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SUMMARY 
 
 

This thesis consits of four chapters. In the second chapter, main definitions and 

some properties that we use are given. In the third chapter, we establish a result dual 

to that of J. Zelmanowitz, in terms of coclosed submodules. Finially in fourt chapter. 

we apply our result to a particular Galois connection for modules, previously pointed 

out by [Albu and Nastasescu, 1984], in order to deduce the following consequence: if 

𝑀 is a finitely generated quasi-projective left 𝑅-module with 𝑆 =  𝐸𝑛𝑑�(𝑀) and 𝑁 

is an 𝑀-generated left 𝑅-module, then there exists an order-preserving bijective 

correspondence between the sets of coclosed left 𝑅-submodules of 𝑁 and coclosed 

left 𝑆-submodules of 𝐻𝑜𝑚�(𝑀,𝑁). We also relate the dual Goldie dimensions as 

well as the supplemented properties and the lifting properties of the left 𝑅-module 𝑁 

and the left 𝑆-module 𝐻𝑜𝑚�(𝑀,𝑁). 

 

 

 

 

 

 

 

 

 

 

 

 

 

Key Words: Coclosed submodule, Galois connection, Lattice, Lifting modüle, 

Quasi-projective module. 
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ÖZET 
 
 

Bu tez çalışması dört bölümden oluşmaktadır. İkinci bölümde kullanılan temel 

tanım ve özellikler verilmiştir. Üçüncü bölümde J. Zelmanowitz’in sonucu eş kapalı 

alt modüller kullanılarak dualleştirilmiştir Son olarak dördüncü bölümde, elde 

ettiğimiz sonuç [Albu and Nastasescu, 1984] çalışmasında incelenen modüller için 

Galois bağlantılarına uygulandı. Bir 𝑁 sol 𝑅 –modülünün eş-kapalı altmodüller 

kümesi ile 𝐻𝑜𝑚�(𝑀,𝑁) nin eş-kapalı sol 𝑆- altmodülleri arasında birebir ve örten 

sırayı koruyan bir eşlemenin varlığını gösteren sonucu elde ettik. 
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1. INTRODUCTION  
 

         An important general problem in module theory is to relate properties of a 

module with properties of its endomorphism ring; or more generally, for a left 𝑅-

module 𝑀 with 𝑆 =  𝐸𝑛𝑑�(𝑀), to relate properties of a left 𝑅-module 𝑁 with 

properties of the left 𝑆-module 𝐻𝑜𝑚�(𝑀,𝑁). Within the vast literature dealing with 

this problem, we point out the work [Zelmanowitz, 1996], which is closely related to 

our topic and motivates our study. He showed that if 𝑀 is a left 𝑅-module with 

𝑆 =  𝐸𝑛𝑑�(𝑀) and 𝑁 is an 𝑀-faithful left 𝑅-module, then there exists an order-

preserving bijective correspondence between the sets of closed left 𝑅-submodules of 

𝑁 and closed left 𝑆-submodules of 𝐻𝑜𝑚�(𝑀,𝑁). 
In the third chapter, we establish a result dual to that of J. Zelmanowitz, in 

terms of coclosed submodules. While closed submodules coincide with complement 

submodules and every module has a complement, in general coclosed submodules 

are different of supplement submodules and not every submodule has a supplement 

[Clark et  al. 2006]. These are some of the main obstacles in dualizing results on 

topics related to coclosed submodules; for instance compare the theories of lifting 

modules and extending modules. In order to overcome these problems, we need to 

find the suitable setting for our results and to use a more general approach. We shall 

first consider the context of bounded lattices and we shall make use of Galois 

connections between them. The reason for doing that is twofold: first, the notions 

involved are lattice-theoretic, and secondly, our approach clarifies the exposition and 

gives a more general explanation for certain conditions we have to impose on our 

modules. Our main theorem shows that if (𝐴,˄,˅, 0, 1) and (𝐵,˄,˅, 0, 1)  are two 

bounded lattices, and (𝛼,𝛽) is a cosmall Galois connection (in a sense that will be 

explained in chapter 3), where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴  preserves finite 

suprema, then 𝛼 and 𝛽 restrict to order-preserving mutually inverse bijections 

between the sets of coclosed Galois elements in 𝐴 and coclosed (Galois) elements in 

B. Also, the main Theorem 1.2 in [Zelmanowitz, 1996] is dualized.  

Finially in fourt chapter. we apply our result to a particular Galois connection 

for modules, previously pointed out by [Albu and Nastasescu, 1984], in order to 

deduce the following consequence: if 𝑀 is a finitely generated quasi-projective left 

𝑅-module with 𝑆 =  𝐸𝑛𝑑�(𝑀) and 𝑁 is an 𝑀-generated left 𝑅-module, then there 
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exists an order-preserving bijective correspondence between the sets of coclosed left 

𝑅-submodules of 𝑁 and coclosed left 𝑆-submodules of 𝐻𝑜𝑚�(𝑀,𝑁). We also relate 

the dual Goldie dimensions as well as the supplemented properties and the lifting 

properties of the left 𝑅-module 𝑁 and the left 𝑆-module 𝐻𝑜𝑚�(𝑀,𝑁). 
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2. BASIC NOTIONS AND DEFINITIONS 
 

In this section we want to introduce terminology and notations we will use 

throughout investigations. An account of these concepts can be found in the texts by, 

[Clark et  al. 2006], [Rotman, 2008], [Wisbauer,1991]. 

Throughout, all rings are associative with unity, and all modules are unitary left 

𝑅-modules.  

 

Definition 2.1: A left R-module, where R is a ring, is an additive abelian group M 

having a scalar multiplication 𝑅 × 𝑀⟶ 𝑀, denoted by (𝑟,𝑚) ⟶ 𝑟𝑚, such that, for 

all 𝑚,𝑚ʹ ∈  𝑀 and r, rʹ ∈ R, 

 

i) 𝑟 (𝑚 +  𝑚ʹ)  =  𝑟𝑚 +  𝑟𝑚ʹ, 

ii) (𝑟 +  𝑟ʹ)𝑚 =  𝑟𝑚 +  𝑟ʹ𝑚, 

iii) (𝑟𝑟ʹ)𝑚 =  𝑟 (𝑟ʹ𝑚), 

iv) 1𝑚 =  𝑚. 

 

• We often write M�  to denote 𝑀 being a left 𝑅-module. 

 

Example 2.2: We present some well known examples for a modüle. 

 

i) Every vector space over a field 𝑘 is a left 𝑘-module. 

ii) Every abelian group is a left ℤ-module. 

iii) Every ring 𝑅 is a left module over itself if we define scalar multiplication 

𝑅 ×  𝑅 →  𝑅 to be the given multiplication of elements of 𝑅. More generally, every 

left ideal in 𝑅 is a left 𝑅-module. 

 

Definition 2.3: A category 𝒞 consists of : 

 

i) a class Ob 𝒞, of objects of 𝒞; 

ii) for each pair (𝐴,𝐵) of objects of 𝒞, a set 𝐻𝑜𝑚𝒞(𝐴,𝐵) of morphisms 𝑓:𝐴 ⟶ 𝐵 

from 𝐴 to 𝐵; 
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iii) for each triple (𝐴,𝐵,𝐶) of objects of 𝒞, a mapping 

 

                       ∘ : 𝐻𝑜𝑚𝒞(𝐵,𝐶) × 𝐻𝑜𝑚𝒞(𝐴,𝐵) ⟶𝐻𝑜𝑚𝒞(𝐴,𝐶) (2.1) 

 

called composition. Here, the composition of morphisms 𝑓:𝐴 ⟶ 𝐵 and 𝑔:𝐵 ⟶ 𝐶 is 

denoted by 𝑔𝑓 or 𝑔 ∘ 𝑓, for which the following axioms hold: 

 

i) If 𝐴,𝐵,𝐶,𝐷 are objects of 𝒞 and 𝑓:𝐴 ⟶ 𝐵, 𝑔:𝐵 ⟶ 𝐶, ℎ:𝐶 ⟶ 𝐷 are morphisms, 

then (ℎ𝑔)𝑓 = ℎ(𝑔𝑓) (associativity of composition). 

ii) For every 𝐴 ∈ 𝑂𝑏 𝒞 , there exists an element 1� of 𝐻𝑜𝑚𝒞(𝐴,𝐴) such that 

𝑓 ∘ 1� = 𝑓 and 1� ∘ 𝑔 = 𝑔 for every 𝑓 ∈  𝐻𝑜𝑚𝒞(𝐴,𝐵) and 𝑔 ∈  𝐻𝑜𝑚𝒞(𝐵,𝐴). 

 

The category of left 𝑅-modules, denoted by 𝑅 −𝑀𝑜𝑑, is the category whose 

objects are unital left 𝑅-modules. The morphisms between left 𝑅-modules 𝑀 and 𝑁, 

are all module homomorphism from 𝑀 to 𝑁, in which 1�:𝑀⟶𝑀 is the identity 

homomorfism defined by 1�(𝑚) = 𝑚 for every 𝑚 𝜖 𝑀. 

 

Definition 2.4: An 𝑅-module 𝑁 is called M-generated in case there is an 

epimorphism 𝑀(�) ⟶𝑁⟶ 0 for some set 𝐴. 

 

Definition 2.5: An 𝑅-module 𝑁 is said to be subgenerated by M if 𝑁 is isomorphic to 

a submodule of an 𝑀 −generated module. We denote by 𝜎[𝑀] the full subcategory of 

𝑅-Mod whose objects are all 𝑅-modules subgenerated by 𝑀. A module 𝑁 is called a 

subgenerator in 𝜎[𝑀] if 𝜎[𝑀]  =  𝜎[𝑁]. 

 

• σ[M] is closed under direct sums (coproducts), kernels and cokernels. 

 

Definition 2.6: An 𝑅-module 𝑃 is called M-projective if every diagram in 𝑅 −𝑀𝑜𝑑 

with exact row 
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                           P  

         

 

   M                   N                     0 

 

 
 Figure 2.1: Projectivity diagram 

 

can be extended commutatively by some morphism 𝑃 →  𝑀. If P is P-projective, then 

𝑃 is also called quasi-(or self-) projective. 

 

Lemma 2.7: Let 𝑃 be  an 𝑀-projective module. Then, 

 

i) If 0 →  𝑀ʹ →  𝑀 →  𝑀ʹʹ →  0 is exact, then 𝑃 is 𝑀ʹ- and 𝑀ʹʹ-projective. 

ii) 𝑃 is 𝐾-projective for submodules 𝐾 of finitely 𝑀-generated modules. 

iii) If 𝑃 is finitely generated, then 𝑃 is 𝐾-projective for any 𝐾 ∈ 𝜎[𝑀]. 

