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ABSTRACT

In this thesis, using the Mode-Matching technique and the Wiener-Hopf technique, the
propagation of the TEM wave along a coaxial waveguide with an impedance coated
step discontinuity in the inner conductor is mathematically analyzed. Such configu-
rations are of substantial interest in high-frequency applications, including radar and
telecommunication technologies. Firstly, the Mode-Matching technique is applied to
the problem and in this context, the structure is divided into two different regions and
solution modes are defined for each region. Following the technique-specific formu-
lation, an infinite system of equations is obtained for the problem and these equations
are solved simultaneously. After the analytical study, programs are written in the MAT-
LAB programming language and the results are presented with generated graphs. The
problem is then analyzed using the Wiener-Hopf technique, applying the Fourier trans-
form to the Helmholtz equation and considering boundary and continuity conditions in
the same domain to obtain the modified Wiener-Hopf equation for the problem. The
solution of this equation is obtained in the form of an infinite system of unknown coefti-
cients, which results in an infinite system of linear algebraic equations that are truncated
at an appropriate cut-off number. Finally, the reflected field and the transmitted field
are obtained and the results are presented alongside the produced graphs. Some of these
graphs show the variation of the reflection coefficient according to different parameters,
while others describe the variation of the transmission coefficient. The results obtained
show that both methods validate each other and provide reliable analytical approaches

that can be used in high-frequency waveguide designs.

Keywords: Wiener-Hopf Technique, Electromagnetic Wave Scattering, Electro-

magnetic Wave Propagation, Mode-Matching Technique, Coaxial Waveguides
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OZET

Bu tezde, Mod-Eslestirme teknigi ve Wiener-Hopf teknigi kullanilarak, TEM dalgasinin
i¢ iletkende empedans kapl1 bir basamak stireksizligi olan bir koaksiyel dalga kilavuzu
boyunca yayilmas1 matematiksel olarak analiz edilmistir. Bu tiir konfigiirasyonlar,
radar ve telekomiinikasyon teknolojileri de dahil olmak iizere yiiksek frekans uygula-
malarinda biiyiik ilgi gormektedir. lk olarak probleme Mod-Eslestirme teknigi uygu-
lanmis ve bu kapsamda yap1 iki farkli bolgeye ayrilarak her bir bolge i¢in ¢6ziim mod-
lar1 tanimlanmistir. Teknige 6zgii formiilasyonun ardindan problem i¢in sonsuz den-
klem sistemi elde edilmistir ve bu denklemler es zamanli olarak ¢oziilmiistiir. Analitik
calismanin ardindan MATLAB programlama dilinde programlar yazilmis ve sonuglar
olusturulan grafiklerle sunulmustur. Daha sonra problem Wiener-Hopf teknigi kul-
lanilarak analiz edilmis, Helmholtz denklemine Fourier doniisiimii uygulanmis ve prob-
lem i¢in modifiye Wiener-Hopf denklemini elde etmek i¢in sinir ve siireklilik kosullar
ayni alanda dikkate alinmistir. Bu denklemin ¢6ziimii, bilinmeyen katsayilardan olusan
sonsuz bir sistem seklinde elde edilmistir ve bu da uygun bir kesme sayisinda kesilen
sonsuz bir dogrusal cebirsel denklem sistemi ile sonug¢lanmistir. Son olarak, yansiyan
alan ve iletilen alan elde edilmistir ve sonuglar, {iretilen grafiklerle birlikte sunulmus-
tur. Bu grafiklerden bazilar1 yansima katsayisinin farkli parametrelere gére degisimini
ortaya koyarken, bazilarida iletim katsayisinin degisimlerini betimlemektedir. Elde
edilen bulgular, iki yontemin de birbirini dogruladigini géstermekte olup, yiiksek fre-
kansl1 dalga kilavuzu tasarimlarinda kullanilabilecek giivenilir analitik yaklasimlar sun-

dugunu ortaya koymaktadir.

Anahtar Kelimeler: Wiener-Hopf Teknigi, Elektromanyetik Dalga Yayilimi, Elekt-

romanyetik Dalga Sacinimi, Mod-Eslestirme Teknigi, Koaksiyel Dalga Kilavuzlari
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1. INTRODUCTION

Structural discontinuities in coaxial waveguides represent a key element in microwave
engineering and have been widely studied due to their relevance in numerous practical
systems. These variations in geometry play a vital role in the accurate evaluation of mi-
crowave and transmission line behaviors. Furthermore, they are crucial components in
the development of filters, measurement setups, and waveguide-based radiating struc-
tures. However, structural features like step changes or impedance coatings introduce
challenges in the analytical modeling of wave behavior, particularly at high frequencies.
As a result, many studies, employing both analytical and computational approaches,
have focused on examining their impact [Bobrovnikov et al. (1966)]. Whinnery and his
team, in a 1944 study, explored the effects of step discontinuities in coaxial waveguides
and developed equivalent circuit models using a Mode Matching-based methodology
[Whinnery et al. (1944)]. In 1965, Green numerically analyzed various configurations
of step discontinuities in coaxial waveguides by means of the finite difference tech-
nique [Green (1967)]. Later, in 1971, Vijayaraghavan and Arora examined the issue of
a coaxial waveguide with an inductively reactive inner surface, employing the Wiener-
Hopf method for their analysis [Vijayaraghavan & Arora (1971)]. The formulation of
the dyadic Green’s function for a coaxial structure featuring a step change on the inner

wall was presented by Fallahi and Rashed-Mohassel in 2006 [Arya & Jalil (2006)].

