣ
ݓߣ ቃ = ߣ− ቂ ݒ

 ቃ.                       (3.13)ݓߣ

 

Let ߣ be with multiplicity ݉. As the subspace spanned by the [ݓ ݒ]் will have 

the same dimension as that spanned by the corresponding [ݒ   − ்[ݓ  has also ߣ− ,

multiplicity ݉. So spectrum is symmetric. 

Now let the spectrum be symmetric. Then for any odd ݌ we have : 

 

∑ ௜ߣ
௣ = 0,                                                (3.14) 

 

as any term ߣ௜
௣  will be cancelled by a term (−ߣ௜)௣ = ௜ߣ−

௣. By Lemma 3.1, there are 

no closed walks of odd lenght in ߁, so in particular there are no odd cycles. 

Therefore ߁ is bipartite.  

 

Lemma 3.3: (Lemma 3.6 in [Biggs, 1993]) Let ߁ be a regular graph of degree ݎ with 

݊ vertices and ݉ edges. Let ܣ and ܴ be the adjacency matrix and the incidence 

matrix of ߁, respectively. Let (߁)ܮ be its line graph. Then: 

 

i) ்ܴܴ = ൯(߁)ܮ൫ܣ +   ,ܫ2

ii) ்ܴܴ = (߁)ܣ +  .ܫݎ

 

Furthermore, if ߁ has an eigenvalue equals to −ݎ with an eigenvector ܺ, then 

்ܴܺ  is bipartite  and ߁ = 0. 

 

Proof 3.3 :i) Suppose ߁ is a regular graph of degree ݎ. We have (்ܴܴ)௜௝ =

 ∑ ܴ௜௞
௧ ܴ௞௝

௡
௞ୀଵ =  ∑ ܴ௞௜ܴ௞௝

௡
௞ୀଵ .  It is clear that ∑ ܴ௞௜ܴ௞௝

௡
௞ୀଵ ≠ 0 if and only if 

for some ݇, both terms ܴ௞௜  and ܴ௞௝ are nonzero. By the definition of the 

incidence matrix, one can see that 
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(்ܴܴ)௜௝ = ൜ 
;௜௝((߁)ܮ)ܣ             ݅ ≠ ݆
2;                             ݅ = ݆ = (߁)ܮ)ܣ) +  ௠)௜௝.       (3.15)ܫ2

 

ii) We will prove this part by a similar argument. We have: 

 

(்ܴܴ)௜௝ =  ∑ ܴ௜௞ܴ௞௝
௧௡

௞ୀଵ =  ∑ ܴ௜௞ ௝ܴ௞
௡
௞ୀଵ .                       (3.16) 

 

Similarly ∑ ܴ௜௞ ௝ܴ௞
௡
௞ୀଵ ≠ 0 if and only if for some ݇, we have ܴ௜௞ ≠ 0 and 

௝ܴ௞ ≠ 0 which holds for those ݇ such that the edge ݁௞  is incident with both 

vertices ݁௜ and ௝݁. If ݅ =  ݆, then it is clear thatܣ௜௜ = ௜௜ܫݎ ,0 =  and (்ܴܴ)௜௜ ݎ

equals the number of neighbors of ݒ௜ which is ݎ as ߁ is regular of degree ݎ. 

For the ܿܽ݁ݏ ݅ ≠ ௜௝ܣ ,݆ ≠  0 while {ݒ௜, {௝ݒ ∈ Let ݁௟ .(߁)ܧ  ≔ ௜ݒ} ,  ௝}. Thisݒ

implies that ܴ௜௞ܴ௞௝
௧ = ܴ௜௟ ௝ܴ௟ = 1. Hence 

 

(்ܴܴ)௜௝ = ൜ 
;௜௝((߁)ܮ)ܣ             ݅ ≠ ݆
;ݎ                             ݅ = ݆ = (߁)ܣ) +  ௡)௜௝.            (3.17)ܫݎ

 

If Γ has an eigenvalue equals to −r with an eigenvector X, by Lemma 3.2, ߁ is 

bipartite and so ்ܴܺ =  0.  

 

Proposition 3.2: (Theorem 3.8 in [Biggs, 1993]) If  ߁ is regular graph of degree r 

with n vertices and ݉ =  edges, then ݎ݊

 

;(߁)ܮ)݌ (ߣ = + ߣ)  2)௠ି௡߁)݌; + ߣ 2 − ݇).                    (3.18) 

 

Proof 3.2: We shall use the notation and results of Lemma 3.2. Let us define two 

matrices with ݊ + ݉ rows and columns with the following block structures: 

 

ܷ = ൤ܫߣ௡ −ܴ
0 ௠ܫ

൨ , ܸ = ൤
௡ܫ ܴ
்ܴ ௠ܫߣ

൨.                                    (3.19) 

 

Then we have: 
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ܷܸ = ൤ܫߣ௡ − ்ܴܴ 0
்ܴ ௠ܫߣ

൨ , ܸܷ = ൤
௡ܫߣ 0
்ܴߣ ௠ܫߣ − ்ܴܴ൨.                (3.20) 

 

Since ݀݁ݐ(ܷܸ)  =  we deduce that (ܷܸ)ݐ݁݀ 

 

௡ܫߣ)ݐ௠݀݁ ߣ  − ்ܴܴ)  = ௠ܫߣ)ݐ௠݀݁ߣ   − ்ܴܴ).                   (3.21) 

 

Thus we may argue as follows: 

 

 (߁)ܮ)݌; (ߣ = ௠ܫߣ)ݐ݁݀ − (௅ܣ = + ߣ)൫ݐ݁݀ ௠ܫ(2 − ்ܴܴ൯ = + ߣ)

2)௠ି௡݀݁ݐ൫(ߣ + ௡ܫ(2 − ்ܴܴ൯. 

 

As ߁ is regular of degree ݎ, Lemma 3.3 implies that ்ܴܴ = ܣ +  thus ,ܫݎ

 

 (߁)ܮ)݌; (ߣ  = + ߣ)  2)௠ି௡݀݁ߣ))ݐ + 2 − ௡ܫ(ݎ  − (ܣ  =

+ ߣ)  2)௠ି௡߁)݌; + ߣ 2 −  .(ݎ

 

In other words, if the spectrum of ߁ is {ݎଵ, ଵߣ
௠భ , . . . , ௦ߣ

௠ೞ}, then the spectrum of (߁)ܮ 

is {[2ݎ − 1]ଵ, ݎ] − 2 + ,ଵ]௠భߣ . . . , ݎ] − 2 + ௦]௠ೞߣ , [−2]௠ି௡}.  

 

Lemma 3.4: Let ߁ be a regular graph of degree ݎ and let ߣ௜ and  ݍ௜, for (1 ≤ ݅ ≤ ݊), 

be the eigenvalues of the adjacency matrix and signless Laplacian matrix of the 

graph Γ, respectively. Then the eigenvalues of the signless Laplacian matrix ܳ(߁) 

are 2ݎ, ݎ + ,ଵߣ . . ., and ݎ + ௡ߣ . 

 

Proof 3.4: Let ܴ ∶=  By the definition and by Lemma 3.3, we know that  .(߁)ܴ 

,(߁)ܣ)݌ (ߣ = − ܫߣ)ݐ݁݀ ்ܴܴ and ((߁)ܣ  = (߁)ܣ  +  therefore ,ܫݎ

 

 (߁)ܣ)݌, (ߣ  = − ܫߣ)ݐ݁݀  ((߁)ܣ = − ܫߣ)ݐ݁݀  (்ܴܴ  −  ((ܫݎ

= + ߣ))ݐ݁݀  − ܫ(ݎ ((߁)ܳ  = ,(߁)ܳ)݌  + ߣ  .(ݎ

 

Consequently, ݍ௜  = ݎ  + ≥ ௜ for 1ߣ  ݅ ≤  ݊. 
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Remark 3.1: [Cvetkovic´ et al., 1980]) Consider the adjacency matrix of the 

subdivision graph of a graph ߁, i.e. ((߁)ܵ)ܣ. By Lemma 2.2 we know that ܵ(߁) is a 

bipartite graph with bipartition ܺ |ܻ, where ܺ = = ܻ and (߁)ܸ  It is an easy .(߁)ܧ 

verification to see that 

 

൯(߁)൫ܵܣ = ቂ0 ்ܴ

ܴ 0
ቃ                                             (3.22) 

 

where ܴ =  .߁ is the incidence matrix of (߁)ܴ 

 

Notation 3.1: Let ܧ௬  be the ݊ × ݊ matrix as follows; 

 

௫௭(௬ܧ) = ൜ 1; ݔ     = ݕ = ݖ
0;  (3.23)                                         .݁ݏ݅ݓݎℎ݁ݐ݋    

 

For a graph ߁ and ܵ ⊆  Łௌ is obtained from Ł by deleting the rows and ,(߁)ܸ

columns of Ł indexed by ܵ. 

 

Lemma 3.5: Let Ł ீ   be the Laplacian matrix with respect to a graph ܩ and let 

݁ = ,ݔ} {ݕ ∈  :Then we have the following properties  .(߁)ܧ 

 

i) Ł௰
{௫} = Ł௰\௘

{௫} + ௬ܧ  and 

ii) Ł௰
{௫,௬} = Ł௰/௘

{௬}  

 

Proof 3.5: The Laplacian matrix of Ł௰\௘ differs from that of ߁ only in the entries in 

positions (ݔ, ,(ݔ ,ݕ) ,(ݕ ,ݔ) ,ݕ) and ,(ݕ  Three of these entries, since they belong to .(ݔ

the row and column labelled by ݔ, are absent from Ł௰
{௫}and from Ł௰\௘

{௫} . The fourth 

represent the degree of ݒ, which is greater by one in ߁ than in ߁\݁. Hence the 

(݊ − 1) × (݊ − 1) matrices Ł௰
{௫}

 and Ł௰\௘
{௫}  are related by the equation 

 

Ł௰
{௫} = Ł௰\௘

{௫} + ௬ܧ                                      (3.24) 
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Let ݓ and ݖ be vertices of ߁ (other than ݔ and ݕ). If ݓ ≠  the entry in the ,ݖ

,ݓ) position of Ł௰ (ݖ
{௫,௬} is −1 or 0 according as ݓ is adjacent to ݖ or not. Since ݓ 

and ݖ are adjacent in ߁ if and only if they are adjacent in ߁/݁, the (ݓ,   entry of-(ݖ

Ł௰/௘
{௬}  is the same as that of Ł௰

{௫,௬}. The {ݕ, entry of Ł௰-{ݕ
{௫,௬} is the degree in ߁ of ݓ. 

This is the same as the degree of ݓ in ߁/݁ (bearing in mind that a double edge from 

 in this graph). So the diagonal entries ݓ contributes 2 to the degree of ݁/߁ in ݕ to ݓ

of Ł௰
{௫,௬} also coincide with those of  Ł௰/௘

{௬} . Then the following equality holds: 

 

Ł௰
{௫,௬} = Ł௰/௘

{௬}                                                  (3.25) 

 

Proposition 3.3: (Proposition 1.3.4 in [Brouwer and Haemers, 2012]) Let ߁ be an 

undirected graph with at least one vertex and Laplace matrix Ł with eigenvalues 

0 =  μଵ  ≤ μଶ  ≤  …  ≤ μ௡ . Let ܿ௫௬ be the (ݔ,  cofactor of the matrix Ł.  Then the-(ݕ

number ܰ of the spanning trees of ߁ equals: 

   

     ܰ =  ܿ௫௬, for any ݔ, ∋ ݕ  (3.26)                             .(߁)ܸ 

 

Proof 3.3: By Notation 3.1, for ܵ ⊆  Łௌ is obtained from Ł by deleting the , (߁)ܸ 

rows and columns indexed by ܵ. In particular, if ܵ = then ܿ௫௫ ,{ݔ}  = Ł௰ݐ݁݀
{௫}. We 

prove by induction on ݊. 

