T.R.
GEBZE TECHNICAL UNIVERSITY
GRADUATE SCHOOL

DERIVATIONS OF STRUCTURAL MATRIX ALGEBRAS

SERDAR DEMIR

A THESIS OF MASTER OF SCIENCE
DEPARTMENT OF MATHEMATICS

ADVISOR: PROF. DR. MUSTAFA AKKURT

FEBRUARY 2025



T.R.
GEBZE TECHNICAL UNIVERSITY
GRADUATE SCHOOL

DERIVATIONS OF STRUCTURAL MATRIX ALGEBRAS

SERDAR DEMIR

A THESIS OF MASTER OF SCIENCE
DEPARTMENT OF MATHEMATICS

ADVISOR: PROF. DR. MUSTAFA AKKURT

FEBRUARY 2025



T.C.
GEBZE TEKNIK UNIiVERSITESI
LiSANSUSTU EGITIM ENSTITUSU

YAPISAL MATRIS CEBIiRLERININ TUREVLERI

SERDAR DEMIR

YUKSEK LiSANS TEZI
MATEMATIK ANA BiLiM DALI

DANISMAN: PROF. DR. MUSTAFA AKKURT

SUBAT 2025



>

L

MASTER of SCIENCE JURY APPROVAL FORM

A thesis submitted by Serdar DEMIR, defended on 21/02/2025 before the jury
formed with the 03/02/2025 date and 2025/08 numbered decision of the GTU Graduate
Administration Board, has been accepted as a MASTER of SCIENCE thesis in the
Department of Mathematics.

JURY

(THESIS ADVISOR) : Prof. Dr. Mustafa AKKURT
MEMBER : Assoc. Dr. Ayten KOC

MEMBER : Prof. Dr. Songiil ESIN

APPROVAL
Gebze Technical University Graduate Administration Board

........ [ecoiido.......dateand ........./......... numbered decision.

SIGNATURE/SEAL

Form No: FR-0118 Date Released:21 June 2017 Rev.No:1 Revision Date:18 December 2023



ABSTRACT

Matrix algebra derivations have been a focal point of study for numerous researchers
over the years. In 1993, Coelho and Milies [1] explored this topic in depth, presenting
a significant finding in their work. They demonstrated that every derivation of upper
triangular matrix rings, defined over a ring R with unity, could be expressed as a com-
bination of two components: an inner derivation and a derivation derived from the ring
R itself. This result provided a foundational understanding of how derivations behave
within this specific algebraic structure.

Two years later, in 1995, S. J¢ndrup contributed to this area of research by offering a
result that paralleled the findings of Coelho and Milies. His work focused on triangular
matrices as well, and he distinguished his approach by providing a concise and ele-
mentary proof for both his result and the earlier one established by Coelho and Milies.
Jondrup’s techniques streamlined the reasoning, making the proofs more accessible
while reinforcing the same core insight about the structure of derivations.

Now, consider a quasi-order p defined on the set {1, 2, .....,n}. Within the full matrix
algebra M, (R), the subset M,, (R, p) consists of all matrices where the indices (i, j) sat-
isfy the relation p. This subset forms an algebra known as a structural matrix algebra,
which introduces a more specialized framework for studying derivations. The goal of
this investigation is to determine the conditions under which derivations of matrix alge-
bras, particularly those of structural matrix algebras like M,,( R, p), can be decomposed
into a sum of an inner derivation and a derivation stemming from the ring R.

To achieve this, the strategy is to adapt the argument originally put forth by Coelho and
Milies in their theorem from 1993 [1]. Their proof, tailored to upper triangular matrix
rings, serves as a model for this exploration. By carefully modifying their reasoning
to suit the context of M,, (R, p), the aim is to establish that any derivation of this struc-
tural matrix algebra can similarly be expressed as the sum of an inner derivation and a
derivation obtained from R. This adaptation seeks to preserve the essence of their ap-
proach while extending its applicability to a broader class of matrix algebras, shedding
light on the nature of derivations in these structured settings. Through this process, the
interplay between the algebraic properties of i and the constraints imposed by p will
be crucial in shaping the final result.

Keywords: Derivation, Structural Matrix Algebras, Upper Triangular Matrix

A\



OZET

Matris cebiri tiirevleri, yillar boyunca birgok arastirmaci i¢in bir odak noktasi olmus-
tur. 1993 yilinda Coelho ve Milies [1] bu konuyu derinlemesine incelemis ve ¢alis-
malarinda 6nemli bir bulgu sunmuslardir. Birim elemana sahip bir R halkasi tizerinde
taniml1 st licgen matris halkalarinin her tiirevinin, iki bilesenin bir kombinasyonu
olarak ifade edilebilecegini gostermislerdir: bir i¢ tiirev ve R halkasindan tiiretilen bir
tiirev. Bu sonug, bu 6zel cebirsel yapida tiirevlerin nasil davrandigina dair temel bir
anlayis saglamistir.

Iki y1l sonra, 1995°te, S. Jendrup bu arastirma alanina katkida bulunarak Coelho ve
Milies’in bulgulariyla parallellik gosteren bir sonu¢ sunmustur. Onun ¢aligmasi da tic-
gen matrislere odaklanmis ve yaklagimini, hem kendi sonucu hem de Coelho ve Milies
tarafindan daha dnce ortaya konan sonug i¢in kisa ve temel bir kanit sunarak ayirt et-
mistir. Jendrup’un teknikleri, akil yiirtitmeyi sadelestirerek kanitlar1 daha erisilebilir
hale getirmis ve tiirevlerin yapisina dair ayni temel i¢goriiyli pekistirmistir.

Simdi, {1,2,...,n} kiimesi lizerinde taniml1 bir yari-sira p diisiinelim. Tam matris
cebiri M, (R) iginde, indeksleri (7, ) p iliskisini saglayan tim matrislerden olusan
M, (R, p) altkiimesi, yapisal matris cebiri olarak bilinen bir cebir olusturur ve bu, tiirev-
lerin incelenmesi i¢in daha 6zel bir ¢erceve sunar. Bu arastirmanin amaci, matris ce-
birlerinin, 6zellikle M, (R, p) gibi yapisal matris cebirlerinin tiirevlerinin, bir i¢ tiirev
ile R halkasindan kaynaklanan bir tlirevin toplam1 olarak ayristirilabilecegi kosullar
belirlemektir.