In this thesis, the transmission of TEM waves is examined in a coaxial waveguide
structure that includes an impedance-coated step discontinuity on its inner surface. The
problem is addressed through separate applications of the Mode-Matching and Wiener-

Hopf techniques.

In chapter 2, Mode-Matching technique described in [Oztiirk (2021)] is used to ana-
lyze this problem. The technique known as Mode-Matching is commonly utilized for
formulating boundary value problems in waveguide theory. It has been extensively ap-
plied in past research that dealt with step discontinuities in waveguides [Wexler (1967)-

Mittra & Lee (1971)]. Specifically, this method has been employed in studies involving



coaxial waveguides, particularly when the discontinuities are positioned on the inner
wall [Aksimsek et al. (2013)]. The same problem is analyzed by the Wiener-Hopf
technique, which is especially powerful when dealing with semi-infinite domains and
complex boundary conditions, such as those found in coated coaxial geometries with
step discontinuities by considering direct Fourier transform of the Helmholtz equation,
boundary conditions, and continuity relations, and then a unique type of Wiener-Hopf
equation, which is solved by the factorization and decomposition procedure as in [Rawl-
ins (1995)], is determined following a similar procedure mentioned in [Hacivelioglu et
al. (2009), Kuryliak et al. (2000), Tiryakioglu (2020)]. The equation known as the
Modified Wiener-Hopf Equation (MWHE) incorporates a specific kernel function that
describes the characteristics of the step discontinuity present on the inner wall [Oztiirk
(2020)]. Solving the MWHE involves determining an infinite number of unknown co-
efficients that meet a set of linear algebraic equations. The scattering coefficients are

then derived upon completion of the analysis.

After determining the analytical results, a computer code is developed in MATLAB for
each problem and each technique. Chapter 3 discusses the numerical results obtained
using the scattering parameters in the TEM mode. A computational comparison in
terms of accuracy and convergence speed between Wiener-Hopf and Mode Matching

is also presented in this section.

The entire analysis is based on the assumption of a time dependence exp (-i w t), where
w 1s the angular frequency. The conductor walls in the problem are perfect electrical

conductors (PEC).



2. STEP DISCONTINUITY WITH IMPEDANCE TYPE
COATING

2.1. Mode-Matching Analysis

Consider the propagation of an incident field along a waveguide. Figure 2.1 illustrates
the division of the coaxial channel into two regions, where the first region is defined
as o € (a,b), —oo < z < 0, the second region is defined as p € (¢,b), 0 < z < 0.
The horizontal interface of the coaxial structure at o = ¢ and z > 0, is characterized
by a surface impedance Z = 1nZ,, while the outer wall is considered to be perfectly

conducting.

PEC

REGION A&
REGION B

PEC

PEC

z=0

Figure 2.1: Regions for Mode Matching Technique.

In order to facilitate the solution, the total field %7 (o, z) can be expressed as a piecewise-

defined function, as illustrated below

Y(0,2)+%(0,2), a<p<b —o0<z<0
Dr(0,2) = (2.1)
(0, 2) , c<o<b 0<z<o

where %;(p, z), j=1,2 are the scattered fields in Region A and Region B, respectively,

and the given function %;(p, z) = % applies to the incident TEM mode propagating



in the positive direction along the z-axis with k representing the propagation constant

and satisfy the following Helmholtz equation :

2 10 02 , 1
I ) © - = =1,2 2.2
00> 00p 022 ( g2>} %ilez) =0, j=1, 2.2)

The field terms satisfy the below boundary conditions;

%(b,z>+b§g%(b,z>=o, 2 € (—00,0) (2.3)
9

%(CL,Z) + aa_ggl(awz) = 07 z e (—O0,0> (24)

+ DY dnie )+ 2 me ) =0, 2 e (0,00) (2.5)

n ch 2(C, 2 Zkf)g 2lC, 2) = U, z , OO .

To apply the Mode-Matching method, the waveguide is partitioned into two distinct re-
gions. In each region, the corresponding eigenfunction expansions are identified based
on cylindrical waveguide theory, along with their associated orthogonality relations.
RegionA: —oco0<z2<0, p¢€(a,b)

Using the expansion of eigenfunction, the solution in this region can be written in the

form of
P(0.2) = é ap On(0)e ™" (2.6)
where
Inl0) = gKn [Jl(KnQ)YO(Kna) — Jo(Kpa)Yi(K,0) 2.7)

are the eigenfunction, a,, is the magnitude of the reflected wave and «,’s being the



zetos of K> [JO(Ka)YO(Kb) - JO(Kb)YO(Ka)] satisfying
K2 [Jo(Kna)Yo(Knb) - Jo(Knb)Yo(Kna)] —0 (2.8)
with
o =+k2— K2, n=1203,... (2.9)

The Bessel and Neumann functions are shown above J,, and Y,, (n =0, 1). K, are
eigenvalues and «, are the associated eigenvalues.
RegionB: 0<z<oo, p€(cb)

The solution in this region, % (o, z) can be expressed as

D5(0.2) = Y by Tu(0)e"” (2.10)
n=0
where
T.(0) = gun J1 (1 0) Yo (1tnd) — Jo(11nD) Y1 (11n0) (2.11)

are the eigenfunction, where b,, is the magnitude of the transmitted duct mode and (,,

is the root of the equation

piu) | J1 (1) Yopnb) = Jolpnb)Yi (1) |

* iLT: [JO(“HC)Yo(unb) - Jo(unb)Yo(unc)] =0 (2.12)
with
Cn: Ma n=17273, .. (213)

Continuity conditions at z = 0 serve as the basis for employing the Mode-Matching

approach by taking into account the continuity of the tangential components of the



electric and magnetic fields, to find the unknown coefficients a,, and b, in the series

expansions (2.6) and (2.10), respectively.