For ݊ =  1, we have ݌(Ł, (ݐ  = ௡ݐ   = ଵ. Then ܿ௫௫ݐ   equals to the determinant 

of the empty matrix which is one. On the other hand it is clear that in this case 

(߁)ܰ  =  1. So we may assume that ݊ >  1 and ܿ௫௫ = Ł௰ݐ݁݀
{௫} =  for any (߁)ܰ

graph ߁ with at least one vertex which has less than ݊ eigenvalues.  

We claim that for each ݔ ∈  :the following equality ,(߁)ܸ 

 

ܿ௫௫ = Ł௰ݐ݁݀
{௫} =  (3.27)                               .(n>1) ,(߁)ܰ

 

To prove this, we use induction on the degree of ݔ. 

If ݀݁݃௰(ݔ)  =  0, which means that ݔ is an isolated vertex in ߁, then ߁ has no 

spanning tree. This implies that ܰ(߁)  =  0 and so ܿ௫௫ = 0 =  So suppose that .(߁)ܰ
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݀݁݃௰(ݔ)  ≥  1 and for any graph ܩ ⊆ ∋ ݔ such that ߁ (ݔ)ீ݃݁݀ and (ܩ)ܸ  <

 ݀݁݃௰(ݔ), we have ݀݁ݐŁீ
{௫} = We show that ܿ௫௫ .(ܩ)ܰ = Ł௰ݐ݁݀

{௫} =  Since .(߁)ܰ

݀݁݃௰\௘(ݔ) <  ݀݁݃௰(ݔ), by induction hypothesis, we deduce that 

 

Ł௰\௘ݐ݁݀
{௫} (ݔ) =  (3.28)                                       .(݁\߁)ܰ

 

As ݔ has degree greater than one, there exists ݕ ∈ ,ݔ} such that (߁)ܸ  {ݕ ∈  .(߁)ܧ 

For such a vertex y we have: 

 

ܿ௫௫ = Ł௰ݐ݁݀
{௫} = ∑ (Ł௰

{௫})௬௪ܿ௬௪തതതതത௨∈௏,௪ஷ௫                         (3.29) 

 

where ܿ̅  is with respect to the matrix Ł௰
{௫}. We may rewrite the last sum as:  

 

 ∑ (Ł௰
{௫})௬௪ܿ௬௪തതതതത௨∈௏,௪ஷ௫,௬ + (Ł௰

{௫})௬௬ܿ௬௬തതതത 

 

                                          = ∑ ቀŁ௰
{௫}ቁ

௬௪
ܿ௬௪തതതതത௨∈௏,௪ஷ௫,௬ + ൤ቀŁ௰\௘

{௫} ቁ
௬௬

+ ൫ܧ௬൯
௬௬

൨ ܿ௬௬തതതത, 

 since Ł௰
{௫} = Ł௰\௘

{௫} + ௬ܧ . 

 

As 

 

 ∑ (Ł௰
{௫})௬௪ܿ௬௪തതതതത௨∈௏,௪ஷ௫,௬ + (Ł௰\௘

{௫} )௬௬ܿ௬௬തതതത + ܿ௬௬തതതത = ∑ (Ł௰\௘
{௫} )௬௪ܿ௬௪തതതതത௨∈௏,௪ஷ௫ + ܿ௬௬തതതത 

 

By the definition of determinant, we have: 

 

ܿ௫௫ = Ł௰\௘ݐ݁݀
{௫} + ݐ݁݀ ቀŁ௰

{௫}ቁ
{௬}

= (݁\߁)ܰ + (݁/ ߁)ܰ =  (3.30)         .(߁)ܰ
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4. NORMALIZED LAPLACIAN SPECTRUM  
 

4.1. Properties of Laplacian Spectrum 
 

Definition 4.1: The Laplacian Spectra 

Let ߁ =  (ܸ,  be a simple graph with ݊ vertices and ݉ edges. Let (ܧ

 

(߁)ଵߤ ≥ (߁) ଶߤ  ≥ ⋯  ≥  (4.1)                                (߁)௡ߤ 

 

be the eigenvalues of the Laplacian matrix Ł =  Ł(߁) of ߁. These eigenvalues are 

called the Laplacian eigenvalues of ߁. Let ߤଵ(߁), ,(߁) ଶߤ …  ,  be the distinct (߁)௦ߤ

Laplacian eigenvalues of ߁ such that for each 1 ≤  ݅ ≤  has (߁)௜ߤ the eigenvalue ,ݏ 

multiplicity ݐ௜ . The multi-set 

 

(Ł)ܿ݁݌ܵ ∶= ௧భ[(߁)ଵߤ]}  , ௧మ[(߁)ଶߤ] , . . . ,  ௧ೞ}             (4.2)[(߁)௦ߤ]

 

of eigenvalues of Ł together with their multiplicities is called the spectrum of 

Ł(߁), or the Laplacian spectra. 

 

Theorem 4.1: Let ߁ be a graph whose adjacency matrix and degree matrix are ܣ and 

  :respectively. Then we have the following properties ,ܦ

 

i) Ł = ܦ  −  .ܣ

ii) ܳ =  ்ܴܴ  and Ł =  ்ܱܱ  where ܴ is the incidence matrix and ܱ is the 

oriented incidence matrix of ߁. 

iii) Ł is positive semi-definite. 

iv) Every row sum and column sum of Ł is zero. 

v) The first Laplacian eigenvalue μ଴ of Ł corresponding to the eigenvector 

[1, . . . ,1]் is always 0. In addition, the multiplicity of μ଴  is 1. 

vi) If ߁ is a connected graph which has at least two vertices, then μଶ > 0. 
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Proof 4.1: i)  Let ܦ and ܣ be the degree matrix and adjacency matrix of an 

undirected graph ߁, respectively. Let ݀݁݃(ݒ௜) be the degree of the vertex ݒ௜. 

Let ݅ and ݆ be two integers in {1, . . . ݊}. We know that for ݅ =  ݆, we have 

௜௜ܦ = ௜௜ܣ and (௜ݒ)݃݁݀ = 0, while for ݅ ≠ ݆, the ݆݅-th entry of ܣ denotes the 

relationship between the vertices ݒ௜  and ݒ௝  in ߁, hence ܣ௜௝ is either 1 or 0 and 

௜௝ܦ = 0. Therefore: 

 

Ł௜௝ = ௜௝ܦ − ௜௝ܣ = ൞
;       (௜ݒ)݃݁݀                      ݂݅ ݅ = ݆                                

−1           ;           ݂݅ ݅ ≠ ௜ݒ} ݀݊ܽ ݆ , {௝ݒ ∈ (߁)ܧ
0             ;                         ݁ݏ݅ݓݎℎ݁ݐ݋               

           (4.3) 

 

ii) Let i and j be two positive integers. Then 

 

Ł௜௝ = (்ܱܱ)௜௝ = ∑ ܱ௜௞(்ܱ)௞௝
௡
௞ୀଵ = ∑ ܱ௜௞ ௝ܱ௞

௡
௞ୀଵ                   (4.4) 

 

which is the inner product of ߩ௜, the ݅th row, and ߩ௝, the ݆th row of ܱ. For 

݅ ≠ ݆, ∑ ܱ௜௞ ௝ܱ௞
௡
௞ୀଵ ≠ 0 if and only if for some ݇, both ܱ௜௞ ≠ 0 and ௝ܱ௞ ≠ 0 

which implies that the vertices ݒ௜ and ݒ௝ are both on the edge ݁௞. Now we 

consider the following two cases: 

Case 1: If either of ܱ௜௞  or ௝ܱ௞is positive, then the entry is 1. 

Case2: If the other is negative, then the entry is  -1. Thus ܱ௜௞ ௝ܱ௞ = −1. 

Similarly, for ݅ =  ݆, (்ܱܱ) ௜௜ is equal to inner product of the ݅th row vector ߩ௜  

with itself which is also equal to the degree of ݒ௜. By easy verification, one can 

deduce that (்ܱܱ) ௜௝ = ܦ) − ௜௝ (ܣ = (Ł) ௜௃ for arbitrary ݅, ݆ so, Ł =  ்ܱܱ  . 

Similarly for the signless Laplacian matrix we have: 

 

ܳ௜௝ = (்ܴܴ)௜௝ = ∑ ܴ௜௞(்ܴ)௞௝ = ∑ ܴ௜௞ ௝ܴ௞
௡
௞ୀଵ

௡
௞ୀଵ               (4.5) 

 

which is the inner product of the ݅th and ݆th rows, i.e. ߩ௜  and ߩ௝, of the matrix 

ܴ. For ݅ ≠ ݆, ∑ ܴ௜௞ ௝ܴ௞
௡
௞ୀଵ ≠ 0 if and only if for some ݇, both ܴ௜௞ ≠ 0 and 

௝ܴ௞ ≠ 0 yields that ݒ௜ and ݒ௝ are both on the edge ݁௞, hence the entry ܳ௜௝  is 1. 

On the other hand, for ݅ = ݆, the entry (்ܴܴ)௜௜ is equal to the inner product of 
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௜. Consequently, (்ܴܴ)௜௝ݒ ௜ with itself. This is also equal to degree ofߩ =

ܦ) + ௜௝(ܣ = (ܳ)௜௝ for every ݅, ݆. Therefore, ܳ = ்ܴܴ. 

iii) Let ܺ be an arbitrary vector and let ܻ be the vector ்ܱܺ. From part ݅݅), we 

have ł =  ்ܱܱ. Multiplying this equality by ்ܺ  and ܺ from left and right, 

respectively, we obtain: 

 

்ܺŁܺ =  ்்ܱܱܺܺ = ்ܻܻ ≥  0,                           (4.6) 

 

as ்ܻܻ is the inner product of ܻ by itself. As ܺ is arbitrary, we conclude that Ł 

is symmetric positive matrix. 

iv) Let ߁ be a simple graph. For (1 ≤ ݅ ≤ ݊), the number of −1ݏ in the ݅th row of 

the Laplacian matrix is equal to the number of vertices which are adjacent to 

the vertex ݒ௜. Indeed, this ݅th row have the degree of ݒ௜. Then the sum of the 

elements of ݅th row is equal to zero. Since Laplacian matrix is symmetric, the 

sum of the elements of any of its columns is equal to zero. 

v) Let ܺ =  [1, . . . ,1] and let ܯ =  Łܺ. Let ܯ௜ and ௝ܺ be the ݅1th and ݆1th entries 

of the matrices ܯ and ܺ, respectively. As ܯ௜ = ∑ (Łܺ)௜௝௜ = ∑ Ł௜௝ ௝ܺ௝  and 

௝ܺ = 1, for each ݆, we obtain that ܯ௜ = ∑ Ł௜௝௝  is equals to the sum of the ݅th 

row of Ł. In particular, we have Łܺ =  0ܺ where ܺ ≠  0, therefore μ ଴ =  0 is 

an eigenvalue of Ł corresponding to the eigenvector ܺ =  [1, . . . ,1]. Assume ܼ 

is an arbitrary nonzero eigenvector of Ł corresponding to the eigenvalue 

଴ ߤ = 0. Hence ்ܼŁܼ = 0. On the other hand 

 

 0 = (்ܼŁ)ܼ = ∑ (ܼ௨ − ܼ௩)ଶ
{௨,௩}∈ா(௰)  

 

which implies that for each {ݑ, {ݒ ∈ ௨ܼ ,(߁)ܧ  = ܼ௩. In addition, if ߁ is 

connected, then the eigenspace  ܹఓ బ is spanned by the vector ܺ and hence 

݀݅݉  ܹఓ బ =  1. Since Ł =  ்ܱܱ  is symmetric and real, by Theorem 2.4 it is 

also diagonalizable. Now Theorem 4.1 verifies that the multiplicity of  ߤ ଴  is 1. 

vi) By part v), if ߁ is a connected graph, then the Laplacian eigenvalue  ߤ ଴ = 0 

has multiplicity one. Since ݊ ≥  2, it is obvious that  ߤ ଵ > 0. 

