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SUMMARY

Spectral graph theory looks at the interplay between the structure of a graph
and the eigenvalues of a matrix associated with the graph. Many interesting graphs
have rich structure which can help in determining eigenvalues associated with some
particular matrix of a graph. There are many different matrices that are considered,
including the adjacency matrix A whose entries indicate when two vertices are
adjacent, Laplacian matrix L and normalized Laplacian matrix .

Let ' be an undirected graph without an isolated vertex, then the normalized

-1 1

Laplacian matrix £(T) is defined as £(I'") = Dz L(T") Dz where D is diagonal matrix
whose entries are degrees of vertices of T'. The eigenvalues of E(T") are called as the
normalized Laplacian eigenvalues of I'. Cavers in [Cavers, 2010] focused on graphs
that are co-spectral with respect to the normalized Laplacian eigenvalues.
Furthermore, he discussed properties of graphs with few normalized Laplacian
eigenvalues. Almost at the same time, he and Fallat [Cavers et al., 2010] considered
the energy of a simple graph with respect to its normalized Laplacian eigenvalues,
which is called the E-energy. Van Dam and Omidi in [Dam and Omidi, 2011] gave a
combinatorial characterization of those graphs whose normalized Laplacian have
three distinct eigenvalues.

The goal of this thesis is to investigate the spectrum of the normalized
Laplacian of some special graphs, in particular, we will be looking at understanding
how eigenvalues can be computed for some types of join graphs, as a note on

[Hakimi-Nezhaad and Ghorbani, 2017].

Keywords: Adjacency Matrix, Normalized Laplacian Matrix, Join of Graphs,

Integral Eigenvalue, Algebraic Graph Theory.



OZET

Spektral ¢izge teorisi, bir ¢izgenin yapisi ve ¢izgeye ait herhangi bir matrisin
Ozdegerleri arasindaki iliskiyi inceler. Bir¢cok ilging c¢izge, cizgenin bazi 6zel
matrisleri ile iligkili 6zdegerlerin belirlenmesine yardimci olabilen zengin bir yapiya
sahiptir.

Iki diigiimiin ardisik olmasi durumuna gére elemanlar1 belirlenen bitisiklik
matrisi A dahil, Laplacian matris L. ve normalize Laplacian matris £ gibi pek ¢ok
farkli matris vardir.

I', ayrik bir diiglimii bulunmayan yonsiiz bir ¢izge olsun. Bu durumda D, bu

cizgedeki diigiimlerin derecelerini iceren kosegen matris olmak {izere, normalize

Laplacian matrisi £(T) = D_71 L) D_71 olarak tanimlanir.

E(T') matrisinin 6zdegerleri, ¢izgenin normalize Laplacian 6zdegerleri olarak
adlandirilir. Cavers [Cavers, 2010]’de, normalize Laplacian 6zdegerleri ile ilgili
olarak ko-spektral olan ¢izgelere odaklanmistir. Ayrica, birka¢ normalize Laplacian
Ozdegeri ile cizgelerin 6zelliklerini tartigmistir. Aynm1 zamanda Cavers ve Fallat
[Cavers et al., 2010]’de, E(T) enerji ad1 verilen normalize Laplacian 6zdegerleri ile
ilgili basit bir ¢izgenin enerjisi lizerinde durmustur. Van Dam ve Omidi [Dam and
Omidi, 2011]’te, normalize Laplacian’in li¢ farkli 6zdegerine sahip olan bu ¢izgelerin
bir kombinatoryal karakterizasyonunu vermistir.

Bu tezin amaci, bazi 6zel c¢izgelerin, normalize Laplacian spektrumunu
arastirmaktir.  Ozellikle [Hakimi-Nezhaad and Ghorbani, 2017] iceriginden
faydalanarak, bazi birlesik ¢izge tiirleri i¢in, 6zdegerlerin nasil hesaplanabilecegini

anlamaya calisacagiz.

Anahtar Kelimeler: Bitisiklik Matrisi, Normalize Laplacian Matris, Birlesik

Cizgeler, Tamsay1 Ozdegerler, Cebirsel Cizge Teorisi.
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1. INTRODUCTION

The infrastructure of spectral graph theory were laid in the middle of
19t century, though its origins can be dated back even earlier. Spectral graph theory
starts by associating matrices to graphs, mostly, the adjacency matrix and the
Laplacian matrix and following the general theme which is computing or estimating
the eigenvalues of such matrices, and furthermore, discussing the structure of those
graphs via their spectral information. The relationship between chemical eigenvalues
and molecules is shown by using the spectral graph theory. Furthermore, it also
appears that the graph spectra appeared in various problems of the theoretical physics
and quantum mechanics.

In quantum chemistry, the concepts about spectral graph theory can be found in
a paper which is published by Hiickel [Hiickel, 1931]. In this paper, the concept of
the energy of a graph was first seen. The carbon atoms and hydrogen bonds between
carbon atoms have represented as vertices and edges, respectively. To find the total
energy of some electrons has used the eigenvalues.

The Matrix-Tree Theorem, which gives the number of spanning trees of a
graph by using the matrix, is seen as a conclusion of spectral graph theory. This
theorem was proved by Brooks, Smith, Stone and Tutte [Brooks et al.,1940] and
independently by Trent [Trent, 1954] in 1954. According to many authors, the
Matrix-Tree Theorem is indirectly contained in Kirchhoff’s classic 1847 paper
[Kirchhoff, 1847].

Cvetkovic’, Rowlinson and Simic” [Cvetkovic’, 1997] claim that the
investigation between spectral and structural properties of graphs can be found in the
unpublished thesis of Wei [Wei, 1952] from 1952 and an unpublished summary of a
1956 paper by Lihtenbaum [Lihtenbaum, 1956] communicated at the Third Congress
of Mathematicians of the U.S.S.R.

Since then, spectral graph theory has been well documented in several surveys
and books such as [Biggs, 1993], [Biggs et al., 1986], [Brouwer and Haemers, 2010],
[Cvetkovic’ et al., 1998], [Cvetkovic™ et al., 1980], [Cvetkovic” et al., 1997], [Godsil
and Royle, 2001], [Seidel, 1989].

In the last decade, the geometric approach has enhanced the area of spectral

graph theory. For instance, Lubotzky-Phillips-Sarnak [Lubotzky et al., 1988] has



studied the eigenvalues and isoperimetric properties of graphs. Novel and powerful
spectral information and techniques emerged. In brief, a new era has begun in the
spectral graph theory. Verifying the fundamental properties and structure of a graph
from its graph spectrum is one of the main goals in graph theory. Eigenvalues are
closely related to a general graph. Especially eigenvalues play an important role in
perceiving the structure of graphs. With examining the graph eigenvalues, an
important interaction has been observed, especially between spectral graph theory
and differential geometry.

There is an interesting analogy between spectral Riemannian geometry and
spectral graph theory, see [Xiao and Hancock, 2004].

The concepts and methods of spectral geometry bring useful tools and crucial
insights to the study of graph eigenvalues. Thus, new directions and results have
emerged in spectral geometry. Algebraic spectral methods are also very useful,
especially for extremal examples and constructions.

The recent progress on expander graphs and eigenvalues was initiated by
problems in communication networks. Applications of graph eigenvalues occur in
numerous areas and in different forms.

In this study, we investigate the relationship between the eigenvalues of the
main graph and the associated eigenvalues for the s-vertex and s-edges graphs. The
goal of this thesis is to investigate the spectrum of the normalized Laplacian of some
special graphs, in particular, we will be looking at understanding how eigenvalues
can be computed for some types of join graphs. We start by giving some
preliminaries in graph theory and linear algebra. Then we mention some basic
definitions and results that will be used throughout the thesis.

In third section we provide how the matrices of graphs is written, such as
adjacency, Laplacian etc. We examine the Laplacian matrix of the some graphs
depending on an edge e. We prove how the number of spanning tree of any
undirected graph with at least one vertex is calculated by using the Laplacian matrix.

In fourth section we consider the spectrum of Laplacian matrix and normalized
Laplacian matrix and the properties of them. After, we consider the relationship
between the eigenvalues of signless Laplacian matrix and the eigenvalues of
subdivision graph.

In fifth section we identify the normalized Laplacian spectrum for the s-vertex

and s-edges graphs by using the eigenvalues of main graph. In addition, we



investigate how the normalized Laplacian spectrum changes if one of graphs the s-
vertex and s-edges is isomorph to K, .

In sixth section we investigate the some results on two new join graphs. We
calculate both the normalized Laplacian energy and the degree Kirchhoff index for
the s-vertex and s-edges graphs by defining the concepts of the E-integral,

normalized Laplacian energy and the degree Kirchhoff index.



2. PRELIMINARIES AND BASIC RESULTS

2.1. Preliminary Definitions and Results in Graph Theory

In this part we give those definitions and results in graph theory that will be
used in other parts of this thesis. We follow the notations an results in [West, 2001].
We begin by the definition of a graph.

Definition 2.1: A graph I is an ordered pair (V(I'), E(I")) with V(I') as its vertex set
and E(I') as its edge set where each edge is associated with two vertices called the
endpoints (not necessarily distinct). When u and v are the endpoints of an edge, they
are called adjacent or neighbors. Adjacency of u and v is denoted by {u,v} or
u —v. For avertexv € V(I'), the neighbourhood of v is I, denoted by N (v) is the

following set:
Nr(w)={u e V{): {vyu} e E(N} (2.1)
In this case, the positive integer |t (V) | is called the degree of vin .

Definition 2.2: A loop is an edge whose endpoints are equal. Multiple edges are
edges having the same pair of endpoints. A simple graph is a graph having no loops

or multiple edges.

Definition 2.3: A walk in a graph is an arbitrary sequence of vertices and edges, say
Vg, €1, V1, €2, -, €k, Vi that begins and ends of a vertex. A path in a simple graph I’
is a walk where all the vertices v, vy, ..., Uy are distinct. If u and v are two vertices
of I', a path between these two vertices, is called a uv-path. A close path where only

initial and final vertices repeat is called a cycle.

Definition 2.4: A graph I is connected if for every pair of vertices u and v of I there

isauv-pathinT.



Definition 2.5: In a graph T, the distance between two vertices u and v is the length
of a shortest path in I' joining u and v. The diameter of I' is the maximum distance
among all pairs of vertices in I'. It should be mentioned that if the graph is

disconnected, we consider this value as o .

Definition 2.6: A bipartite graph is a graph whose vertex set can be partitioned into
two independent sets and no two graph vertices within the same set are adjacent.
Bipartite graphs are mostly used in modeling relationships, especially between two

entire separate classes of object.

Definition 2.7: A graph I is called r-regular if every vertex has precisely r edges, in

other words, every vertex has degree r. Cycles are examples of connected 2-regular

graph.

Definition 2.8: The complement I' of ' is the graph with the same vertex as I', where

two distinct vertices are adjacent whenever they are nonadjacent in I

Definition 2.9: A connected graph with no cycles is called a tree. A spanning tree of
a graph I' with n vertices, is a subset of n — I edges of I' that form a tree. The
number of distinct spanning trees in a graph I', denoted by N(I'), is called the tree
number of I'. For example; the spanning trees of the cycle graph C, are all pathes of
length three.