Bunu bagarmak icin strateji, Coelho ve Milies tarafindan 1993’te teoremlerinde ileri
siiriilen argiiman1 uyarlamaktir [1]. Ust iiggen matris halkalarina 6zel olarak hazirlan-
mis kanitlari, bu kesif i¢in bir model teskil eder. Onlarin akil yiiriitmeleri, M, (R, p)
baglamina dikkatlice uyarlanarak, bu yapisal matris cebirinin herhangi bir tiirevinin
benzer sekilde bir ig tiirev ile R halkasindan elde edilen bir tiirevin toplami olarak ifade
edilebilecegi gosterilmeye caligilacaktir. Bu uyarlama, onlarin yaklagiminin 6ziinii ko-
rurken, uygulanabilirligini daha genis bir matris cebirleri sinifina genisletmeyi amaglar
ve bu yapilandirilmis ortamlardaki tiirevlerin dogasina 151k tutar. Bu siiregte, R halka-
sinin cebirsel 6zellikleri ile p tarafindan dayatilan kisitlamalar arasindaki etkilesim, ni-
hai sonucu sekillendirmede kritik olacaktir.

Anahtar Kelimeler: Derivasyon, Yapisal Matris Cebirleri, Ust Ucgensel Matris
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1. INTRODUCTION

Derivatives of Matrix Algebras have been studied by many authors. In 1981, Benkart
and Osborn studied that derivations and automorphism of non-associative matrix alge-
bras, and showed that M,,(A) has anti-automorphisms if and only if A does. In here,
M,,(A), n x n matrices over an arbitrary non-associative algebra A with multiplicative

identity 1 [2].

In 1993, Coelho and Milies showed in 1993 that each derivations of the upper triangular
matrix rings defined on the ring R with unity can be written as the sum of an inner

derivation and the derivation obtained from the R ring [1].

In 2019, Umut Sayin and Feride Kuzucuoglu studied that Jordan Derivations of Spe-
cial Sub-rings of Matrix Rings and they described that K be a 2-torsion free ring with
identity and R, (K, J) be the ring of all n x n matrices over K such that the entries on
and above the main diagonal are elements of an ideal J of K. Also they described all
Jordan derivations of the matrix ring R,, (K, J) in their paper. The main result states
that every Jordan derivation A of R,,(K, J) is of the form A = D + Q where D is a
derivation of R,,(K, J) and (2 is an extremal Jordan derivation of R, (K, J) [3].

In 2020, Oksana Bezushchak studied that Derivations of rings of infinite matrices and
described derivations of several important associative and Lie rings of infinite matrices

over general rings of coefficients [4].

In 2020, Oksana Bezushchak studied that Automorphisms Derivations of algebras of
infinite matrices and described derivations automorphisms and derivations of several

important associative and Lie algebras of infinite matrices over a field [5].

In 2023, Vladeva studied that Derivations of triangular matrix rings and gave a de-
scription of the derivations of UT'M,,(R), the ring of upper triangular matrices over an
associative ring R with identity. The main result states that if D is an arbitrary deriva-
tion of the ring UT'M,,(R) and A € UTM,(R), then there are matrices, such that the
derivative D(A) is a linear combination of the values of well-known derivations of

these matrices [6].

In this thesis, we will try to show under what conditions the derivations of matrix al-



gebras, especially structural matrix algebras, can be written as the sum of the inner
derivations and the derivations obtained from the ring R. Our work is to examine the
articles in the literature, to investigate the relationships of the results there with our

subject, and to prove the following claim in the light of these.

Claim: Let R be a ring, part of p be a reflexive and transitive relation on
N ={1,2,..,n}and letd : M,(R,p) - M,(R, p) be the derivation. In this case,
there is a derivation § : R — R such that d = 6 + d4 and an inner derivation d4 such

that A € M, (R, p).

In this study, we will first consider the p is partial order then we will try to demonstrate

our claim above by examining p is symmetric and its general case in the light of these.



2. PRELIMINARIES

Definition 2.1: [7] A group is an ordered pair (G, /) where G is a set and A is a binary

operation on G satisfying the following axioms:
1. (aAb)Ac = aA(bAc), forall a,b,c € G, i.e., A is associative.

2. There exists an element e € G, called an identity of GG, such that for all a € G
ale = eAa = a.

3. For each a € G there is an element a ! of G, called an inverse of a, such that
alNa ' =atAa =e.

The group (G, A) is called abelian (or commutative) if for every a, b € G, a/Ab = bAa.
Definition 2.2: [7] Let (G, %) and (H, o) be groups. A map ¢ from G to H such that

P(x*y) = o(x) o d(y), forall z,y € G

is called a homomorphism.

k1
Example 1: [8] H be the group of all real 2 x 2 matrices such that kn—Im #
m n

0, under matrix multiplication and H be the group of all nonzero real numbers under

multiplication.

_ k1
AN:H—H and )\ = kn — lm.
m n

For every 2 x 2 matrices of H, \ is a homomorphism of H onto H. To verify that
this mapping is a homomorphism we must check to see whether A\(AB) = A\(A)A(B),
A BeH

a; a by b
A= P andB=| " 7 ,
az a4 by by
a; a by b arby + asbs  arby + ash
MAB) = A 1 G2 1 0o _ 101 203 @109 204
as ay bs b4 asby + asbs  asbs + asby

= (a1by + asgbs) - (asby + asby) — (a1be + azby) - (asby + a4bs)
= (alblagbg + a1b1a4b4 + a2b3a3b2 + a2b3a4b4) — (a1b2a361 + albga4bg + agb4a3b1 +



agbyasbs)

= a1biasbat+a1biasby+asbsasba+asbsasby—a1baasb; —aibaasbs —asbsasby —agbsasbs
= bibs(aray — azaz) + bebs(asas — ajay)

= (a1a4 - 6L26l3)(b1b4 - 5253)

= AMA)A(B).