E,(0,07), a<p<b
Ey(0,07) = (2.14)

0 ) c<o<a

and E,(p,2) = -2 % (o, z) then we obtain

iwe 0z

z'k
b Cn Y ( Ay 0y O ( —, o€ (a,b 2.15
SSHIEESS Eoewn @i

Multiplying (2.15) by "o T1,,(0)” and integrating along ¢ € (c,b), give

00 b
anén/ T (0)Tim(0)odo
n=0 €
— zk/ 0)do — Z anan/ 0)odo (2.16)

The series expansions in (2.16) exist if and only if the associated eigenfunction satisfies

the orthogonality integral given below:

b
/ To(0)Tm(o)do =0, m #n (2.17)
with
b

xfi)z/ Yo (0)do (2.18)

b
V%:/ Un(0)Trm(0)odo (2.19)

b
o) = / T (0)Ym(0)odo (2.20)



Similarly, by taking into account H,(0,07) = Hy(0,07), 0 € (a,b), we get

S b Tale) =Y ant(0)+ 5. o€ () (221)
n=0 n=0

Multiplying (2.21) by ”0 9,,(0)” and integrating along ¢ € (a, b), we obtain

00 b
an/ T.(0) Um(0) 0 do

b 00 b
_/ Um() do+ ) an / U (0) Um(0) 0 do (2.22)
“ n=0 a

with
b
Y — / V(o) do (2.23)
b
V%:/ Trn(0) V(o) 0 do (2.24)
b
02 = [ 9a(0) 9(e) 0 de (2.25)

When z=0, the following system is obtained from the equation (2.16);
b G 05) =k X =D an 4, VO, m=0,1,2,....,00 (2.26)
n=0
and the following system is obtained from the equation (2.22);

> b VO =m0 + X%, m=0,1,2,..,00 (2.27)
n=0

Consequently, it is necessary to view the sets of equations provided in (2.26) and (2.27)
as a doubly infinite set of equations that need to be solved at the same time. Solving

this doubly infinite set of equations requires truncating the first and second equations



using a specific truncation number (N) to obtain S and 7T, respectively.

-
b G 05+ @ 0, VO, =kx$), m=0,1,2,...8 (2.28)
n=0
and
S
U 09 =Y 0, VR = —x2, m=0,1,2,...T (2.29)
n=0

It should be noted that this truncation process results in a (N 4 2) x (N + 2) algebraic
system, where N is defined as the sum of S and 7. It is also important to observe that S
must be greater than 7 since the first set of equations involves more information than

the latter. The explicit expressions for Xfﬁ), Xfﬁ), 67(71), (97(3), v%%, Vg%, are

X = g[Jo(uma)Yo(umb) — Jo(pmb) Yo (1tma) (2.30)

log(b/a) , m =0

X = (2.31)
0 , m%#0
0 ,m#n
o) = (2.32)
0,, ,m=n

2

2 .
where By, = 4 = %225 |1 (1) Yopimb) = Jo(pimb) Y (time) | |1 = (ih)? + 252

cuz,

log(b/a) , m=0
62 = o o (2.33)
[YO (Mma)_YO (,U"rnbﬂ
2P 0 70



,
sten s | Joli00) Yo 1t0b) = Jo(10b)Yo(poa) | 2422, m =0, n#0
o — g[Jo(Moa)YO(Mob) — Jo(,uob)Yo(uga)] C m=0, n=0
. %[Jo(uma)Yo(umb) - Jo(umb)%(uma)} , m#0, n=0
| 52 | (b @) Yo (1) = o) Yolpma) | £HES, m #0, 0 #0
(2.34)
,
st s | Jol100) Yo (1ob) = Jo(ja0b)Yo(moa)| 2428 m £0, n=0
v _ g[Jo(Moa)YO(Mob) - Jo(,uob)Yo(uga)]  m=0, n=0
< %[Jo(una)Yo(unb) - Jo(unb)Yo(una)] , m=0, n#0
| sty [ Jo(hn@)Yolhnb) = Jo(pinb) Yo i) | 252 m #0, n#0

(2.35)
2.2. Wiener-Hopf Analysis

2.2.1. Formulation of the Problem

Consider a coaxial waveguide whose inner and outer conductors have radii ¢ = a and

0 = b, respectively. A groove of height o = c is located on the inner conductor.

PEC

z=0

Figure 2.2: Regions for the Wiener-Hopf Technique.



Taking the geometry into account, the problem domain can be described in the follow-

ing manner:

etkz

Q—l—@l(g,z), a<po<b —00<z<O00
Dr(0,2) = (2.36)

(0, z) , c<o<a, 0<z<o0

where % (o, z) and %/, z) are the scattered fields which satisfy the Helmholtz equa-
tion (2.2). Considering the geometry of the problem, it is possible to write the neces-

sary boundary conditions for the fields % (g, z) and %5 (g, 2);

(b, z) + bag%(b, 2)=0, z€ (—00,00) (2.37)
%
0
% (a,z) + aa—g%(a, 2)=0, zé€(—00,0) (2.38)
9 0,0) =0, o€ (c,a) (2.39)
62 20, — Y 0 ¢ a .
(n—l—i)%(c z)+ig%(c 2)=0, z€(0,00) (2.40)
ike ’ ik Do ’ ’ ’

which originate from the condition that the tangential components of the electric field

vanish along the waveguide walls, and the continuity relations at ¢ = a;