Definition 2.10: With respect to a graph I’ and e € E(I') the graph obtained by

deleting the edge e from I is denoted by I'\{e}, while the graph obtained by deleting

the edge e of I and merging the endpoint of e is denoted by I /{e}.

Example 2.1: Consider the following graph:
aAVA

1 5 4

Figure 2.1: A graph I and its edge {2,3}.




Consider the edge e := {2,3}. With respect to the above definition I'\e has the
structure mentioned in Figure 2.2, while I /e is the graph in Figure 2.3, where 0 is

the new vertex obtained by merging the vertices 2 and 3.

JAWA

Figure 2.2: The graph I'\e.

N

Figure 2.3: The graph I'/e.

Lemma 2.1: Let I be a graph. For each e € E(I'), we have:

N = N(I'\e) + N(I'/e). (2.2)

Proof 2.1: There is a one to one correspondence between the set of spanning trees of

I" which contains e and the set of spanning trees of I' \e. Let

o a:={T:Tisaspaning tree of I' passing e}

and let

o [:={T: Tis aspaning tree of I not passing e}

Since N(I') = |a|+|B]|, || = N({/e), and N(I'\e) = |B|, we have N(I') =
N(I'\e) + N(I'/e).



Definition 2.11: [West, 2001] An isomorphism from a simple graph I to a simple
graph A is a bijection f: V(I') = V(A) such that {u,v} € E(I') if and only if
{f(w),f(v)} € E(A). If there is an isomorphism from I' to A, these two graph are
called isomorphic and this property is denoted by I' = A.

Definition 2.12: Suppose ' is a graph. Edge subdivision operation for an edge
{u,v} € E(I) is the deletion of {u,w} from I' and the addition of two edges {u,w}
and {w, v} along with the new vertex w. This operation generates a new graph A

such that

e A= (V U{W}LE U{uv}u{{uw}{w,v}}).
Definition 2.13: For a graph I', the Graph subdivision, denoted by S(I'), is a graph
obtained by applying a sequences of edge subdivision operations to all edges of the

graph I'.

Example 2.2: Consider the graph I' as in Figure 2.4.

Figure 2.4: The graph I'.

With respect to the Definition 2.13, the graph subdivision of the graph I' will

be the one in Figure 2.5.
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Figure 2.5: The subdivision graph.

Lemma 2.2: (Introduction in [Cvetkovic™ et al., 1980]) Subdivision graph of a graph

is bipartite.

Proof 2.2: Suppose I' is a graph with vertex set X := V(I') and edge setY := E(I').
It is clear that S(I') is a graph whose vertex set is X UY which is a bipartition for
S(I') as any edge of S(I') has one vertex in X and one vertex in'Y. Thus S(I') is
bipartite.

Definition 2.14: [Hakimi-Nezhaad and Ghorbani, 2017] The Syerex join of two
graphs I and I, denoted by I W I, , is the graph obtained from S(I3 ) and I, by

Jjoining all vertices of I with all vertices of T;.

Definition 2.15: [Hakimi-Nezhaad and Ghorbani, 2017] The Seaee join of two graphs
I and I, denoted by I} V I, is the graph obtained from S(I3 ) and I, by joining
all vertices of S(I7 ) corresponding to the edges of I3, (i.e. the new added vertices),

with all vertices of T, .

Definition 2.16: Let I be a simple graph. The line graph, L(I") of the graph I is the

graph whose vertices are edges of the main graph I' with the following properties:

i) There is exactly one vertex v(e) in L(I") for each edge e inT.



ii) For any two edges e ane'in I, L(I") has an edge between v(e) and v(e'), if

and only if e and e’ are incident with the same vertex in the graph I'.

2.2. Preliminary Definitions and Results in Linear Algebra

In this part we give those definitions and results in linear algebra that will be
used in other parts of this thesis. We follow the notations an results in [Hoffman and

Kunze, 1971]. We begin by the notion of a binary operation.

Definition 2.17: On a nonempty set A, a binary operation is a map f: AXA -
A such that

i) fis defined for every element of A X A, and

ii) funiquely associates each element of A X A to some element of A.

It is easy to see that over the set A := C of complex numbers, addition +,

subtraction —, and multiplication X are all binary operations.

Definition 2.18: Suppose F is a nonempty set together with two binary operations on
it, called addition and multiplication. Furthermore, suppose addition and
multiplication are both commutative and associative, multiplication is distributive
over addition, there exist unique elements Og, 1 € F such that for each ¢ € F, we
have ¢ =0 +c and ¢ = 1gc, and for each x € F, there exists a unique element
x~1 € F such that xx™* = 1g. Then F is called a field. The elements of F are called
scalars. By easy verification, one can see that R and C are both fields with respect to

their natural addition and multiplication.

Definition 2.19: Let V be a nonempty set and F be a field. V is called a vector space

over the field F, if there exist two operations, a vector addition,

+: VXV >V (2.3)
(@pB) » a+p



and one scalar multiplication

C F XV —V (2.4)
B) = cpB

which satisfy the following properties:

i) a+f = p+aforeacha,f €V;

i) (a+pB)+y = a+ (B +vy)foreacha,f,y € V;

iii) There exists a unique zero vector, say 0, = 0 such that for each @ € V we
have 0y +a = a +0y = a;

iv) For each vector a in'V there is a unique vector —a in 'V such that
a+ (—a) = 0y;

v) Foreacha € V,1-a = a;

vi) (ci¢c)a = ci(c,a) such that ¢;,c, € F and a € V;

vi)c(a+ ) = ca+cf wherec € Fanda,f € V;

viii) (cq + c3)a = ci0 +c 0 where ¢1,¢c5 € Fanda € V.

Example 2.3: Let F be a field, and let

Vi={a = (xq,....,x,) : Xx; € F,foreachl < i < n}. (2.5)

IfB = (V1,---,Vn) €V, the sum of @ and B is defined by

a+ L =1 +yLx+ Yo Xy +V0). (2.6)

The product of one scalar ¢ and the vector a is defined by

ca = (€xq,...,CXyp). 2.7)

It is easy to see that V, together with this vector addition and scalar

multiplication is a vector space over the field F.

10



Definition 2.20: Suppose V is a vector space over a field F. A vector 3 in'V is said to
be a linear combination of the vectors aq,ay,...,a,in V if there exist scalars

C1,Ca, -, Cpin F such that

B=ciay + -+ cra,= YR G (2.8)

Definition 2.21: Let V be a vector space over a field F. A subspace of V is a subset
W of V. which is itself a vector space over F with the operations of vector addition

and scalar multiplication on'V.

Theorem 2.1: [Hoffman and Kunze, 1971] A non-empty subset W of V is a subspace
of V if and only if for each pair of vectors a, in W and each scalar c in F the

vector ca + [ is againin W.

Example 2.4: Let A be an m X n matrix over a field F. The set of all n X 1 ( column)
matrices X over F such that AX = 0 is a subspace of the space of all n X 1 matrices

over F.

Definition 2.22: Let S be a subset of V, where V is a vector space over a field F. The
subspace spanned by S, denoted by < S >, is defined to be the intersection of all
subspaces of V containing S. One can see that < S > is the set of all linear
combinations of elements of S. While S is a finite set of vectors, {a;, @y, ..., Ay}, we

have < § >=< aq,ay,...,a >.
Definition 2.23: Let V be a vector space over a field F. A subset S of V is said to be
linearly dependent, if there exist distinct vectors aq,as, ...,y in S and scalars
C1,Ca, ., Cp in F, which are not all zero, such that
c10q + -+ cpa, = 0. (2.9)
A set which is not linearly dependent is called linearly independent. If the set

S = {ay,ay,...,ay,} we may call ay,a,,..,a, as dependent (or independent)

vectors.

11



Definition 2.24: Let V be a vector space over a field F. A linearly independent set of
vectors in V which spans the whole vector space V is called a basis of V. If V has a

finite basis, it is called finite dimensional.

One can see that for a vector space V over a field F, different bases have the
same cardinality. So if 3 is a basis for V, we call | B | as dimension of V, and denote

it by dimgV, or simply by dimV, if the field is clear for us.

Definition 2.25: The inner product of two column vectors x and y, of same order n,

is scalar function denoted by (x, y), as well as two other forms shown below, and is

defined by

(x,y) =xTy =yTx = ¥, x;y:. (2.10)

A minor is defined as a value computed from the determinant of square matrix
which is obtained after crossing out a row and a column corresponding to the
element that is under consideration.

Suppose we want to compute the value of minor for the ij-th element in a
matrix A, then we should form the determinant of the sub-matrix obtained by hiding
ith row and jth column of A. This minor is known as (i, j) minor and usually denoted
by A(ilj). The scalar (—1)"*/ det(A(i|))), denoted by c;j, is called the (i, j)-cofactor
of A which is obviously defined as the signed minor. Suppose A is an n X n matrix
over a field F. With respect to any column index j, the expansion of det(A) by

cofactors of the jth column is as follows
det(A) =X, A;; (=D det(A(il))) (2.11)

Theorem 2.2: (Theorem 13 of [Hoffman and Kunze, 1971]) For an n X n matrix A

over a field F, the following properties are equivalent:
i) A is non-singular (or invertible),

ii) The homogeneous system AX = 0 has only trivial solution;

iii)det(A) # 0.

12



Definition 2.26: Let A be an n X n matrix. Suppose M,N, P, and Q are some sub-
matrices of A of appropriate sizes. Then the following form is called the block form
of A with respect to M,N, P, and Q:

[g g} (2.12)

Lemma 2.3: [Hoffman and Kunze, 1971] Suppose a matrix A has the following n X n
block form:

[MTXT NTXS]

2.13
Ogsr Qs 2.13)

Then det(A) = det(M)det(Q).

Proposition 2.1: (Lemma 2.2 in [Cvetkovic™ et al., 1980]) If M is a non-singular

square matrix, and

A= [1‘;’ g] (2.14)

Then det(A) = det(M)det(Q — PM~IN).

Proof 2.1: Since M is invertible, M~ texists. Now by applying appropriate elementary

row operations on the matrix A, we can obtain the following matrix:

M N

B:=lo o-pPM—N

(2.15)

such that det(B) is the same as determinant of the main matrix A. Now Lemma 2.3

implies that det(A) = det(B) = det(M)det(Q — PM~N).

Definition 2.27: If A is an n X n matrix over a field F, then a column vector X # 0 in

M, 1 (F) := F™ s an eigenvector of A if

13



AX =X (2.16)

for some A € F and A is called an eigenvalue of A.

If A is an n X n square matrix and A is an eigenvalue of A, then the union of
the zero column vector 0,1 and the set of all eigenvector corresponding to the
eigenvalue A is a subspace of F™"* known as the eigenspace of A which is denoted

by the following notation:
W, ={V: AV = AV} (2.17)

Remark 2.1: Suppose T : V. = V is a linear transformation and [ is an ordered
basis of 'V as a vector space over a field F. A € F is called an eigenvalue of T if it
is an eigenvalue of the associated matrix A := [T]g. Suppose B’ is another basis of
V. As we know there exists an invertible matrix P such that B:=[T]gr = P [T]gP =
PLAP.