 



36 

4.2. Properties of Normalized Laplacian Spectrum 
 

 In this part after explaining the notion of Normalized Laplacian matrix 

associated to a graph, we discuss some properties, in particular the eigenvalues and 

spectrum, of this matrix. 

 

Definition 4.2: Let ߁ be an undirected graph without an isolated vertex. The 

normalized Laplacian matrix Ł෨  is defined as Ł෨ = భିܦ
మŁିܦభ

మ  where ܦ and Ł are the 

diagonal and Laplacian matrices of  ߁. 

 

Remark 4.1: Let ߁ be an undirected graph without an isolated vertex with diagonal 

and Laplacian matrices ܦ and Ł. Let ݅ and ݆ be two positive integers. Let ݀௞ ∶= ௞௞ܦ , 

for each ݇. Since ߁ has no isolated vertices, the integer ݀௞  which is the degree of ݒ௞  

is nonzero; so 

 

 Ł෨ ௜௝ = ቀିܦభ
మŁିܦభ

మ  ቁ
௜௝

= ∑ భିܦ)
మ)௜௞ ቀŁିܦభ

మቁ
௞௝

௡
௞ୀଵ  

       = ∑ భିܦ)
మ)௜௞

௡
௞ୀଵ (∑ Ł௞௟

௡
௟ୀଵ భିܦ)

మ)௟௝. 

 

We know that ܦ௜௞ ≠ 0 and ܦ௟௝ ≠ 0 if and only if ݅ = ݇ and ݈ = ݆, so 

 

Ł෨ ௜௝ = భିܦ)
మ  )௜௜(∑ Ł௜௟

௡
௟ୀଵ భିܦ)

మ)௟௝ = భିܦ)
మ)௜௜Ł௜௝(ିܦభ

మ)௝௝.                  (4.7) 

 

If ݅ = ݆, then from (4.7) we conclude that 

 

 Ł෨ ௜௜ = ଵ
ඥௗ೔

݀௜
ଵ

ඥௗ೔
= 1. 

 

So consider the case where ݅ ≠ ݆: If {ݒ௜, {௝ݒ ∈  then by (4.7) we conclude that ,(߁)ܧ

 

 Ł෨ ௜௝ = భିܦ)
మ  )௜௜Ł௜௝(ିܦభ

మ)௝௝ = − ଵ
ඥௗ೔ௗೕ

. 
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In other situations, we can easily see that Ł෨ ௜௝ = 0. Thus the ݆݅-th entry of the 

Normalized Laplacian matrix of ߁ can be described as follows: 

 

Ł෨ ࢐࢏ =

⎩
⎨

⎧1                ;                      ݂݅ ݅ = ݆                         
ିଵ

ඥௗ೔ௗೕ
         ;         ݂݅ ݅ ≠ ݆ ܽ݊݀ { ௜ܸ , ௝ܸ} ∈ (߁)ܧ

0             ;                         ݁ݏ݅ݓݎℎ݁ݐ݋           

                       (4.8) 

 

Definition 4.3: The Normalized Laplacian Spectra 

For a graph ߁, the eigenvalues of  Ł෨(߁) which are the roots of the polynomial  

;(߁)൫Ł෨݌ ൯ߜ = ܫߜ) ݐ݁݀ − Ł෨(߁)) are called the normalized Laplacian eigenvalues of ߁ 

and are denoted by ߜଵ(߁), . . (߁)௡ߜ where (߁)௡ߜ ,. = 0 for any choice of ߁, [Butler, 

2008], [ Cavers, 2010], [Chung, 1997]. 

 

Theorem 4.2: (Lemma 1.7-8 in [Chung, 1997]) Suppose ߁ is a graph on ݊ vertices 

with ݊ ≥  2. Let ߜ௜: =  for ,߁ be the normalized Laplacian eigenvalue of (߁)௡ߜ

(1 ≤  ݅ ≤  ݊). Then we have the following properties: 

 

i) ߜ௡ = 0. 

ii) ߁ is bipartite if and only if  2 − ௜ߜ  is an eigenvalue of ߁ for each ݅. 

iii)  ߜ௜  ≤  2 for all ݅. In particular, ߜଵ  =  2 if and only if some connected 

component of ߁ is a non-trivial bipartite graph. 

iv)  ߜ௡ିଵ  >  0 if ߁ is connected. 

v) ∑ ௜௜ߜ  ≤  ݊ with equality holding if and only if ߁ has no isolated vertices.  

vi)  ߜ௡ିଵ ≤ ௡
௡ିଵ

 with equality holding if and only if ߁ is a complete graph on ݊ 

vertices. 

vii) ߜଵ ≥ ௡
௡ିଵ

 .has no isolated vertices ߁ ,

 

Proposition 4.1: Suppose ߁ is a simple graph. Let ݊ and ݉ be the numbers of 

vertices and edges of  ߁, respectively. Suppose ܵ(߁) is the subdivision graph of the 

graph ߁. We have the following properties: 
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i) (߁)ܵ)݌; (ߣ  = ;(߁)ܳ)݌௠ି௡ߣ  ;(߁)ܵ)݌ ଶ), whereߣ ;(߁)ܳ)݌ and (ߣ  denote the (ߣ

characteristic polynomial of ܵ(߁) and the characteristic polynomial of ܳ(߁), 

respectively. 

ii) Furthermore; ±ඥݍଵ(߁), ±ඥݍଶ(߁), … , ±ඥݍ௡(߁) and [0]௠ି௡are all 

eigenvalues of ܵ(߁). 

 

Proof 4.1: i) By Remark 3.1, ܵ(߁) is a bipartite graph whose adjacency matrix is 

 

ቂ 0 ܴ
்ܴ 0ቃ.                                                 (4.9) 

 

By the definition we have: 

 

;(߁)ܵ)݌ (ߣ = ܫߣ൫ݐ݁݀ − ൯(߁)ௌܣ = ݐ݁݀ ൤
௡ܫߣ −ܴ

−்ܴ ௠ܫߣ
൨.          (4.10) 

 

Then by Propoosition 2.1, 

 

 (߁)ܵ)݌; (ߣ  = ௡ܫߣ)ݐ݁݀(௠ܫߣ)ݐ݁݀   − (ଵ்ܴି(௠ܫߣ)ܴ  = ௡ܫߣ)ݐ௠݀݁ߣ   −  (ଵ்ܴܴିߣ

= ௡ܫଶߣ)ݐ݁݀ ௡ିߣ௠ߣ  − ்ܴܴ)  = ;(߁)ܳ)݌௠ି௡ߣ   .(ଶߣ

 

ii) By using part i), in the case of ߣ௠ି௡ = 0, we obtain the eigenvalue 0 with 

multiplicity ݉ − ݊ while in the case of (߁)ܳ)݌; (ଶߣ)(ߣ = ܫଶߣ)ݐ݁݀ − ܳ) = 0, 

we have ݍ௜ = ௜ߣ
ଶ, for each (1 ≤ ݅ ≤ ݊). Consequently, ߣ௜ = ௜ݍ ± ,  for each 

(1 ≤ ݅ ≤ ݊). 
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5. THE NORMALIZED LAPLACIAN SPECTRA 
OF TWO JOIN GRAPHS 

 

In this section, we identify the normalized Laplacian spectrum of Γଵ  ⊎ Γଶ and 

Γଵ  ⋁ Γଶ, where Γ୧ is r୧-regular (i = 1,2). Consider two graphs Γଵ, Γଶ with V(Γଵ)  =

 {uଵ, uଶ, . . . , u୬భ}, E(Γଵ)  =  {eଵ, eଶ, . . . , e୫భ } and V(Γଶ )  =  {vଵ, vଶ, . . . , v୬మ}. Then 1୩ 

and 0୩ are two vectors of order k with all elements equal to 1 and 0, respectively. 

0୧×୨  denotes an i ×  j matrix whose entries are zero, J୧×୨ is one whose entries are 1 and 

I୬  is the identity matrix of order n. 

 

Theorem 5.1: (Theorem 2.1 in [Hakimi- Nezhaad and Ghorbani, 2017]) For ݅ = 1,2. 

Let ߁௜ is ݎ௜-regular graph with ݊௜ vertices with incidence matrix R and ݎ௜= ߣଵ(߁௜)≥

௜߁)ଶߣ ) ≥ ⋯ ଵ߁  Then the normalized Laplacian spectrum of .(௜߁)௦ߣ ≤   ⊎  ଶ is߁

 

             {[0]ଵ[1 ± ට
ఒೕ(௰భ)ା௥భ

ଶ(௡మା௥భ)
]ଵ, [1 − ఒೕ(௰మ)

௡భା௥మ
]ଵ, [1]௠భି௡భ},                   (5.1)    

 

(2 ≤ ݆ ≤ ݊ଵ), (2 ≤ ݇ ≤ ݊ଶ), together with the root of 

 

ଶ- ଷ௡భାଶ௥మݔ                                             
௡భା௥మ

ଶ௡భ௡మାଶ௥భ௡భା௡మ௥మ + ݔ
(௡భା௥మ)(௡మା௥భ)

 = 0.                         (5.2)    

              

Proof 5.1: For (1 ≤  ݅ ≤  2), let ߁௜ be a regular graph of degree ݎ௜ with ݊௜ vertices. 

Let ܣ(߁௜) be the associated adjacency matrix for each ݅. According to the definition 

of ߁ଵ  ⊎  :ଶ, we can calculate the associated adjacency matrix as follows߁

 

 ߁)ܣଵ  ⊎ =(ଶ߁ ቎
0௡భ×௡భ ܴ௡భ×௠భ ௡భ×௡మܬ

்ܴ
௠భ×௡భ 0௠భ×௠భ 0௠భ×௡మ

௡మ×௡భܬ 0௡మ×௠భ ௡మ×௡మ(૛߁)ܣ

቏.                