% (a,z) + a%@l(a, z) = %(a,z) + a%%(a, z), z€(0,00) (2.41)
eikz
- + % (a,z) = %(a,z), ze€(0,00) (2.42)

which indicates the continuity of the tangential components of both electric and mag-

netic fields within the specified region. Ensuring the uniqueness of the obtained solu-

10



tion requires that the radiation condition be properly imposed [Alkumru et al. (2002)]

Wr(0,2) = O™, |z]= oo (2.43)

and the edge conditions;

Wr(a,2) =0 | 2—=0 (2.44)
0 ~1/3
a—@%(a, 2)=0(z""7"), z—0 (2.45)

When the Fourier transform is applied to the Helmholtz equation governing % (o, z) in

the entire range from (—o0, 0o) with respect to z, it yields
o+ (K- )| #(0,0) = (2.46)

Here the function K () = v/k? — o? is defined as a branch of the square root in the
complex-a-plane, with branch cuts extending from o« = k to o = k + 700 and from

a = —k to o = —k —ioo, such that K (0) = £ as illustrated in Figure 2.3.

Im{ o}
s ko L
Re{a}
> L
> LI

Figure 2.3: Complex a-plane.

11



The Fourier transform is given by

H(0,a) = Iy (0, ) + (o, ) (2.47)

where

+oo
Mo (0,0) = £ (0, z)e'**dz (2.48)
0

The functions .77, (o, o) and .7 (p, ) are unknown analytic functions, defined to be
regular in the respective half-planes where Im(«) > Im(—k) and Im(«) < Im(k).
A structured method allows the determination of the general solution corresponding to

equation (2.46) [Ross (2007)] :

H(0,0) = (@) Ji(K o) + B()Yi(Kop) (2.49)

The symbols J; (K p) and Y; (K p) represent the standard Bessel functions of the first
and second types, respectively. On the other hand, by using the boundary conditions
(2.37) and (2.38), which are satisfied on the perfect electric conductor (PEC) of the
coaxial waveguide, the unknown spectral coefficients .7 («) and % («) are determined.

First, applying the Fourier transform to the boundary condition (2.37) yields

/ (b, 2)e"**dz + b g/ (b, 2)e"*dz = 0 (2.50)
—00 0J-c
H(b,a) + b ' (b,a) =0 (2.51)

Substituting (2.49) into (2.51):

[ () Jy (KD) + B (o) Y1 (KD)] + b[ﬂ(oo (KJO(Kb) . %Jl(Kb))

+ B(a) (KYO(Kb) - %Yl(Kb))] —0 (2.52)

12



o (o) (K Jo(Kb)) + B(a) (KYy(Kb)) =0 (2.53)

PB(a) = _%(Q)Y()(Kb) (2.54)
Substituting (2.54) into (2.49), one gets the following equation;
A
H(0,0) = 35 (K 0)Yo(Kb) = Jo(KD)Y:(Ko) (2.55)

Secondly, application of the Fourier transform to the boundary condition (2.38) yields

0 0
/ W (a,z)e"**dz + aag/ % (a, 2)e"*dz =0 (2.56)
—00 0J-x

H (a,a) + aA' (a,a) =0 (2.57)
On the other hand, it can be written that
H(a,0) +aH'(a,0) = A (a,a) +a' (a, o) + A (a,a) + ait](a, o) (2.58)
Substituting (2.57) into (2.58), one can obtain the following statement
H(a,a) + a'(a, o) = . (a, ) + at)(a, a) (2.59)

In addition, substituting (2.55) into (2.59) for ¢ = a yields

(A0, @) + a7 (a, 0)]Yo(KD)

d(a) = Ka[J()(Ka)Yb(Kb) — JO(Kb)Yb(KCL)]

(2.60)

Hence,

[J1(K0)Yo(Kb) — Jo(Kb)Y1(Ko)]
KalJo(Ka)Yo(Kb) — Jo(Kb)Yo(Ka)]

H(0,0) = P (o) (2.61)

13



where &, («) stands for
Pi(a) = H(a, o) + aH](a,a) (2.62)

Similarly, the scattered field %5 (g, z) also obeys the Helmholtz equation in the region

defined by ¢ € (c¢,a) and z € (0, 00). Its Fourier transform with respect to z results in
S oK) — 2| G0.0) = —iaF () (2.63)
where the boundary condition (2.39) is considered. ¢, (g, ) stands for
%, (0,0) = /0 " B(o, o) (2.64)
and
F(0) = %(0,0) (2.65)

In order to derive the complete solution of a non-homogeneous differential equation,
one needs to determine a particular solution corresponding to the non-homogeneous
term and then add it to the general solution of the homogeneous equation derived from

the same differential operator.
G.(0,0) = 9! (0.) + 9 (0, @) (2.66)

Here, 4 (0, a) and 47 (p, @) represent the homogeneous and particular solutions, re-

spectively. A particular solution of (2.63) can be expressed in terms of
4L (0,0) = —@'oz/ F(1)Q(t, 0, a)tdt (2.67)

following the procedure described in [Bender & Orszag (1999)]. In equation (2.67),

Q(t, 0, ) is the Green’s function associated with this differential equation provides a

14



framework for formulating a particular solution to equation (2.67)