Now we have:

p(B; 1) = det(Al — B) = det(Al — P~1AP)
= det(AP~1P — P~14P) (2.18)
= det(P~Y)det(Al — A)det(P) = det(Al — A) = p(4; 1)

Therefore, without loss of generality the characteristic polynomial of T can be
defined uniquely as the characteristic polynomial of A (which is equal to the
characteristic polynomial of B). So the characteristic polynomial of a linear

transformation does not depend on the basis you work on.

Definition 2.28: For a matrix A € My, (F), where F is a field, the characteristic

polynomial is defined as follows:
p(4; 1) = det(Al, — A). (2.19)

Eigenvalues of A are the root of this polynomial. Note that this is a monic

polynomial of degree n.
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Definition 2.29: For a matrix A € M,«,(F), where F is a field, the minimal

polynomial is a monic polynomial denoted by m(A; A) with the following properties:

i) m(A; A) annihilates A, i.e. m(4; A) = 0,xn.
ii) If f () is another polynomial with coefficients in the field F which annihilates
A, then m(A; ) divides p(1).

The following theorem is called the Cayley-Hamilton theorem.

Theorem 2.3: (Theorem 4 in [Hoffman and Kunze, 1971]) For a matrix A €
M, n(F), where F is a field, m(A; 1) divides p(A; A). Furthermore, m(A; 1) and
p(4; L) have the same roots, but possibly with different multiplicities.

Proposition 2.2: Suppose A € My, (F), where F is a field and A € F is an
eigenvalue of A. Then dimWy is at most multiplicity of A as a root of the

characteristic polynomial p(A; 1).

Proof 2.2: Suppose T is the linear transformation from R™ to R"™ whose representing
matrix with respect to the standard basis of R™ is A. Suppose A is an eigenvalue of A
and so an eigenvalue of T. Assume that dimgW3 = mand multiplicity of A in
p(4; A) = p(T; A) = d. Since dimgW3 = m, there exists an ordered basis f; =
{ay, ay, ..., ay } for W3. Since for each (1 < i < m), a; is an eigenvector of A
with respect to the eigenvalue A, we have T(a;) = Aa;. Extend this basis to obtain a

basis for V, say f = {a1, a3, ..., Om, Apsq, - Ay }. Now

[T]lp. M
Ay = [T]p = [ 3 ] (2.20)
SR S T N
such that
) y)
B; = [T]ﬁ’ =l - A . (2.21)
Ao A mxm
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Then by Lemma 2.3, and by Remark 2.1 we have:

p(4; 1) = p(T; 1) = p(45;1) = det(Al, — Az)
= det(Al,, — B)det(Al,,x;m;, —N) = p(B;)det(AlL,x; — N) (2.22)
= (A — D)™det(AlL,m — N).

Therefore, multiplicity of 1 = m = dimW;.

Lemma 2.4: If A is an eigenvalue of A, then A? is an eigenvalue of A%.

Proof 2.4: Since Ais an eigenvalue of A, by the definition there exists a nonzero

column vector X in F™? such that AX = AX. Then we have:

A%2X = A(AX) = A(AX) = A1(AX) = 2*°X (2.23)
which implies that A is an eigenvalue of A%.
Proposition 2.3: Suppose g(x) = ag+ ay x+...+a, x* € F[x] is polynomial
over the field F, A € Myy,(F) and A, A,,...,A, are eigenvalues of A,
then g(11),9(A5),...,g(A,) are eigenvalues of g(A).
Proof 2.3: Let g(x) = ag+ a; x+...+ay x* € F[x] and A4,2,,...,4, be
eigenvalues of A € My, (F). Suppose X; is an nonzero eigenvector of A with

respect to the eigenvalue A;. So by Definition 2.27, AX; = A;X;. We claim that
gAX; = gA)X; for (1 < i < n).Then

e gAX;= (agt+ta A+ -+ ap A* )X; = (ag + a; AXi + - + ay A¥X;)

= ((ZO + al(/liXi)+. . +(ZkAk_1(liXi)).

As X; = MX;, we can see that AL (N, X;) = A" X, for 1 <t <k —1). Then
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o g(AX; = (ay + al/liXi+...+ak/1ikXi) = (e + al/li+...+ak/1ik)Xi =
gADX;.

Definition 2.30. If A is a square n X n matrix, then the trace of A, denoted tr(A) is

the sum of all of the entries in the main diagonal, that is:
tr(A) = X", a;. (2.24)

Definition 2.31: A matrix A € M, (F) is called diagonalizable, if there exists a
unique invertible matrix P and a diagonal matrix D whose diagonal entries are
eigenvalues of A such that A = P~DP. The columns of P are linearly independent

eigenvectors of A.

Proposition 2.4: Suppose F = C, A is an n X n matrix over the field F, and A has n

distinct eigenvalues as A1, A5, ..., A,. We have the following properties:

l.) Z{lzl Ai = tT(A)
i) TI, A; = det(A).

Proof 2.4: i) Since A is an n X n matrix with n distinct eigenvalues, we can obtain a
basis for F™ whose elements are all eigenvectors of A with respect to distinct
eigenvalues. Thus A is a diagonalizable matrix which implies that there exists
an invertible n X n matrix P whose columns are the associated eigenvectors of
A and a diagonal matrix D whose diagonal entries are eigenvalues of A, both

over the field C such that A can be written as:
A = P71DP. (2.25)
Taking the trace on both sides we have to obtain:

tr(A) = tr(P71DP) = tr(DPP™Y) =tr(D) = X", 4. (2.26)
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ii) With respect to the points we mentioned in parti), applying determinant on

the equation (2.25), we have:

det(A) = det(P~'DP) = det(P~V)det(D)det(P) (2.27)
= det(D)det(P~V)det(P) = det(D)

As D is a diagonal matrix whose diagonal entries are A;s, we conclude that

det(D) = [[1-, A; = det(4). (2.28)

Proposition 2.5: If A" + c,_1 A" 1 +...+¢cy = p(4; 1) = det(Al,, — A). Then

i) ch_q = —tr(4).
ii) co = (=1)"det(A).

Definition 2.32: A matrix whose elements are entirely of real numbers is called the

real matrix.

Definition 2.33: A matrix A € M, x,,(R) is symmetric, if A = AT.

Theorem 2.4: (Theorem 2 in [Hoffman and Kunze, 1971]) Consider a matrix

A € My, (F) where F is a field. The following properties are equivalent:

i) Ais diagonalizable;

i) p(A4; 1) =TI, (A = 1)%, where Ay, Ay, ..., Ap are distinct eigenvalues of A.
Furthermore for each i, dimW,,, the multiplicity of A; in p(4; 1).

iii) m(A; 1) = [1i.,(X — &) where A4, 25,..., A; are distinct eigenvalues of A.

Theorem 2.5: Let A be a symmetric matrix. Then the matrix A has the following

properties;

i) A has only real eigenvalues.

ii) A is diagonalizable.
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iii) A has orthogonal eigenvalues.

Proof 2.5: i) Suppose A € C is an eigenvalue of A. Then there exists a nonzero vector
X such that AX = AX. Let X* = (X)T. By multiplying both sides of the equality
AX = AX by X", we obtain X*AX = X*AX = AX*X. On the other hand,
AX*X = (AX*X)" = (X*AX)* =X'A'X = X*AX = AX*'X. So A1 =12

which implies that A € R.
ii) Suppose Ay, A5, ..., As are the distinct eigenvalues of A. Since every polynomial
over C can be written as the product of powers of linear terms, we may assume

that:
m(a;A) = A—=2A4)™...(A—A)™. (2.29)

If A is not diagonalizable, Theorem 2.4 verifies that there exists (1 < j <t)

such that m; > 1. As the minimal polynomial annihilates A, we have:
0 =m(AA) = A@-A4D™M. . .A-A4D™ ..(A—A0)™. (2.30)

According to the choice of j, it is clear that

mj_l

(A-41)#0,..,(A-4D)" 20,(4-41)" =0. (231
Hence there exists a nonzero vector Y such that (A — /1]-1 )mj 'Y #0. Now we
have:

mj_l

0=Y"(A-A4D™Y =Y"(A-L1)(A-N41)"Y. (2.32)
But (A — /1]-1)Y* # 0, which is a contradiction. So, for all (1<j<t),

m.

;i = 1 which implies that A is diagonalizable.

iii) Let A be a symmetric matrix. By part ii) we know that A is diagonalizable.
Thus there exists an invertible matrix P such that A = P~DP, where D is the

diagonal matrix with diagonal entries D;; as eigenvalues of A. Then
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AT = (P~1pP)T = PTpTp-T = pTpp-T, (2.33)

Since A = AT, we have P"DP = A = PTDP~Tand PT = P~1. As the columns
of P are eigenvectors of Aand PTP = P~1P =1, we conclude that for
1<i,j<n), PjTPi = 8;j, where P; and P; are the ith and jth columns of P,
respectively. This implies that columns of P which are eigenvectors of A are

orthogonal with respect to the standard inner product.
Definition 2.34: Assume A is an n X n matrix. Then

i) A is positive definite if and only if A = AT and A has only positive eigenvalues.
ii) A is positive semi definite if and only if A = ATand A has only nonnegative
eigenvalues.

We have the following properties for such a matrix:

Proposition 2.6: A symmetric n X n real matrix M is positive definite if and only if

for every nonzero column vector Z of n real numbers we have ZTMZ > 0.

Proof 2.6: First suppose that M is positive definite and assume that there exists a
nonzero column vectors Z such that ZTMZ < 0. As M is symmetric, Theorem 2.5
implies that M is diagonalizable. Let Y = PZ where P is the unique invertible
matrix such that M = P~1DP and D is the diagonal matrix of eigenvalues of M.

Then P~YY = Z. Since M and D are both symmetric matrices, we have:

P-1DP = M = MT = PTDT(PT), (2.34)
Now uniqueness property of P implies that P~ = PT and we conclude that PTY =
Z + 0.

Therefore:

0 =>7™™z = ZTPTDPZ = (PTY)TPTDPPTY =YTDY. (2.35)
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On the other hand, YTDY = Y™ AY? > 0, which is a contradiction. So,
ZTMZ > 0.
Now suppose that ZTMZ > 0, for each nonzero column vector Z. For (1 < j < n),

let Y; be the following nonzero column vector:

I 0
0
1 = jthentry (2.36)
0

<<
I

- 0

It is clear that Z; = P‘lY} # 0. From the hypothesis we have:
0 < z"Mz; = (PTY,) PTDP(PTY)) = Y, "PPTDPPTY, =Y DY, (2.37)
n
=D arE =y
i=1
Since j was arbitrary, we conclude that M is positive definite.

Definition 2.35: Diagonally dominant matrix is a complex matrix B with the property

that
|bii| = X 41 j=1 |byjlfor all i. (2.38)

When all these inequalities are strict, the matrix is called strictly diagonally

dominant matrix. So for such a matrix we have
|biil = X0 ja|bij|  foralli. (2.39)

Lemma 2.5: Strictly diagonally dominant matrices are non-singular.
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Proof 2.5: Let B be a matrix which is strictly diagonally dominant and singular.
Then by Theorem 2.2 we deduce that there exists a vector u # 0 with Bu = 0. Asu

is nonzero, it has some nonzero entry, say u; > 0. Now for each j we have:

ws
So, bijju; = — Xz biju; and as u; is nonzero, b ;; = _Zfﬂu_]ibif' By taking the

absolute value of both sides of this equality, we obtain:
uj u:
|bs;| Szj¢i|biju_]i| = qutilbijl Iu—]i |. (2.41)

Consequently, |by| < ¥j4i|bij| since |u—’| < 1. This is a contradiction. So, B is non-
i

singular.
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3. SPECTRAL GRAPH THEORY

3.1. Matrix Representations of Graphs

In this chapter, we give matrix representations of graphs such as adjacency
matrix, incidence matrix, Laplacian matrix. Then we focus on the spectrum of
Laplacian and normalized Laplacian matrix.