Definition 2.3: [7] A ring R is a set together with two binary operations ” +” and ” -

(called addition and multiplication) satisfying the following axioms:
* (R,+) is an abelian group,
* -isassociative: (a-b)-c=a-(b-c) foralla,b,c€ R,

* the distributive laws hold in R: forall a,b,c € R

(a+b)-c=(a-c)+(b-c) and a-(b+c)=(a-b)+ (a-c).

We shall usually write simply ab rather than a - b for a,b € R. The additive identity
of R will always be denoted by 0 and the additive inverse of the ring element a will
be denoted by —a. If the multiplication in R satisfies a - b = b - a for every a,b in R,
then we call R a commutative ring. Moreover, if there is an element 15 in R such that
a-1r =1 -a = afor every a in R, then we describe R as a ring with unit element.
Definition 2.4: [7] Let R be a ring. A nonzero a of R is called a zero divisor if there is
a nonzero element b in R such that ab = Og or ba = Og.

Definition 2.5: [7] A commutative ring with identity 1z # Og is called an integral

domain if it has no zero divisors.

Assume a, b and c are elements of any ring with a not a zero divisor. If ab = ac, then
either a = Or or b = ¢ (i.e., if a # Og we can cancel the a’s). In particular, if a, b, ¢ are

any elements in an integral domain and ab = ac, then either a = O or b = c.

Proof: 1f ab = ac then a(b — ¢) = Og so either a = O or b — ¢ = 0. The second
statement follows from the first and the definition of an integral domain.

Definition 2.6: [7] Let R be aring, let / be a subset of Rand letr € R .
l.rl={ra:ael}and Ir = {ar:ae€ I}
2. A subset I of R is a left ideal of R if

(1) I is a subring of R, and



(i1) I is closed under left multiplication by elements from R, i.e., r/ C [ for

allr € R.
Similarly I is a right ideal if (i) holds and in place of (ii) one has

i)’ [ is closed under right multiplication by elements from R, i.e., I C I for
g p

all r € R.

3. A subset ] that is both a left ideal and a right ideal is called an ideal (or, for added
emphasis, a two-sided ideal) of R.

Example 2: Let R = M(Z,). This is a finite non-commutative ring with identity

10
1z = and zero element Op = . We give an example to show it is

0 1 00
non-commutative:

10 0 1 0 1 01 10 00

00 0 0 0 0 00 00 00
Definition 2.7: [7] A ring R with identity 1z where, 15 # O is called a division ring
(or skew field) if every nonzero element a € R has a multiplicative inverse, i.e., there
exists b € R such that ab = ba = 15.
Definition 2.8: [7] Let R be aring. Define Z(R) = {a € R| ar = ra for all r € R},
the set of elements commuting with all the elements of K. This subset of R is called
the center of R.
Definition 2.9: [7] Let R be aring. An element x in R is called nilpotent if z™ = 0 for
some m in positive integer.

Definition 2.10: [7] Let [ be an ideal of the commutative ring R and define
rad I = {r € R|r" € I for some n in positive integer }

called the radical of I.

Definition 2.11: [7] Let R and .S be rings.

1. A ring homomorphism is a map ¢ : R — S satisfying

s pla+b) =p(a)+¢(b) foralla,be R (so ¢ isa group homomorphism

on the additive groups) and

° SO(a[b) — Sp(a)(p(b) for all CL, b G R-



2. The kernel of the ring homomorphism ¢, denoted ker ¢, is the set of elements

of R that map Og (i.e., the kernel of ¢ viewed as a homomorphism of additive
groups.)
3. A bijective ring homomorphism is called an isomorphism.

Definition 2.12: [7]

1. A fieldis a set F' together with two binary operations ”+” and - ” on [ such that
(F,+) is an abelian group (call its identity 0) and (F' — {0}, -) is also an abelian

group, and the following distributive law holds:

a-(b+c)=(a-b)+(a-c), forall a,b,c € F.

2. For any field F'let F* = F — {0}.

Definition 2.13: [9] A vector space (or linear space) consists of the following:
1. afield F of scalars;
2. aset V of objects, called vectors;

3. arule (or operation), called vector addition, which associates with each pair of
vectors «, f in V a vector a + (3 in V, called the sum of « and §3, in such a way

that
(a) addition is commutative, o + 3 = [ + «;
(b) addition is associative, o + (8 +7) = (a + ) + 3

(c) there is a unique vector 0 in V, called the zero vector, such that « + 0 = «

foralloin V;

(d) for each vector o in V' there is a unique vector —« in V' such that
a+(—a)=0;
4. a rule (or operation), called scalar multiplication, which associates with each
scalar ¢ in F' and vector v in V' a vector ca in V, called the product of ¢ and «,

in such a way that
(a) laa = aforevery ain V;
(b) (c1c2)a = cr(cpar);

(c) c(a+p) =ca+cB;



(d) (c1 4 c2)a = cra + 0.

Definition 2.14: [8] If V' is a vector space over F' and if vy,...,v, € V then any
elements of the form a1 v, +ayve+- - -+ay, v, Where the o; € F', is a linear combination
over F ofvy,...,v, € V.

Definition 2.15: [8] If S is a nonempty subset of the vector space V, then L(5), the
linear span of S, is the set of all linear combinations of finite sets of elements of S.
Definition 2.16: [9] Let IV and IV be vector space over field F. A linear transformation

from V into W is a function 7" from V into W such that
T(ca+ p) =cT(a)+T(B)

for all « and § in V' and all scalars c in F'.

Definition 2.17: [9] If V' and WV are vector spaces over field £, any one to one linear
transformation 7" of V' onto W is called an isomorphism of V' onto V.

Definition 2.18: [7] Let R be a commutative ring with identity. An R—algebra is a
ring A with identity together with a ring homomorphism f : R — A mapping 1z to 14
such that the subring f(R) of A is contained in the center of A.