6(o—1)
t

—+——+K2(a)—§ Glo.t,a) = (2.68)

that satisfies the necessary conditions for o,t € (¢, a) with the associated continuity

relations and the boundary conditions, which are given as follows

G(t+0,t,a) — G(t —0,,a) = 0 (2.69)
0 9, 1
<n+i>g(c L)+ 96 ta) =0 2.71)
ikc Y ik0o~ " ‘
9,
Gla,t,a) + aa—gg(a, t,a) =0 (2.72)

Note that the continuity relations (2.69) and (2.70) are written in the range described
by 0 € (¢,a), z € (0,00). The general solution of this Green’s function in (2.68) has

the form

C(t)J1(Ko)+D(t)Y1(Kp), o€ ]lct]
G(o,t,a) = (2.73)

C(t)1(Ko) + D(t)Yi(Ko), o€ [t

where C(t), D(t), C(t), D(t) are the unknown spectral coefficients. Taking into ac-

count the conditions given in (2.69)-(2.72), Green’s function is defined as

1

G(o,t,a) = RKEa. o)

Ao, 1, @) (2.74)
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with

St T kK| — B(KDYo(Ka) + Jy(Ka)YVi(K)|D(o.c,0), 0 € [e,1]
o,l,&) = =
2 mK[ — Ji(Ko)Ye(Ka) + J0<Ka)Y1(KQ)}@(t, c,a), 0 € [t d]

(2.75)

where

€(e,c,0) = n| Jo(Ke)Yi(Ke) = h(K)Yo(K o))

+ 2 [(KoYo(Ke) — I(KeY(Ko)] @76)

and

D(e,c,0) = 1| h(KQ)Yi(Ke) - J(Ke)Yi(Ko)

K
+ = [ WK o)Yo(Ke) — Jo(KoYi(Ke)| 2.77)
Substituting (2.74) into (2.67) allows one to get a particular solution

GP(00) = ——— sin /aﬁ’(t)Q(t,g,a)tdt (2.78)

C(a,c,a
On the other hand, the homogeneous solution ¢/ (o, o) is determined as

1

H _
g (e0) = ikK&(a,c, )

|20, (a) (K o) + Wa()Yi(Ko)|  (279)
where 20, («v) and 205 («) are the unknown spectral coefficients. The Fourier transform

of the boundary condition (2.40), with

Z.(a)

W, () = o |

Yi(Ke) + %Y(}(KC) ikK (2.80)
7
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and

(2.81)

Therefore,

4. (0,)

The Fourier transform of the continuity relation (2.41) allows to write
I (a,a) + at](a, o) = 9 (0, ) + a9 (a, @) (2.83)

and the general solution of equation (2.64) can be represented as follows

r 1 P (o)
- ikKC(a,c, a) a

g—i—(g, (I) ©(Q7 ¢, O{)Zk’

_ia / " F1Ot o, a)tdt] (2.84)

Although the left-hand side of equation (84) is analytic throughout the upper half of the
complex plane, the right-hand side fails to retain this property due to the presence of
simple poles at v = «,y,, corresponding to the zeros of ik K,,&(a, ¢, vy, ). To maintain
analyticity, these poles are eliminated by enforcing the vanishing of their residues.
This gives

P4 (a)

a

D(o,c, )ik —ix /a F(1)Q(t, 0, a)tdt =0 (2.85)

o=a

Since the function .% (t) meets the conditions of absolute integrability and is consistent

with Dini’s criterion, it admits a representation of the Fourier-Bessel series as shown

17



below [Demir & Biiylikaksoy (2005)]

Z g [‘]1 (Knt)Y (¢, am) — Yi(Kint) J (e, Oém)] (2.86)

m=1

This series expansion allows one to write

Fn=— [ Tz U nt)Y (6, am) = Vi(Knt) (e, ) |1t (287)

Sm Jo 2

where s,, is the norm of the relevant series expansion determined using the orthogo-

nality integral given by:
2
. N / J1 Kont)Y (¢, ) — Ya(Komt)J (e, am)} tdt (2.88)

Equation (2.88) is evaluated as:

72 [a? s 2k®n*c — 2cK?2 — 4ikn
_ et m 2.
=T [2 D00+ H ] (2.89)
Then
7, = = Lrlam)D(a ¢ am) (2.90)

2 10N Sm
The Fourier transform of continuity relation (2.41) allows to write the following

1

H(a,a) — ialb+a)

=9 (a,a) (2.91)

Making use of (2.49) and (2.63) can be written as follows:

1 y+(0£) 2 Q:(b,C,CY)
_ia(k+a)+ K? 7wa?&(a,c,a)[Jo(Ka)Yo(Kb) — Jo(Kb)Yy(Ka)]
2 = k7D (a,c, ) T
— A (a,0 —za;; Wy 10 29
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and then,

Z.(a) 2 B 1
K2 na*M(a) H-(a,0) = ia(k + «)
2 X ikFaD(a,c, o) T
_m;; a2y 1 (2.93)
with
M(a) = 2 K&(a,c,a)[Jo(Ka)Yo(Kb) — Jo(Kb)Ys(Ka)l (2.94)

mKa K?a€(b, c, o)

The equation (2.93) represents the modified Wiener-Hopf equation that needs to be
solved. It is important to understand that M () serves as the kernel function of the
Wiener-Hopf equation, which describes the impedance coated step discontinuity present

on the inner wall of the coaxial waveguide.