Let I' be an undirected graph without loops with V(I') = {vy,v,,...,v,} and

E(I) = {eq, e,,...,en}. We may associate the following matrices to the graph I'.

Definition 3.1: The Adjaceny Matrix of T', denoted by A := A(I'), is the n X n matrix
defined as follows:

Y 0; otherwise

Definition 3.2: The Incidence Matrix of I', denoted by R := R(I') is the n Xm

following matrix:

IR%
0; otherwise

1; v;isincidenttoe; , i.e. v; is one of the endpoints of e;

Definition 3.3: The Degree Matrix of I' denoted by D := D(I') is the diagonal

matrix whose entries are degree of vertices of .

Definition 3.4: The Oriented Incidence Matrix of I', denoted by O := O(I'), is the
n X m matrix whose rows and columns are associated to the vertices and edges of
I" such that the ij-th entry which is the entry respected to the ith vertex of I', i.e. v;
and jth edge of T, i.e. e is defined as follows:

1; v; is the head of e
0;j =3-1; v; is the tail of e (3.3)
0; otherwise
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Definition 3.5: The Laplacian Matrix of I', denoted by Y. := L(I'), is the nXn

matrix whose ij-th entry is defined as follows:

deg(v;); =]
L= {-1; i #jand{v,v;} € E(I) (3.4)
0; otherwise

Definition 3.6 Signless Laplacian Matrix of ', denoted by Q := Q(I'), is the matrix
Q(I') =D(I") + A(I"). The signless Laplacian eigenvalues of I’ which are the
eigenvalues of Q(I') are denoted by q;(I"), q,(I'), ..., q, ().

Proposition 3.1: LetT" be regular graph of degree r with n vertices. Let A be

adjacency matrix of I'. Then we have the following properties;

i) risan eigenvalue of T'.

ii) For any eigenvalue A of I', we have |A| < .

iii) If T is connected, then multiplicity of v as a root of the characteristic
polynomial of the adjacency matrix of I is 1.

iv) 1,, is eigenvector corresponding to eigenvalue v of I.

Proof 3.1: i) Suppose V(I') = {v1,Vy,...,0,}. Let A:= A(I') and XT = [1,...,1].
Then for each i we have (AX); = Xj_1 Ai; X; = Y- Ajj. Since each entry of
X is 1, it is clear that (AX); is equal to the sum of the ith row of A which is the
degree of the vertex v;. As I' is r-regular graph, deg(v;) = r. Hence for
every 1 €{1,...,n}, (AX);=r=r[1,.., 11T =rX,. This implies that
AX = rX. Consequently, r is an eigenvalue of A, the adjacency matrix of T,

so we have part i).
ii) Let Y +# 0 be an eigenvector with respect to an eigenvalue of I', say A. Suppose
YT = [yy,.. o+ Yjs--+»Yn] and j is the index for which y; is largest in absolute

value.

Let

I ={i:{v,v} inr} (3.5)
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Then r-regularity of I' implies that |I| = r. As AY = AY, we have: (AY); =

ry A Y = X0 Ay;. Therefore |Xieryil < Sierlyil < vlyj| which implies
that |A| < .

iii) Let XT = [xq,...,x,] be an eigenvector with respect to r. Then AX = rX,
so for every j,

o (AX); = Xizq Aji x; = 1x;.

IA

Suppose 1 < j < n is such that |x;| is maximum among {|x;||: 1 < i

n}. Then we have |x;| < |x;|, forevery 1 < i < n. Let

I ={i:{v,v} inr} (3.6)

Asfori € 1, A;; = 1, we have

o (AX); =Xl 1 Ajix; = YierAji Xi = Xier Xi = T'X;.

Since |I| = deg(v;) = r and |x;| < |x;j| for each i, the sum of T copies of x;
equals to rx; if and only if x; = x; , for every i € I.

Now let v, be a neighbour of v; inI',so deg(v,) = r, t € I and x; = x;. Let

J = {i:{v,v} in I'}. (3.7)

It is obvious that |J| =r. Let | €] such that |x;| = |x;|, for every i €].
Continuing as in the previous parts, we can conclude that x; = x; for every
i € J. In particular,j € ], so x; = x;. Since I is connected, continuing like
this, we can conclude thatx, = x, =...= x, = x, hence X = x[1,...,1].
As X was arbitrary, we deduce that W, =< X = [1,...,1]T >, thus
dimW, = 1. Since A is a real symmetric matrix, it is diagonalizable, so by

Theorem 2.4, dimW,. equals multiplicity of A in the characteristic polynomial

of T.
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iv) Let 1T = [1,...,1] be eigenvector corresponding to eigenvalue r. We have

A1L = r1T | This implies that (A —r)1L = 0. Then

-r - O 1 -r+ Z?:z Aqi 0
oo : = = = |: . (3.8)
An1 0 T W nx1i

-+ Z{:ll Ani 0
The sum of entries of each row of A give the degree of vertex. Thus 1, is

nx1i

eigenvector corresponding to eigenvalue v of I'.
Lemma 3.1: [Web 1, 2018] The number of closed walks of length lin I' equals:
roAt=o0 (3.9)

Proof 3.1: The matrix A* has in its uv —entry the number of walks from u to v. So a
diagonal uv-entry gives the number of closed walks starting and ending at u, and the
sum of the diagonal entries, tr(AY), gives the number of closed walks of length . On
the other hand, if A is eigenvalue of A, then A is eigenvalue of A with the same
multiplicity.

Diagonalizing A' as S™'A'S = D, where D is diagonal matrix with the

eigenvalues of A* on the diagonal, gives:
tr(A') = tr(S7'A'S) = tr(D) = X AL (3.10)

Lemma 3.2: [Web 1, 2018] A graph I is bipartite if and only if its spectrum is
symmetric. (i.e if A is eigenvalue, then —A is also eigenvalue and with the same

multiplicity).

Proof 3.2: Let I' be bipartite with parts K and L of sizes k and 1. So, for some k Xl

matrix B we have:

_ Okk B
A—[BT o”]' (3.11)

As A is eigenvalue,
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ﬁ] =4 [\Z] =4 [\Z] [g}/:, (3.12)

So, Bw = Av and BTv = Aw. We claim that —2 is also eigenvalue:

I e e B P R P 613

Let A be with multiplicity m. As the subspace spanned by the [v w]T will have
the same dimension as that spanned by the corresponding [v — w]T, —A has also
multiplicity m. So spectrum is symmetric.

Now let the spectrum be symmetric. Then for any odd p we have :
Y /1716’ =0, (3.14)

as any term /1? will be cancelled by a term (—A;)P = —/1?. By Lemma 3.1, there are
no closed walks of odd lenght inI', so in particular there are no odd cycles.

Therefore I is bipartite.

Lemma 3.3: (Lemma 3.6 in [Biggs, 1993]) Let I' be a regular graph of degree r with
n vertices and m edges. Let A and R be the adjacency matrix and the incidence

matrix of I', respectively. Let L(I") be its line graph. Then:

i) RTR = A(L(D)) + 21,
i) RRT = A(T) +rl.

Furthermore, if I' has an eigenvalue equals to —r with an eigenvector X, then

I is bipartite and RTX = 0.

Proof 3.3 :i) Supposel is a regular graph of degree r. We have (RTR)U =
h=1RixRyj = Xh=1RiiRkj. It is clear that ¥3i_i RyiRy; # 0 if and only if
for some k, both terms Ry; and Ry; are nonzero. By the definition of the

incidence matrix, one can see that
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ALy YR A + 20y (u15)

T L. o=
(R"R);; {2; i=j

1) We will prove this part by a similar argument. We have:
(RR");j = Xh-1 RikRij = Xh=1 RikRjk- (3.16)

Similarly ¥, RixRji # 0 if and only if for some k, we have Ry, # 0 and
Rjx # 0 which holds for those k such that the edge ey is incident with both
vertices e; and ej. If i = j, then it is clear thatA; = 0, rI;; = r and (RR")y
equals the number of neighbors of v; which is v as I' is regular of degree 7.
For the casei # j, A;j # 0 while {v;,v;} € E(I'). Let e;:={v;,v;}. This
implies that RikR,t(j = RyRj; = 1. Hence

A_(L(F))”; PRI + iy (3.17)

r; i=j

(RR");; = {

If I" has an eigenvalue equals to —r with an eigenvector X, by Lemma 3.2, I is

bipartite and so RTX = 0.

Proposition 3.2: (Theorem 3.8 in [Biggs, 1993]) If I is regular graph of degree r

with n vertices and m = %nr edges, then

p(L(r);A) = (A +2)™"p(l; A +2 —k). (3.18)

Proof 3.2: We shall use the notation and results of Lemma 3.2. Let us define two

matrices with n +m rows and columns with the following block structures:

(M, -R] ., [I. R
A a9

Then we have:
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_[Al, =RRT 0 [y 0
o= RT /um]’ o= [ART AL, —RTR] (3-20)
Since det(UV) = det(VU) we deduce that
A™mdet(Al, — RRT) = A™det(Al,, — RTR). (3.21)

Thus we may argue as follows:

o p(L(I); A) = det(Al, — A) = det((A +2),, —RTR) = (1 +
2)™ "det((A + 2)I, — RRT).

As T is regular of degree r, Lemma 3.3 implies that RRT = A + 71, thus

o p(L(I);A) = A +2)"™det((A +2—-1), —A) =
A +2)" (A +2-1).

In other words, if the spectrum of T is {r', A;""%,..., A"}, then the spectrum of L(I")
is{[2r — 114 [r = 2+ )™, ..., [r — 2+ A]™s, [-2]™ "}

Lemma 3.4: Let I be a regular graph of degree r and let A; and q;, for (1 < i <n),
be the eigenvalues of the adjacency matrix and signless Laplacian matrix of the
graph T, respectively. Then the eigenvalues of the signless Laplacian matrix Q(I")

are 2r,r + A4,.., andr + A,.

Proof 3.4: Let R := R(I'). By the definition and by Lemma 3.3, we know that
p(A(I"), 1) = det(Al — A(I") and RRT = A(I) + rl, therefore

e p(A(IN),A) = det(Al —A(I")) = det(Al — (RRT —7I))
= det((A +r)I — Q")) = p(Q(I"),A + 7).

Consequently, q; = r+ A; forl < i < n.
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Remark 3.1: [Cvetkovic’ et al., 1980]) Consider the adjacency matrix of the
subdivision graph of a graph I', i.e. A(S(I')). By Lemma 2.2 we know that S(I') is a
bipartite graph with bipartition X |Y, where X =V (I') andY = E(I'). It is an easy

verification to see that
0 RT
AS()) = 22
se)=[y "] (3:22)

where R = R(I') is the incidence matrix of T
Notation 3.1: Let E,, be the n X n matrix as follows,

1, x=y=z

0; otherwise (3.23)

(B)er = |

For a graph T and S € V(I), 5 is obtained fromt. by deleting the rows and
columns of L. indexed by S.