 

Lemma 2.8: Let 𝑀 be an 𝑅-module. 

 

i) For every family {𝑃�}� of 𝑅-modules, ⊕� 𝑃�  is 𝑀-projective if and only if 𝑃� is 𝑀-

projective, for every 𝑖 ∈  𝐼. 

ii) For every finite family {𝑀�}����  of  𝑅-modules, 𝑃 is ⊕���
�  𝑀�- projective if and 

only if 𝑃 is 𝑀�-projective for 𝑖 =  1, 2,· · · ,𝑛. 

 

Note that Lemma 2.8 (ii) is not true for infinite families. For example, if ℝ =

ℤ, then ℚ is trivially ℤ-projective but is not ℤ(ℕ)-projective. 

 

Definition 2.9: A submodule 𝐾 ⊆  𝑀 is called small or superfluous in 𝑀, written 
𝐾 ≪ 𝑀, if for every submodule 𝐿 ⊂  𝑀, the equality 𝐾 + 𝐿 =  𝑀 implies 𝐿 =  𝑀. 
An epimorphism 𝑓 ∶  𝑀 →  𝑁 is said to be small or superfluous if 𝐾𝑒𝑟𝑓 ≪  𝑀; such 
an f is also called a small cover. 
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Lemma 2.10: Let 𝐾, 𝐿,𝑁 and 𝑀 be 𝑅-modules. 

 

i) An epimorphism 𝑓 ∶  𝑀 →  𝑁 in 𝑅-Mod is small if and only if every 

(mono)morphism ℎ ∶  𝐿 →  𝑀 for which ℎ ∘ 𝑓 is an epimorphism is itself an 

epimorphism. 

ii) If  𝑓 ∶  𝑀 →  𝑁 and 𝑔 ∶  𝑁 →  𝐿 are two epimorphisms, then  𝑓 ∘ 𝑔 is small if and 

only if both 𝑓 and 𝑔 are small. 

iii) If 𝐾 ⊂  𝐿 ⊂  𝑀, then 𝐿 ≪  𝑀 if and only if 𝐾 ≪ 𝑀 and 𝐿 𝐾⁄ ≪ 𝑀 𝐾⁄ . 

iv) If 𝐾�,⋯ ,𝐾�  are small submodules of 𝑀, then 𝐾� + ⋯+  𝐾�  is also small in 𝑀. 

v) For any 𝐾 ≪ 𝑀 and 𝑓 ∶  𝑀 →  𝑁, 𝑓(𝐾) ≪ 𝑁. The converse is true if 𝑓 is a small 

epimorphism. 

vi) If 𝐾 ⊂  𝐿 ⊂  𝑀 and 𝐿 is a direct summand of 𝑀, then 𝐾 ≪ 𝑀 if and only if 

𝐾 ≪  𝐿. 

vii) If 𝐾 ≪  𝑀, then 𝑀 is finitely generated if and only if 𝑀 𝐾⁄  is finitely generated. 

 

As an example, one can observe that the ℤ-module ℤ has no non-zero small 

submodules and ℤ is a small submodule in the rationals ℚ. 

 

Definition 2.11: Given submodules 𝐾 ⊂  𝐿 ⊂  𝑀, the inclusion 𝐾 ⊂  𝐿 is called 

cosmall in 𝑀 if 𝐿 𝐾 ≪  𝑀 𝐾⁄⁄ ; we denote this by K 
𝑐𝑠
↪
𝑀

 L. 

 

Note that this is equivalent to saying that M K⁄  is a small cover of M L⁄  and that 

trivially, L ≪ M if and only if 0 
cs
↪
M

 L. 

 

Lemma 2.12: Let 𝑈 ⊂  𝐾 ⊂  𝐿 ⊂  𝑀 and 𝐺 ⊂  𝐻 ⊂  𝑀 be any submodules. 

 

i) The followings are equivalent: 

• 𝐾 ⊂  𝐿 is cosmall in 𝑀. 

• For any submodule 𝑋 ⊂  𝑀,  𝐿 +  𝑋 =  𝑀 implies 𝐾 +  𝑋 =  𝑀. 

ii) 𝑈  
𝑐𝑠
↪
𝑀
𝐿 if and only if  𝑈 

𝑐𝑠
↪
𝑀

 𝐾 and 𝐾 
𝑐𝑠
↪
𝑀
𝐿. 
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iii) If 𝐾
𝑐𝑠
↪
𝑀
𝐿 and 𝐾 +  𝑋 =  𝑀 for a submodule 𝑋 ⊂  𝑀, then 𝐾 ∩  𝑋 

𝑐𝑠
↪
𝑀

 𝐿 ∩  𝑋. 

iv) If 𝐺 
𝑐𝑠
↪
𝑀

 𝐻, 𝐾 
𝑐𝑠
↪
𝑀
𝐿 and 𝐺 +  𝐾 =  𝑀, then 𝐾 ∩  𝐺  

𝑐𝑠
↪
𝑀

 𝐿 ∩  𝐻. 

v) If 𝐾 ⊂  𝐿 ⊂  𝑀 and 𝐿 =  𝐾 +  𝑆, where 𝑆 ≪  𝑀, then 𝐾 
𝑐𝑠
↪
𝑀

 𝐿. 

vi) If 𝑀 =  𝐾 +  𝐿, 𝐾 ⊆  𝐶 ⊂  𝑀 and 𝐶 ∩  𝐿 ≪  𝑀, then 𝐾  
𝑐𝑠
↪
𝑀
𝐶. 

vii) Let  𝑓 ∶  𝑀 →  𝑁 be an epimorphism. Then 

 

•  If 𝐾 ⊂  𝐿 ⊂  𝑀 and 𝐾  
𝑐𝑠
↪
𝑀

 𝐿, then 𝑓(𝐾)  
𝑐𝑠
↪
𝑀

 𝑓(𝐿). 

•  If 𝐶 ⊆  𝐷 ⊆  𝑁, then 𝐶  
𝑐𝑠
↪
𝑀
𝐷 if and only if 𝑓��(𝐶)  

𝑐𝑠
↪
𝑀

 𝑓��(𝐷). 

 

Definition 2.13: A submodule 𝐿 ⊂  𝑀 is called coclosed in 𝑀 and we 𝑤𝑟𝑖𝑡𝑒  𝐿  
𝑐𝑐
↪ 𝑀, 

if L has no proper submodule 𝐾 for which 𝐾 ⊂  𝐿 is cosmall in 𝑀, that is, 𝐾 
𝑐𝑐
↪  𝐿 

implies 𝐾 =  𝐿. Thus 𝐿 is coclosed in 𝑀 if and only if, for any proper submodule 

𝐾 ⊂  𝐿, there is a submodule 𝑁 of 𝑀 such that  𝐿 +  𝑁 =  𝑀 but 𝐾 +  𝑁 ≠  𝑀. 

 

• Obviously, any direct summand 𝐿 of 𝑀 is coclosed in 𝑀. 

 

Lemma 2.14: Let 𝐾 ⊂  𝐿 ⊂  𝑀 be submodules. 

 

i) If 𝐿 is coclosed in 𝑀, then 𝐿 𝐾⁄  is coclosed in 𝑀 𝐾⁄ . 

ii) If 𝐾 ≪ 𝐿 and 𝐿 𝐾⁄  is coclosed in 𝑀/𝐾, then 𝐿 is coclosed in 𝑀. 

iii) If 𝐿 ⊂  𝑀 is coclosed, then 𝐾 ≪ 𝑀 implies 𝐾 ≪ 𝐿; hence 𝑅𝑎𝑑(𝐿)  =  𝐿 ∩

 𝑅𝑎𝑑(𝑀). 

iv) If 𝐿 is hollow, then either 𝐿 ⊂  𝑀 is coclosed in 𝑀 or 𝐿 ≪ 𝑀. 

v) If f∶  𝑀 →  𝑁 is a small epimorphism and 𝐿 is coclosed in 𝑀, then 𝑓(𝐿) is 

coclosed in 𝑁. 

vi) If 𝐾 is coclosed in 𝑀, then 𝐾 is coclosed in 𝐿 and the converse is true if 𝐿 is 

coclosed in 𝑀.  
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Lemma 2.15: Let 𝐿 ⊂  𝑀 be a submodule. A submodule  𝐾 ⊂  𝐿 is called a 

coclosure of 𝐿 in 𝑀 if 𝐾 ⊂  𝐿 is cosmall in 𝑀 and 𝐾 ⊂  𝑀 is coclosed; that is, 

𝐿 𝐾⁄ ≪ 𝑀 𝐾⁄ , and for 𝑈 ⊂  𝐾, 𝐾 𝑈 ≪⁄  𝑀 𝑈⁄  implies 𝑈 =  𝐾. Thus coclosures are 

characterised by a minimality property with respect to cosmall inclusion. 

 

Notice that in general coclosures need not exist. For example, the ℤ-submodule 

2ℤ ⊂ ℤ has no coclosure in ℤ. One of our concerns will be to find conditions which 

guarantee the existence of coclosures. Let 𝐾,𝑁 ⊂  𝑀 be submodules where 𝐾 is 

coclosed in 𝑀. If 𝑁 ⊂  𝐾, then 𝐾 𝑁⁄  is coclosed in 𝑀 𝑁⁄ . In general ( 𝐾 +  𝑁) N⁄  

need not be coclosed in 𝑀 𝑁⁄ .  

In this section we give definition of a dimension for a modules which is dual to 

the uniform (or Goldie) dimension.  

 

Definition 2.16: A family {𝑁�}� of proper submodules of 𝑀 is called coindependent 

if, for any 𝜆 ∈  𝛬 and any finite subset 𝐹 ⊆  𝛬 \ {𝜆}, 𝑁� + ⋂ 𝑁��∈� = 𝑀.  

 

Clearly {𝑁�}� is coindependent if and only if each of its finite subfamilies is 

coindependent. Any family {𝑁} of one submodule is trivially coindependent. 

 

Definition 2.17: A non-zero 𝑅-module M is called hollow if every proper submodule 

is small in 𝑀. 

 

Lemma 2.18: Let 𝑀 be a non-zero 𝑅-module. Then 𝑀 is hollow if and only if every 

non-zero factor module of 𝑀 is indecomposable. 