2.2.2. The Solution of Wiener-Hopf Equation

According to the standard Wiener-Hopf procedure, the kernel M («) is factorized into
M (o) and M _(«). This factorization is performed according to the procedures out-

lined in [Rawlins (1995)] as follows:

M(a) =M (a)M_(a) and M_(—a)=Mi(«a) (2.95)

and

2 €. (,c,0) [ Jo(Ka)Yo(Kb) — Jo(Kb)Yo(Ka)]
Mi(a) = \/ﬂ'Ka - K&, (b,c, a)

xeP@O T (1+ -S)ein (2.96)

m=1
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with

B 5 (+ )( +.5) ia(b—a)
M (a) = Tl_[ )( +L) exp( m )

x exp( 71'22 (b—a)[l —C’—i—log(k(bila)

1) 297

where €, (b, ¢, ) stands for the factorization of €(b, ¢, o) which is done by following
the procedure where C in (2.97) is the Euler’s constant given with C = 0,57721566...

Then, equation (2.93) becomes

‘@+(Q)z 1 — a, a)ia a)lk —a
Fta)mam, (@ - @iaM-(a)k-a)
_ M ()k—a) _Mmzk Fn®(a, ¢, am) T
=T hra M ) a3 @

The determination of the unknown function & («) requires expressing the left-hand
side of equation (2.98) as the sum of two functions regular in the regions %, and
Z_. Note that #, and B_ demonstrate the regions described by Im(«) > Im(k) and
Im(a) < Im(k), respectively. To eliminate the singularities on the right-hand side
of (2.98), a decomposition is performed by applying the Cauchy Residue Theorem
[Williams & Meylan (2011)]. The second phase in the Wiener-Hopf solution process

involves applying the decomposition method [Greenwood (1975)]. Multiply each term
of (2.98) by “iy/TaM_(a)(k — )™

[M k-a) [2Pla) 1
2 k+ ) 7 (k+ a)aMi(a)
—za\/7¢%” (a, ) M_(a)(k — «)
+ aaM_( — ) fz zk/af_aaz ) T 5= =0 (2.99)

The non-analytic components of equation (2.99) are decomposed into a sum of func-

tions analytic in the upper and lower halves of the complex plane. Firstly, if we consider
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the equation d, () where & = —k is the pole point

T M_(a)(k — )
—\/; o) (2.100)

di(a) = df (o) + dy («) are obtained

)(k — T M (k
d = 2.101
27?2/,;+ k+v \/7 k—a) (2.100)

_ k — k)2k
. \/EM (@)(k—a) | [TM(K) 102
2 (k+a) 2 (k+a)
If the residue of the pole point @ = —q, is considered in the decomposition for the
other term,
ikFn®(a,c, o) T
da(a) = aaM_(a)(k — o) \[Z a2 —2) 3 (2.103)

do() = dj (o) + d () are found

avM_( \/_Z _ tkZ,D(a ¢, an) T
4 ~ 2mi /L+ Z (U2 —a2)(v—a) _dU

\/* ZM+ Q) k:—i—ozm)zk:J @(a,c,am)g (2.104)

2(am + @)

dy () = da(r) — d3 (a) (2.105)
According to this, we get

_f(*fg?j;ﬁd;(anﬁfgf 3 M@ -a)

2
\[ Z +(am) k+(zm)fi @(a ¢ am)g +dy(a) =0 (2.106)

m=
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Hence

\/’{@A \/j ZM+ ) (k + )ik T D(a, ¢, ) ™

(k+ «) a/\/hr ¢ — 2(a, + @) 2
_|_\/j'/\/l+—_a

M /Vl+( )2k

e Z sza a, C, Q) T [./\/l a) ./\/l+(ozm)(k:—|—ozm)

(a®—a2) 2 (a2—a;n) 2t + )

} (2.107)

The left-hand side is the sum of terms which are regular on region %, while the right-
hand side is the sum of terms which are regular on Z_. This equation can be separated

to two different equations symbolized by £, («) and &_ ().

= Graa@ T h-a)
= M () (k + a)ikFnD(a, c,am) T
y Z 2o + @) 2’
ac B, (2.108)
and

M_(a)(k —a) M (k)2k

¢ (a) =ia (a, ) M_(a)(k — a) +

(k+a) (k+ «)
Cua =\ ikFn,D(a,c, am)ﬁ M_(a)(k — a) B M (o) (k + o)
mzl 042—042) 2 (a?—a?) 2(aum + @) ’
ac B (2.109)

which each of them is analytic on the related domains. At this point, the equality
(o) = & (w) is valid on A, N AB_. Then, it can be said that, £, («) is the ana-
lytical continuation of £, («) to domain 4., and vice versa. In addition, it is required
to evaluate the asymptotic behavior of the entire function £(«). In accordance with

Liouville’s theorem, &(«) is 0 for all a-values, since () is asymptotically equivalent
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to 0 as o« — 00, and, it allows one to write &7, («) as follows:

Py (o) =

ralk + a)M. (0) <M+<k>2k
2i (k+ )
- Yk + an)ikZ,D(a, ¢, o)
Z 2(o + @)

) (2.110)

2.2.3. Scattered Field Analysis

The scattered field %4 (p, z) can be reconstructed by performing the inverse Fourier
transform of the corresponding expression of the spectral domain, which involves eval-

uating a contour integral in the complex plane.
1 »
= —/%(g,a)e ““Fda (2.111)
2 J1

Here the curve L lies in the series Im(—k) < Im(a) < Im(k). Due to the term e~
it is necessary to close the curve from below. The poles in this region are o = —k from
the function K2 and o = —av, from ik K&(b, ¢, ). The residues of the existing pole

points are calculated by considering (2.63) and (2.110), the above integral becomes

1 [ ralk+ )M (a) (M (k)2k
%(W)_%/ 2i ( & + )
M () (k + amm)ikZ D (a, ¢, am,)
) Z 2(ay, + ) )
(K 0)Yo(Kb) — Jo(KB)Yi (K o) K
" To(Ka)Yo(Kb) — Jo(Kb)Yo(Ka)K2a

e %da (2.112)

or

Y (0,2) = l/L (k+ a)€(a,c,a)ikK <,/\/l+(k;)2k

4 M_(a) (k+ )
_JF My (an)(k + a)ikF 0D a, c, am)>
2 m=1 2(0&m + Oé)

WK 0Y(KD) — (KDY (KoK
K2€(b, c, )ik K

e "da (2.113)
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Hence, the transmission coefficient is

—T

h=5

(A, (a,—k) + a ) (a, —k)] (2.114)

Here, .7 represents the transmission coefficient corresponding to the dominant TEM

mode.