Lemma 3.5: Let L.; be the Laplacian matrix with respect to a graph G and let

e ={x,y} € E(I'). Then we have the following properties:

D b =1l

e + E, and

i) b = L),
Proof 3.5: The Laplacian matrix of L.r\. differs from that of I only in the entries in
positions (x,x), (y,y),(x,y), and (y, x). Three of these entries, since they belong to
the row and column labelled by x, are absent from L{Fx}and from L{Fx\}e The fourth
represent the degree of v, which is greater by one in I' than in I'\e. Hence the
(n—1) X (n — 1) matrices L{Fx} and 13 are related by the equation

I'\e

b =1l +E, (3.24)

30



Let w and z be vertices of I (other than x and y). If w # z, the entry in the

L{Fx,y}

(w, z) position of is —1 or 0 according as w is adjacent to z or not. Since w

and z are adjacent in I' if and only if they are adjacent in I’ [e, the (w, z)-entry of

‘L{y}

rle i the same as that of L{Fx'y Y. The {y, y}-entry of L{Fx'y Vis the degree in I' of w.

This is the same as the degree of w in I' /e (bearing in mind that a double edge from
w toy in I [e contributes 2 to the degree of w in this graph). So the diagonal entries
of L{Fx'y Y also coincide with those of LY Then the following equality holds:

r/e

{xy} _ 0}
Ll =L, (3.25)
Proposition 3.3: (Proposition 1.3.4 in [Brouwer and Haemers, 2012]) Let I' be an
undirected graph with at least one vertex and Laplace matrix Y. with eigenvalues
0 = <Y < .. < Uy Let ¢y be the (x,y)-cofactor of the matrix .. Then the

number N of the spanning trees of I' equals:
N = cyy, foranyx,y € V(I'). (3.26)

Proof 3.3: By Notation 3.1, for S € V(I') , 5 is obtained fromt. by deleting the

rows and columns indexed by S. In particular, if S = {x}, then ¢y, = detL{rx}. We
prove by induction on n.

Forn = 1, we have p(L,t) = t™ = t'. Then c,, equals to the determinant
of the empty matrix which is one. On the other hand it is clear that in this case
N(I) = 1. So we may assume that n > 1 and cy, = detL{rx} = N(I') for any
graph I' with at least one vertex which has less than n eigenvalues.

We claim that for each x € V(I'), the following equality:
Cox = dettd = N(I), (n>1). (3.27)

To prove this, we use induction on the degree of x.
If degr(x) = 0, which means that x is an isolated vertex in I', then I' has no

spanning tree. This implies that N(I') = 0 and so c,,, = 0 = N(I'). So suppose that
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degr(x) = 1 and for any graph G ST such that x € V(G) and degg(x) <
degr(x), we have detL{Gx} = N(G). We show that cy, = detL{rx} = N(I'). Since

degr.(x) < degr(x), by induction hypothesis, we deduce that

{x}
detLr\ .

(x) = N(I'\e). (3.28)

As x has degree greater than one, there exists y € V(I') such that {x,y} € E(I).

For such a vertex y we have:
=d t]i.{x} = Z L{x} 3.29
Cxx etLr ueV,w:tx( r )ywcyw ( : )

where C is with respect to the matrix L{Fx}. We may rewrite the last sum as:
ey — rly —
d ZueV,w:tx,y(Lr )ywcyw + (LF )yycyy

= Tuerwery () G +|(6), + (), |5

since L{Fx} = L{Fx\}e + E,,.

As
e @ e+ &y o+, =Y @By et
uev,w#x,y\~r Jywtyw r\e/yy*-yy yy T LueV,w#Ex\Hr\e/ywtyw yy

By the definition of determinant, we have:

)
Cax = detk (Y, + det (1) Y N(P\e) + N(I' /&) = N(I').  (3.30)
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4. NORMALIZED LAPLACIAN SPECTRUM

4.1. Properties of Laplacian Spectrum

Definition 4.1: The Laplacian Spectra
LetTI' = (V,E) be a simple graph with n vertices and m edges. Let

p) = p, (I = = pp () 4.1)

be the eigenvalues of the Laplacian matrix . = L(I") of I'. These eigenvalues are
called the Laplacian eigenvalues of I'. Let u,(I'), u, ('), ... ,us(I") be the distinct
Laplacian eigenvalues of I' such that for each 1 < i < s, the eigenvalue p;(I') has

multiplicity t;. The multi-set

Spec(t) == {[u (D], [u (D], ..., [us (D]} (4.2)

of eigenvalues of L. together with their multiplicities is called the spectrum of

L(I"), or the Laplacian spectra.

Theorem 4.1: Let I' be a graph whose adjacency matrix and degree matrix are A and

D, respectively. Then we have the following properties:

i) L. = D—-A.

ii) Q = RRT and t. = 00T where R is the incidence matrix and O is the
oriented incidence matrix of T

iii)L. is positive semi-definite.

iv) Every row sum and column sum of L. is zero.

v) The first Laplacian eigenvalue W, oft. corresponding to the eigenvector
[1,...,1]7 is always 0. In addition, the multiplicity of y, is 1.

vi)If T is a connected graph which has at least two vertices, then p, > 0.
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Proof 4.1: i) Let D and A be the degree matrix and adjacency matrix of an
undirected graph T, respectively. Let deg(v;) be the degree of the vertex v;.
Leti and j be two integers in {1,...n}. We know that for i = j, we have
D;; = deg(v;) and A;; = 0, while for i # j, the ij-th entry of A denotes the
relationship between the vertices v; and v; in I', hence A;j is either 1 or 0 and

D;j = 0. Therefore:

deg(vy) ifi=j
0 ; otherwise

ii) Let i and j be two positive integers. Then

Lij = (007);; = Xi=1 05 (0" kj = Xi=1 O Oji (4.4)

which is the inner product of p;, the ith row, and pj, the jth row of 0. For
[ # j, Xr=10i0jx # 0 if and only if for some k, both Oy # 0 and Oy, # 0
which implies that the vertices v; and v are both on the edge ey. Now we
consider the following two cases:

Case 1: If either of Oy, or Ojis positive, then the entry is 1.

Case2: If the other is negative, then the entry is -1. Thus 0y 0, = —1.
Similarly, fori = j, (007) ; is equal to inner product of the ith row vector p;
with itself which is also equal to the degree of v;. By easy verification, one can
deduce that (00") ; = (D — A) i; = (L) i for arbitrary i,j so, 1. = 007 .

Similarly for the signless Laplacian matrix we have:

Qij = (RR™);j = Xk=1 RieR")xj = Xi=1 RixRjx (4.5)

which is the inner product of the ith and jth rows, i.e. p; and pj, of the matrix
R. For i # j, Y- RixRjx # 0 if and only if for some k, both Ry, # 0 and
Rj # 0 yields that v; and v; are both on the edge ey, hence the entry Q;; is 1.

On the other hand, for i = j, the entry (RRT);; is equal to the inner product of
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pi with itself. This is also equal to degree of v;. Consequently, (RRT)U =
(D + A);; = (Q)y; for every i,j. Therefore, Q = RR".

iii) Let X be an arbitrary vector and let Y be the vector OTX. From part ii), we
have ¥ = 00T. Multiplying this equality by XT and X from left and right,

respectively, we obtain:
XTrX = XT00"X =YTY > 0, (4.6)

as YTY is the inner product of Y by itself. As X is arbitrary, we conclude that L.
Is symmetric positive matrix.

iv) Let I' be a simple graph. For (1 <i < n), the number of —1s in the ith row of
the Laplacian matrix is equal to the number of vertices which are adjacent to
the vertex v;. Indeed, this ith row have the degree of v;. Then the sum of the
elements of ith row is equal to zero. Since Laplacian matrix is symmetric, the
sum of the elements of any of its columns is equal to zero.

v)LetX = [1,...,1] and let M = YX. Let M; and X; be the ilth and j1th entries
of the matrices M and X, respectively. As M; = ¥;(£X);; = X;Li;X; and
X; =1, for each j, we obtain that M; = },;L;; is equals to the sum of the ith
row of L. In particular, we have LX = 0X where X # 0, thereforepy = 0is
an eigenvalue of L. corresponding to the eigenvector X = [1,...,1]. Assume Z
is an arbitrary nonzero eigenvector of L. corresponding to the eigenvalue

Uo=0.Hence ZTvZ = 0. On the other hand

e 0=Z"L)Z = Xpverr)Zu — Zy)?

which implies that for each {u,v}€ E(I'), Z, = Z,. In addition, if I is
connected, then the eigenspace W,  is spanned by the vector X and hence
dimW, = 1. Since L. = 007 is symmetric and real, by Theorem 2.4 it is

also diagonalizable. Now Theorem 4.1 verifies that the multiplicity of u  is 1.
vi) By part v), if T’ is a connected graph, then the Laplacian eigenvalue u, =0

has multiplicity one. Sincen = 2, it is obvious that u, > 0.

35



4.2. Properties of Normalized Laplacian Spectrum

In this part after explaining the notion of Normalized Laplacian matrix
associated to a graph, we discuss some properties, in particular the eigenvalues and

spectrum, of this matrix.

Definition 4.2: LetI’ be an undirected graph without an isolated vertex. The

~ ~ i1
normalized Laplacian matrix L. is defined as t. = D 2LD 2 where D and L. are the

diagonal and Laplacian matrices of T

Remark 4.1: Let I' be an undirected graph without an isolated vertex with diagonal
and Laplacian matrices D and L. Let i and j be two positive integers. Let d, 1= Dy,
for each k. Since I' has no isolated vertices, the integer d; which is the degree of vy,

1S nonzero, SO

o k= (D‘%LD‘% )U = (D D) (LD_%)kj

= T (D) (B ki (D2

We know that Dy, # 0 and Dy; # 0 if and only if i = k and | = j, so

- _1 _1 _1 _1
Lij = D72 )yQlity (D72); = (D72)ky;(D72) ;. 4.7)
Ifi = j, then from (4.7) we conclude that

o Ly = ——d;—

NN

So consider the case where [ # j: If {v;, v;} € E(I'), then by (4.7) we conclude that

- _1 _1
e Lijj=0D 2 )uty;(D2)y = T JaT

36



In other situations, we can easily see that Eij = 0. Thus the ij-th entry of the

Normalized Laplacian matrix of I' can be described as follows:

(1 ; ifi=j

~ -1 o .

Li}.:{ Tid ; ifi#jand {V;,V;} € E(I')
k 0 ; otherwise

Definition 4.3: The Normalized Laplacian Spectra

(4.8)

For a graph T, the eigenvalues of L(I") which are the roots of the polynomial

p(f.(l“); 5) = det(81 — £(I")) are called the normalized Laplacian eigenvalues of T’
and are denoted by §,(I'), ..., 6,(I') where 6,,(I') = 0 for any choice of I', [Butler,

2008], [ Cavers, 2010], [Chung, 1997].