 

Lemma 2.19: For an 𝑅-module 𝑀 the following properties are equivalent: 

 

i) M does not contain an infinite coindependent family of submodules. 

ii) For any descending chain 𝑁�  ⊃ 𝑁�  ⊃ ···  of submodules of 𝑀 there exists  𝑗 such 

that for all 𝑘 ≥  𝑗, 𝑁�  ⊆  𝑁� is cosmall in 𝑀. 

iii) 𝑠𝑢𝑝{𝑘 ∈ ℕ|𝑀 ℎ𝑎𝑠 𝑘 𝑐𝑜𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑠𝑢𝑏𝑚𝑜𝑑𝑢𝑙𝑒𝑠}  =  𝑛, for some 𝑛 ∈  ℕ. 

iv) M has coindependent submodules 𝑁�,⋯ ,𝑁�  such that ⋂ 𝑁� �
��� ≪ 𝑀 and 𝑀 𝑁� ⁄ is 

hollow for every 1 ≤  𝑖 ≤  𝑛. 
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v) For some 𝑛 ∈  ℕ, there exists a small epimorphism from 𝑀 to a direct sum of 

𝑛 hollow modules. 

vi) For some 𝑛 ∈  ℕ, there exists an epimorphism from 𝑀 to a direct sum of 𝑛 non-

zero modules but no epimorphism from 𝑀 to a direct sum of more than 𝑛 non-zero 

modules. 

  

The natural numbers 𝑛 in (iii–vi) of Lemma 2.19 are all equal and if M satisfies 

these conditions we say that M has hollow dimension 𝑛, denoting this by 

hdim(M)  =  n. If 𝑀 =  0 we put ℎ𝑑𝑖𝑚(𝑀)  =  0 and if 𝑀 does not have finite 

hollow dimension we set ℎ𝑑𝑖𝑚(𝑀)  =  ∞. 

Notice that M is hollow if and only if it has no nontrivial coindependent family 

of submodules. Hence a module 𝑀 is hollow if and only if ℎ𝑑𝑖𝑚(𝑀)  =  1. 

 

Lemma 2.20: Let 𝑁 be a submodule of 𝑀. 

 

i) If 𝑀 = 𝑀� ⊕ …⊕𝑀�, then ℎ𝑑𝑖𝑚(𝑀)  =  ℎ𝑑𝑖𝑚(𝑀�)  + · · · + ℎ𝑑𝑖𝑚(𝑀�). 

ii) If 𝑁 ≪ 𝑀, then ℎ𝑑𝑖𝑚(𝑀)  =  ℎ𝑑𝑖𝑚(𝑀 𝑁⁄ ); conversely, if ℎ.𝑑𝑖𝑚(𝑀) is finite and 

equal to ℎ𝑑𝑖𝑚(𝑀 𝑁⁄ ), then 𝑁 ≪  𝑀. 
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3. COSMALL GALOIS CONNECTIONS 

 

Definition 3.1: Let (𝐴,≤) and (𝐵,≤) be lattices. A Galois connection between them 

consists of a pair (𝛼,𝛽) of two order-preserving functions 𝛼:𝐴 ⟶ 𝐵 and 𝛽:𝐵 ⟶ 𝐴 

such that for 𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐵, we have 𝛼(𝑎) ≤ 𝑏, if and only if 𝑎 ≤ 𝛽(𝑏). 

Equivalently, (𝛼,𝛽) is a Galois connection if and only if for all a ∈ 𝐴, 𝑎 ≤ 𝛽𝛼(𝑎) 

and for all b∈B, 𝑎𝛽(𝑏) ≤ 𝑏. An element 𝑎 ∈ 𝐴 (respectively 𝑏 ∈ 𝐵) is called a 

Galois element if 𝛽𝛼(𝑎) = 𝑎 (respectively 𝛼𝛽(𝑏) = 𝑏). 

 

Lemma 3.2: Let (𝐴,≤) and (𝐵,≤) be lattices, and (𝛼,𝛽) be a Galois connection, 

where  𝛼:𝐴 ⟶ 𝐵 and  𝛽:𝐵 ⟶ 𝐴. Then: 

 

i) 𝛼𝛽𝛼 = 𝛼 and 𝛽𝛼𝛽 = 𝛽. 

ii) 𝛼 preserves all suprema in 𝐴 and 𝛽 preserves all infimama in B. 

iii) If A and B are bounded, then 𝛼(0)  =  0 and 𝛽(1)  =  1. 

iv) The restrictions of 𝛼 and 𝛽 to the corresponding sets of Galois elements are 

mutually inverse bijections [Erne et al. 1993]. 

 

Definition 3.3: Let (𝐴,˄,˅, 0, 1) be a bounded lattice. 

 

i) An element 𝑎 is called a complement in 𝐴 if there exists 𝑎΄𝜖 𝐴 such that 𝑎 ˄ 𝑎΄ =

 0 and 𝑎 ˅ 𝑎΄ =  1. 

ii) Let 𝑎,𝑎΄ ∈  𝐴 such that 𝑎 ≤  𝑎΄. Then a is called cosmall in [𝑎, 1] if for any 

𝑥 ∈ 𝐴, 1 =  𝑎′˅𝑥 implies 1 =  𝑎 ˅𝑥. 

iii) An element 𝑎′ ∈ 𝐴 is called coclosed in 𝐴 if for any 𝑎 ∈ 𝐴,  𝑎′ cosmall in [𝑎, 1] 

implies 𝑎 =  𝑎′. 

iv) An element 𝑎′ ∈ 𝐴 is called a coclosure of 𝑎 ∈ 𝐴 in 𝐴 if 𝑎 is cosmall in [𝑎′, 1] and 

𝑎′ is coclosed in 𝐴. 

 

The following lemma is well-known for submodule lattices, and its proof is 

straightforward. 
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Lemma 3.4: Let (𝐴,˄,˅, 0, 1) be a bounded lattice. 

 

i) Let 𝑎, 𝑏, 𝑐 ∈  𝐴 such that 𝑎 ≤  𝑏 ≤  𝑐. Then 𝑐 is cosmall in [𝑎, 1] if and only if 𝑏 

is cosmall in [𝑎, 1] and 𝑐 is cosmall in [𝑏, 1]. 

ii) If A is modular, then every complement in 𝐴 is coclosed. 

 

Note that a coclosure of a given element might not exist. For instance, the 

subgroup 2ℤ of the abelian group ℤ has no coclosure in the subgroup lattice of ℤ 

[Clark et  al. , 2006]. We continue with an easy, but useful lemma. 

 

Lemma 3.5: Let (𝐴,˄,˅, 0, 1) and (𝐵,˄,˅, 0, 1) be bounded lattices, and (𝛼,𝛽) be a 

Galois connection, where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴  preserves finite 

suprema. Then 

 

i) For all b∈B, 𝑏 is cosmall in [𝛼𝛽(𝑏), 1]. 

ii) Every coclosed element of 𝐵 is Galois. 

 

Proof 3.5: Let (𝐴, ˄,˅, 0, 1) and (𝐵, ˄,˅, 0, 1) be bounded lattices, and (𝛼,𝛽) be a 

Galois connection, where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴  preserves finite 

suprema. 

 

i) Let 𝑏 ∈ 𝐵 and let 1 =  𝑏˅ 𝑏′ for some 𝑏’ ∈ 𝐵. Then  

 

                 1 = 𝛼𝛽(1) = 𝛼𝛽(𝑏)˅𝛼𝛽(𝑏�) ≤ 𝛼𝛽(𝑏)˅𝑏�          (3.1) 

 

and so 1 = 𝛼𝛽(𝑏)˅𝑏�. Hence 𝑏 is cosmall in [𝛼𝛽(𝑏), 1]. 

iii) Clear by i).  

 

Note that if (𝛼,𝛽) is a Galois connection between two bounded lattices and 𝛼,𝛽 are 

lattice homomorphisms, then 𝛼(1)  =  1 and 𝛽 preserves finite suprema. We 

introduce two special types of Galois connection, which will be useful . 
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Definition 3.6: Let (𝐴,˄,˅, 0, 1) and (𝐵,˄,˅, 0, 1) be bounded lattices, and (𝛼,𝛽) be 

a Galois connection, where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴. We say that (𝛼,𝛽) 

is cosmall if for all 𝑎 ∈ 𝐴,  𝛽𝛼(𝑎) is cosmall in [𝑎, 1]. We say that a cosmall Galois 

connection (𝛼,𝛽) is UCC if for every coclosed element 𝑎 ∈ 𝐴, 𝑎 is the unique 

coclosure of  𝛽𝛼(𝑎) in 𝐴. 

 

• We present some examples to illustrate the above theory. 

 

Example 3.7: Consider the abelian groups 𝐺 = ℤ� × ℤ�� for some primes 𝑝 and 𝑞 

with 𝑝 ≠ 𝑞, and 𝐺� = ℤ� × ℤ�, where ℤ� denotes the cyclic group of order 𝑛 ∈ ℕ. 

Their subgroup lattices 𝑆(𝐺) and 𝑆(𝐺�) have the following forms respectively: 

 

 

                   G 

 

                  

       𝐻�                                                                                             𝐺’  

 

                                𝐻�                                                     𝐻�′         𝐻�′        𝐻�′ 

                                                                                                                               

                                                                           𝐻�′         𝐻�′         𝐻�′   

       𝐻� 

                                                                                          0ʹ 

                               𝐻� 

 

                      0 

 

                      a)                                                                  b) 

 

          

Figure 3.1: a) Subgroup lattice of group 𝐺  b) Subgroup lattice of group 𝐺ʹ 

 



13 
 

It is easy to check that 𝐻� is cosmall in [0,𝐺], 𝐻� is cosmall in [𝐻�,𝐺], 𝐻� and 𝐻� 

are the only subgroups of 𝐺 which are not coclosed, 0 is a coclosure of 𝐻� in 𝐺, and 

𝐻� is a coclosure of 𝐻� in 𝐺. Also, 𝐻�′ is cosmall in [0ʹ,𝐺ʹ], 𝐻�′ is cosmall in [𝐻�� ,𝐺′] 

and [𝐻�� ,𝐺′], 𝐻�′ and 𝐻��  are the only subgroups of 𝐺′ which are not coclosed, 0′ is a 

coclosure of 𝐻��  in 𝐺′, and 𝐻�� ,𝐻��  are coclosures of 𝐻��  in 𝐺′. For the properties of 

subgroups with unique (co)closure and cosmall subgroups of abelian groups the 

reader is referred to [Crevei and Olteanu, 2008], [Crevei and Şuteu Szöllosi, 2007]. 