 

Furthermore, by easy verification one can see that 

 

 ߁)ܦଵ  ⊎ =(ଶ߁ ቎
(݊ଶ + ௡భ×௡భܫ(ଵݎ 0௡భ×௠భ 0௡భ×௡మ

0௠భ×௡భ ௠భ×௠భܫ2 0௠భ×௡మ

0௡మ×௡భ 0௡మ×௠భ
(݊ଵ + ௡మ×௡మܫ(ଶݎ

቏. 
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Let ܴ be the incidence matrix of ߁ଵ . With respect to the definition of Laplacian 

matrix of a graph, we verify that: 

 

 Ł(߁ଵ  ⊎ =(ଶ߁ ቎
(݊ଶ + ௡భ×௡భܫ(ଵݎ −ܴ௡భ×௠భ ௡భ×௡మܬ−

−்ܴ
௠భ×௡భ ௠భ×௠భܫ2 0௠భ×௡మ

௡మ×௡భܬ− 0௡మ×௠భ
(݊ଵ + ௡మ×௡మܫ(ଶݎ − ௡మ×௡మ(૛߁)ܣ

቏.  

 

As 

Ł෨(߁ଵ  ⊎ (ଶ߁ = భିܦ
మŁ(߁ଵ  ⊎ భିܦ(ଶ߁

మ                             (5.3)    

 

we can see that, by a proper labeling of vertices, the normalized Laplacian matrix of 

ଵ߁  ⊎ ଶ߁  can be written as: 

 

 Ł෨ (߁ଵ  ⊎ =(ଶ߁

⎣
⎢
⎢
⎢
⎢
⎡ ௡భ×௡భܫ

ିோ೙భ×೘భ
ඥଶ(௡మା௥భ)

௃೙భ×೙మ
ඥ௡భା௥మ)(௡మା௥భ)

ିோ೅
೘భ×೙భ

ඥଶ(௡మା௥భ)
௠భ×௠భܫ 0௠భ×௡మ

ି௃೙మ×೙భ
ඥ௡భା௥మ)(௡మା௥భ)

0௡మ×௠భ ௡మ×௡మܫ − ஺(௰૛)೙మ×೙మ
(௡భା௥మ) ⎦

⎥
⎥
⎥
⎥
⎤

. 

 

Let 1௡భ
் = [1, . . . ,1] be an eigenvector corresponding to the eigenvalue ݎଵ of 

 ଵ, Proposition 3.1. Since adjacency matrices are symmetric, we can see that other߁

eigenvectors of ߁ଵ  are orthogonal to the vector 1௡భ. Consider an eigenvalue of ߁ଵ, say 

≥ ௝ where (2ߣ  ݆ ≤  ݊ଵ), where ߣ௝ ≠  ଵ߁ ଵ. Let ܺ be an eigenvector ofݎ

corresponding to this eigenvalue. We claim that the following vector ߔ is an 

eigenvector of Ł෨(߁ଵ  ⊎  of graph ߠ ଶ) corresponding to the normalized eigenvalue߁

ଵ߁  ⊎  ;ଶ߁

 

 ߶ =൥
ܺߙ

்ܴܺ
0

൩. 

In order to prove our claim, we may prove that Ł෨ߔ =  With respect to the .ߔߠ 

above mentioned formula for the normalized Laplacian of the join of these two 

graphs, we have: 
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 

⎣
⎢
⎢
⎢
⎢
⎡ ௡భ×௡భܫ

ିோ೙భ×೘భ
ඥଶ(௡మା௥భ)

௃೙భ×೙మ
ඥ௡భା௥మ)(௡మା௥భ)

ିோ೅
೘భ×೙భ

ඥଶ(௡మା௥భ)
௠భ×௠భܫ 0௠భ×௡మ

ି௃೙మ×೙భ
ඥ௡భା௥మ)(௡మା௥భ)

0௡మ×௠భ ௡మ×௡మܫ − ஺(௰૛)೙మ×೙మ
(௡భା௥మ) ⎦

⎥
⎥
⎥
⎥
⎤

൥
ܺߙ

்ܴܺ
0

൩ = ߠ ൥
ܺߙ

்ܴܺ
0

൩. 

 

It should be mentioned   that since ∑ ௜ߣ
௡భ
௜ୀଵ = 0, we have the following result: 

 
ି௃೙మ×೙భ

ඥ(௡భା௥మ)(௡మା௥భ)
ܺߙ = ିఈ

ඥ(௡భା௥మ)(௡మା௥భ)
ൣ∑ ௜ߣ

௡భ
௜ୀଵ , … , ∑ ௜ߣ

௡భ
௜ୀଵ ൧ = 0.          (5.4)    

 

Hence by solving the above matrix system, we conclude that: 

 

 

⎣
⎢
⎢
⎡ ߙ) − ோோ೅

ඥଶ(௡మା௥భ)
)ܺ

(1 − ఈ
ඥଶ(௡మା௥భ)

)்ܴܺ

0 ⎦
⎥
⎥
⎤

= ൥
ܺߙߠ

்ܴܺߠ
0

൩. 

 

Now we consider the two cases for solution: 

Case 1: 

 

 ൬1 − ఈ
ඥଶ(௡మା௥భ)

൰ ்ܴܺ = Then we have ൬1 .்ܴܺߠ − ఈ
ඥଶ(௡మା௥భ)

൰ =  .ߠ

 

Case 2: 

 

 ൬ߙ − ோோ೅

ඥଶ(௡మା௥భ)
൰ ܺ = ܺߙ ,ܺ With distributivity of .ܺߙߠ − ோோ೅

ඥଶ(௡మା௥భ)
ܺ =   .ܺߙߠ

 

Now we plug ߠ in equation, ܺߙ − ோோ೅

ඥଶ(௡మା௥భ)
ܺ = ܺߙ − ఈమ

ඥଶ(௡మା௥భ)
ܺ. So, 

ோோ೅

ඥଶ(௡మା௥భ)
ܺ = ఈమ

ඥଶ(௡మା௥భ)
ܺ. Then, ்ܴܴܺ = ܺܳ ,ଶܺ. Consequentlyߙ =  ଶܺ, sinceߙ

ܳ =  ்ܴܴ . Then ߙଶ is the eigenvalue of signless Laplacian matrix Q. That is 

ߙ = ±ඥݍ௜. We know that ݍ௜ = (௜߁)ߣ + ߙ ௜. Thenݎ = ±ඥߣ௝(߁ଵ) + ≥ ଵ , (2ݎ  ݆ ≤

 ݊ଵ). 

Therefore, 
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 ߠ௞ = ቎
±ඥߣ௝(߁ଵ) + ܺ ଵݎ

்ܴ

0
቏ 

 

is an eigenvector of Ł෨(߁ଵ  ⊎ ௞ߠ ଶ) corresponding to the normalized eigenvalues߁  of 

graph ߁ଵ  ⊎ ௞ߠ ଶ, where߁ = 1 ± ට
ఒೕ(௰భ)ା௥భ

ඥଶ(௡మା௥భ)
, ݇ = 1,2. 

Now consider the ݉ଵ  − ݊ଵ linearly independent eigenvectors ܼଵ (1 ≤  ݈ ≤

 ݉ଵ  − ݊ଵ) of ܮ(߁ଵ) corresponding to the eigenvalue −2. Then ܴܼଵ  =  0. 

Consequently 

 

 ߗଵ = ൥
0

ܼଵ
0

൩ 

 

is an eigenvector of Ł෨(߁ଵ  ⊎  ଶ) with an eigenvalue 1, since߁

 

 Ł෨ߗଵ =

⎣
⎢
⎢
⎢
⎢
⎡ ௡భ×௡భܫ

ିோ೙భ×೘భ
ඥଶ(௡మା௥భ)

௃೙భ×೙మ
ඥ௡భା௥మ)(௡మା௥భ)

ିோ೅
೘భ×೙భ

ඥଶ(௡మା௥భ)
௠భ×௠భܫ 0௠భ×௡మ

ି௃೙మ×೙భ
ඥ௡భା௥మ)(௡మା௥భ)

0௡మ×௠భ ௡మ×௡మܫ − ஺(௰૛)೙మ×೙మ
(௡భା௥మ) ⎦

⎥
⎥
⎥
⎥
⎤

൥
0

ܼଵ
0

൩ = ௡భ×௠భܫ ൥
0

ܼଵ
0

൩. 

 

On the other hand, 1௡మ
்=[1,...,1]  is an eigenvector corresponding to 

eigenvalue ݎଶ of ߁ and the other eigenvectors are orthogonal to 1௡మ, Proposition 3.1. 

Let ܻ be an eigenvector of ߁૛  corresponding to an eigenvalue ߣ௝(߁ଵ)  ≠  ,ଶݎ

(2 ≤  ݆ ≤  ݊ଶ). 

We claim that: 

 

 ߰ = ൥
0
0
ܻ

൩ 

 

is an eigenvector of Ł෨(߁ଵ  ⊎ ߢ ଶ)corresponding to the normalized eigenvalue߁ = 1 −
ఒೖ(௰మ)
௡భା௥మ

, (2 ≤  ݆ ≤  ݊ଶ). 
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 Ł෨߰ =

⎣
⎢
⎢
⎢
⎢
⎡ ௡భ×௡భܫ

ିோ೙భ×೘భ
ඥଶ(௡మା௥భ)

௃೙భ×೙మ
ඥ௡భା௥మ)(௡మା௥భ)

ିோ೅
೘భ×೙భ

ඥଶ(௡మା௥భ)
௠భ×௠భܫ 0௠భ×௡మ

ି௃೙మ×೙భ
ඥ௡భା௥మ)(௡మା௥భ)

0௡మ×௠భ ௡మ×௡మܫ − ஺(௰૛)೙మ×೙మ
(௡భା௥మ) ⎦

⎥
⎥
⎥
⎥
⎤

൥
0
0
ܻ

൩ = ߢ ൥
0
0
ܻ

൩ 

 

 

⎣
⎢
⎢
⎢
⎡

௃೙భ×೙మ
ඥ௡భା௥మ)(௡మା௥భ)

ܻ

0
௡మ×௡మܫ − ஺(௰૛)೙మ×೙మ

(௡భା௥మ)
ܻ⎦

⎥
⎥
⎥
⎤

= ൥
0
0

ܻߢ
൩ 

 

By solving this equations, ߢ = 1 − ఒೖ(௰మ)
௡భା௥మ

, (2 ≤  ݆ ≤  ݊ଶ). 

Let  

 

 ߉ = ቎
௡భ×ଵܬߙ
௠భ×ଵܬߚ
௡మ×ଵܬߛ

቏ 

 

for some vector (ߙ, ,ߚ (ߛ ≠ (0,0,0). 

 

 

⎣
⎢
⎢
⎢
⎢
⎡ ௡భ×௡భܫ

ିோ೙భ×೘భ
ඥଶ(௡మା௥భ)

௃೙భ×೙మ
ඥ௡భା௥మ)(௡మା௥భ)

ିோ೅
೘భ×೙భ

ඥଶ(௡మା௥భ)
௠భ×௠భܫ 0௠భ×௡మ

ି௃೙మ×೙భ
ඥ௡భା௥మ)(௡మା௥భ)

0௡మ×௠భ ௡మ×௡మܫ − ஺(௰૛)೙మ×೙మ
(௡భା௥మ) ⎦

⎥
⎥
⎥
⎥
⎤

቎
௡భ×ଵܬߙ
௠భ×ଵܬߚ
௡మ×ଵܬߛ

቏ = ݔ ቎
௡భ×ଵܬߙ
௠భ×ଵܬߚ
௡మ×ଵܬߛ

቏. 