Theorem 4.2: (Lemma 1.7-8 in [Chung, 1997]) Suppose I' is a graph on n vertices

with n = 2. Let 6;:= 6,(I") be the normalized Laplacian eigenvalue of I, for

(1 < i £ n). Then we have the following properties:

i) 6, =0.

ii) I' is bipartite if and only if 2 — §; is an eigenvalue of T for each i.

iii) 8; < 2 foralli. In particular, 6; = 2 if and only if some connected

component of I is a non-trivial bipartite graph.

iv) 8,_1 > 01ifT is connected.

v) 2 6; < n with equality holding if and only if I’ has no isolated vertices.

Vi) 61 < ﬁ with equality holding if and only if ' is a complete graph on n

vertices.

vii) 81 = ﬁ I" has no isolated vertices.

Proposition 4.1: Suppose I is a simple graph. Let n and m be the numbers of

vertices and edges of I, respectively. Suppose S(I') is the subdivision graph of the

graph I'. We have the following properties:
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i) p(S(I); ) = A "p(Q(I); A?), where p(S(I'); ) and p(Q(I'); A) denote the
characteristic polynomial of S(I') and the characteristic polynomial of Q(I),

respectively.

ii) Furthermore; i\/ql(l“), i\/qz ), ..., tyqu (') and [0]™ "are all

eigenvalues of S(I').

Proof 4.1: i) By Remark 3.1, S(I') is a bipartite graph whose adjacency matrix is

[ROT g]. (4.9)

By the definition we have:

AL,

T /Um]' (4.10)

p(S(D); A) = det(Al — Ag(D)) = det[

Then by Propoosition 2.1,

e p(S(I); ) = det(Aly)det(Al, — R(AL,)"*RT) = A™det(Al, — A-'RRT)
= A1 det(A21, — RRT) = Am~"p(Q(I'); 12).

ii) By using part i), in the case of ™™™ =0, we obtain the eigenvalue 0 with
multiplicity m — n while in the case of p(Q(I'); 1)(A1?) = det(A*I — Q) = 0,
we have q; = A%, for each (1 <i < n). Consequently, ; = + q;, for each

(1<i<n).
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5. THE NORMALIZED LAPLACIAN SPECTRA
OF TWO JOIN GRAPHS

In this section, we identify the normalized Laplacian spectrum of I; W I’ and
Iy VT,, where Ij is rj-regular (i = 1,2). Consider two graphs I} I, with V(I)) =
{ug,uy,...,up }, E(T7) = {eg,ez,...,en,} and V(I ) = {vq,V3,...,Vy,}. Then 1y
and Oy are two vectors of order k with all elements equal to 1 and 0, respectively.
0;x; denotes an i X j matrix whose entries are zero, J; is one whose entries are 1 and

[,, 1s the identity matrix of order n.

Theorem 5.1: (Theorem 2.1 in [Hakimi- Nezhaad and Ghorbani, 2017]) For i = 1,2.

Let I} is ri-regular graph with n; vertices with incidence matrix R and r;= A,(I})=

Ay () = -+ = Ag(T;). Then the normalized Laplacian spectrum of I} W I, is

Ai(I)+r Ai(I) _
N EE O Y R L) (5.1)

(2 <j<ny (2 <k <ny), together with the root of

2 37’11+2T2 27’11712 +2T17l1+712T2
ny+ry (ny+72)(na+r1)

= 0. (5.2)

Proof 5.1: For (1 < i < 2),let I be a regular graph of degree r; with n; vertices.
Let A(I}) be the associated adjacency matrix for each i. According to the definition

of I WI;, we can calculate the associated adjacency matrix as follows:

On1Xn1 Rn1Xm1 ]7'11)(7'12

4 A(I—:‘l u1—12)= RTm1Xn1 Om1Xm1 Om1Xn2
]7'12)(7'11 Onzxm1 A(I—'Z)nzxnz

Furthermore, by easy verification one can see that

(nz + rl)lnlxnl On1Xm1 On1Xn2
[ D(I—i ) [‘2)= Om1Xn1 21m1><m1 Om1Xn2
Onz XNnq Onz Xmq (nl + TZ)ITlenZ
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Let R be the incidence matrix of I7. With respect to the definition of Laplacian

matrix of a graph, we verify that:

(n, + rl)lnlxnl —Rp xm, —Jnyxn,
e LI} WIy= _RTm1Xn1 2l xm, 01y xn,
_]nz XNq Onzxml (nl + rZ)Inz XNy A(Fz)nz XNy
As
5 1 1
E(I W) = D2k(Ty W [,)D 2 (5.3)

we can see that, by a proper labeling of vertices, the normalized Laplacian matrix of

I, W I, can be written as:

[ I _Rn1 Xmq ]111)(112
M1Xmy V2(nz+11) Yn1+r2)(nz+71)
e L (I Wiz)= —/LTmlxnl Ly xm Oy xn
2(7’12 +7”1) 1 1 1 2
—]nzxnl O I _ A(rz)nzxnz
_11n1+7”2)(n2+7”1) N XMy Nz XNy (Tl1+7”2) _

Let 1n1T = [1,...,1] be an eigenvector corresponding to the eigenvalue 1, of
I, Proposition 3.1. Since adjacency matrices are symmetric, we can see that other
eigenvectors of I are orthogonal to the vector 1, . Consider an eigenvalue of I, say
Aj where (2 < j < ny), where A; #1y. Let X be an eigenvector of Ij
corresponding to this eigenvalue. We claim that the following vector ®is an

eigenvector of L(I} W T,) corresponding to the normalized eigenvalue 6 of graph

I Wiy,
aX
e ¢=|RTX|.
0

In order to prove our claim, we may prove that E® = 0®. With respect to the
above mentioned formula for the normalized Laplacian of the join of these two

graphs, we have:
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I

nqiXnq

T
-R mqXng

V2(na+ry)

_]nz Xnq

L./ +7”2)(le +7”1)

_Rn1 Xmq

V2(naz+ry)
I

mqXmq

Onz Xmq

]n1 XNy

Jn1+r2)(ng+r1)

Om1 XNy

I

Ny XNy

A(rz)nz XNy
(Tll +7”2) i

aX aX
RTX|=0|RTX]|.
0 0

It should be mentioned that since Z?zll A; = 0, we have the following result:

_]nz Xnq

—dmexm Ly —
J(ni+rz)(ng+ry) @

-

J(mi+r2)(ny+11)

(2 4, X0, 2] = 0.

Hence by solving the above matrix system, we conclude that:

RRT

(0( B V2(n, +7”1))

[
o | a T =
|l(1 B \/2(712+7”1))R Xl

0

x|

|

OaX
ORTX
0

Now we consider the two cases for solution:

Case I:

a
‘ (1 B V2(na+ry)

RRT

‘ (0( B V2(na+ry)

RRT a?

J2(na+ry)

- J2(na+ry)

)RTX = ORT X. Then we have (1 —

)X = QaX. With distributivity of X, aX —

RRT

Now we plug 6 in equation, aX—mX=aX—mX

(5.4)
a ) g
V2(na+ry) -
RRT
mx = faX.
2
= So,

X. Then, RRTX = a?X. Consequently, QX = a’X, since

Q = RRT. Then a? is the eigenvalue of signless Laplacian matrix Q. That is

a = i\/a. We know that q; = A(I}) +1;. Then a = /A1) +1r, 2 <) <

ny).

Therefore,
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iwflj(['l) +n X

[ 9k= RT
0

is an eigenvector of L(I; W I;) corresponding to the normalized eigenvalues 6y, of

Aj(I)+r
graph I, W T, where 6, =1+ ’ﬁ k=1,2.

Now consider the m; — n, linearly independent eigenvectors Z; (1 < | <

my; —ny) of L(I;) corresponding to the eigenvalue —2. Then RZ, = 0.

Consequently
0

o ‘Ql = Zl

0

is an eigenvector of L(I, W I,) with an eigenvalue 1, since

[ I _Rn1Xm1 ]111)(112
n1Xny J2(na+ry) i) (na+ry) 0 0
T _RTm1Xn1
° L-Ql - m Imlxml Omlxnz Zol - Inlxml Zol .
_]nz Xnq _ A(rz)nzxnz
v Onems e T 76 0

On the other hand, 1n2T=[1,...,1] is an eigenvector corresponding to
eigenvalue T, of I' and the other eigenvectors are orthogonal to 1,,,, Proposition 3.1.

Let Y be an eigenvector of I corresponding to an eigenvalue A;(I7) # 13,
(2 <j < ny).

We claim that:

0
0
Y

O‘[l):

is an eigenvector of L(I W I;)corresponding to the normalized eigenvalue k = 1 —

L2 () < j < ny).

nq+ry
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[ I _Rn1Xm1 ]111)(112
M1 XNy J2(ma+ry) i) (na+ry)
L= Smem 0 o| = «|o
o Ly = N mqxmy myxn, 0f=x|0
_]nz Xnq O I _ A(rz)nz XNy Y Y
_11n1+7”2)(n2+7”1) Nz Xmy NzXn; (Tl1+7”2) _
r ]nlxnz Y 'I
| Ynaitr)(mg+r) | 0
lI A(I2)nyxny I kY
l M2XMz (nq+12) J
. . . _ Ae(T) .
By solving this equations, k = 1 — ==, (2 < j < ny).
nq+ry
Let
a]nlxl
L /1 = ﬁ]mlxl
y]nle
for some vector (a, 8,v) # (0,0,0).
[ I _Rn1Xm1 ]111)(112
Rilxnl V2(nz+ry) Jnitrz)(na+ry) a]nlxl a]nlxl
L4 ﬁ Irnlxrn1 Omlxnz .B]mlxl =X .B]mlxl .
—Jnyxng 0 I _ A(Fz)nzxnz V]nle V]nle
_11n1+7”2)(n2+7”1) nzXmy NzXn; (Tl1+7”2) _
Consider the following term:
al Ji — M/ — ]"1#] (5 5)
nixXnqJny X1 m mqX1 Vm nyX1- .

As

Iy 1
d Rn1Xm1]m1><1 = : = rl E = rl]n1><1

ry 1

and
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np 1
d ]nlxnzlnle = [ : ] =n; [] = n2]n2><1-

n; 1

We can rewrite (5.5) as follows:

T N2
a]nlxl + mﬁ]nlxl WYInlxl

a]nlxl

—TIy n,
=[1 J2(z+ry)  /nitrz)(ng+ry) B]mlxl.
y nle

Similarly, we can see that

T
-R mqXnq

awlz(n2+r1) ]n1><1 + Im1><m1 B]m1><1 + OmlanYInle

—2 a]nlxl
= [m 1 0] Blm,x1|.
y]nle

and

_]nz XMnq A(Fz)nz XNo

ey mxt T Ongany Blmysa + (Unpxn, = =52 5y

n - a]nlxl
I S I
- [m 0 1 n1+r2] 'B]m1><1 .
y]nle

By the above notes, we deduce that the equation £. A = xA gives that A is an

eigenvector of A corresponding to eigenvalue x if and only if
a
14

is an eigenvector of the matrix M, where
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1 -1 Ny
|[ J2(na+ry) \/Tl1+7”2)(712+7”1)-|
° le -2 1 0 I
| V2(nz+ry) |
R 0 1 -2
L¢n1+7”2)(n2+7”1) (Tl1+7”2) J

The characteristic polynomial of M is

3 3ni+2r; o n 2nqny+2ringin,r x=0 (5 6)

ni+r; (n1+12)(n2+1y1)

Corollary 5.1: (Corollary 2.2 in [Hakimi- Nezhaad and Ghorbani, 2017]) If

I, = K_nz, then the normalized Laplacian spectrum of I W I is

IO, [ (12 (S o) o <<y (5.7)

Proof 5.1: If I, = K_n2 thenr, = 0. We replace r, by 0.