 

• Consider the functions 𝛼: 𝑆(𝐺)  ⟶  𝑆(𝐺) defined by 𝛼(0) = 𝛼(𝐻�) = 0, 

𝛼(𝐻�) = 𝛼(𝐻�) = 𝐻�, 𝛼(𝐻�) = 𝐻� and 𝛼(𝐺) = 𝐺, 𝛽: 𝑆(𝐺)  ⟶  𝑆(𝐺) defined 

by 𝛽(0) = 𝛽(𝐻�) = 𝐻�, 𝛽(𝐻�) = 𝛽(𝐻�) = 𝐻�, 𝛽(𝐻�) = 𝐻�, 𝛽(𝐺) = 𝐺. Then 

(𝛼,𝛽) is a Galois connection from the lattice (𝑆(𝐺),⊆) to itself. For every 

𝐻 ∈ 𝑆(𝐺) ∖ {𝐻�,𝐻�} we have 𝛼𝛽(𝐻) = 𝐻. Hence 0, 𝐻�, 𝐻� and 𝐺 are Galois 

elements in the domain 𝐵 = 𝑆(𝐺) of 𝛼. Also 𝐻� is cosmall in [𝛼𝛽(𝐻�),𝐺] =

[0,𝐺] and 𝐻� is cosmall in [𝛼𝛽(𝐻�),𝐺] = [𝐻�,𝐺]. On the other hand, for every 

𝐻 ∈ 𝑆(𝐺) ∖ {0,𝐻�} we have 𝛽𝛼(𝐻) = 𝐻. Hence 𝐻�, 𝐻�, 𝐻� and 𝐺 are Galois 

elements in the domain 𝐴 = 𝑆(𝐺) of 𝛼. Also , 𝛽𝛼(0) = 𝐻� is cosmall in [0,𝐺] and 

𝛽𝛼(𝐻�) = 𝐻� is cosmall in [𝐻�,𝐺]. Moreover, for every coclosed 𝐻 ∈ 𝑆(𝐺), 𝐻 is 

the unique coclosure of 𝛽𝛼(𝐻) in 𝑆(𝐺). Hence (𝛼,𝛽) is a UCC cosmall Galois 

connection. Note that 𝐻� is a coclosed element, but not a Galois element in the 

domain 𝐴 = 𝑆(𝐺) of 𝛼. Hence not every coclosed element of 𝐴 is Galois under 

the hypothesis of Lemma 3.5. 

• Consider the functions 𝛼: 𝑆(𝐺)  ⟶  𝑆(𝐺) defined by 𝛼(𝐻�) = 𝐻�, 𝛼(𝐻�) = 𝐺, 

and 𝛼(𝐻) = 𝐻 for every 𝐻 ∈ 𝑆(𝐺) ∖ {𝐻�,𝐻�}, and 𝛽: 𝑆(𝐺)  ⟶  𝑆(𝐺) defined by 

𝛽(𝐻�) = 0, 𝛽(𝐻�) = 𝐻� and 𝛽(𝐻) = 𝐻 for every 𝐻 ∈ 𝑆(𝐺) ∖ {𝐻�,𝐻�}. Then 

(𝛼,𝛽) is a Galois connection from the lattice (𝑆(𝐺),⊆) to itself. But (𝛼,𝛽) is not 

a cosmall Galois connection, because for instance 𝛽𝛼(𝐻�) = 𝐺 is not cosmall in 

[𝐻�,𝐺]. Using the same setting, let us also show that the hypothesis on 𝛽 to 

preserve finite suprema in Lemma 3.5 can not be removed. Not that we have 

𝛽(𝐻� + 𝐻�) = 𝐺 ≠ 𝛽(𝐻�) + 𝛽(𝐻�). Then 𝐻� is not cosmall in [𝛼𝛽(𝐻�),𝐺] =

[0,𝐺]. Also, 𝐻� is a Galois element in the codomain 𝐵 = 𝑆(𝐺) of 𝛼, but not a 

coclosed element. 
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• Consider the functions 𝛼�: 𝑆(𝐺′) ⟶ 𝑆(𝐺′) defined by 𝛼�(𝐻��) = 0, 𝛼�(𝐻��) = 𝐻��  

and 𝛼(𝐻′) = 𝐻′ for every 𝐻′ ∈ 𝑆(𝐺�) ∖ {𝐻�� ,𝐻��}, and 𝛽�: 𝑆(𝐺′) ⟶ 𝑆(𝐺′) defined 

by 𝛽�(0�) = 𝐻�� , 𝛽�(𝐻�) = 𝐻�� and 𝛽(𝐻�) = 𝐻� for every 𝐻′ ∈ 𝑆(𝐺�) ∖ {0�,𝐻��}. 

Then (𝛼�,𝛽�) is a Galois connection from the lattice (𝑆(𝐺�),⊆) to itself. For 

every 𝐻′ ∈ 𝑆(𝐺�) ∖ {𝐻�� ,𝐻��} we have 𝛼𝛽(𝐻�) = 𝐻�. Also 𝐻��  is cosmall in 

[𝛼�𝛽�(𝐻��),𝐺�] = [0�,𝐺�] and 𝐻��  is cosmall in [𝛼�𝛽�(𝐻��),𝐺�] = [𝐻�� ,𝐺�]. On the 

other hand, for every 𝐻′ ∈ 𝑆(𝐺�) ∖ {0�,𝐻��} we have 𝛽�𝛼�(𝐻�) = 𝐻�. Also 

𝛽�𝛼�(0�) = 𝐻��  is cosmall in [0�,𝐺�] and 𝛽�𝛼�(𝐻��) = 𝐻��  is cosmall in [𝐻�� ,𝐺�]. 

Hence (𝛼�,𝛽�) is a cosmall Galois connection. But it is not UCC, because for the 

coclosed subgroup 𝐻�� , 𝛽�𝛼�(𝐻��) has two coclosures in 𝐺�, namely 𝐻��  and 𝐻�� . 

 

We finish this section with some results which show that the cosmall property 

and the dual Goldie dimension may be transferred through cosmall Galois 

connections. 

 

Lemma 3.8: Let (𝐴,≤) and (𝐵,≤) be bounded lattices, and (𝛼,𝛽) be a cosmall 

Galois connection, where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴 preserves finite 

suprema. Then 

 

i) Let 𝑎,𝑎′ ∈ 𝐴. Then 𝑎′ is cosmall in [𝑎, 1] if and only if 𝛼(𝑎′) is cosmall in 

[𝛼(𝑎), 1]. 

ii) Let 𝑏, 𝑏’ ∈ 𝐵. Then 𝑏’ ∈ 𝐵 is cosmall in [𝑏, 1] if and only if 𝛽(𝑏’) is cosmall in 

[𝛽(𝑏), 1]. 

 

Proof 3.8: Let (𝐴,≤) and (𝐵,≤) be bounded  lattices, and (𝛼,𝛽) be a cosmall 

Galois connection, where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴 preserves finite 

suprema. 

 

i) Assume that 𝑎ʹ is cosmall in [𝑎, 1].  Let 1 =  𝛼(𝑎ʹ)˅𝑏΄ for some 𝑏ʹ ∈ 𝐵. Then 

1 =  𝛽(1)  =  𝛽𝛼(𝑎ʹ)˅𝛽(𝑏ʹ). Since (𝛼,𝛽) is a cosmall Galois connection, it follows 

that 1 =  𝑎ʹ˅𝛽(𝑏ʹ). Now by the hypothesis, we must have 1 =  𝑎˅𝛽(𝑏ʹ). Then 

1 =  𝛼(1)  = 𝛼(𝑎)˅𝛼𝛽(𝑏′) ≤ 𝛼(𝑎)˅𝑏′, and so 1 =  𝛼(𝑎) ˅𝑏ʹ. Hence 𝛼(𝑎ʹ) is 

cosmall in [𝛼(𝑎), 1]. Conversely, assume that 𝛼(𝑎’) is cosmall in [𝛼(𝑎), 1]. 
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 Let 1 =  𝑎ʹ˅𝑎ʺ for some 𝑎ʺ ∈  𝐴. Then 1 =  𝛼(1)  =  𝛼(𝑎ʹ)˅𝛼(𝑎ʹʹ), whence 

1 = 𝛼(𝑎)˅𝛼(𝑎ʹʹ), by the hypothesis. Then 1 = 𝛽 (1) = 𝛽𝛼(𝑎)˅𝛽𝛼(𝑎ʹʹ). Since 

(𝛼,𝛽) is a cosmall Galois connection, it follows that 1 = 𝑎 ˅𝑎ʹʹ. Hence 𝑎ʹ is cosmall 

in [𝑎, 1]. 

ii) Assume that 𝑏ʹ is cosmall in [𝑏, 1]. Let 1 = 𝛽 (𝑏ʹ) ˅𝑎ʹ for some 𝑎ʹ ∈ 𝐴. Then 

1 = 𝛼(1)  =  𝛼𝛽(𝑏ʹ) ˅ 𝛼(𝑎ʹ) ≤  𝑏ʹ ˅𝛼(𝑎ʹ), hence 1 =  𝑏ʹ˅𝛼(𝑎ʹ), and by hypothesis 

1 =  𝑏˅𝛼(𝑎ʹ). Then 1 = 𝛽(1) =  𝛽(𝑏)˅𝛽𝛼(𝑎ʹ). Since (𝛼,𝛽) is a cosmall Galois 

connection, it follows that 1 = 𝛽(𝑏)˅𝑎ʹ. Hence 𝛽(𝑏ʹ) is cosmall in [𝛽(𝑏), 1]. 

Conversely, assume that 𝛽(𝑏ʹ) is cosmall in [𝛽(𝑏), 1]. Let 1 =  𝑏ʹ ˅ 𝑏ʺ  for some 

𝑏ʹ ∈ 𝐵. Then 1 = 𝛽(1) = 𝛽(𝑏ʹ )˅𝛽(𝑏ʺ),  whence 1 = 𝛽(𝑏)˅𝛽(𝑏ʺ) by the 

hypothesis. Then 1 = 𝛼(1)  = 𝛼𝛽(𝑏)˅𝛼𝛽(𝑏ʺ) ≤  𝑏˅𝑏ʺ , and so 1 = 𝑏 ˅𝑏ʺ. Hence 

𝑏ʹ is cosmall in [𝑏, 1].  

 

Let (𝑋, ˄, ˅, 0, 1) be a bounded modular lattice. Recall that a subset 𝑌 of 𝑋\{1} 

is called meet-independent if  (𝑌�˄⋯˄𝑌�)˅𝑥  for every finite subset {𝑦�,⋯ , 𝑦�} of 𝑌 

and every 𝑥 ∈ 𝑌\{𝑦�,⋯ ,𝑦�}. If there is a finite supremum 𝑑 of all numbers 𝑘 such 

that 𝑋 has a meet-independent subset with 𝑘 elements, then 𝑋 has dual Goldie 

dimension (or hollow dimension) 𝑑; otherwise 𝑋 has infinite dual Goldie dimension 

[Grzeszczuk and Puczylowski, 1984]. We denote the dual Goldie dimension of 𝑋 by 

ℎ𝑑𝑖𝑚(𝑋). 

 

Corollary 3.9: Let (𝐴,˄,˅, 0, 1) and (𝐵,˄,˅, 0, 1)  be bounded lattices, and (𝛼,𝛽) a 

Galois connection, where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴 preserves finite 

suprema. Then 

 

i) ℎ𝑑𝑖𝑚(𝐴) ≤ ℎ𝑑𝑖𝑚(𝐵). 

ii) If every element of 𝐴 is Galois, then ℎ𝑑𝑖𝑚(𝐴)  =  ℎ𝑑𝑖𝑚(𝐵). 