Definition 2.19: [10] A block diagonal matrix is a square matrix of the form

A 0 - 0
0 Ay, -+ 0
0o 0 --- A,
where Ay, ..., A,, are square matrices lying along the diagonal and all other entries of

the matrix equal 0.

Definition 2.20: [11] An additive map 0 : R — R on aring R is a derivation on R if
d(ab) = 6(a)b + ad(b), forall a,b in R.

The set of all derivations on R is denoted by Der(R). The set Der(R) has the structure

of a Lie ring with multiplication given by

[0, A] = A — A9, for all 6, A in Der(R).



Ifa € Rand ¢, : R — R is defined by ¢,(r) = ar — ra, for all r in R, then ¢, is an
inner derivation. The set of all inner derivations by In(Der((R))). It is easy to verify

that InDer((R)) is an ideal of Der(R).

If we take the M,,(R) matrix ring and redefine it as above definition following:
Definition 2.21: An additive map d : M,,(R) — M, (R) on a ring n X n matrix is a

derivation on n. X n matrix if

d(AB) = d(A)B + Ad(B), VA,B € M,(R)

The set of all derivations on M,,(R) is denoted by Der(M,(R)). The set Der (M, (R))

has the structure of a Lie ring with multiplication given by
[d,0] =doé —dd, Vd,é € Der(M,(R)).
If K € M,(R) and
tg : Mp(R) — M,(R)
L g(L)=KL - LK, VL € M, (R)

then v is an inner derivation. The set of all inner derivations is denoted by In(Der (M, (R))).

In(Der(M,(R))) is an ideal of Der(M, (R)).

Now, let d € Der(M,(R)) and vy € In(Der(M,(R))) be two derivations, and let
B € M,(R). We need to show [d, 14| € In(Der(M,(R)))

[d,eal(B) = (dia —tad)(B) = (dea)(B) — (cad)(B)
= d(ta(B)) — ta(d(B))
— d(AB — BA) — Ad(B) + d(B)A
= d(A)B + Ad(B) — d(B)A — Bd(A) — Ad(B) + d(B)A
= d(A)B — Bd(A)

= ta) (B)

which shows that [d, t4] = tg4(a).

The essential definitions and theorems can be found in 4/gebra by Thomas William
Hungerford[12] and Abstract Algebra by David Steven Dummit and Richard Michael

Foote[7], which serve as fundamental references on the subject.

8



3. STRUCTURAL MATRIX ALGEBRAS

Let p be reflexive, transitive relation i.e. quasi-order relation on the set {1,...,n} for

some n > 2, then ({1,...,n}, p) is called a quasi — ordered set (short quoset). This

also in accordance with [13]. Note that each quoset ({1,...,n}, p) gives rise to the
partition {[1],...,[n]} of {1,...,n} whereby [i] := {j | (i,7) € pand (j,7) € p},
and that ({[1],...,[n]}, <), [i] < [j] defined by (i,7) € p, is a partially ordered

set (short poset). Thus the relation ”<” is reflexive and anti-symmetric (i.e. [i] < [4],
[j] < [d] implies [i] = [j]).
Let R be a ring with unity and ({1,...,n}, p) a quoset (i.e. reflexive, transitive ) . The

set

M, (R, p) = {A = [a;j] € M,,(R) : a;; = 0 whenever (i,7) ¢ p}.

is the subset of M, ( R) the algebra of all matrices over R. Clearly this set is closed under
the matrix addition. Let e;; be matrix unit that is the matrices with a 1 is a position (7, j)
and 0 elsewhere for (7, j) € p. Then the set {e;;} spans(generates) M, (R, p). Now let
T € M,(R,p)and S € M,(R,p). M,(R, p) has as a basis all ¢;; such that a;; = 1,
that is (4, j) € p. Then for

T = Z tijeij, Wwheret;; € R,

(i,5)€p
and
S = E Sij€ij, where Sij € R,
(i.5)€p
we have

TS = Z Z LipSpaCijCpq-

(i,5)€p (P,9)EP

Since e;je,, = 0;p€i; We have two cases. If j # p then e;;e,, = 0 and if j = p then
eijepg = €iq € M, (R, p) since p is transitive. Thus 7'S € M, (R, p) and M, (R, p) is
closed under matrix multiplication. Since p is transitive and reflexive this is an algebra

(with identity I).



Definition 3.1: Let R be a ring with unity, M,,(R) be the algebra of all matrices over
R and p a quoset (reflexive, transitive ) on {1, ..., n}. The subset M,,(R, p) of M, (R)
of all matrices with (¢, j) € p, forms an algebra called a structural matrix algebra, that
is,

M, (R, p) = {A = [a;;] € M,(R) : a;; = 0 whenever (i,j) ¢ p}.
Example 3: Forn = 3andp = {(1,1),(2,2),(3,3),(1,3),(3,1)}, then the structural

matrix algebra is

an 0 a3
Ms(R, p) = 0 ap O0|:a;€R

a1 0 ass

3.1. Construction of block upper triangular form of structural

matrix algebras
For a structural matrix algebra M,, (R, p) we define an equivalence relation by

(i,j) € pifand only if (i, ), (j,) € p.

Let [r1], [ra], ..., [rp] denote the distinct equivalence classes of 5 with representatives
r1,72,...,7p. And we construct a permutation 7 in [14] as follows. For
[7"1] = {7“1 =T11,T12, ... ,Tlml}
let
™ (1> = 71—(7"11) =1, (7’12) =2,..., W(Tlml) =my

and in general if
[Tk] = {Tkh k2, - - - 7Tkmk}
then

T (rgj) =my+ma+ -+ myg + 5

If we apply this permutation similarity to M,, (R, p) we have the following relation p

where

(i,j)ep <= (' (i), 7" (j)) ep

10



and M, (R, p’) consists of all matrices of the form

Moy (F) Moy (R) -+ My, s, (R)
0 My (F) -+ Moy, (R)

0 : ’

|0 0 My, (F) |

where R is either field ' or 0.