We already have { [0]%,[1 + ’M]l}from Theorem 5.1.
2(na+11)

Now, since I has no edge, then for each (2 < k < n;), Ar, = 0. Then

[1-252) = [1-0]=1 (5.8)

nq+ry

repeating for each (2 < k < np). Then we have [1]™7 1,
On the other hand, we had [1]™ ™™, together with [1]™271. This give us
[1]m1—n1+n2+1_

Now consider the roots of the polynomial

2 3n1+27”2 2n1n2+27”1n1+n27”2 — _
o, Ty, 0 forr, = 0. (5.9
We obtain that x> — 3x + 2 = 0. The roots of this polynomial are 1 and 2.

We conclude that the eigenvalue 1 repeating m; — n, + n, times and we have

the eigenvalue 2 which is repeating once.
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Theorem 5.2: (Theorem 2.3 in [Hakimi-Nezhaad and Ghorbani, 2017]) For i = 1,2.

Let I} is ri-regular graph with n; vertices with incidence matrix R and r;= A,(I})=

Ay(I}) = -+ = Ag(T;). Then the normalized Laplacian spectrum of I; VI is

Ai(I)+r Ai(IR) _
(o PO A ppeny - (s10)

(2 < j<ny (2 £ k<n,), together with the root of

2_ 3m1+27”2 + 2m1n2+4m1+n27”2 _ (511)
mq+1my (m1+7”2)(2+n2)

Proof 5.2: For (1 < i < 2),let I} be a regular graph of degree r; with n; vertices,
Proposition 3.1. Let A(I;) be the associated adjacency matrix for each i. According

to the definition of Iy V I, we can calculate the associated adjacency matrix as

follows:

On1 XNnq Rn1 Xmq On1 XNy
d A(I—:‘l M 1—12)= RTm1Xn1 Om1Xm1 ]m1Xn2
Onz XNnq ]nz Xmq A(I—'Z)lexnz

Furthermore, by easy verification one can see that

rllnlxnl On1Xm1 On1 XNy
L4 D(I—i M[‘Z)= Om1Xn1 (2 + n2)1m1Xm1 Om1Xn2
Onz XNnq Onz Xmq (ml + rZ)Inz XNy

Let R be the incidence matrix of I, With respect to the definition of Laplacian

matrix of a graph, we verify that:

rllnlxnl _Rn1Xm1 On1Xn2
i L(I—i M 1—12)= _RTm1Xn1 (2 + n2)1m1Xm1 ]m1Xn2
Onzxnl _]le Xmq (rZ + ml)lnz XNy - A(I—'Z)le XNy

As
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E(l V) = D72L(l; VI3)D 2 (5.12)

we can see that, by a proper labeling of vertices, the normalized Laplacian matrix of

I7 VI; can be written as:

[ I _Rn1Xm1 O
niXng m nqiXny
T _RTm1Xn1 _]mlxnz
* B VE)=I1TRS myxmy Jmy+13)(n2+2)
O _]nz Xmq I _ A(rz)nzxnz
L NzXMny 11m1+7”2)(n2+2) Nz X1 (m1+7”2) i

Let 1n1T = [1,...,1] be an eigenvector corresponding to the eigenvalue 1, of
I, Proposition 3.1. Since adjacency matrices are symmetric, we can see that other
eigenvectors of I are orthogonal to the vector 1, . Consider an eigenvalue of I, say
Aj where (2 < j < mny), where A #1. Let X' be an eigenvector of I
corresponding to this eigenvalue. We claim that the following vector ®'is an

eigenvector of L(I} V I) corresponding to the normalized eigenvalue 0" of graph

LV
a'X'
° ¢' =|RTX'|.
0
In order to prove our claim, we may prove that b®' = 0'®’. With respect to

the above mentioned formula for the normalized Laplacian of the join of these two

graphs, we have:

[ I _Rn1Xm1 O T
niXng m niXny e e
_gT - aX aX
mqxXnq mqXny Ty'| = A’ T v/
* Jri(na+2) Imlxml J(my+r2)(nz+2) R'°X IR X
O _]nz Xmq I _ A(rz)nzxnz O O
[ TM2XT1 [Omidry)(ng+2)  reXT2 (Mmy+13)

It should be mentioned that since Z?zll A; = 0, we have the following result:
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—Jnyxmq vl o —al ny 9. ni 91—
x/(m1+7”2)(n2+2)aX — Jmitr)(np+2) A B Al =0 (5.13)

Hence by solving the above matrix system, we conclude that:

NOBSLLER
I (a \/Tl(n2+2))X I 0'a'X'
b _ a Tyl — QIRTX’ .
ll(l 1/7”1(712+2))R XJI 0
0

Now we consider the two cases for solution:

Case I:

_ al Ty — o'RT Y’
0(1 —W)RX OR" X'

T 1- “—) =0
hen we have ( N 7]

Case 2:

, RRT 'ttt
. (a _ Wm))x = 0'a'X'.

RRT

With distributivity of X', a'X’ —WX’ =6'a’X'. Now we plug 0' in
1 2
ti IXI_LXI_ le_Lxl
equation, X = @ D
T 2
So, —=2_x' = % X'. Then, RRTX' = a'?X'. Consequently,

1[7"1(7'124'2) 1[7”1(712+2)

QX = a'?X, since Q = RRT. Then a'? is the eigenvalue of signless Laplacian
matrix Q. That is a'=i\/a. We know that q; =AI;)+71,. Then o =

i\/lj(q) +1, 2 < J =< n1)-

Therefore,

i\/l](['l) +nr X
° H'k = RTX'
0
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is an eigenvector of L(Iy V ) corresponding to the normalized eigenvalues 'y, of

14 [,
graph Iy VI, where 8’ = 1 £ m,k—ll

Now consider the m, — ny linearly independent eigenvectors Z;' (1 < | <

m; —ny) of L(I;) corresponding to the eigenvalue —2. Then RZ,' = 0.

Consequently
0
° _Q1’= le
0

is an eigenvector of L(I, W I,) with an eigenvalue 1, since

I _Rn1 Xmq

nqXnq m On1><nz 0 0
~ r_ —RTmlxnl —Jmqxn, _ !
e N I s | |2| = s | 2001
O _]nz Xmq I _ A(rz)nzxnz O O

| 22X [Omg4ry)(ngt+2)  2XT (mq+13) |

On the other hand, 1,,,=[1,...,1] is an eigenvector corresponding to eigenvalue 1, of
I' and the other eigenvectors are orthogonal to 1,,,, Proposition 3.1.

Let Y' be an eigenvector of I corresponding to an eigenvalue A;(I7) # 1,
(2 <j < ny).

We claim that:

0
0
YI

.1!)’:

is an eigenvector of L(I W I)corresponding to the normalized eigenvalue k' = 1 —

el () < j < ny).

nq+ry
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I _Rn1 Xmq

nom ) Orwns 0 0
T —RT 1y xny Iy xng =K
e Ly = Jri(na+2) Imlxml (m1+12)(n2+2) OI - " O’
_ A(I Y Y
0 _Tnexmy _ AU2Inyxny
| Onyxny (M tr2) (N +2) nzXnz (mq+ry)

_]m1 XMy YI

L a—
V(my+12)(n2+2) |

0 i =
_ A(Fz)nzxnz YIJ

(my+12)

0

K'Y’

By solving this equations, k' = 1 — jnk(fzr) (2 <j < ny).

Let

a’]nlxl
= ﬁ’]mlxl
y’]nle

for some vector (&', B',y") # (0,0,0).
Similar to the previous part, we can see that the equation t. ' = xA’ gives that

A’ is an eigenvector of A corresponding to eigenvalue x' if and only if

al
.« '=|p
yl

is an eigenvector of the matrix S, where

-1

|[ 1 Jri(na+2) 0 -I

=% 1 ——lel

*S= |\/7”1(Tl2+2) (m1+r2)(2+n2) |
0 L S

l J(Mmy+13)(24n,) (m1+r2) J

The characteristic polynomial of S is

3_ 3nq,+21r; 2 + 2NNy +2rini+nynry
ny+r; (n1+712)(N2+711)

x = 0. (5.14)
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Corollary 5.2: (Corollary 2.4 in [Hakimi- Nezhaad and Ghorbani, 2017]) If

I, = K_nz, then the normalized Laplacian spectrum of Iy V I is

(IO [ (1 S o o <jsny) (515)

Proof 5.2: If I, = K_n2 thenr, = 0. We replace r, by 0.

lj(F1)+7”1
r1(ny+2)

We have { [0]%,[1 £

11} from Theorem5.2.

Now, since I has no edge, then for each (2 < k < ny), Ar, = 0. Then

[1-22] = [1-0]=1 (5.16)

mq+71y

repeating for each (2 < k < n,). Then we have [1]™~1. On the other hand, we
had [1]™ ™™, together with [1]™2~ 1. This give us [1]™1~ Mtz

Now consider the roots of the polynomial

2_ 3mq+21ry 2mqny+4mq+n,r,

=0forr, =0. (5.17)

mq+71y (m1+7”2)(2+n2)

We obtain that x* —3x + 2 = 0. The roots of this polynomial are 1 and 2.
We conclude that the eigenvalue 1 repeating my — n, + n, times and we have the

eigenvalue 2 which is repeating once.
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6. FURTHER RESULTS ON TWO NEW JOIN
GRAPHS

6.1. Integrality of Two New Join Graphs

In sixth section, we will define the concepts of E-integral. Accordingly, we
will give some proposition and proofs related to E-integral. Then, we will define the
normalized Laplacian energy and prove the normalized Laplacian energy formula for
two new join graphs in some special cases. Finally, we will define Kirchhoff index
and we will calculate the Kirchhoff index of the new join graphs by using normalized

Laplacian eigenvalues.
Definition 6.1: The graph I is b-integral if all its ¥-eigenvalues are integer.

Theorem 6.1: (Example 1.2 in [Chung, 1991]) 4 graph I is t-integral if and only if

its eigenvalues are 0, 1, 2.

Proof 6.1: If its eigenvalues are 0,1,2, then it is clear that T is E-integral.
Now suppose T is E-integral, so its L-eigenvalues are integer. By Theorem 4.2, we
know that 6, = 0 and each 0 < §; < 2 must be integer and 0 < 6,,_1 < 1. Since I’

is E-integral and &,_, is an integer, then we have 8,_, = 1.

Proposition 6.1: [Dam and Omidi, 2011] 4 connected graph I has only two -

eigenvalues if and only if it is complete.

Proof 6.1: Let a connected graph T has only two t-eigenvalues. Then by
Theorem 4.2, we have 6, =0 and 6,_; > 0. Since this graph has no isolated
vertices Theorem 4.2, Y,; 6; = 0. Since we have two eigenvalues and &, = 0, other

eigenvalues are the same. Then we have Y18 =n. So, §(n—1—1+1) = n

and thus § = ﬁ Consequently, from Theorem 4.2, a connected graph which has

only two E-eigenvalues is complete. Suppose I' is complete graph on n vertices. By
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Theorem 4.2, since K, has no isolated vertices, the normalized Laplacian spectrum

of K, is [0], [ﬁ] SoT has only two E-eigenvalues.