 

Proof 3.9: Let (𝐴, ˄,˅, 0, 1) and (𝐵, ˄,˅, 0, 1)  be bounded lattices, and (𝛼,𝛽) a 

Galois connection, where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴 preserves finite 

suprema. 
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i) We prove that if 𝐴 has a finite meet-independent subset with 𝑚 elements, then so 

has 𝐵. This will imply that ℎ𝑑𝑖𝑚(𝐴) ≤ ℎ𝑑𝑖𝑚(𝐵) in both finite and infinite cases for 

ℎ𝑑𝑖𝑚(𝐴). To this end, let {𝑎�, … ,𝑎�} 𝑏e a meet-independent subset of 𝐴. We claim 

that 𝑌 = {𝛼(𝑎�), … ,𝛼(𝑎�)}  is a meet-independent subset of 𝐵 with 𝑚 elements. 

First, we point out that 𝛼(𝑎�) ≠ 1 for every 𝑖 ∈ {1, … ,𝑚}. Indeed, if there is 

𝑖 ∈ {1, … ,𝑚} such that 𝛼(𝑎�) = 1, then 𝛽𝛼(𝑎�) = 1. Since 𝛽𝛼(𝑎�) is cosmall in 

[𝑎� , 1], we must have 𝑎�  = 1 which is a contradiction. Secondly, suppose that 

𝛼(𝑎�) = 𝛼�𝑎�� for some 𝑖, 𝑗 ∈ {1, … ,𝑚} with 𝑖 ≠ 𝑗. Since 𝑎�˅𝑎� = 1, we have 

𝛼(𝑎�)˅𝛼�𝑎�� = 𝛼�𝑎�˅𝑎�� = 𝛼(1) = 1.  We conclude that 𝛼(𝑎�) = 𝛼�𝑎�� =  1, 

which contradicts the previous point. Hence Y has m elements. Finally, the meet-

independence of {𝑎�, … ,𝑎�} is known to be equivalent to the condition 

(𝑎�˄… ˄ 𝑎���)˅𝑎� = 1 for every 𝑘 ∈ {2, … ,𝑚}.  Let 𝑘 ∈ {2, … ,𝑚}. Then 

𝛼(𝑎�˄… ˄ 𝑎���)˅𝛼(𝑎�) = 1. Since 𝛼(𝑎�˄… ˄ 𝑎���) ≤ 𝛼(𝑎�) ˄ … ˄ 𝛼(𝑎���), it 

follows that �𝛼(𝑎�) ˄ … ˄ 𝛼(𝑎���)�˅𝛼(𝑎�) = 1. This shows that 𝑌 is meet-

independent. 

ii) Suppose that every element of 𝐴 is Galois. When 𝐴 has infnite dual Goldie 

dimension, the conclusion is clear by (i). Assume that ℎ𝑑𝑖𝑚(𝐴)  =  𝑚. By Theorem 9 

in [Grzeszczuk and Puczylowski, 1984], A has a meet-independent subset 

{𝑎�, … ,𝑎�} such that 𝑎�˄… ˄ 𝑎� is cosmall in [0,1].  Now assume that there is a 

meet-independent subset 𝑌 of 𝐵 with more than 𝑚 elements, possibly infinite. Then 

there is a meet-independent subset {𝑏�, … , 𝑏���} ⊆ 𝑌 of  𝐵.  

 

                                    {𝛼(𝑎�), … ,𝛼(𝑎�), 𝑏���}  (3.2) 

 

 is also a meet-independent subset of 𝐵. Then we have  

 

                           �𝛼(𝑎�) ˄ … ˄ 𝛼(𝑎�)�˅𝑏��� = 1   (3.3) 

 

 Since every element of 𝐴 is Galois, it follows that 

 

            (𝑎�˄… ˄ 𝑎�)˅ 𝛽(𝑏���) = �𝛽𝛼(𝑎�) ˄ … ˄ 𝛽𝛼(𝑎�)�˅ 𝛽(𝑏���) = 

                          =      𝛽�(𝛼(𝑎�) ˄ … ˄ 𝛼(𝑎�)�˅𝑏���) =  1 
          (3.4) 
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Since  𝑎�˄… ˄ 𝑎� is cosmall in [0,1], we deduce that  𝛽(𝑏���)  =  1. Then 1 =

 𝛼𝛽(𝑏���) ≤ 𝑏���, and so 𝑏���=1, which is a contradiction. Therefore, by (i) and 

the above, ℎ𝑑𝑖𝑚(𝐵)  =  𝑚 =  ℎ𝑑𝑖𝑚(𝐴).  
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4.ENDOMORPHISM RINGS OF LIFTING 
MODULES 
 

4.1. Correspondences of Coclosed Submodules  
 

Let (A,˄,˅, 0, 1) and (B,˄,˅, 0, 1)  be bounded lattices, and (α, β)  be a Galois 

connection, where α: A ⟶ B and  β: B ⟶ A. We have seen in Lemma 3.5 and 

Example 3.7 that the set of coclosed elements in B is in general strictly included in 

the set of Galois elements in 𝐵. Also, we have already seen that the restrictions of α 

and 𝛽 to the corresponding sets of Galois elements are mutually inverse bijections. 

We shall show that, under certain conditions, these bijections restrict to ones between 

the corresponding sets of complement Galois elements, or between the corresponding 

sets of coclosed Galois elements. 

 

Lemma 4.1.1: Let (𝐴,˄,˅, 0, 1) and (𝐵,˄,˅, 0, 1) be bounded lattices, and (𝛼,𝛽) be 

a Galois connection, where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴 preserves finite 

suprema. Assume that all complements in 𝐴 are Galois elements. Then 

 

i) If 𝛽 is injective, then 𝛼 preserves complement Galois elements. 

ii) 𝛽 preserves complement Galois elements. 

iii) If 𝛽 is injective, then 𝛼 and 𝛽 restrict to order-preserving mutually inverse 

bijections between the sets of complement Galois elements in 𝐴 and 𝐵. 

 

Proof. 4.1.1: First note that, since 0 ∈ 𝐴 is a Galois element, we have 𝛽𝛼(0) = 0, 

and so 𝛽(0)  =  0. 

 

i) Assume tha 𝛽 is injective. Let a be a complement (Galois) element in 𝐴. Then there 

is 𝑎ʹ ∈ 𝐴 such that 𝑎 ˄ 𝑎ʹ = 0 and 𝑎˅𝑎ʹ = 1. Hence 𝛼(𝑎)˅𝛼(𝑎ʹ) = 𝛼(1) = 1. Also, 

we have  

 

                  0 =  𝑎 ˄ 𝑎ʹ = 𝛽𝛼(𝑎)˄𝛽𝛼(𝑎ʹ) = 𝛽(𝛼(𝑎)˄𝛼(𝑎ʹ) )     (4.1) 
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whence 𝛼(𝑎)˄𝛼(𝑎ʹ) = 0 by the injectivity of 𝛽. Thus 𝛼(𝑎) is a complement in 𝐵. By 

Lemma 3.2, 𝛼(𝑎) is a Galois element in 𝐵. 

ii) Let 𝑏 be a complement Galois element in 𝐵. Then there is 𝑏ʹ ∈ 𝐵 such that 

𝑏˄𝑏ʹ =  0 and. 𝑏˅𝑏ʹ = 1. Then 𝛽(𝑏)˄𝛽(𝑏ʹ) = 𝛽(0) = 0 and 𝛽(𝑏)˅𝛽(𝑏ʹ) = 𝛽(1) =

1. Thus 𝛽(𝑏) is a complement in 𝐴. By Lemma 3.2, 𝛽(𝑏) is a Galois element in 𝐴. 

iii) Clear by i), ii) and Lemma 3.2.  

 

Next we need to recall the following notions, which are the lattice-theoretic 

versions of the corresponding ones for modules . 

 

Definition 4.1.2: Let (A, ˄, ˅, 0, 1) be a bounded lattice. 

 

i) An element 𝑎 ∈ 𝐴 is called a supplement if it is a supplement of some 𝑎ʹ ∈ 𝐴, that 

is, 𝑎 is minimal in 𝐴 with the property that 1 = 𝑎 ˅ 𝑎ʹ. 

ii) 𝐴 is called supplemented if every 𝑎 ∈ 𝐴 has a supplement in 𝐴. 

iii) 𝐴 is called amply supplemented if for every 𝑎 ∈ 𝐴 there exists a supplement 

𝑥 ∈ 𝐴 such that 𝑎 is cosmall in [𝑥, 1]. 

iv) 𝐴 is called UCC if every 𝑎 ∈ 𝐴 has a unique coclosure in 𝐴, which will be 

denoted by 𝑎�. 

v) 𝐴 is called lifting if for every 𝑎 ∈ 𝐴 there exists a complement 𝑥 ∈ 𝐴 such that a is 

cosmall in [𝑥, 1]. 

 

The following lemma has a similar proof as for modules. You can see 

Corollary 3.8 in [Ganesan and Vanaja, 2002], Lemma 1.1 and Proposition 1.5 in 

[Keskin, 2000] and Chapter 41 in [Wisbauer, 1991]. 

 

Lemma 4.1.3: Let (𝐴,˄,˅, 0, 1) be a bounded modular lattice. 

 

i) If 𝑎 ∈ 𝐴 is a supplement, then 𝑎 is coclosed. 

ii) If 𝐴 is supplemented and 𝑎 ∈ 𝐴 is coclosed, then 𝑎 is a supplement. 

iii) If 𝐴 is amply supplemented, then every element 𝑎 ∈ 𝐴 has a coclosure in 𝐴. 

iv) If 𝐴 is amply supplemented UCC and 𝑎�,𝑎� ∈ 𝐴 are such that 𝑎� ≤ 𝑎�, then their 

coclosures satisfy 𝑎���� ≤ 𝑎����.  
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Now we may relate supplemented and lifting type properties of some bounded 

modular lattices. 

 

Theorem 4.1.4: Let (𝐴,˄,˅, 0, 1) and (𝐵,˄,˅, 0, 1) be bounded lattices, and (𝛼,𝛽) a 

Galois connection, where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴 preserves finite 

suprema. Assume that every element of 𝐴 is Galois. Then: 

 

i) 𝐴 is supplemented if and only if 𝐵 is supplemented. 

ii) If 𝐵 is lifting, then 𝐴 is lifting. Conversely, if 𝛽 is injective and 𝐴 is lifting, then 𝐵 

is lifting. 