And we define
i, <, (1)

to mean (i, j) € p'. Then Vp; € [i],p2 € [J],
(p1,p2) € p'ifand only if (i,75) € p.

Next, let [t1], [to] , - . ., [t,] be the classes which are incomparable with any other class,

ie,foranyt,, k=1,...,¢q, forany r; # t; we have

[r;] & [ta] (thatis (r;,tx) & p')

and

[t] &[] (thatis (t,7;) & /).
Then we performed a permutation similarity of the block triangular matrix algebras
which makes the diagonal blocks indexed by the indices of [t1], [ts], ..., [t,] the last
q diagonal blocks. Denote the corresponding permutation by 7; and the quasi-order
relation by o. Further the last ¢ o-classes, which we denote by [ti], ,[t2], ,-- -, [t
are such that no one of these classes is comparable to any other o-class (with < defined

by (1) and p’ replaced by o). This means that R = 0 for all the M,, s, (R) with
k=p—q+1,...,p.

To summarize this, the classes comparable to some other class are [r;] (j =1,...,1)

while the classes comparable to no other class are [t] (k = 1, ..., q) each of cardinality
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my and m,, respectively. Also [ + ¢ = p. Hence we have our diagonal form

Mml (F) Mml Xma2 (R) e Mml ><mL<R) -0
0 My (F) o+ Moy, (R) -0
0
M, (F
0 0 (F) 0
0 0 0 0 M,, (F)

Note that the way we have chosen the 7; and ¢, in the construction of m; we have that
(1) each r; and each t;, is minimal in its class,
(i1) 7 < ... < r; and without loss of generality we can have t; < ... <t,.

Now, if we consider a block M,,, «xm, (R) with a < [ and b < [, then the row and the
column indices are 7 classes, say [r,] and [r] respectively with a < b. If [r,] < [ry)

we have R = F'; otherwise R = 0.

For notational simplicity, we may write M; or M;; for M,,, or My, x., respectively.
The subset of M,, (R, p) which has elements of M;; (or M;) in the i™ block row and
4™ block column (or i block diagonal) and zero elsewhere will be denoted by Mij.
Analogously we let A;; denote an m; x m; matrix in M;; while A;; is the corresponding
element of M ;. If i = j we write M;, A;, M;, and A;, for the corresponding sets and

matrices.

We have two special subsets of M,, (R, p) . Let D denote the subset of all block diagonal
elements. That is

D = {diag (A,...,A,) : Aj € M;}.

Before we proceed, we need a definition of a properly nilpotent element of an algebra.
Let A be an algebra, for every z € A if az is nilpotent then an element a of A is called

a properly nilpotent element of A. [15]

Next, let J be the set of block strictly upper triangular matrices in M,, (R, p) . Any A €
J is properly nilpotent [15], and conversely we can show that any properly nilpotent
element in M,, (R, p) is actually an element of .J. But the radical consists of all properly

nilpotent elements, whence J is a radical of M,, (R, p) .

12



Next, note that M,, (R, p) = D when and only when the radical J is zero, that is when
and only when M,, (R, p) is semi-simple. However, M,, (R, p) = D if and only if p is

symmetric. Thus p is symmetric if and only if M,, (R, p) is semi-simple.

If necessarily we may choose the ordering, so that the elements of M, (R, p) are in
block upper triangular form, see above or [14].

Example 4: [16] Let N = {1,2,3,4,5,6} and

p = {(1L,1),(1,5),(1,6),(2,2),(2,3),(32),3,3),
(4,4),(5,1),(5,5),(5,6),(6,1),(6,5),(6,6)}

p = p then the structural matrix algebra is

( T )
F 0 0 0 F F
0O F F 0 0 0
0O F F 0 0 0 ‘

Ms (F,p) = . Fis a field

0O 0 0 F 0 O
F 0 0 0 F F
F 0 0 0 F F

\ L . /

We can construct equivalence classes and define permutation 7 as follows,

[7“1] = {7‘11,7‘12,7“13}, [7"2] = {7”21,7“22}, [7‘3] = {7“31}7
where r = 1,7"12 = 5,T13 = 6, 91 = 2,7"22 = 3,T31 = 4, i.e.
[1} = {1>5a6}7 [2] = {273}7 [4} = {4}

r()=1L7(5)=2,7(6)=3,7(2) =4,7(3) =5,7(4) =6, i.e.
7 = (24635) = 7! = (25364) . Using (i,j) € p/ <= (771 (i), 7 (j)) € p,

So we have

po= {11),(1,2),(1,3),(2,1),(22),(23),3,1),
(3,2),(3,3),(4,4),(4,5),(5,4),(5,5),(6,6)}

13



and the structural matrix algebra related to p’ is

( [ 7] 3

Mg (F,p') = : Fis a field

o O © M H4bm oM
©c o o ™" Y
S e
o M o o o
o 4 o o o
HqH © ©o o o o©

\ L m Vs
Then the structural matrix algebra Mg (F, p) is permutation similarity to the structural
matrix algebra Mg (F, p'). Since Mg (F, p') in block diagonal form and hence semi-
simple, then we have M, M, and M are ideals which are simple and we can follow

the proof of Theorem 1 in [14] and write
Mg (F,p') = My ® My & M
Example 5: Let N = {1,2,3,4} and

p o= {(1,1),(1,2),(1,4),(2,2),(2,4),(3,2),(3,3),(3,4), (4,4)}
p = {(171)7<272)’(373)7(474)}

and the structural matrix algebra is

M4(F7p) = 9

F F

0 F
: F'is a field

0 F

0 0

SIS B> B>

0
0
F
0

\ L . /

We can construct equivalence classes and define permutation 7 as follows,

[r1] = {rut, [re] = {rai}, [rs] = {rai}, [ra] = {raa}

where ri; = 1,791 = 2,131 = 3,141 = 4

[ = {1}, [2] = {2}, 8] = {3}, [4] = {4}.
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(1) =1,7(2) =3,7(3) = 2,7(4) = 4,ie 7= (23) = 7! = (32). Using

(i,4) € p = (@1 (0), 7" (7)) € p,

So we have

Pl = {(17 1)7 (L 3)’ (174)7 (27 2) ) (273) ) (2>4) ) (3a 3) ) (374) ) (47 1)}

and the structural matrix algebra related to p/’ is

¢ T 3
F 0 F F
/ 0 F F F| .
M, (F,p) = . Fis a field
0O 0 F F
0 0 0 F )

Then the structural matrix algebra M, (F, p) is permutation similarity to the structural
matrix algebra My (F, p') =T, (F,p').