 

Consider the following term: 

 

௡భ×ଵܬ௡భ×௡భܫߙ − ߚ ோ೙భ×೘భ
ඥଶ(௡మା௥భ)

௠భ×ଵܬ − ߛ ௃೙భ×೙మ
ඥ௡భା௥మ)(௡మା௥భ)

 ௡మ×ଵ.                    (5.5)ܬ

 

As  

 R୬భ×୫భJ୫భ×ଵ = ൥
rଵ
⋮

rଵ

൩ = rଵ ൥
1
⋮
1

൩ = rଵJ୬భ×ଵ 

 

and 
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 J୬భ×୬మJ୬మ×ଵ = ൥
nଶ
⋮

nଶ

൩ = nଶ ൥
1
⋮
1

൩ = nଶJ୬మ×ଵ. 

 

We can rewrite (5.5) as follows: 

 

 αJ୬భ×ଵ +  ି୰భ
ඥଶ(୬మା୰భ)

βJ୬భ×ଵ − ୬మ

ඥ୬భା୰మ)(୬మା୰భ)
γJ୬భ×ଵ 

 

= ቂ1 ି୰భ
ඥଶ(୬మା୰భ)

୬మ

ඥ୬భା୰మ)(୬మା୰భ)ቃ ቎
αJ୬భ×ଵ

βJ୫భ×ଵ
γJ୬మ×ଵ

቏. 

 

Similarly, we can see that 

 

 α ିୖ౐
ౣభ×౤భ

ඥଶ(୬మା୰భ)
J୬భ×ଵ + I୫భ×୫భβJ୫భ×ଵ + 0୫భ×୬మγJ୬మ×ଵ 

= ቂ
ିଶ

ඥଶ(௡మା௥భ)
1 0ቃ ቎

௡భ×ଵܬߙ
௠భ×ଵܬߚ
௡మ×ଵܬߛ

቏, 

 

and 

 

 ߙ ି௃೙మ×೙భ
ඥ௡భା௥మ)(௡మା௥భ)

௡భ×ଵܬ + 0௡మ×௠భܬߚ௠భ×ଵ + ௡మ×௡మܫ) − ஺(௰૛)೙మ×೙మ
(௡భା௥మ)

 ௡మ×ଵܬߛ(

 

= ቂ
ି௡భ

ඥ௡భା௥మ)(௡మା௥భ)
0 1 − ௥మ

௡భା௥మ
ቃ ቎

௡భ×ଵܬߙ
௠భ×ଵܬߚ
௡మ×ଵܬߛ

቏. 

By the above notes, we deduce that the equation Ł෨ ߉ =  is an ߉ gives that ߉ݔ

eigenvector of ܣ corresponding to eigenvalue ݔ if and only if  

 ߞ = ൥
ߙ
ߚ
ߛ

൩ 

 

is an eigenvector of the matrix M, where 
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 M=

⎣
⎢
⎢
⎢
⎡ 1 ି௥భ

ඥଶ(௡మା௥భ)
ି௡మ

ඥ௡భା௥మ)(௡మା௥భ)
ିଶ

ඥଶ(௡మା௥భ)
1 0

ି௡భ

ඥ௡భା௥మ)(௡మା௥భ)
0 1 − ௥మ

(௡భା௥మ) ⎦
⎥
⎥
⎥
⎤

. 

 

The characteristic polynomial of M is  

 

ଷ- ଷ௡భାଶ௥మݔ
௡భା௥మ

ଶ + ଶ௡భ௡మାଶ௥భ௡భା௡మ௥మݔ
(௡భା௥మ)(௡మା௥భ)

 (5.6)                      .0 = ݔ

 

Corollary 5.1: (Corollary 2.2 in [Hakimi- Nezhaad and Ghorbani, 2017]) If 

ଶ߁ ≅ ௡మܭ 
തതതതത, then the normalized Laplacian spectrum of ߁ଵ  ⊎  ଶ is߁

 

{ [0]ଵ, [1]௠భି௡భା௡మ, [1 ± ට
ఒೕ(௰భ)ା௥భ

ଶ(௡మା௥భ)
]ଵ, [2]ଵ} , (2 ≤ ݆ ≤ ݊ଵ).               (5.7) 

 

Proof 5.1: If ߁ଶ ≅ ௡మܭ 
തതതതത, then ݎଶ  =  0. We replace ݎଶ by 0. 

We already have { [0]ଵ, [1 ± ට
ఒೕ(௰భ)ା௥భ

ଶ(௡మା௥భ)
]ଵ} from Theorem 5.1. 

Now, since ߁ଶ  has no edge, then for each (2 ≤  ݇ ≤  ݊ଶ), ߣ௰మ  =  0. Then 

 

                                       ቂ1 − ఒೕ(௰మ)
௡భା௥మ

ቃ = [1 − 0] = 1                                    (5.8) 

 

repeating for each (2 ≤  ݇ ≤  ݊ଶ). Then we have [1]௡మିଵ. 

On the other hand, we had [1]௠భି௡భ, together with [1]௡మିଵ. This give us 

[1]௠భି௡భା௡మାଵ. 

Now consider the roots of the polynomial 

ଶ- ଷ௡భାଶ௥మݔ
௡భା௥మ

ଶ௡భ௡మାଶ௥భ௡భା௡మ௥మ + ݔ
(௡భା௥మ)(௡మା௥భ)

 = 0 for ݎଶ = 0.                 (5.9) 

 

We obtain that ݔଶ − ݔ3 + 2 =  0. The roots of this polynomial are 1 and 2. 

We conclude that the eigenvalue 1 repeating ݉ଵ − ݊ଵ + ݊ଶ  times and we have 

the eigenvalue 2 which is repeating once.   
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Theorem 5.2: (Theorem 2.3 in [Hakimi-Nezhaad and Ghorbani, 2017]) For ݅ = 1,2. 

Let ߁௜ is ݎ௜-regular graph with ݊௜ vertices with incidence matrix R and ݎ௜= ߣଵ(߁௜)≥

௜߁)ଶߣ ) ≥ ⋯ ଵ߁  Then the normalized Laplacian spectrum of .(௜߁)௦ߣ ≤   ଶ is߁ ⋁  

 

            { [0]ଵ, [1 ± ට
ఒೕ(௰భ)ା௥భ

௥భ(௡మାଶ)
]ଵ,[1 − ఒೕ(௰మ)

௠భା௥మ
]ଵ, [1]௠భି௡భ},             (5.10) 

 

( 2 ≤  ݆ ≤ ݊ଵ), (2 ≤  ݇ ≤ ݊ଶ), together with the root of 

 

ଶ- ଷ௠భାଶ௥మݔ                                             
௠భା௥మ

ଶ௠భ௡మାସ௠భା௡మ௥మ + ݔ
(௠భା௥మ)(ଶା௡మ)

 = 0.                     (5.11)                 

 

Proof 5.2: For (1 ≤  ݅ ≤  2), let ߁௜ be a regular graph of degree ݎ௜ with ݊௜ vertices, 

Proposition 3.1. Let ܣ(߁௜) be the associated adjacency matrix for each ݅. According 

to the definition of ߁ଵ  ⋁ ߁ଶ, we can calculate the associated adjacency matrix as 

follows: 

 

 ܣ(߁ଵ  ⋁ ߁ଶ)= ቎
0௡భ×௡భ ܴ௡భ×௠భ 0௡భ×௡మ

்ܴ
௠భ×௡భ 0௠భ×௠భ ௠భ×௡మܬ

0௡మ×௡భ ௡మ×௠భܬ ௡మ×௡మ(૛߁)ܣ

቏. 

 

Furthermore, by easy verification one can see that 

 

 ܦ(߁ଵ  ⋁ ߁ଶ)= ቎
௡భ×௡భܫଵݎ 0௡భ×௠భ 0௡భ×௡మ

0௠భ×௡భ (2 + ݊ଶ)ܫ௠భ×௠భ 0௠భ×௡మ

0௡మ×௡భ 0௡మ×௠భ
(݉ଵ + ௡మ×௡మܫ(ଶݎ

቏. 

 

Let R be the incidence matrix of ߁ଵ . With respect to the definition of Laplacian 

matrix of a graph, we verify that: 

 

 Ł(߁ଵ  ⋁ ߁ଶ)= ቎
௡భ×௡భܫଵݎ −ܴ௡భ×௠భ 0௡భ×௡మ

−்ܴ
௠భ×௡భ (2 + ݊ଶ)ܫ௠భ×௠భ ௠భ×௡మܬ

0௡మ×௡భ ௡మ×௠భܬ−
ଶݎ) + ݉ଵ)ܫ௡మ×௡మ − ௡మ×௡మ(૛߁)ܣ

቏. 

 

As 
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Ł෨(߁ଵ  ⋁ ߁ଶ) = భିܦ
మŁ(߁ଵ  ⋁ ߁ଶ)ିܦభ

మ                            (5.12) 

 

we can see that, by a proper labeling of vertices, the normalized Laplacian matrix of 

ଶ߁ ⋁  ଵ߁  can be written as: 

 

 Ł෨ (߁ଵ  ⋁ ߁ଶ)=

⎣
⎢
⎢
⎢
⎢
⎡ ௡భ×௡భܫ

ିோ೙భ×೘భ
ඥ௥భ(௡మାଶ)

0௡భ×௡మ

ିோ೅
೘భ×೙భ

ඥ௥భ(௡మାଶ)
௠భ×௠భܫ

ି௃೘భ×೙మ
ඥ(௠భା௥మ)(௡మାଶ)

0௡మ×௡భ

ି௃೙మ×೘భ
ඥ௠భା௥మ)(௡మାଶ)

௡మ×௡మܫ − ஺(௰૛)೙మ×೙మ
(௠భା௥మ) ⎦

⎥
⎥
⎥
⎥
⎤

. 

 

Let 1௡భ
் = [1, . . . ,1] be an eigenvector corresponding to the eigenvalue ݎଵ of 

 ଵ, Proposition 3.1. Since adjacency matrices are symmetric, we can see that other߁

eigenvectors of ߁ଵ  are orthogonal to the vector 1௡భ. Consider an eigenvalue of ߁ଵ, say 

≥ ௝ where (2ߣ  ݆ ≤  ݊ଵ), where ߣ௝ ≠  ଵ߁ ଵ. Let ܺ′ be an eigenvector ofݎ

corresponding to this eigenvalue. We claim that the following vector ߔ′ is an 

eigenvector of  Ł෨(߁ଵ  ⋁ ߁ଶ) corresponding to the normalized eigenvalue ߠ′ of graph 

 ;ଶ߁ ⋁  ଵ߁

 

 ߶′ =൥
′ܺ′ߙ
்ܴܺ′

0
൩. 