 

Proof 4.1.4: Let (𝐴, ˄,˅, 0, 1) and (𝐵, ˄,˅, 0, 1) be bounded lattices, and (𝛼,𝛽) a 

Galois connection, where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴 preserves finite 

suprema. Assume that every element of 𝐴 is Galois. 

 

i) First assume that 𝐴 is supplemented. Let 𝑏 ∈  𝐵. Then 𝛽(𝑏) has a supplement 𝑥 in 

𝐴. Hence 1 =  𝛽(𝑏)˅𝑥, which implies that  

 

                             1 = 𝛼(1) =  𝛼𝛽(𝑏) ˅ 𝛼(𝑥) ≤ 𝑏 ˅ 𝛼(𝑥)     (4.2) 

 

 and so 1 =  𝑏˅𝛼(𝑥). Now let 1 =  𝑏˅𝑦ʹ for some 𝑦ʹ ∈ 𝐵 with 𝑦ʹ ≤ 𝛼(𝑥). Then  

 

                     1 = 𝛽(1) = 𝛽(𝑏)˅𝛽(𝑦ʹ)     (4.3) 

 

Since 𝑥 is Galois, we have 𝛽(𝑦ʹ) ≤ 𝛽𝛼(𝑥) = 𝑥, whence 𝛽(𝑦ʹ) = 𝑥 by the minimality 

of 𝑥. It follows that 𝛼(𝑥) = 𝛼𝛽(𝑦ʹ) ≤ 𝑦΄, and so 𝑦΄ = 𝛼(𝑥). This shows the 

minimality of the supplement 𝛼(𝑥) of 𝑏 in 𝐵. Thus 𝐵 is supplemented. Conversely, 

assume that 𝐵 is supplemented, and let 𝑎 ∈ 𝐴. Then 𝛼(𝑎) has a supplement 𝑦 in 𝐵, 

and so 1 = 𝛼(𝑎)˅𝑦. By the hypothesis it follows that 

 

                              1 = 𝛽(1) = 𝛽𝛼(𝑎)˅𝛽(𝑦) = 𝑎˅𝛽(𝑦) 

      

    (4.4) 
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Now let 1 =  𝑎˅𝑥ʹ for some 𝑥ʹ ∈ 𝐴 with 𝑥ʹ ≤ 𝛽(𝑦). Then 1 =  𝛼(1)  = 𝛼(𝑎)˅𝛼(𝑥ʹ)  

and 𝛼(𝑥ʹ) ≤ 𝛼𝛽(𝑦) ≤ 𝑦. By the minimality of 𝑦, 𝛼(𝑥ʹ) = 𝑦. Since 𝑥ʹ is Galois, we 

have 𝑥ʹ = 𝛽𝛼(𝑥ʹ) = 𝛽(𝑦). This shows the minimality of the supplement 𝛽(𝑦) of 𝑎 in 

𝐴. Thus 𝐴 is supplemented. 

ii) Assume that B is lifting. Let 𝑎 ∈ 𝐴. Then there exists a complement 𝑏ʹ ∈ 𝐵 such 

that 𝛼(𝑎) is cosmall in [𝑏ʹ, 1]. Since 𝑎 is Galois, 𝑎 = 𝛽𝛼(𝑎) is cosmall in [𝛽(𝑏ʹ), 1] 

by Lemma 3.8. By Lemmas 3.4 and 3.5, 𝑏ʹ is a Galois element in 𝐵. Then by Lemma 

4.1.1, 𝛽(𝑏ʹ) 𝑖s a complement in 𝐴. It follows that 𝐴 is lifting. Now assume that 𝛽 is 

injective and 𝐴 is lifting. Let 𝑏 ∈ 𝐵. Then there exists a complement 𝑎ʹ ∈ 𝐴 such that 

𝛽(𝑏) is cosmall in [𝑎ʹ, 1]. By Lemma 3.8, 𝛼𝛽(𝑏) is cosmall in [𝛼(𝑎ʹ), 1]. By Lemma 

3.5, 𝑏 is cosmall in [𝛼𝛽(𝑏), 1]. Hence by Lemma 3.4, 𝑏 is cosmall in [𝛼(𝑎ʹ), 1]. By 

Lemma 4.1.1, 𝛼(𝑎ʹ) is a complement in 𝐵. It follows that 𝐵 is lifting. 

 

Next we establish our general theorem on a bijective correspondence between 

sets of coclosed elements induced by some special Galois connections. In order to 

obtain it, it is natural to try to define some maps by means of unique coclosures of 

elements, when they do exist. We see in the following theorem that the Galois 

connection and the condition that these maps are well-defined create a slightly 

asymmetric situation. 

 

Theorem 4.1.5: Let (𝐴,˄,˅, 0, 1) and (𝐵,˄,˅, 0, 1)  be bounded lattices, and (𝛼,𝛽) 

be a UCC Galois connection, where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴 preserves 

finite suprema. For 𝑥 ∈ 𝐴 ∪ 𝐵 denote by 𝑥̅  the unique coclosure of 𝑥, when it does 

exists. 

 

i) Denote 

  

A= {𝑎 ∈ 𝐴: 𝑎 𝑖𝑠 𝑐𝑜𝑐𝑙𝑜𝑠𝑒𝑑 𝑖𝑛 𝐴 𝑎𝑛𝑑 𝛼(𝑎) ℎ𝑎𝑠 𝑎 𝑢𝑛𝑖𝑞𝑢𝑒 𝑐𝑜𝑐𝑙𝑜𝑠𝑢𝑟𝑒 𝑖𝑛 𝐵}  

 

 

(4.5)    𝐵 = {𝑏 ∈ 𝐵: 𝑏 𝑖𝑠 𝑐𝑜𝑐𝑙𝑜𝑠𝑒𝑑 𝑖𝑛 𝐵 𝑎𝑛𝑑 𝛽(𝑏) ℎ𝑎𝑠 𝑎 𝑢𝑛𝑖𝑞𝑢𝑒 𝑐𝑜𝑐𝑙𝑜𝑠𝑢𝑟𝑒 𝑖𝑛 𝐴}  

 

Consider 𝜑:𝒜 ⟶ ℬ,  defined by 𝜑(𝑎)  =  𝛼(𝑎)������  for every 𝑎 ∈ 𝒜, and 𝜓:ℬ ⟶ 𝒜 

defined by 𝜓(𝑏)  =  𝛽(𝑏)������ for every 𝑏 ∈ ℬ. Then 𝜑 is a well-defined map if and only 
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if 𝒜 coincides with the set of coclosed elements 𝑎 ∈ 𝐴 such that 𝛼(𝑎) is coclosed in 

𝐵. Also, 𝜓 is a well-defined map. 

ii) Denote 

 

   𝒜 =  {𝑎 ∈ 𝐴: 𝑎 𝑖𝑠 𝑐𝑜𝑐𝑙𝑜𝑠𝑒𝑑 𝑖𝑛 𝐴 𝑎𝑛𝑑 𝛼(𝑎)𝑖𝑠 𝑐𝑜𝑐𝑙𝑜𝑠𝑒𝑑 𝑖𝑛 𝐵} 
(4.6) ℬ =  {𝑏 ∈ 𝐵: 𝑏 𝑖𝑠 𝑐𝑜𝑐𝑙𝑜𝑠𝑒𝑑 𝑖𝑛 𝐵 𝑎𝑛𝑑 𝛽(𝑏) ℎ𝑎𝑠 𝑎 𝑢𝑛𝑖𝑞𝑢𝑒 𝑐𝑜𝑐𝑙𝑜𝑠𝑢𝑟𝑒 𝑖𝑛 𝐴} 

 

Then the maps 𝜑:𝒜 ⟶ ℬ defined by 𝜑(𝑎) = 𝛼(𝑎)  for every 𝑎 ∈ 𝒜, and 𝜓:ℬ ⟶

𝒜 defined by 𝜓(𝑏)  =  𝛽(𝑏)������ for every 𝑏 ∈ ℬ, are mutually inverse bijections. 

 

Proof 4.1.5: Let (𝐴, ˄,˅, 0, 1) and (𝐵, ˄,˅, 0, 1) be bounded lattices, and (𝛼,𝛽) be a 

UCC Galois connection, where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴 preserves finite 

suprema.  

 

i) First assume that 𝜑 is well-defined. Let 𝑎 ∈ 𝒜. Then 𝜑(𝑎)  =  𝛼(𝑎)������ ∈ ℬ, and so 

𝛽(𝛼(𝑎)������) has a unique coclosure, say 𝑎�. Then 𝛽�𝛼(𝑎)������ � is cosmall in [𝑎�, 1]. Since 

𝛼(𝑎) is cosmall in [𝛼(𝑎)������, 1], 𝛽𝛼(𝑎) is cosmall in [𝛽�𝛼(𝑎)������ �, 1] by Lemma 3.8. Then 

by Lemma 3.4 𝛽𝛼(𝑎) is cosmall in  [𝑎�, 1]. Since (α, β) is UCC cosmall, 𝑎 is the 

unique coclosure of 𝛽𝛼(𝑎), hence 𝑎� = 𝑎. Then 𝛽�𝛼(𝑎)������ � is cosmall in [𝑎, 1]. By 

Lemmas 3.5 and 3.8 ,𝛼(𝑎)������  =  𝛼𝛽�𝛼(𝑎)������ � is cosmall in [𝛼(𝑎),1]. Hence 𝛼(𝑎)������ =

𝛼(𝑎), and so 𝛼(𝑎) is coclosed in 𝐵. Now assume that 𝒜 coincides with the set of 

coclosed elements 𝑎 ∈ 𝐴 such that 𝛼(𝑎) is coclosed in 𝐵. Then 𝜑(𝑎) =  𝛼(𝑎)������ =

𝛼(𝑎) for every 𝑎 ∈ 𝒜. Let 𝑎 ∈ 𝒜. Then 𝛼(𝑎)  is coclosed in 𝐵 by hypothesis. Since 

(𝛼,𝛽) is UCC cosmall, 𝛽𝛼(𝑎) has a unique coclosure in 𝐴. Hence 𝜑(𝑎) = 𝛼(𝑎) ∈

𝐵 , and so 𝜑 is well-defined. In order to show that 𝜓 is well-defned, let 𝑏 ∈ ℬ. Then 

𝛽(𝑏)������ is coclosed in 𝐴. Since 𝛽(𝑏) is cosmall in (𝛽(𝑏)������, 1], 𝛼𝛽(𝑏) is cosmall in 

[𝛼�𝛽(𝑏)�������, 1] by Lemma 3.8. Since 𝑏 ∈ 𝐵 is coclosed, we have 𝛼𝛽(𝑏) = 𝑏 by Lemma 

3.5. Then b is cosmall in [𝛼�𝛽(𝑏)�������, 1]. It follows that [𝛼�𝛽(𝑏)������� =  𝑏, because 𝑏 ∈ 𝐵 

is coclosed. Hence 𝛼�𝛽(𝑏)������� is coclosed in 𝐵. Thus 𝜓(𝑏) = 𝛽(𝑏)������ ∈ 𝒜. Note that 𝜓 is 

also well-defined if the codomain is the set of coclosed elements 𝑎 ∈ 𝐴 such that 

𝛼(𝑎) is coclosed in 𝐵. 
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ii) The maps 𝜑 and 𝜓 are well-defined by i). If 𝑎 ∈ 𝒜, then 𝑎 is the unique coclosure 

of 𝛽𝛼(𝑎) in 𝐴 because (𝛼,𝛽) is UCC cosmall, and we have 𝜓𝜑(𝑎) =  𝛽𝛼(𝑎)  =  𝑎. 