Conjecture 3.2: Let R be a ring with identity and M,,(R) be the algebra of all n x n
matrices over R and pbe quasiorderontheset{1,...,n}letd : M,,(R,p) — M,(R, p)
be a derivation. Then there exists a derivation ¢ : R — R and a matrix A € M,,(R, p)
such that d = § + d4. Note: § : R — R is a derivation § : M, (R, p) — M,(R,p)
defined by 0([z]) = (§(zij)), V]zi;] € M, (R, p) is a derivation.

Suppose now p is a partial order. Then M, (R, p) is in upper triangular form and we
write T,,(R, p). Thus, if (i,7) € p, theni < j. If (i < j) implies (i,7) € p then
T.(R, p) becomes T,,(R) the R-algebra of all upper triangular matrices. For this case,
we have the result (Theorem page 263) [1]) that every derivations d of T},(R) can be
written as d = & + d 4, where 0 and d 4 defined as in conjecture. In the present case, we
wish to verify that [1]’s proof carries over to this case.

Theorem 3.3: Let R be a ring with identity and p be partially order onthe set {1, ...,n}
letd: T, (R, p) — T,.(R, p) be a derivation. Then there exists a derivation § : R — R
and a matrix A € T,,(R, p) such that d = § + d4. Note: § : R — R is a derivation 0 :
T(R, p) — T,.(R, p) defined by 6([z;;]) = [06(xi;)], V]xi;] € T,.(R, p) is a derivation.

Proof. Proof of this theorem we are follow same as the Lemma 1 and Lemma 2 in [1].
Notice that a matrix unit e;; belongs to T, (R, p) provided that (i, j) € p. Since ey, is

an idempotent, we have that d(egr) = d(egrerr) = exrd(err) + d(egr)exr. Thus, if we
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write d(exz) = > xi;(k)e;; we have that,
(4.4)€p

ekk E ‘r’Lj e’L_] E .’Ifk] ek] + E xzk ezk

(i.4)ep (k,j)ep (i,k)ep
Which shows readily that xy,(k) = 0 and that z;;(k) = 0if (¢,j) € p,and ¢, j are
both different from k. Given a matrix X € T,,(R, p), we shall denote by [X];; the 7, j
entry of this matrix. If i < j, we define a;; = —[e;;d(e;i)ej;]ij = —x4;(7). Also we set
a;; = 0if7 > j. Let A be a matrix with entries chosen as above and arbitrary diagonal

entries. Set h = d — d 4: then:,
ii Furthermore, if we set a;; = —[d(e1;)]1j, 1 < j < nthenh(e;;) =0, fori < j.

To proof. (1) we compute

dA(ekk) = Aeyr — expA = Z aik(k)eik - Z akj(k>ekj

(i,k)ep (k.j)ep
By our definition —ay; = zy;(k). Also, notice that if e, f € T,,(R) are orthogonal
idempotents, meaning thate® = ¢, f? = f,andef = fe = 0, then we have that ed(f)+
d(e)f = 0, which implies ed(f)f = —ed(e)f. Hence, in particular, e;;d(egr)err =
—eid(esi)exr, so if i < k then a;; = —x4(i). Hence da(err) = d(exr),1 < k < n,
and (i) follows.
To prove (ii) we shall first that i(e;;) = 0, 1 < j < n. Since ey; = ej1€1;¢€;;, using (i)

we obtain
h(ei;) = enh(ey)e;; = enn(d(ey;) —AerjterjA)ej; = —ajier;—anerj+ajier; = 0.
Now we prove that h(e;;) =0, 1 < < j. In fact, since e;; = ey;e;;. we see that
0= h(elj) = 611']1(61]') = elid(61j) — eliAd(eU) + elieijA.
Hence
[d(eij)]ij = ai — aj;
Finally, we have that e;; = e;;¢e;5¢;;, so we can write
h(eij) = eiih(eij)ej; = eid(ei;) —eiAes;teijAej; = [d(ey)]ijei; —aieij+ajje; = 0.

From now on, we shall assume that the elements on the diagonal of A are chosen as (ii)

above, and hence that h(e;;) = 0, (2,7) € p.
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Now we need to show that there exists a derivation 6 : R — R such that h(r]) =
d(r)I,¥r € R. Setr € R. Notice that h(re;) = h(rl)e; = e;h(rl),1 <i <mn,and
for every pair (i, j) € p, we have that h(re;;) = h(re;e;;) = h(rei)e; = h(e;jre;;) =
e;jh(re;;). The first set of equations shows that i(rI) is a diagonal matrix and hence, by
the second set of equations, h(rl) = 7'1. It is now easy to see thatthe map 6 : R — R
given by » — 1’ is a derivation of R.