To analyze the component of the field reflected into the original region z < 0, when the
aforementioned L curve is closed from above in a similar way as above, the zero of K?
in the upper half region is o« = k and the zero of [Jo(Ka)Yo(Kb) — Jo(Kb)Yy(Ka)] is

O = .

Hlo.2) = 1 [ e+ ML) (%

T = My () (k + )ik D (a, c, )
2 Z : 2(a, + ) )
[J1(K 0)Yo(Kb) — Jo(Kb)Y1(Ko)| K

“9Zda (2.115
’ K2€(b, ¢, a)ik K ¢ Wda (2115

m=1

By applying the residue theorem, the integral given in (2.115) may be represented as
a contour integral over a closed contour formed by the infinite semicircular arc C'r in
the upper half of the complex plane, together with the real-axis contour L, as illustrated

below:

2 . 9 . >0
= —iaz g = iz = o n 2.116
/ng(@, ae @+/CR —a(0,a)e™do i Y Rez(on,) (2.116)

n=1

where g(p, o) is the integrand of (2.115). By making use of Jordan’s lemma, it can be

easily shown that C'z contour integral in (2.117) satisfies

lim g(o,a) = 0 (2.117)
R—o0
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for

2
lim —g(g, a)e " do — 0 (2.118)

Therefore, the integral along the real axis can be evaluated as the sum of the complex

residues enclosed by the chosen contour, and is given by:

Y0,2) = 5 / 2 go,a)e “do =iy Rez(a) (2.119)

n=1

The right-hand side of (2.119) is evaluated by

B M (k)2k
i ; Rez(ay,) = alg(rlln(a — a”)4i (k + a) M («) (W

M (ap)(k + an)ikF D (a, ¢, ay,
) Z (am)+ a) | )>
LMK QYo(ED) — Jy(KDYi(K )|

—iez (2,120
K2C(b, ¢, a)ikK e (2120

or

ZZ Rez(ay,) = lirrk(a — k)

ML ()A(KY(ED) — IR (K] Ke
(k= a)[Jo (Ka)Yo(Kb) — Jo(Kb)Yo(Ka)|(k + a)
M ( M (am)(k + an)ikZnD(a, ¢, o)
X((k+oz B _Z : 2(a, + @)

) 2.121)

Defining the reflected field as

_ —imM (k) T .
Ko = 2iln(b/a) <M+(l€) —ay mz_: M, (an)ikF D (a,c, am)> (2.122)

Here, %, represents the reflection coefficient corresponding to the dominant TEM
mode, which characterizes the reflected portion of the incident wave in the coaxial

waveguide.
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3. NUMERICAL RESULTS

This chapter evaluates and compares the results obtained through both Mode-Matching

and Wiener-Hopf techniques numerically. It also involves constructing the systems of
linear algebraic equations, as discussed in Chapter 2.

The Figure 3.1 shows the variation of the reflection coefficient with respect to the trun-
cation number (N) at a fixed frequency of 100 MHz. It can be observed that increasing
the truncation number beyond N=10 has a negligible effect on the accuracy of the re-

flection coefficient.

0.8726 T T T T T T

Reflection coefficient

0.8726 :
0 5 10 15 20 25 30 35 40 45 50

Truncation Number (N)

Figure 3.1: Reflection coefficient with respect to truncation number (N).
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The Figure 3.2 illustrates the variation of the reflection coefficient with respect to the
truncation number N at a frequency of 1 GHz. Around N=10, the curve stabilizes and
reaches a nearly constant value, indicating numerical convergence. Just like in the

previous case (100 MHz), increasing the truncation number beyond this point does not

significantly affect the result.

0.4175 T T T T T T T

04175 | =

04175 |
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04175 |
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0.4175 §

Reflection Coeffic
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04175 ¢ :
0 5 10 15 20 25 30 35 40 45 50

Truncation Number (N)

Figure 3.2: Reflection coefficient with respect to truncation number (N).
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The Figure 3.3 shows the variation of the transmission coefficient with respect to the
truncation number N at a fixed frequency of 100 MHz. The transmission coefficient
starts at a higher value for small truncation numbers and decreases as N increases.

Around N=10, the curve stabilizes, indicating convergence of the numerical solution.

0.2931 T T T T T T T T

0.2931

0.2931

ient

‘G 0.2931
0.2931 F
0.2931 +

0.2931

Transmission Coeffic

0.2931

0.2931

D 2931 1 1 1 1 1 1 1 ] 1

Truncation Mumber (N)

Figure 3.3: Transmission coefficient with respect to truncation number (N).
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The Figure 3.4 illustrates the variation of the transmission coefficient with respect to
the truncation number (N). As seen, the transmission coefficient converges as the trun-
cation number increases. Initially, for low values of N, there is a noticeable change
in the coefficient. However, after approximately N=10, the transmission coefficient

stabilizes and exhibits negligible variation, indicating that the solution has effectively

converged.
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Figure 3.4: Transmission coefficient with respect to truncation number (N).