If 𝑏 ∈ ℬ, then we have 𝜑𝜓(𝑏) = 𝛼�𝛽(𝑏)������� = 𝑏  as above. Therefore, 𝜑 and 𝜓 are 

mutually inverse bijections.  

 

Theorem 4.1.6: Let (𝐴,˄,˅, 0, 1) and (𝐵,˄,˅, 0, 1) be bounded lattices, and (𝛼,𝛽) be 

a Galois connection, where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴 preserves finite 

suprema. Then there are mutually inverse bijections between the sets 𝒞� of coclosed 

elements in 𝐴 and 𝒞� of coclosed elements in 𝐵 provided one of the following 

conditions holds: 

 

i) Every element in 𝐴 is Galois. 

ii) A is amply supplemented modular and (𝛼,𝛽) is UCC cosmall. If either every 

element in 𝐴 is Galois, or 𝐴 is amply supplemented modular UCC and (𝛼,𝛽) is 

cosmall, then the above bijections are order-preserving. 

 

Proof 4.1.6: In both cases we use the notation from Theorem 4.1.5, and prove that  

𝒜 = 𝒞� and ℬ = 𝒞�. Then by Theorem 4.1.5 the required mutually inverse 

bijections will be given by 𝜑 and 𝜓. Clearly, that 𝒜 ⊆ 𝒞� and ℬ ⊆ 𝒞�. 

 

i) Assume that every element in 𝐴 is Galois. Then (𝛼,𝛽) is clearly UCC cosmall. Let 

𝑎 ∈ 𝒞�. By the hypothesis, we have 𝛼 = 𝛽𝛼(𝑎). We claim that 𝛼(𝑎) is coclosed in 𝐵. 

To this end, let 𝑏ʹ ∈ 𝐵 be such that 𝛼(𝑎) is cosmall in [𝑏ʹ, 1]. By Lemma 3.8, 

𝛼 = 𝛽𝛼(𝑎) is cosmall in [𝛽(𝑏ʹ),1]. Since 𝑎 is coclosed in 𝐴, we have 𝛽(𝑏ʹ) = 𝑎. It 

follows that 𝛼(𝑎) = 𝛼𝛽(𝑏ʹ) ≤ 𝑏ʹ, whence 𝑏ʹ = 𝛼(𝑎). Thus 𝛼(𝑎) is coclosed in 𝐵, 

and so 𝑎 ∈ 𝒜. Now let 𝑏 ∈ 𝒞�. We claim that 𝛽(𝑏) is coclosed in 𝐴. To this end, let 

𝑎ʹ ∈ 𝐴 such that 𝛽(𝑏) is cosmall in [𝑎ʹ, 1]. By Lemma 3.8, 𝛼𝛽(𝑏) is cosmall in 

[𝛼(𝑎ʹ), 1]. By Lemma 3.5, every coclosed element in 𝐵 is a Galois element, hence 

𝑏 = 𝛼𝛽(𝑏), so 𝑏 is cosmall in [𝛼(𝑎ʹ), 1]. Since b is coclosed in 𝐵, it follows that 

𝛼(𝑎ʹ) = 𝑏. Now by the hypothesis we have 𝑎ʹ = 𝛽𝛼(𝑎ʹ) = 𝛽(𝑏). Thus 𝛽(𝑏) is 

coclosed in 𝐴, and so 𝑏 ∈ ℬ. It follows that 𝒜 = 𝒞� and ℬ = 𝒞�. By Theorem 4.1.5, 

the maps 𝜑 = 𝛼 and 𝜓 = 𝛽  are mutually inverse bijections between that 𝒞� and 𝒞�. 
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ii) Assume that 𝐴 is amply supplemented modular and (𝛼,𝛽) is UCC cosmall. Let 

𝑎 ∈ 𝒞�. We claim that α(𝑎) is coclosed in 𝐵. To this end, let 𝑏ʹ ∈ 𝐵 be such that 

𝛼(𝑎) is cosmall in [𝑏ʹ, 1]. By Lemma 3.8, 𝛽𝛼(𝑎) is cosmall in [𝛽(𝑏ʹ),1]. Since 𝐴 is 

amply supplemented modular, Lemma 4.1.3 yields a coclosure of 𝛽(𝑏ʹ) in 𝐴, say 𝑎�. 

Then 𝛽(𝑏ʹ) is cosmall in [𝑎�, 1], whence 𝛽𝛼(𝑎ʹ) is cosmall in [𝑎�, 1] by Lemma 3.4. 

Hence 𝑎� is a coclosure of 𝛽𝛼(𝑎) in 𝐴. Since (𝛼;  𝛽) is UCC cosmall, 𝑎 is the unique 

coclosure of 𝛽𝛼(𝑎) in 𝐴, hence 𝑎� = 𝑎. Then 𝑎 ≤ 𝛽(𝑏ʹ), which implies 𝛼(𝑎) ≤  𝑏ʹ 

because (𝛼;  𝛽) is a Galois connection. Hence 𝛼(𝑎) =  𝑏ʹ, and so 𝛼(𝑎) is coclosed in 

𝐵. Thus 𝑎 ∈ 𝒜. Now let 𝑏 ∈ 𝒞� . We claim that 𝛽(𝑏) has a unique coclosure in 𝐴. 

The existence of a coclosure of 𝛽(𝑏) in 𝐴 follows by Lemma 4.1.3, because 𝐴 is 

amply supplemented modular. Now assume that 𝑎� and 𝑎� are two coclosures of 

𝛽(𝑏) in 𝐴. Then 𝛽(𝑏) is coclosed both in [𝑎�, 1] and in [𝑎�, 1]. By Lemma 3.8, 

𝛼𝛽(𝑏) is cosmall both in [𝛼(𝑎�), 1] and in [𝛼(𝑎�), 1]. Since 𝑏 is coclosed, we have 

𝛼𝛽(𝑏) = 𝑏 by Lemma 3.5. Hence 𝑏 is cosmall both in [𝛼(𝑎�), 1] and in [𝛼(𝑎�), 1]. 

But 𝑏 is coclosed in 𝐵, hence we must have 𝛼(𝑎�) = 𝛼(𝑎�) = 𝑏. Since (𝛼;  𝛽) is a 

cosmall Galois connection, 𝛽𝛼(𝑎�) = 𝛽𝛼(𝑎�) is cosmall in [𝑎�, 1]. Then 𝑎� is a 

coclosure of 𝛽𝛼(𝑎�) in 𝐴. Since (𝛼;  𝛽) is UCC cosmall, 𝑎� is the unique coclosure 

of  𝛽𝛼(𝑎�) in 𝐴, hence 𝑎�  =  𝑎�. Then 𝛽(𝑏) has a unique coclosure in 𝐴. Thus 

𝑏 ∈ ℬ. It follows that 𝒜 = 𝒞� and ℬ = 𝒞�. By Theorem 4.5, the maps 𝜑 and 𝜓 are 

mutually inverse bijections between 𝒞� and 𝒞�. Finally, if every element in 𝐴 is 

Galois, then 𝜑 and 𝜓 are order-preserving, because so are 𝛼 and 𝛽. Also, if A is 

amply supplemented modular UCC and (𝛼;  𝛽) is cosmall, then 𝜑 and 𝜓 are order-

preserving by hypothesis and Lemma 4.1.3.  

 

Corollary 4.1.7: Let (A, ˄, ˅, 0, 1) and (B, ˄, ˅, 0, 1) be bounded lattices, and (α, β) 

a UCC cosmall Galois connection, where 𝛼:𝐴 ⟶ 𝐵,𝛼(1) = 1 and  𝛽:𝐵 ⟶ 𝐴 

preserves finite suprema, and 𝐴 is amply supplemented modular. Then the following 

are equivalent: 

 

i) The mutually inverse bijections from Theorem 4.1.6 are the restrictions of 𝛼 and 𝛽 

to the sets 𝒞� of coclosed elements in 𝐴 and 𝒞� of coclosed elements in 𝐵 

respectively. 

ii) Every coclosed element in 𝐴 is Galois. 
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Proof 4.1.7: Note that (i) is equivalent to the condition: 𝛽(𝑏) =  𝛽(𝑏)������ for every 

coclosed element 𝑏 ∈ 𝐵. First assume (i). Let 𝑎 ∈ 𝐴 be a coclosed element. By 

Theorems 4.1.5 and 4.1.6 (ii) we have 𝑎 =  𝛽𝛼(𝑎) ���������. By the hypothesis we have 

 𝛽𝛼(𝑎) ���������= 𝛽𝛼(𝑎). Hence 𝑎 =  𝛽𝛼 (𝑎), and so 𝑎 is Galois. Conversely, assume (ii). 

Let 𝑏 ∈ 𝐵 be a coclosed element. By hypothesis the coclosed element 𝛽(𝑏)������  ∈ 𝐴 is 

Galois, hence  𝛽(𝑏)������ = 𝛽𝛼(𝛽(𝑏)������). By Theorems 4.1.5 and 4.1.6 (ii) we have 

𝛼(𝛽(𝑏)������  =  𝑏. Hence 𝛽(𝑏) =  𝛽(𝑏)������.  

 

Remark 4.1.8:  

 

i) Under the hypotheses of Theorem 4.1.6, every coclosed element in 𝐵 is Galois by 

Lemma 3.5. In case every element in 𝐴 is Galois, Theorem 4.1.6 establishes in fact a 

bijection between the sets of coclosed Galois elements in 𝐴 and 𝐵. We point out that 

this is not true in general. Indeed, let (α; β) be the UCC cosmall Galois connection 

from Example 3.7. Then 𝛼(𝐺)  =  𝐺 and 𝛽 preserves finite suprema. The coclosed 

Galois elements in the domain 𝐴 =  𝑆(𝐺) of 𝛼 are 𝐻� and 𝐺, whereas the coclosed 

Galois elements in the codomain 𝐵 =  𝑆(𝐺) of 𝛼 are 0,𝐻�,𝐻� and 𝐺. Hence there is 

no bijection between the two sets of coclosed Galois elements. Note that there are 

elements in 𝐴 =  𝑆(𝐺) which are not Galois, for instance 𝐻�. 

ii) Consider again the UCC cosmall Galois connection from Example 3.7. Then 

𝛼(𝐺)  =  𝐺 and 𝛽 preserves finite suprema. Also, 𝐴 =  𝑆(𝐺) is amply supplemented 

modular, as any subgroup lattice of a finite group. But condition (i) in Corollary 

4.1.7 does not hold, because for nstance 𝐻� is coclosed in 𝑆(𝐺), but 𝛽(𝐻�) = 𝐻� is 

not coclosed in 𝑆(𝐺). Obviously, neither condition (ii) in Corollary 4.1.7 holds, 

because for instance 𝐻� is a coclosed element in 𝐴 =  𝑆(𝐺) which is not Galois. 