Now set o = (r;), € T,.(R, p). We have that

i,j)€p

(d — dA)(Oé) = h(Oé) =h Z rz-jleij

(i,5)€p
= Z TZJIGZ]—Z(STZJGZ]: ()
(i,5)€p (i,)€p
Hence, d(a) = da(a) + §(a), Ya € T, (R, p). We proved the theorem. O

Example 6: Let N = {1,2,3} and

p = {(17 1)7 (172)’ (1? 3)7 (272)’ (2’3)? (373)}

d: Ms(R,p) — Ms(R,p)

[aij]3><3 — HZ - j| : aij]3><3

on a ring 3 X 3 matrix is a derivation.

ailr G2 Q13 0 a2 2a3
A=10 ap a3| 2>dA) =10 0 ay|,;
0 0 oass 0 0 0
bir b1z b1z 0 bz 2b13
B= 10 by by|—=dB)=0 0 by
0 0 bss 0 0 O
a; a2 az| |bnn b bis a11b11 a11b12 + arebay  ai1bis + ai2bes + a13bss
AB= |0 ag ays| |0 by by| =] 0 a92b2o a22bog + aszbss
0 0 oas 0 0 Dbs3 0 0 a33bs3
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0 a11bia + ar2bse 2 (a11b13 + a12bas + a13bss)

d(AB) = |0 0 a22ba3 + a23b33
0 0 0
0 a2 2a13| [bi1 biz bis a1 aiz az| [0 b 2by3
d(A)B+Ad(B)= [0 0 ag 0 bap bag| T | 0 am as| [0 0 by
0 0 0 0 0 633 0 0 ass 0 0 0

0 a11biz + a12baz  2a11013 + 2012023 + 2a13b33

=0 0 a2bo3 + ag3bsz =d(AB)
_0 0 0

= d(AB)=d(A) B+ Ad(B)

Hence, there exist a matrix A € M;(R, p) and a derivation § : R — R such that
d = 6 + d 4. In this situation,

ajj = — d (61]‘)]1]»

Our matrix is 3 x 3, therefore we should calculate ass and ass.

010 010
der)=d| [0 0 0] | =10 0 0] = —[d(e12)]1y = —1 = a2
0 00 0 00
0 0 1 0 0 2
d(es)=d| [0 0 0| | =1(0 0 0| = —[d(e3)];3=—2=ass
0 00 0 00
a;j = —x;; (i) = —b;; (1), so we can choose matrix A as follows
0 —bip —bi3 bir bz bz
A=10 —1 —by|:B=[0 by by
0 0 -2 0 0 by
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ds(B) = AB — BA

0 —big —big| [bi1 b2 bis bii bz biz| |0 —bia —bi3
=10 =1 —bys 0 ba bas| — [ O by Do 0 —1 —bo3
0 O -2 0 0 b33 0 0 bs3| |0 O -2

0 big + bi1biz — bigbae  2b13 + by11biz — bi3bss

=10 0 baz + baobag — basbss
0 0 0
dB)=10 0 by
0 0 0

0 bia 2bi3 0 big + bi1bia — bigbay  2b13 + b11b13 — bigbss

d(B)—da(B)=10 0 by|— |0 0 bag + baabaz — bazbsz
0 O 0 0 0 0
0 biabaa — bi1bia  bizbsz — biibis 0 b1 (bog — b11) b1z (bgzs — b11)
=10 0 bagbsg — bagbas | = |0 0 bz (bgz — bao)
0 0 0 0 0 0

0 : R — R is a derivation as follows:

If we generalize the derivation d as follows:

Let p be quasi order on the set {1,...,n}

d: M,(R,p) — M,(R,p)

[@ilnxn = ([T = ] - Gijlaxn

on a ring n X n matrix is a derivation
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11 Q12
O 929
A=
0 0
bll 612
0 by
B =
0 O
a1 @12 A1n
0 a Aoy,
AB — 22 2
0 0 Apn
0 ai1bi2 + a1zbg
0 0
d(AB) =
0 0
_0 a19
0 0
d(A)B + Ad(B) =
0 0
0 aizbo
_ 0 0
0 0
_ 0 0
0 0

0 anbiz + aiabe

aln-
S da) =
ann_
bin
e IR d(B) =
bnn_
bi1 bia bin a11biy
0 by bon _ 0
0 0 bin 0

(n—1) 35— arkbrn
(n —2) 375 askbin

0

(n—1Day,| |bi1 b2

(n — 2)0/2" 0 b22

0 0 0

p1 (K — D)aigben

w3 (k= 2)askbky,

0

bln

b2n,

(n - 1) Z']zrzl alkbkn

(n—2) Zzzl a21bin

0

= d(AB) = d(A)B + Ad(DB)

a11b12 + a12b22

+

Q12

b12

a22b32

ary

0

a2

22

(n— 1)a1n-
(n — 2)agy,
O .
(n = )by ]
(n — 2)by,
0 .

n

Zk:l alkbkn
n

> i1 @2kbkn

(’I”"/'Ill)nn
ain| |0 b2 (n—1)by,
A2y, 0 0 (n - Q)bgn
a0 0 - 0

(Tl - ]f)aucbkn

e S (n = E)agkbis,

Hence, there exist a matrix A € M, (R, p) and a derivation 6 : R — R such that

d = 6 + d 4. In this situation,

aj; = —[d(ei)],;
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010 0
0 0O 0
d (612) =d
0 0O 0
0 0 1 0
0 0O 0
d (613) =d
0 0O 0
We continue as follows
O 00 ---1
0 0O 0
d (6111) =d
0 0O 0
ai; = —; (i)
0 _b12 _bln
Ao 0 -1 —bay,
0 0 —(n—1)
di(B) = AB — BA
[0 —b by,
. 0 —1 _an
0 0 - —(n—1)

010 0
000 0

= —>a22:—1
000 0
00 2 0
000 0

— —>a33:—2
0 00 0
00 0 (n—1)
0 00 0

= — Uy = —(n— 1)
0 00 0

—b;; (i) , so we can generalize and choose matrix A as follows

bi1 b2 bin
7B _ O b22 b2n

_O 0 bnn_
bll b12 bln bll b12 bln O _b12 _bln
0 ba bon| | O by ba| [0 -1 —bay
0 0 -- b;n 0 0 - bu| |0 0 (nzl)

0 —bigbay + bi1bia + b1y -

_blnbnn + bllbln + (TL — l)bln

: 7b2nb7m + b22b2n + (n - 2)b2n

0
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0 bz -+ (n—1)bi,
0 0 - (n—2by,
d(B) = (n=2)b;
0 0 0
0 by - (n —1)bin
o (n—2)
aB) - da(B) =" " (n = 2)ban
_0 0o --- 0
[0 Bibos — buibrs
B 0 0
_0 0
[0 5(biz) 6 (bia)
0 0 5(bas)
0 0 0
_0 0 0
0:R— R

§ (bij) = bij (bj; — b)), 1 <1< j

0 —bigbay + biibia + b1y +++ —binbnn + b1abi, + (n — b1y
0 0 e 7b2nbnn + b22b2n + (TL - 2)b2n
0 0 o 0
blnbnn - bllbln 0 bl?(b22 - bll) e bln(bnn - bll)
anbnn - bQZan O 0 T bZn(bnn - b22)
0 0 0 0
5 (bln)
0 (bay)
: =4(B).
0 (bp_1n)
0

<n
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4. CONCLUSION

The main objective of this thesis is to realize the derivation of structural matrix algebras

as the sum of the inner derivation and the derivations obtained from the ring R. We
give the some conditions on p and we reproof of the theorem in [1] for our cases with
the following theorem.