 

In order to prove our claim, we may prove that Ł෨ߔ′ =  With respect to .′ߔ′ߠ 

the above mentioned formula for the normalized Laplacian of the join of these two 

graphs, we have: 

 

 

⎣
⎢
⎢
⎢
⎢
⎡ ௡భ×௡భܫ

ିோ೙భ×೘భ
ඥ௥భ(௡మାଶ)

0௡భ×௡మ

ିோ೅
೘భ×೙భ

ඥ௥భ(௡మାଶ)
௠భ×௠భܫ

ି௃೘భ×೙మ
ඥ(௠భା௥మ)(௡మାଶ)

0௡మ×௡భ

ି௃೙మ×೘భ
ඥ(௠భା௥మ)(௡మାଶ)

௡మ×௡మܫ − ஺(௰૛)೙మ×೙మ
(௠భା௥మ) ⎦

⎥
⎥
⎥
⎥
⎤

൥
′ܺ′ߙ
்ܴܺ′

0
൩ = ′ߠ ൥

′ܺ′ߙ
்ܴܺ′

0
൩ 

 

It should be mentioned  that since ∑ ௜ߣ
௡భ
௜ୀଵ = 0, we have the following result: 
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ି௃೙మ×೘భ
ඥ(௠భା௥మ)(௡మାଶ)

′ܺ′ߙ = ିఈᇱ
ඥ(௠భା௥మ)(௡మାଶ)

ൣ∑ ௜ߣ
௡భ
௜ୀଵ , … , ∑ ௜ߣ

௡భ
௜ୀଵ ൧ = 0.      (5.13) 

 

Hence by solving the above matrix system, we conclude that: 

 

 

⎣
⎢
⎢
⎢
⎡ ′ߙ) − ோோ೅

ඥ௥భ(௡మାଶ)
)ܺ′

(1 − ఈᇲ

ඥ௥భ(௡మାଶ)
)்ܴܺ′

0 ⎦
⎥
⎥
⎥
⎤

= ൥
′ܺ′ߙ′ߠ
′்ܴܺ′ߠ

0
൩. 

 

Now we consider the two cases for solution: 

Case 1: 

 

 ൬1 − ఈᇱ
ඥ௥భ(௡మାଶ)

൰ ்ܴܺ′ =  .′்ܴܺ′ߠ

 

 Then we have ൬1 − ఈᇱ
ඥ௥భ(௡మାଶ)

൰ =  .′ߠ

Case 2: 

 

 ൬ߙ′ − ோோ೅

ඥଶ(௡మା௥భ)
൰ ܺ′ =  .′ܺ′ߙ′ߠ

 

 With distributivity of ܺ′, ߙ′ܺ′ − ோோ೅

ඥ௥భ(௡మାଶ)
ܺ′ =  in ′ߠ Now we plug .′ܺ′ߙ′ߠ

equation, ߙ′ܺ′ − ோோ೅

ඥ௥భ(௡మାଶ)
ܺ′ = ′ܺ′ߙ − ఈᇱమ

ඥ௥భ(௡మାଶ)
ܺ′. 

So, ோோ೅

ඥ௥భ(௡మାଶ)
ܺ′ = ఈᇱమ

ඥ௥భ(௡మାଶ)
ܺ′. Then, ்ܴܴܺ′ =  ,ଶܺ′. Consequently′ߙ

 ܳܺ = ܳ ଶܺ, since′ߙ =  ்ܴܴ . Then ߙ′ଶ is the eigenvalue of signless Laplacian 

matrix Q. That is ߙ′ = ±ඥݍ௜. We know that ݍ௜ = (௜߁)ߣ + ′ߙ ௜. Thenݎ =

±ඥߣ௝(߁ଵ) + ≥ ଵ , (2ݎ  ݆ ≤  ݊ଵ). 

Therefore, 

 

 ߠ′௞ = ቎
±ඥߣ௝(߁ଵ) + ′ܺ ଵݎ

்ܴܺ′
0

቏ 
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is an eigenvector of Ł෨(߁ଵ  ⋁ ߁ଶ) corresponding to the normalized eigenvalues ߠ′௞  of 

graph ߁ଵ  ⋁ ߁ଶ, where ߠ′௞ = 1 ± ට
ఒೕ(௰భ)ା௥భ

ඥ௥భ(௡మାଶ)
 , ݇ = 1,2. 

Now consider the ݉ଵ  − ݊ଵ linearly independent eigenvectors ܼଵ′ (1 ≤  ݈ ≤

 ݉ଵ  − ݊ଵ) of ܮ(߁ଵ) corresponding to the eigenvalue −2. Then ܴܼଵ′ =  0. 

Consequently 

 

 ߗଵ′ = ൥
0

ܼଵ′
0

൩ 

 

is an eigenvector of Ł෨(߁ଵ  ⊎  ଶ) with an eigenvalue 1, since߁

 

 Ł෨ߗଵ′ =

⎣
⎢
⎢
⎢
⎢
⎡ ௡భ×௡భܫ

ିோ೙భ×೘భ
ඥ௥భ(௡మାଶ)

0௡భ×௡మ

ିோ೅
೘భ×೙భ

ඥ௥భ(௡మାଶ)
௠భ×௠భܫ

ି௃೘భ×೙మ
ඥ(௠భା௥మ)(௡మାଶ)

0௡మ×௡భ

ି௃೙మ×೘భ
ඥ(௠భା௥మ)(௡మାଶ)

௡మ×௡మܫ − ஺(௰૛)೙మ×೙మ
(௠భା௥మ) ⎦

⎥
⎥
⎥
⎥
⎤

൥
0

ܼଶ
0

൩ = ௡భ×௠భܫ ൥
0

ܼଵ′
0

൩. 

 

On the other hand, 1௡మ=[1,...,1]  is an eigenvector corresponding to eigenvalue ݎଶ of 

 .and the other eigenvectors are orthogonal to 1௡మ, Proposition 3.1 ߁

Let ܻ′ be an eigenvector of ߁૛  corresponding to an eigenvalue ߣ௝(߁ଵ)  ≠  ,ଶݎ

(2 ≤  ݆ ≤  ݊ଶ). 

We claim that: 

 

 ߰′ = ൥
0
0
ܻ′

൩ 

 

is an eigenvector of Ł෨(߁ଵ  ⊎ ′ߢ ଶ)corresponding to the normalized eigenvalue߁ = 1 −
ఒೖ(௰మ)
௡భା௥మ

, (2 ≤  ݆ ≤  ݊ଶ). 
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 Ł෨߰′ =

⎣
⎢
⎢
⎢
⎢
⎡ ௡భ×௡భܫ

ିோ೙భ×೘భ
ඥ௥భ(௡మାଶ)

0௡భ×௡మ

ିோ೅
೘భ×೙భ

ඥ௥భ(௡మାଶ)
௠భ×௠భܫ

ି௃೘భ×೙మ
ඥ(௠భା௥మ)(௡మାଶ)

0௡మ×௡భ

ି௃೙మ×೘భ
ඥ(௠భା௥మ)(௡మାଶ)

௡మ×௡మܫ − ஺(௰૛)೙మ×೙మ
(௠భା௥మ) ⎦

⎥
⎥
⎥
⎥
⎤

൥
0
0
ܻᇱ

൩ = ′ߢ ൥
0
0
ܻ′

൩ 

 

 

⎣
⎢
⎢
⎢
⎡

ି௃೘భ×೙మ
ඥ(௠భା௥మ)(௡మାଶ)

ܻ′

0
௡మ×௡మܫ − ஺(௰૛)೙మ×೙మ

(௠భା௥మ)
ܻ′⎦

⎥
⎥
⎥
⎤

= ൥
0
0

′ܻ′ߢ
൩ 

 

By solving this equations, ߢ′ = 1 − ఒೖ(௰మ)
௠భା௥మ

, (2 ≤  ݆ ≤  ݊ଶ). 

Let  

 

 ߉′ = ቎
௡భ×ଵܬ′ߙ

௠భ×ଵܬ′ߚ

௡మ×ଵܬ′ߛ

቏ 

 

for some vector (ߙ′, ,′ߚ (′ߛ ≠ (0,0,0). 

Similar to  the previous part, we can see that the equation Ł෨ ߉′ =  gives that ′߉ݔ

 if and only if ′ݔ corresponding to eigenvalue ܣ is an eigenvector of ’߉

 

 ߞ′ = ቎
′ߙ
′ߚ
′ߛ

቏ 

is an eigenvector of the matrix S, where 

 

 ܵ =

⎣
⎢
⎢
⎢
⎡ 1 ି௥భ

ඥ௥భ(௡మାଶ)
0

ିଶ
ඥ௥భ(௡మାଶ)

1 ି௡మ

ඥ(௠భା௥మ)(ଶା௡మ)

0 ି௠భ

ඥ(௠భା௥మ)(ଶା௡మ)
1 − ௥మ

(௠భା௥మ) ⎦
⎥
⎥
⎥
⎤

. 

 

The characteristic polynomial of S is  

 

ଷ- ଷ௡భାଶ௥మݔ
௡భା௥మ

ଶ + ଶ௡భ௡మାଶ௥భ௡భା௡మ௥మݔ
(௡భା௥మ)(௡మା௥భ)

 (5.14)                    .0 = ݔ
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Corollary 5.2: (Corollary 2.4 in [Hakimi- Nezhaad and Ghorbani, 2017]) If 

ଶ߁ ≅ ௡మܭ 
തതതതത, then the normalized Laplacian spectrum of ߁ଵ  ⋁ ߁ଶ is 

 

{ [0]ଵ, [1]௠భି௡భା௡మ, [1 ± ට
ఒೕ(௰భ)ା௥భ

௥భ(௡మାଶ)
]ଵ, [2]ଵ} , (2 ≤ ݆ ≤ ݊ଵ).             (5.15)         

 

Proof 5.2: If ߁ଶ ≅ ௡మܭ 
തതതതത, then ݎଶ  =  0. We replace ݎଶ by 0. 

We have { [0]ଵ, [1 ± ට
ఒೕ(௰భ)ା௥భ

௥భ(௡మାଶ)
]ଵ} from Theorem5.2. 

Now, since ߁ଶ  has no edge, then for each (2 ≤  ݇ ≤  ݊ଶ), ߣ௰మ  =  0. Then 

 

ቂ1 − ఒೕ(௰మ)
௠భା௥మ

ቃ = [1 − 0] = 1                                    (5.16) 

 

repeating for each (2 ≤  ݇ ≤  ݊ଶ). Then we have [1]௡మିଵ. On the other hand, we 

had [1]௠భି௡భ, together with [1]௡మିଵ. This give us [1]௠భି௡భା௡మାଵ. 

Now consider the roots of the polynomial  

 

ଶ- ଷ௠భାଶ௥మݔ
௠భା௥మ

ଶ௠భ௡మାସ௠భା௡మ௥మ + ݔ
(௠భା௥మ)(ଶା௡మ)

 = 0 for ݎଶ = 0.                  (5.17) 

 

We obtain that  ݔଶ − ݔ3 + 2 =  0. The roots of this polynomial are 1 and 2. 

We conclude that the eigenvalue 1 repeating ݉ଵ − ݊ଵ + ݊ଶ  times and we have the 

eigenvalue 2 which is repeating once.  
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6. FURTHER RESULTS ON TWO NEW JOIN 
GRAPHS  

 

6.1. Integrality of Two New Join Graphs 
 

 In sixth section, we will define the concepts of Ł෨-integral. Accordingly, we 

will give some proposition and proofs related to Ł෨-integral. Then, we will define the 

normalized Laplacian energy and prove the normalized Laplacian energy formula for 

two new join graphs in some special cases. Finally, we will define Kirchhoff index 

and we will calculate the Kirchhoff index of the new join graphs by using normalized 

Laplacian eigenvalues. 