The analysis of the problem involves solving an infinite system of linear algebraic equa-
tions. Based on the observations from Figures 3.1 to 3.4, the truncation number is

selected as N=50.
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The Figure 3.5 depicts the variation of the reflection coefficient amplitude on the ge-
ometric parameter ratio b/c. It is observed that the reflection coefficient amplitude
decreases with increasing frequency. Moreover, the point corresponding to the largest

b/c ratio aligns with the maximum reduction in amplitude.

bfe=3
= = = bic=4
= & = hjc=5

Reflection Coefficient
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0.2 0.4 0.6 0.8 1 1.2 1.4
Frequency (Hz)

Figure 3.5: Reflection coefficient with respect to frequency for different b/c’s.
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The Figure 3.6 presents the variation of the transmission coefficient magnitude with
respect to the wave number for different values of the b/c ratio. The data reveal that as
the frequency increases, the transmission coefficient amplitude correspondingly rises.
The maximum amplitude peak is observed at the highest b/c ratio, underscoring the sig-
nificant impact of geometrical parameters on the transmission behavior of the coaxial

waveguide.
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Figure 3.6: Transmission coefficient with respect to frequency for different b/c’s.

When evaluated together, these two figures demonstrate that the impedance coating
provides an efficient transition medium by simultaneously reducing reflection and en-

hancing transmission.
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The Figure 3.7 illustrates the variation of the reflection coefficient with respect to fre-
quency for different complex impedance values. As the frequency increases, the re-
flection coefficient decreases. Similarly, as the value of 7 increases, the reflection
coefficient also decreases. In particular, it can be stated that increasing the real part of

7 causes the waves to be reflected less.
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Figure 3.7: Reflection coefficient with respect to frequency for different n’s.
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The Figure 3.8 shows the variation of the transmission coefficient with respect to fre-
quency for different complex impedance values. As the frequency increases, the trans-
mission coefficient increases. However, as the value of 7 increases, the transmission
decreases slightly. It is observed that increasing the real part of 7 reduces the amount

of transmitted energy.
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Figure 3.8: Transmission coefficient with respect to frequency for different n’s.

When evaluated together with the previous figure, it becomes evident that surface
impedance affects not only the reflection but also significantly influences the trans-

mission performance of the system.
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Afterwards, the Figure 3.9 compares the reflection coefficient versus frequency ob-
tained via the Mode-Matching and Wiener—Hopf methods. It is evident that there is
a strong agreement between the results obtained from the two approaches. Both tech-
niques consistently show a decreasing trend in reflection with increasing frequency.
The close agreement between the results validates the accuracy and reliability of the

analytical approaches employed in this study.
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Figure 3.9: Comparison of reflection coefficient with respect to frequency.

Together, these graphical findings provide a clear understanding of the physical mech-
anisms governing wave behavior in impedance coated coaxial structures and lay the
groundwork for further investigation of more complex discontinuities and boundary

conditions.
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4. CONCLUSIONS

The thesis focuses on the propagation of TEM waves in a coaxial waveguide that
includes a step discontinuity with an impedance coating on the inner conductor. The
analysis is carried out using the Mode-Matching and Wiener-Hopf methods, known for

their high accuracy in frequency-domain solutions.

At the initial stage of the analysis, the step discontinuity with an impedance coating
on the inner surface is reduced to a two-dimensional formulation by taking advantage
of the axial symmetry of the structure. Subsequently, the Mode-Matching technique is
applied to examine the geometry. The method results in a set of equations that need
to be solved concurrently, which involves truncating the equations using a specified
truncation number denoted as S and 7. Finally, explicit expressions for each equation

are derived at the conclusion of the analysis.

In the second stage, the Wiener-Hopf technique is applied by formulating the problem
in the Fourier transform domain, taking into account the Helmholtz equation, the asso-
ciated boundary conditions, and the continuity requirements, ultimately leading to the
derivation of a Modified Wiener-Hopf Equation (MWHE). By employing this method,
the influence of an impedance-coated groove located on the inner surface of the coaxial
waveguide is analyzed. In the final stage of the study, the resulting algebraic system is

tackled using a numerical scheme to approximate the scattering coefficients.

In the third stage, the computational aspect of the study is addressed by developing
a MATLAB code based on the approximate expressions and governing equations spe-
cific to the problem and each applied method. Subsequently, numerical results are
visualized through the generation of related plots. Considering the results presented
in Figures 3.1-3.4, it can be concluded that increasing the truncation number beyond
a certain threshold (N = 50 in this study) yields negligible improvement in accuracy,
while variations in complex surface impedance significantly influence the reflection

behavior, particularly at lower frequencies. In the Figures 3.5-3.9, the combined effect
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of geometry and surface impedance enables the design of optimized waveguide struc-
tures with controlled reflection and transmission characteristics, which is critical for
applications in microwave, radar, and communication systems. These figures clearly
demonstrate a high level of consistency between the Wiener—Hopf and Mode-Matching

techniques, confirming the validity of both approaches.

These results establish a solid understanding of the impact of a step discontinuity on
both the inner and outer walls of a coaxial waveguide on the propagation of TEM waves.
Moreover, the comparison between the Wiener—Hopf and Mode-Matching techniques
offers valuable insight into their applicability for future studies involving more complex
geometries. The investigation of different scattering mechanisms using these methods

will be the subject of the author’s forthcoming research.
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