Theorem 4.1: Let R be aring with identity and p be partially order ontheset{1,2,3,...,n}
letd: T, (R, p) — T,.(R, p) be a derivation. Then there exists a derivation § : R — R
and a matrix A € T, (R, p) such that d = 6 + d4. Note: § : R — R is a deriva-
tion 6 : T, (R, p) — T,.(R, p) defined by 0([z;;]) = [6(xi;)], V][ri;] € Tu(R,p)is a

derivation.

For the future, we will first consider the case p is a symmetric; in this case M, (R, p) is
block diagonal form, that is M, (R, p) = D = {diag (A;,...,A,) : A; € M;}. Next,

we will consider the general case where p is a quasi-order.
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APPENDICES
A. Python Codes

A.1. Upper Triangular Matrix and Derivation Functions

The following Python code demonstrates an algorithm for constructing upper triangular
matrices and performing derivative operations:

from sympy import symbols, Matrix, Abs, simplify
# Derivasyon fonksiyonu
def der(matrix):
n = matrix.shape[0]
der_matrix = Matrix.zeros(n, n) # n x n 1i1sfr matrisi

for i in range(n):
for j in range(n):
der _matrix[i, j] = Abs(i - j) * matrix[i, j]
return der_matrix
# Upper triangular matris tiretme fonksiyonu
def upperA(n):
# n x n boyutunda bir iUst ilUg¢gen matris goluturuyoruz
matrix_elements = []
for i in range(n):
row = []
for j in range(n):
# 1Yalnzca uUst tliggen 1i1ksmndaki elemanlar sembolik
olacak
if j >= 1i:
row.append (symbols (f'a{i+1}{j+1}"'))
else:
row.append (0) # Alt flggen 1elemanlar 1isfr
matrix_elements.append (row)
return Matrix(matrix_elements)
def upperB(n):
# n x n boyutunda bir iUst iliggen matris goluturuyoruz
matrix_elements = []
for i in range(n):
row = []
for j in range(n):
# 1Yalnzca Ust Ug¢gen 1i1ksmndaki elemanlar sembolik
olacak
if j >= 1i:
row.append (symbols (f 'b{i+1}{j+1}"'))
else:
row.append (0) # Alt lc¢gen 1elemanlar 1isfr
matrix_elements.append(row)
return Matrix(matrix_elements)
# Ilk matrisin boyutunu sorma
n = int(input("Matrisingboyutunuy,giring,(n):y"))
# Boyut n'e gdére ist lUggen matris idretimi
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4 |matrixl = upperA(n)

2 |# Ikinci matrisin boyutunu sorma

s |# m = int(input("Matrisin boyutunu girin (m): "))
4 |# Boyut m'e gore iist lggen matris ilretimi

55 |matrix2 = upperB(n)

46

o7 |# Matris carpma gilemi

i |carpim = matrixl * matrix2
1 |dcarpim = der (carpim)
5o [toplam = der (matrixl) * matrix2 + matrixl * der(matrix2)

st |# Matris ggeitlii kontroli

s> |derivation = simplify(dcarpim.equals(toplam))

s3s [# 1. Matrisin dizgin gekilde 111yazdrlmas

so |print (£"\gnO0luturulan A Matrisi,, (Upper,Triangular):")

ss |[for i in range(n):

56 print (', '.join(str(matrixl1[i, j]) for j in range(mn)))
s7 |# 2. Matrisin dizglin gsekilde 1ii1yazdrlmas

ss |print (£"\snO0luturulan B Matrisi,, (Upper,Triangular):")

59 [for i in range(n):

60 print (', '.join(str(matrix2[i, j]) for j in range(n)))
6o |# 1Garpm Matrisin dizgin gekilde 111yazdrlmas

o |print (£"\gnOluturulan AB Matrisi:")

o |for i in range(min(n, n)): # min(n, m) cinki i1garpanlarn
iboyutlarna gibal olarak 1iyazdryoruz

64 print('y,'.join(str(carpim[i, jl) for j in range(n)))
6s |# 11Carpmn Derivation Matrisin dizgilin gsekilde 11i1yazdrlmas
o |print (£"\snO0luturulan,,d(AB) Matrisi:")

¢ |for i in range(min(n, n)): # min(n, m) yine boyutlar dikkate
1alnarak 1iiyazdrlr
68 print('y'.join(str(dcarpim([i, jl) for j in range(n)))

o |# Derivation Matrisin dizgin gekilde 111yazdrlmas
70 |print (£"\snOluturulan, d(A)B,+,Ad(B) Matrisi:")

7 |[for i in range(min(n, n)): # min(n, m) yine boyutlar dikkate
lalnarak 1i1iyazdrlr

7 print (', '.join(str(toplam[i, j]) for j in range(n)))

7 |print (£"\snO0luturulan A:")

7% |for i in range(min(n, n)): # min(n, m) yine boyutlar dikkate
1alnarak 1i1iyazdrlr

75 print('y'.join(str(der(matrix1)[i, jl) for j in range(n)))

7% |if derivation:

77 print ("\nSonug:_ Iki matris_ seittir.")

% |else:

79 print ("\nSonug:_ Iki matris seit_ gdeildir.")

Listing A.1: Python Code - Calculating Upper Triangular Matrices and Derivation
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