 

4.2. Endomorphism Rings of Lifting Modules  
 

In this section we apply the above results to submodule lattices of suitable 

modules, which are clearly bounded modular lattices. Let us first identify some 

Galois connection between submodule lattices. Our theory of cosmall Galois 

connections is clearly dualizable to one of some naturally defined essential Galois 
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connections. As a consequence, one may obtain a lattice theoretic version of 

Zelmanowitz's results from [Zelmanowitz, 1996]. 

For modules 𝑀 and 𝑋, we denote by 𝐺𝑒𝑛(𝑀) the set of 𝑀-generated modules, 

and by 𝑇𝑟�(𝑋)  =  𝑀𝐻𝑜𝑚�(𝑀,𝑋) the greatest submodule of 𝑋 which is 𝑀-

generated. 

Let 𝑀 and 𝑁 be left  𝑅-modules, and let 𝑆 =  𝐸𝑛𝑑�(𝑀). Consider the 

following functions between the complete modular lattices 𝒮�(𝑁) and 

𝒮�(𝐻𝑜𝑚�(𝑀,𝑁)) of left 𝑅 −submodules of 𝑁 and left 𝑆 −submodules of 

𝐻𝑜𝑚�(𝑀,𝑁) respectively: 

 

                  α: 𝒮�(𝐻𝑜𝑚�(𝑀,𝑁)) ⟶ 𝒮�(𝑁),         α(Y )  =  MY, 

              𝛽: 𝒮�(𝑁) ⟶ 𝒮��𝐻𝑜𝑚�(𝑀,𝑁)�, 𝛽(𝑋) = 𝐻𝑜𝑚�(𝑀,𝑋) 
    (4.7) 

 

Then (𝛼;  𝛽) is a Galois connection by Proposition 3.4 in [Albu and Nastasescu, 

1984]. The coclosed elements in 𝒮�(𝑁) are exactly the coclosed submodules of 𝑁. A 

submodule 𝑋 of 𝑁 is a Galois element in 𝒮�(𝑁) if and only if 𝑋 ∈ 𝐺𝑒𝑛(𝑀) ( [Albu 

and Nastasescu, 1984], Proposition 4.5). Now assume that 𝑀 is finitely generated 

quasi-projective and 𝑁 ∈ 𝐺𝑒𝑛(𝑀). Then 𝛼�𝐻𝑜𝑚�(𝑀,𝑁)� = 𝑁, 𝛽 preserves finite 

suprema and 𝑌 = 𝐻𝑜𝑚�(𝑀,𝑀𝑌) = 𝛽𝛼(𝑌) for every submodule 𝑌 of 𝐻𝑜𝑚�(𝑀,𝑁) 

by Proposition 4.9 in [Albu and Nastasescu, 1984] or 18.4 in [Wisbauer, 1991]. 

Hence every submodule of 𝐻𝑜𝑚�(𝑀,𝑁) is Galois. 

 

Lemma 4.2.1: Let M be an 𝑅-module and 𝑆 =  𝐸𝑛𝑑�(𝑀). 

 

i) Every projective module in 𝜎[𝑀] is a direct summand of a direct sum of finitely 

generated submodules of 𝑀(ℕ). 

ii) Every projective module in 𝜎[𝑀] is isomorphic to a submodule of a 

direct sum 𝑀(�). 

iii) Let M be self-projective and N in R-MOD: 

  

• For every finitely generated 𝑆-submodule 𝐼 ⊂  𝐻𝑜𝑚�(𝑀,𝑁), we have 

 

                                             I = HomR(M,MI);     (4.8) 



27 
 

• If M is finitely generated, then equatin 4.8 holds for every S-submodule 

 

                  𝐼 =  𝐻𝑜𝑚�(𝑀,𝑀𝐼)     (4.9) 

 

vi) Let 𝑀 be projective in 𝜎[𝑀]and 𝑁 ∈  𝜎[𝑀]. Then, for any submodules 

𝐿�, 𝐿�  ⊂ 𝑁, 

 

                    𝐻𝑜𝑚(𝑀, 𝐿� + 𝐿�)  =  𝐻𝑜𝑚(𝑀, 𝐿�)  +  𝐻𝑜𝑚(𝑀, 𝐿�) 

      

  (4.10) 

Theorem 4.2.2: Assume 𝑀 to be a finitely generated, self-projective 𝑅-module and 

𝑆 =  𝐸𝑛𝑑�(𝑀). Then an 𝑀-generated module 𝑁 is supplemented if and only if 

𝐻𝑜𝑚�(𝑀,𝑁)) is supplemented as a left S-module. 

 

Let 𝜎[𝑀] be the full subcategory of the category of left R-modules consisting 

of all submodules of 𝑀-generated modules. Recall that 𝑁 ∈   𝜎[𝑀] is called 𝑀-

faithful if for every 0 ≠ 𝑔 ∈ 𝐻𝑜𝑚�(𝑋,𝑁 )  with 𝑋 ∈   𝜎[𝑀], 𝐻𝑜𝑚�(𝑀,𝑋 𝑔) ≠ 0 . 

Note that if N is M-faithful, then the above function 𝛽 is clearly injective. When 

applied to the bounded modular submodule lattice of a module, Definition 4.1.2 

yields the notions of supplemented and lifting modules. Now Corollary 3.9 and 

Theorem 4.1.4 give the following corollary, whose first two properties are given 

Theorem 4.2 in [Harmandez and Pardo, 1997] and 43.7 in [Wisbauer, 1991] 

respectively. 

 

Corollary 4.2.3. Let 𝑀 be a finitely generated quasi-projective left 𝑅-module with 

𝑆 =  𝐸𝑛𝑑�(𝑀) and 𝑁 ∈ 𝐺𝑒𝑛(𝑀). Then: 

 

i) The left 𝑅 −module 𝑁 and the left 𝑆 −module 𝐻𝑜𝑚�(𝑀,𝑁) have the same dual 

Goldie dimension. 

ii) N is supplemented if and only if 𝐻𝑜𝑚�(𝑀,𝑁) is supplemented. 

iii) If N is lifting, then𝐻𝑜𝑚�(𝑀,𝑁) is lifting. If N is 𝑀 −faithful and 𝐻𝑜𝑚�(𝑀,𝑁) is 

lifting, then 𝑁 is lifting. 

 

Finally, Theorem 4.1.6 yields the following consequence. 
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Corollary 4.2.4: Let 𝑀 be a finitely generated quasi-projective left 𝑅-module with 

𝑆 =  𝐸𝑛𝑑�(𝑀) and 𝑁 ∈ 𝐺𝑒𝑛(𝑀),  and let 𝛼,𝛽 be the above functions. Then 𝛼 and 

𝛽 restrict to order-preserving mutually inverse bijections between the sets of 

coclosed left 𝑆 −submodules of 𝐻𝑜𝑚�(𝑀,𝑁) and coclosed left 𝑅 −submodules of 𝑁. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 



29 
 

REFERENCES 
 
 

Albu T., Nastasescu C., (1984), “Relative finiteness in module theory”, 1st Edition, 
Marcel Dekker. 
 
Clark J., Lomp C., Vanaja N., Wisbauer R., (2006), “Lifting modules”, 1st Edition, 
Frontiers in Mathematics, Birkhauser. 
 
Crevei S., İnankil H., Koşan M.T., Olteanu G., (2013), “Correspondences of 
Coclosed Submodules”, Communicaitons in Algebra, 41(10), 3635-3647. 
 
Crivei S., Olteanu G., (2008), “GAP algorithms for finite abelian groups and 
applications”, Carpathian Journal of  Mathematics, 24, 310-316. 
 
Crivei S., Şuteu S.Ş., (2007), “Subgroup lattice algorithms related to extending and 
lifting abelian groups”, International Electronic Journal of Algebra, 2, 54-70. 
 
Dung N.V., Huynh D.V., Smith P.F., Wisbauer R., (1994), “Extending modules”,  
1st Edition, Longman Scientic and Technical. 
 
Erne M., Koslowski J., Melton A., Strecker G.E., (1993) “A primer on Galois 
connections”, Proceedings of the 1991 Summer Conference on General Topology 
and Applications in Honor of Mary Ellen Rudin and Her Work, 103-125, Madison, 
Wisconsin, USA, 7-9 June. 
 
Ganesan L., Vanaja N., (2002), “Modules for which every submodule has a unique 
coclosure”, Communications in Algebra, 30,  2355-2377. 
 
Garcıa H., Gomez P., (1997),  “On endomorphism rings of quasiprojective modules”, 
Mathematische Zeitschrift, 196, 87-108. 
 
Grzeszczuk P., Puczylowski E.R., (1984), “On Goldie and dual Goldie dimension”, 
Journal of  Pure and  Applied Algebra, 31, 47-54. 
 
Keskin D., (2000), “On lifting modules”, Communications in Algebra, 28, 3427-
3440. 
 
Rotman J.J., (2008), “An introduction to homological algebra”, 2nd Edition, Springer 
Science and Business Media. 
 
Wisbauer R., (1991), “Foundations of ring and module theory”, 1st Edition, Gordon 
and Breach.  
 
Zelmanowitz J.M., (1996), “Correspondences of closed submodules”, Proceedings 
American Mathematical Society, 124, 2955- 2960. 
 



 

30 
 

BIOGRAPHY 
 
 

Hatice İNANKIL, was born in 01.11.1985 in Çorum-Sungurlu. She completed 

primary and secondary education in Ankara. She graduated from Ankara University, 

Department of Mathematics, in 2007. Also, She got Master Degree from Ankara 

University Graduate School of Applied Sciences, in 2009. She has been working as a 

research asistant at Department of Mathematics of Gebze Institute of Technology  


	1. dış kapak
	2. iç kapak
	3. jüri onay
	4. summary
	5. özet
	6. teşekkür
	7. içindekiler
	8. simgeler ve kısaltmalar
	8.5 şekiller dizini
	9.hatice inankıl düzeltilmiş son 1 nisan
	10. özgeçmiş