 

Definition 6.1: The graph ߁ is Ł෨-integral if all its Ł෨-eigenvalues are integer. 

 

Theorem 6.1: (Example 1.2 in [Chung,  1991]) A graph ߁ is Ł෨-integral if and only if 

its eigenvalues are 0, 1, 2. 

 

Proof 6.1: If its eigenvalues are 0,1,2,  then it is clear that ߁ is Ł෨-integral. 

Now suppose ߁ is Ł෨-integral, so its Ł෨-eigenvalues are integer. By Theorem 4.2, we 

know that ߜ௡ = 0 and each 0 < ௜ߜ ≤  2 must be integer and 0 < ௡ିଵߜ ≤ 1. Since ߁ 

is  Ł෨-integral and ߜ௡ିଵ is an integer, then we have ߜ௡ିଵ =  1. 

 

Proposition 6.1: [Dam and Omidi, 2011] A connected graph ߁ has only two Ł෨-

eigenvalues if and only if it is complete. 

 

Proof 6.1: Let a connected graph ߁ has only two Ł෨-eigenvalues. Then by 

Theorem 4.2, we have ߜ௡ = 0 and ߜ௡ିଵ  >  0. Since this graph has no isolated 

vertices Theorem 4.2, ∑ ௜ߜ = 0௜ . Since we have two eigenvalues and ߜ௡ = 0, other 

eigenvalues are the same. Then we have ∑ ௡ିଵߜ
௜ୀଵ = ݊. So , ߜ (݊ − 1 − 1 + 1)  =  ݊ 

and thus ߜ = ௡
௡ିଵ

. Consequently, from Theorem 4.2, a connected graph which has 

only two  Ł෨-eigenvalues is complete. Suppose ߁ is complete graph on ݊ vertices. By 
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Theorem 4.2, since ܭ௡ has no isolated vertices, the normalized Laplacian spectrum 

of ܭ௡ is [0], [ ௡
௡ିଵ

]. So ߁ has only two Ł෨-eigenvalues.  

 

Notation 6.1: Suppose ݑ and ݒ are two vertices of a connected graph ߁. Denote 

ॉ(ݑ) ∩ ॉ(ݒ) by ߣ௨௩  if ݑ and ݒ are adjacent, and by μ௨௩   otherwise. 

 

Proposition 6.2: (Theorem 1 in [Dam and Omidi, 2011]) Let ߁ be a connected graph 

with ݁ edges. Then ߁ has three Ł෨-eigenvalues 0, ,ଵߜ ଶߜ  if and only if  μ௨௩ =

ݐ where ݒ and ݑ for non adjacent vertices , (ݒ) ݃݁݀(ݑ)݃݁݀ݐ = ఋభఋమ
ଶ௘

. 

Proposition 6.2, verifies the following corollary: 

 

Corollary 6.1: (Corollary 2 in [Dam and Omidi, 2011]) A connected graph ߁ with 

three Ł෨-eigenvalues 0, ,ଵߜ  .ଶ has diameter twoߜ

 

Proof 6.1: Let ߁ be a connected graph with three Ł෨-eigenvalues. As ߜଵ,  ଶ and theߜ

degrees of vertices are positive numbers, by Proposition 6.2, we deduce that μ௨௩  is 

nonzero, for any pair ݑ,  ,On the other hand .߁ of nonadjacent vertices of ݒ

Proposition 6.1, implies that ߁ is not complete, so its diameter is greater than one. If 

(߁)݉ܽ݅݀  >  2, then there exist two vertices ݑ˙ and ݒ˙ in Γ such that ݀(ݑ˙, (˙ݒ  >  2. 

Therefore ॉ(ݑ˙) ∩ ॉ(ݒ˙)  =  ∅ and so μ௨˙௩˙  =  0, a contradiction. Consequently, ߁ 

has diameter two.  

 

Proposition 6.3:. (Proposition 2 in [Dam and Omidi, 2011]) Let be a connected 

graph. Then the following statements are equivalent. 

 

i) ߁ is bipartite with three Ł෨-eigenvalues. 

ii) ߁ is Ł෨-integral. 

iii) ߁ is complete bipartite. 

 

Proof 6.3: (i ⇒ ii) Suppose ߁ is bipartite with three Ł෨-eigenvalues, we know that 

ଵߜ =  2, ௡ߜ = 0, 0 ≤ ௡ିଵߜ ≤  2 and ߁ is bipartite, then 2 −  for ߁ ௜ is eigenvalue ofߜ
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every ݅. Then 2 − ௡ߜ − 1 = ௡ିଵߜ ௡ିଵ, from hereߜ   =  1 and we can say that  Ł෨   is 

integral. 

(ii⇒iii) Let ߁ is Ł෨-integral. Ł෨-spectrum ߁ is {[0]ଵ, [1]௡ିଶ, [2]ଵ} and hence ߁ is 

bipartite. ߁ is complete bipartite, since diameter equals two and ߁ is 

connected. 

(iii ⇒ i) Clear.  

 

Proposition 6.4: (Proposition 3.2 in [Hakimi-Nezhaad and Ghorbani, 2017]) For 

݅ =  1,2, let ߁௜  be ݎ௜-regular connected graph, then ߁ଵ  ⊎ ଶ߁ ⋁  ଵ߁ ଶ and߁  are Ł෨-

integral if and only if  ߁ଵ ≅ ଶ߁ ଶ  andܭ ≅ ௡మܭ 
തതതതത. 

 

Proof 6.4: (⇐) Let  ߁ଵ ≅ ଶ߁ ଶ  andܭ ≅ ௡మܭ 
തതതതത. Since ܭଶ ⊎ ௡మܭ

തതതതത = ௡మܭ ⋁  ଶܭ ଶ,௡మ andܭ
തതതതത =

 ଵ,௡మାଶ are two graphs of order ݊ with the normalized Laplacian eigenvaluesܭ 

{[0]ଵ, [1]௡ିଶ, [2]ଵ} these graphs are Ł෨-integral. 

(⇒) Conversely, suppose that for ݅ =  1,2, let ߁௜  be ݎ௜-regular connected graph  

and ߁ଵ  ⊎ ଵ߁  ,ଶ is Ł෨-integral߁ ≇ ଶ߁ ଶ  andܭ ≇ ௡మܭ 
തതതതത. 

The normalized Laplacian spectrum of  ߁ଵ  ⊎  ଶ is߁

 

    {[0]ଵ[1 ± ට
ఒೕ(௰భ)ା௥భ

ଶ(௡మା௥భ)
]ଵ,[1 − ఒೕ(௰మ)

௡భା௥మ
]ଵ, [1]௠భି௡భ},                   (6.1) 

 

(2 ≤  ݆ ≤ ݊ଵ), (2 ≤  ݇ ≤ ݊ଶ) together with the root of 

 

ଶݔ                                              − ଷ௡భାଶ௥మ
௡భା௥మ

ଶ௡భ௡మାଶ௥భ௡భା௡మ௥మ + ݔ
(௡భା௥మ)(௡మା௥భ)

 =  0.                    (6.2) 

 

Since ߁ଵ  is connected, ߁ଵ  ⊎  ଶ is connected. Then, 0 is eigenvalue with߁

multiplicity 1. If ߣ௝(߁ଶ) =  0, (2 ≤ j ≤ n2) and ߣ௝(߁ଶ) =  :ଶ, we haveݎ 

 

 ݌௰మ
(ݔ) = ݔ) − ݔ)(ଶݎ − 0)௡మିଵ = ௡మݔ −  . ௡మିଵݔଶݎ
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Since ݁ܿܽݎݐ(ܣ(߁ଶ))  =  0 and ݁ܿܽݎݐ (ܣ(߁ଶ))  = ଶݎ ,We have .ݎ−   =  0. So, 

(ଶ߁)௝ߣ =  0, for every ݅. Consequently, ߁ଶ ≅ ௡మܭ 
തതതതത. If ߣ௝(߁ଵ) = ,ଵݎ−  (2 ≤  ݆ ≤  ݊ଵ), 

then ߁ଵ  is bipartite and spectrum is symmetric. Then 

 

 ݌௰భ
(ݔ) = ݔ) − ݔ)(ଵݎ + ଵ)௡భିଵݎ = ௡భݔ −  .௡భିଵݔଵݎ

 

Since ݊ଵ  =  2, Γ1 is connected. Thus  ߁ଵ ≅ (ଵ߁)௝ߣ ଶ. Ifܭ = ଵݎ−  + 2݊ଵ  >  0, 

(2 ≤  ݆ ≤  ݊ଵ),  then ݊ଵ  >   .ଵݎ 

 

Proposition 6.5: (Proposition 3.3 in [Hakimi- Nezhaad and Ghorbani, 2017]) Let  ߁ଵ   

be an empty graph of order ݊ଵ and ߁ଶ  be ݎଶ-regular graph of order ݊ଶ, then ߁ଵ  ⊎  ଶ߁

and  ߁ଵ  ⋁ ߁ଶ  are Ł෨-integral if and only if ߁ଶ ≅ ௡మܭ 
തതതതത or ߁ଶ is complete bipartite graph. 

 

Proof 6.5: Let  ߁ଵ  be an empty graph of order ݊ଵ and ߁ଶ  be ݎଶ-regular graph of order 

݊ଶ. 

(⇒) Suppose ߁ଵ  ⊎ ଶ߁ ⋁  ଵ߁  ଶ and߁  are Ł෨-integral and ߁ଶ ≇ ௡మܭ 
തതതതത. From 

Proposition 6.3, these join graphs are complete bipartite. We know that ߁ଵ  ⊎  ଶ  is߁

obtained by joining all of the vertices of ߁ଵ with all vertices of ߁ଶ. Since ߁ଵ  has only 

݊ଵ vertices and ߁ଵ  ⊎ ଶ߁   is complete bipartite, ߁ଶ   must be complete bipartite graph. 

Similarly we know that ߁ଵ  ⋁ ߁ଶ  is obtained by joining the all of the vertices of  ܵ(߁ଵ ) 

corresponding to the edges of ߁ଵ   with all of the vertices of ߁ଶ. From hypothesis, since 

ଵ߁   has no edges and ߁ଵ  ⋁ ߁ଶ  is complete bipartite graph, then ߁ଶ   must be complete 

bipartite. 

Now suppose ߁ଵ  ⊎ ଵ߁  ଶ and߁ ଶ߁ ⋁    are Ł෨-integral and ߁ଶ  is not complete bipartite. 

Then we can say with the same arguments that ߁ଶ ≅ ௡మܭ 
തതതതത. 

(⇐) Suppose ߁ଶ ≅ ௡మܭ 
തതതതത and ߁ଶ is not complete bipartite graph. Then ߁ଶ has 

only ݊ଶ vertices. By using the definition of edge subdivision and graph subdivision, 

we can say that ߁ଵ  ⊎ ଶ߁ ⋁  ଵ߁  ଶ and߁  are complete bipartite. Hence,  from Proposition 

6.3, these join graphs are Ł෨-integral. 