Notation 6.1: Suppose u and v are two vertices of a connected graph I'. Denote

N(w) N N() by Ay, if u and v are adjacent, and by W, otherwise.

Proposition 6.2: (Theorem 1 in [Dam and Omidi, 2011]) Let I" be a connected graph

with e edges. Then T has three Y-eigenvalues 0,8,8, if and only if Wy, =

. . 616
tdeg(u)deg(v), for non adjacent vertices u and v where t = ;ez.

Proposition 6.2, verifies the following corollary:

Corollary 6.1: (Corollary 2 in [Dam and Omidi, 2011)) A connected graph I' with

three E—eigenvalues 0,84, 6, has diameter two.

Proof 6.1: Let ' be a connected graph with three t-eigenvalues. As 84,68, and the
degrees of vertices are positive numbers, by Proposition 6.2, we deduce that |, is
nonzero, for any pair u,v of nonadjacent vertices of I'. On the other hand,
Proposition 6.1, implies that I is not complete, so its diameter is greater than one. If
diam(I') > 2, then there exist two vertices u and v’ in I such that d(u’,v’) > 2.
Therefore R(u) N N(W") = @ and so w, = 0, a contradiction. Consequently, I’

has diameter two.

Proposition 6.3:. (Proposition 2 in [Dam and Omidi, 2011]) Let be a connected

graph. Then the following statements are equivalent.
i) T is bipartite with three t-eigenvalues.
ii) I' is E-integral.

iii)I" is complete bipartite.

Proof 6.3: (i = ii) SupposeT is bipartite with three t-eigenvalues, we know that
61=2,0,=0,0 <6,_1 < 2andT is bipartite, then 2 — 6; is eigenvalue of I' for
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every i. Then 2 — 6, —1 = &8,_4, from here 8,_; = 1 and we can say that L is
integral.
(ii=iii) Let I' is E-integral. Y-spectrum T is {[0]",[1]"%,[2]} and hence I is
bipartite. I' is complete bipartite, since diameter equals two and I is
connected.

(iii = i) Clear.

Proposition 6.4: (Proposition 3.2 in [Hakimi-Nezhaad and Ghorbani, 2017]) For
i = 1,2, letl; be ri-regular connected graph, then Iy WI, and I} V I, are E-
integral if and only if I} = K, and I, = I(_n2
Proof 6.4: (&) Let [ = K, and I, = K_n2 Since K, W K_n2 =Ky, and K, MK_nZ =
Kin,+2 are two graphs of order n with the normalized Laplacian eigenvalues
{[0]%, [1]™72, [2]"} these graphs are E-integral.

(=) Conversely, suppose that fori = 1,2, let I} be r;-regular connected graph
andl; W, is E—integral, L %K, and I, # K_n2

The normalized Laplacian spectrum of 17 W I is

Ai(Ip)+r Ai(I) _
(01 + (BN g A0 gy, (6.1)

(2 < j<ny) (2 < k <ny,) together with the root of

2 3n1+27”2 277.1712 +27”17l1+7127”2
nyt+r; (n1+72)(n2+711)

= 0. (6.2)

Since I is connected, I WI, is connected. Then, 0is eigenvalue with

multiplicity 1. If ;(I3) = 0, (2 <j <ny) and Aj(I;) = 13, we have:

* pfz(x) = (x - Tz)(x — O)le—l = xM"2 — rzxnz—l )

54



Since trace(A(I;)) = 0 and trace (A(I;)) = —r. We have, r, = 0. So,
() = 0, for every i. Consequently, I = K, . If ;(I}) = -1, (2 < j < ny),

then I is bipartite and spectrum is symmetric. Then
* pfl(x) = (x - T1)(x + Tl)nl_l =x™ — Tlxnl_l,

Since ny = 2, I'; is connected. Thus I} = K,. If ;(I) = -1 +2n; > 0,

(2 S] < nl), then nq > 1.

Proposition 6.5: (Proposition 3.3 in [Hakimi- Nezhaad and Ghorbani, 2017/) Let I3
be an empty graph of order ny and I, be ry-regular graph of order n,, then I; W I,

and I} VI are E-integral if and only if I, = K_n2 or I is complete bipartite graph.

Proof 6.5: Let I be an empty graph of order ny and I, be ry-regular graph of order
n,.

(=) Suppose I} WI, and I, V I, are t-integral and T, % K_n2 From
Proposition 6.3, these join graphs are complete bipartite. We know that I; W I, is
obtained by joining all of the vertices of I with all vertices of I;,. Since I has only
n, vertices and I; W I, is complete bipartite, I, must be complete bipartite graph.
Similarly we know that I 'V I is obtained by joining the all of the vertices of S(I7 )
corresponding to the edges of I7 with all of the vertices of I,. From hypothesis, since
I has no edges and I7 V I is complete bipartite graph, then I, must be complete
bipartite.

Now suppose I W Iy and I} VI; are E-integral and T, is not complete bipartite.

Then we can say with the same arguments that I; = K.

(&) Suppose I, = K_n2 and I, is not complete bipartite graph. Then I, has
only n, vertices. By using the definition of edge subdivision and graph subdivision,
we can say that I} U I, and I VI, are complete bipartite. Hence, from Proposition
6.3, these join graphs are L-integral.

Now suppose I, is complete bipartite graph and I, % K_n2 Then I} WI, and
I7 V I; are complete bipartite. Consequently these join graphs are E-integral from

Proposition 6.3.
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6.2. Normalized Laplacian Energy

In this chapter, we consider the energy of a simple graph with respect to its

normalized Laplacian eigenvalues, which we call the E-energy.

Definition 6.2: The energy of a graph I' is a graph invariant first introduced by Ivan
Gutman [Gutman, 1978], [Gutman, 2001], [Lihtenbaum, 1956] as

() = X 14D (6.3)

Definition 6.3: [Kirchhoff, 1847] For a graph I', the incidence energy of graph,
denoted by Re(I"), is introduced as

Re(I") = XieaVa:(D) (6.4)

Definition 6.4: [Cavers et al., 2010], [Hakimi-Nezhaad and Ghorbani, 2017] For a
graph T the normalized Laplacian energy, denoted by L..(I") is defined as

E(1) = EEl6:(0) -1 (6.5)

Let I} be a graph for i € {1,2}. In the rest of this part, we will calculate the

normalized Laplacian energy for the graphs Iy W I; and I} VT;.

Proposition 6.6: (Proposition 3.4 in [Hakimi- Nezhaad and Ghorbani, 2017]) Let I

be a regular of graph of degree v, and order ny, and let I, = I(_n2 Then

i) E.( W) =2(1+M \/271)’

2(7’12 +T1)

- _ 918(11)—1)27"1
ii) Le(Fl Mrz) =2(1+ Jr(na+2) )-

Proof 6.6: Considering the structure of these two graphs and by the definition of the

join graph, we have:
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DE(L W) = X6 wi) — 1
=6,( W) — 11+ X72,[6,(1 wip) — 1.
Since 8;(IT W I,) is the eigenvalues of £..(I; W I,), by Theorem 5.1,
2(n +71)
/% +1=2+42%), ¢ [0
we obtain the following equality:
(G ul)=2+2%",+ /%:2(1+”%)

where Re(I) —/2r; = X2, + 7.

16,(1; Wh3) — 1]+ X721 +16,(17 W) — 1]

=14+3m

i) £e( V) = Zil6(h V) - 1
=[6:(n Vi) - 1] + XjL,[5(R VE) -1
Since 6; (1“1 V 1“2) is the eigenvalues of L., (1“1 V 1“2), by Theorem 5.2,

A '(F1)+T1
r1(ny+2)

6:(h V) - 1|+ 372, +|6.(1 V1) — 1]

A '(F1)+T1
r1(ny+2)

lj(F1)+T1
j= = r1(n2+2)’

=1+X]! +1=2+2Y"1

We obtain the following equality:

A (F1)+T1 918(1*1) 2T1
E(h VL) =2+2%1,+ T = 2+ ———=)

(6.6)

(6.7)
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where Re(l}) —/2r; = Z;li2|i\/m|

Definition 6.5: Let I' be a graph, v;,v; € V(I') and [V(I')| = n. Let T := L +
% J. Then the resistance distance between v;, v; in V(I"), denoted by (;; is defined as

follows:
Qi = T Dy +(TH;;—2(THy (6.8)

Then Q = [{y;] is the resistance distance matrix which can be written

explicitly as:

Z(T_.l)ll (T Y11 + (T Y

e ()= : . :
(T_l)nn + (T_l)ll Z(T_l)nn

Definition 6.6: The degree Kirchhoff index of a graph I’ of order n, denoted by
Kf*(I') is first introduced by Chen in [Chen and Zhang, 2007] as:

Kf*(I') = Xi<jdiryjd; (6.9)

where 1;j denotes the resistance-distance between the vertices v; and v; in a graph

r.

Kf () =2mY¥n, — (6.10)

=250
where for (2 < i < n), §;(I) is the ith normalized Laplacian eigenvalues of T .

Proposition 6.7: (Proposition 3.5 in [Hakimi- Nezhaad and Ghorbani, 2017])
Suppose I is a regular of graph of degree r; of order n, with edges and let

I, = I(_n2 Then considering the graphs I} W I; and I7 V I, we have:
i) Kf*(I; WI,) is equal to

(nq1-1) fz (ng+rqy
(n1—=1)( /2(n2+7”1)i(91£(1*)—1/2_7”1)'

2(2m1 + nlnz)(% + m1 - n1 + le +
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ii) Kf*(l“l yrz) is equal to

1, W)
2my(2 + 1)+ -t e e T o

Proof 6.7: The number of edges of [} W I, and I} V I, are |E(I7 WI,)| =2my +
nyn, and |E(Iy V I)| = my(2 + ny), respectively. By Definition 6.6, we plug the

eigenvalues by using Corollary 5.1 and Corollary 5.2. Furthermore since the I is a

ry-regular, this implies that:

o Re(ly) = XL, V4T + 11,50 Re(y) — 2r = XL, 4,0+
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7. CONCLUSION

As we expressed our aim in the introduction section, in this thesis, we wanted
to calculate the normalized laplacian eigenvalues of two join graphs called s-vertex
and s-edge. We mainly used the ideas in Normalized Laplacian spectrum of two new
types of join graphs [Hakimi- Nezhaad and Ghorbani, 2017]). To do this, after
discussing the general properties of normalized Laplacian eigenvalues in section
four, we calculated the normalized Laplacian matrix of the the join graphs by using
the Laplacian, adjacency and degree matrices of the main graphs. Specially, in
Theorem 5.1 and 5.2, we considered the special case, where both graphs are regular.
Considering r;-regular graphs [}, for i= 1,2, and the property that for each there exists
an eigenvector [1,1,...,1] T corresponding to the eigenvalue r; such that all the other
eigenvectors are orthogonal to this eigenvector, we investigated the spectrum of the
normalized Laplacian of these special graphs. In particular, we explained how
eigenvalues can be computed for these types of join graphs.

To sum up, we investigated the relationship between the eigenvalues of the

main graph and the associated eigenvalues for the s-vertex and s-edges graphs.
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