Now suppose ߁ଶ  is complete bipartite graph and ߁ଶ ≇ ௡మܭ 
തതതതത. Then ߁ଵ  ⊎   ଶ and߁

ଶ߁ ⋁  ଵ߁  are complete bipartite. Consequently these join graphs are Ł෨-integral from 

Proposition 6.3. 
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6.2. Normalized Laplacian Energy 
 

In this chapter, we consider the energy of a simple graph with respect to its 

normalized Laplacian eigenvalues, which we call the Ł෨-energy. 

 

Definition 6.2: The energy of a graph ߁ is a graph invariant first introduced by Ivan 

Gutman [Gutman, 1978], [Gutman, 2001], [Lihtenbaum, 1956] as  

 

(߁)ߝ = ∑ ௡|(߁)௜ߣ|
௜ୀଵ                                           (6.3) 

 

Definition 6.3: [Kirchhoff, 1847] For a graph ߁, the incidence energy of graph, 

denoted by ℜ(߁)ߝ, is introduced as 

 

ℜ(߁)ߝ = ∑ ඥݍ௜(߁)௡
௜ୀଵ                                   (6.4) 

 

Definition 6.4: [Cavers et al., 2010], [Hakimi-Nezhaad and Ghorbani, 2017] For a 

graph ߁ the normalized Laplacian energy, denoted by Ł෨ఌ(߁) is defined as  

 

 Ł෨ఌ(߁) = ∑ (߁)௜ߜ| − 1|௡
௜ୀଵ                                   (6.5) 

 

Let ߁௜ be a graph for ݅ ∈ {1,2}. In the rest of this part, we will calculate the 

normalized Laplacian energy for the graphs ߁ଵ  ⊎  .ଶ߁ ⋁  ଵ߁  ଶ and߁

 

Proposition 6.6: (Proposition 3.4 in [Hakimi- Nezhaad and Ghorbani, 2017])  Let ߁ଵ  

be a regular of graph of degree ݎଵ and order ݊ଵ, and let ߁ଶ ≅ ௡మܭ 
തതതതത. Then 

 

i) Ł෨ఌ(߁ଵ  ⊎ ( ଶ߁ = 2(1 + ℜఌ(௰భ)ିඥଶ௥భ 

ටଶ(௡మା௥భ)
), 

ii) Ł෨ఌ൫߁ଵ  ⋁ ߁ଶ ൯ = 2(1 + ℜఌ(௰భ)ିඥଶ௥భ 
ඥ௥భ(௡మାଶ)

). 

 

Proof 6.6: Considering the structure of these two graphs and by the definition of the 

join graph, we have: 
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i) Ł෨ఌ(߁ଵ  ⊎ (ଶ߁ = ∑ ଵ߁)௜ߜ|  ⊎ (ଶ߁ − 1|௡
௜ୀଵ  

 

= ଵ߁)ଵߜ|  ⊎ (ଶ߁ − 1| + ∑ หߜ௝(߁ଵ  ⊎ (ଶ߁ − 1ห௡భ
௝ୀଶ . 

 

Since ߜ௜(߁ଵ  ⊎ ଵ߁)ଶ) is the eigenvalues of  Ł෨ఌ߁  ⊎  ,ଶ), by Theorem 5.1߁

 

 |ߜଵ(߁ଵ  ⊎ (ଶ߁ − 1| + ∑ ቤ±ටఒೕ(௰భ)ା௥భ

ଶ(௡మା௥భ)
ቤ௡భ

௝ୀଶ + ଵ߁)௡ߜ|  ⊎ (ଶ߁ − 1| 

          = 1 + ∑ ቤ±ටఒೕ(௰భ)ା௥భ

ଶ(௡మା௥భ)
ቤ௡భ

௝ୀଶ + 1 = 2 + 2 ∑ ±ටఒೕ(௰భ)ା௥భ

ଶ(௡మା௥భ)
௡భ
௝ୀଶ . 

 

we obtain the following equality: 

 

Ł෨ఌ(߁ଵ  ⊎ (ଶ߁ = 2 + 2 ∑ ±ටఒೕ(௰భ)ା௥భ

ଶ(௡మା௥భ)
௡భ
௝ୀଶ = 2(1 + ℜఌ(௰భ)ିඥଶ௥భ 

ඥଶ(௡మା௥భ)
)          (6.6) 

 

 where  ℜߝ(߁ଵ) − ඥ2ݎଵ = ∑ ห±ඥߣ௝(߁ଵ) + ଵห௡భݎ
௝ୀଶ . 

 

ii)  Ł෨ఌ൫߁ଵ  ⋁ ߁ଶ൯ = ∑ หߜ௜൫߁ଵ  ⋁ ߁ଶ൯ − 1ห௡
௜ୀଵ  

 

= หߜଵ൫߁ଵ  ⋁ ߁ଶ൯ − 1ห + ∑ หߜ௝൫߁ଵ  ⋁ ߁ଶ൯ − 1ห௡భ
௝ୀଶ . 

 

Since ߜ௜൫߁ଵ  ,ଶ൯, by Theorem 5.2߁ ⋁  ଵ߁ଶ൯ is the eigenvalues of  Ł෨ఌ൫߁ ⋁  

 

 หߜଵ൫߁ଵ  ⋁ ߁ଶ൯ − 1ห + ∑ ቤ±ටఒೕ(௰భ)ା௥భ

௥భ(௡మାଶ)
ቤ௡భ

௝ୀଶ + หߜ௡൫߁ଵ  ⋁ ߁ଶ൯ − 1ห 

 

          = 1 + ∑ ቤ±ටఒೕ(௰భ)ା௥భ

௥భ(௡మାଶ)
ቤ௡భ

௝ୀଶ + 1 = 2 + 2 ∑ ±ටఒೕ(௰భ)ା௥భ

௥భ(௡మାଶ)
௡భ
௝ୀଶ . 

 

We obtain the following equality: 

 

Ł෨ఌ൫߁ଵ  ⋁ ߁ଶ൯ = 2 + 2 ∑ ±ටఒೕ(௰భ)ା௥భ

௥భ(௡మାଶ)
௡భ
௝ୀଶ = 2(1 + ℜఌ(௰భ)ିඥଶ௥భ 

ඥ௥భ(௡మାଶ)
)        (6.7) 
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 where  ℜߝ(߁ଵ) − ඥ2ݎଵ = ∑ ห±ඥߣ௝(߁ଵ) + ଵห௡భݎ
௝ୀଶ . 

 

Definition 6.5: Let ߁ be a graph, ݒ௜ , ௝ݒ ∈ |(߁)ܸ| and (߁)ܸ  =  ݊. Let ܶ ≔ Ł +
ଵ
௡

,௜ݒ Then the resistance distance between .ܬ  ௜௝ is defined asߗ denoted by ,(߁)ܸ ௝ inݒ

follows: 

௜௝ߗ  =  (ܶିଵ)௜௜  + (ܶିଵ)௝௝ − 2(ܶିଵ)௜௝                   (6.8) 

 

Then Ω = ௜௝ߗ]   ] is the resistance distance matrix which can be written 

explicitly as: 

 

 Ω = ൥
2(ܶିଵ)ଵଵ ⋯ (ܶିଵ)ଵଵ + (ܶିଵ)௡௡

⋮ ⋱ ⋮
(ܶିଵ)௡௡ + (ܶିଵ)ଵଵ … 2(ܶିଵ)௡௡

൩ 

 

Definition 6.6: The degree Kirchhoff index of a graph ߁ of order n, denoted by 

 :is first introduced by Chen in [Chen and Zhang, 2007] as (߁)∗݂ܭ

 

(߁)∗݂ܭ = ∑ ݀௜ݎ௜௝ ௝݀௜ழ௝  ,                                   (6.9) 

 

where ݎ௜௝ denotes the resistance-distance between the vertices ݒ௜ and ݒ௝ in a graph 

 .߁

 

(߁)∗݂ܭ = 2݉ ∑ ଵ
ఋ೔(௰)

௡
௜ୀଶ  ,                                 (6.10) 

 

where for (2 ≤  ݅ ≤  .߁  is the ݅th normalized Laplacian eigenvalues of (߁)௜ߜ  ,(݊ 

 

Proposition 6.7: (Proposition 3.5 in [Hakimi- Nezhaad and Ghorbani, 2017]) 

Suppose ߁ଵ  is a regular of graph of degree ݎଵ of order ݊ଵ with edges and let 

ଶ߁ ≅ ௡మܭ 
തതതതത. Then considering the graphs  ߁ଵ  ⊎ ଵ߁  ଶ and߁  :ଶ, we have߁ ⋁  

i) ߁)∗݂ܭଵ  ⊎  ଶ ) is equal to߁

2(2݉ଵ + ݊ଵ݊ଶ)(ଵ
ଶ

+ ݉ଵ − ݊ଵ + ݊ଶ +
(௡భିଵ)ටଶ(௡మା௥భ)

(௡భିଵ)(ටଶ(௡మା௥భ)±(ℜఌ(௰)ିඥଶ௥భ)
. 
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ii) ݂ܭ∗൫߁ଵ  ⋁ ߁ଶ൯ is equal to 

2݉ଵ(2 + ݊ଶ)(ଵ
ଶ

 + ݉ଵ − ݊ଵ + ݊ଶ + (௡భିଵ)ඥ௥భ(௡మାଶ)
(௡భିଵ)(ඥ௥భ(௡మାଶ)±(ℜఌ(௰)ିඥଶ௥భ)

. 

 

Proof 6.7: The number of edges of ߁ଵ ⊎ ଵ߁)ܧ| ଶ are߁ ⋁  ଵ߁  ଶ and߁  ⊎ |(ଶ߁  = 2݉ଵ +

݊ଵ݊ଶ and |E(߁ଵ  ⋁ ߁ଶ)| = ݉ଵ(2 + ݊ଶ), respectively. By Definition 6.6, we plug the 

eigenvalues by using Corollary 5.1 and Corollary 5.2. Furthermore since the ߁ଵ  is a 

 :ଵ-regular, this implies thatݎ

 

 ℜߝ(߁ଵ) = ∑ ඥߣ௝(߁ଵ) + ଵݎ
௡భ
௝ୀଵ , so ℜߝ(߁ଵ) − ඥ2ݎଵ = ∑ ඥߣ௝(߁ଵ) + ଵݎ

௡భ
௝ୀଶ .   
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7. CONCLUSION 
 

 

As we expressed our aim in the introduction section, in this thesis, we wanted 

to calculate the normalized laplacian eigenvalues of two join graphs called s-vertex 

and s-edge. We mainly used the ideas in Normalized Laplacian spectrum of two new 

types of join graphs [Hakimi- Nezhaad and Ghorbani, 2017]). To do this, after 

discussing the general properties of normalized Laplacian eigenvalues in section 

four, we calculated the normalized Laplacian matrix of the the join graphs by using 

the Laplacian, adjacency and degree matrices of the main graphs. Specially, in 

Theorem 5.1 and 5.2, we considered the special case, where both graphs are regular. 

Considering ݎ௜-regular graphs Γ௜, for i= 1,2, and the property that for each there exists 

an eigenvector [1,1, . . . ,1] ் corresponding to the eigenvalue ݎ௜ such that all the other 

eigenvectors are orthogonal to this eigenvector, we investigated the spectrum of the 

normalized Laplacian of these special graphs. In particular, we explained how 

eigenvalues can be computed for these types of join graphs. 

To sum up, we investigated the relationship between the eigenvalues of the 

main graph and the associated eigenvalues for the s-vertex and s-edges graphs. 
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