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ABSTRACT

The aim of this thesis is to merge two vector bundles over a common base manifold
to construct a (n-)Lie algebroid over the same manifold. Particular interest, on
the other hand, will be on the coupling of two vector spaces into a (n-)Lie
algebra. These goals will be achieved in the most general setting that we call
the bicocycle double cross product. This novel construction subsumes the unified
products, double cross products (matched pairs), semi-direct products, and cocycle
extensions as particular instances. Understanding the coupling sheds light on
understanding the decoupling. We shall present both coupling and decoupling
from a purely algebraic standpoint, deriving compatibility conditions for the
former and stating conceptual results on the latter.

After exploring Lie algebroid (de)coupling constructions, we shall focus on possible
(de)couplings of Lagrangian dynamics, resulting in dynamical formulations on
bicocycle double cross product Lie algebroids. This reads the collective motion of
two Lagrangian dynamics interacting mutually. On the dual bundle of a bicocycle
double cross product, we shall present bicocycle double cross product Hamiltonian
dynamics. Considering the line bundle extensions, we shall further examine the
irreversible Lagrangian and Hamiltonian dynamics from a (de)coupling perspective.

Additionally, we shall address the classification of n-Lie algebras from the point
of view of the generalized derivations.

We then plan to tackle the (de)coupling problem on 3-Lie algebroids, using once
more the bicocycle double cross product approach. Within this context, we shall
examine the Nambu dynamics on the dual spaces of the coupled algebra(oid)s.
Here, the reference to the order 3 in (de)couplings and dynamics is motivated from
the relation between the 3-Nambu dynamics and bi-Hamiltonian formulations
(through complete integrability).

Finally, in order to provide more physical insight into the algebraic/geometric
constructions, we shall present a geometric Hamilton-Jacobi theory within the
framework of locally conformally cosymplectic manifolds that possess a Lie al-
gebroid structure. The theory, in this case, offers a geometric pathway to the
solution of the Hamilton’s equations.

In short, the thesis offers pure algebraic constructions utilizing geometric analysis
and dynamical formulations of (de)coupling procedure, thereby serving as a
foundation for further analysis and exploration across algebraic, geometric, and
physical perspectives.

Keywords: Lie algebroids; Bicocycle double cross product; Hamilto-
nian dynamics; Lagrangian Dynamics; n-Lie algebroids.
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OZET

Bu tezin temel amaci, ayni1 taban katman iizerinde tanimli iki vektor demetini
birlestirerek bir (n-)Lie cebiroidi inga etmektir. Ozel olarak n-Lie cebirleri icin ise
bu durum iki vektor uzaymin birlestirilerek bir n-Lie cebiri olugturmasi seklinde
tezahtir etmektedir. Bu, ikili egcevrim ¢ift ¢carpim (bicocycle double cross product)
stratejisi olarak adlandirilan ve olasi en genel durumu betimleyen bir yaklagimla
yapilmigtir. Bu yaklagim, birlegik ¢arpim (unified product), ¢ift garpim (double
cross product), yari-direkt ¢arpim ve eggevrim geniglemelerinin tamamini 6zel du-
rum olarak icerir. Demetleri birlegtirmeyi anlamak, onlar1 ayrigtirmay1 anlamakla
esdegerdir. Bu nedenle, sadece cebirsel bir bakig acisindan, birlestirmeye iligkin
uyumluluk kogullarini elde ederken ayrigtirma icin teoremler sunulmustur.

Birlestirilerek elde edilen esgevrim cift carpim Lie cebiroidi yapilar: tizerinde
Lagrange dinamikleri yazilmigtir. Bunlar iki Lagrange dinamigin birbirleriyle
etkilesimini betimleyen ve en genel formdaki dinamik formiilasyonlardir. Dual
demet tizerinde ise aym yaklagim devam ettirilerek eggevrim ¢ift ¢carpim Hamilton
dinamikleri elde edilmistir. Tersinir olmayan dinamikleri elde etmek icin ise ¢izgi
demetleri ile Lie cebiroidleri genisletilmig ve bu durum i¢in hem Lagrange hem de
Hamilton denklemleri inga edilmigtir.

Ek olarak, n-Lie cebirlerinin siniflandirilmasi, genellestirilmis tiirevler vasitasiyla
elde edilmigtir.

Ayrica, ikili eggevrim ¢ift carpim stratejisi kullanarak 3-Lie cebiroidlerindeki
ayrigtirma/birlegtirme problemi ¢oztlmiigtiir. Bu baglamda, birlestirilmis cebiroi-
dlerin dual uzaylar: tizerinde Nambu dinamikleri elde edilmistir. Burada derece
olarak 3 degerinin se¢imi Nambu dinamikleri ve iki-Hamilton yapilar1 arasindaki
iliski nedeniyledir. Bu durum tam integral edilebilmeye karsilik gelir.

Son olarak, cebirsel yapilara daha fiziksel bir 6rnek igin Lie cebiroidi yapisina
sahip yerel konformal kosimplektik katmanlar iizerine geometrik Hamilton-Jacobi
teorisi sunulmustur. Teori, Hamilton denklemlerini ¢6zmenin geometrik bir yolunu
sunmaktadir.

Ozetle, tez saf cebirsel/geometrik yapilar sunmakta ve de bu yapilar {izerinde
dinamik denklemlerinin agik ifadelerini icermektedir. Bu yaklasimin cebirsel,
geometrik ve fiziksel bakig acilarin her biri i¢cin daha ileri analiz ve ¢alismalara
temel olusturmasi beklenmektedir.

Anahtar Kelimeler: Lie cebiroidleri; ikili escevrim c¢ift carpim; Ha-
milton dinamigi; Lagrange dinamigi; n-Lie ce-
biroidleri.
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1. INTRODUCTION

One of the main problems in Classical Mechanics is to achieve the unification of
the physical theories. We could argue that this endeavor began with Newton’s

second law of motion:

F(z) = mi, (1.1)

where m represents mass and F' represents force. This single differential equation
addresses the two-body problem, explaining both the Keplerian motion of a planet

around the sun and the Galilean motion of a particle on Earth.

In this thesis, we will follow this approach. Specifically, the focus, termed the
“(de)coupling problem,” is to derive the equations of motion governing the collec-
tive behavior of two systems in a mutual action-reaction relationship. We will
provide answers to this problem from both algebraic/geometrical and dynamical

perspectives.

When two dynamical systems or two characters of a physical phenomenon (like
Magnetohydrodynamics, where one considers both Maxwellian and fluid characters
of a continuum) are coupled and brought together, they intervene in each other’s
independent behaviour. Therefore, achieving the equations that determine the
coupled (unified, matched) motion of these two systems/characters cannot be
done by simply juxtaposing the equations governing the constitutive systems/
characters. Due to mutual interaction, the equations governing the coupled motion
will include extra terms compared to those of the equations of the constituted
systems/characters. The (de)coupling process can be examined in two steps.
Firstly, one needs to determine the extensions of the configuration spaces in a
pure algebraic/geometric way. Then, the equations of motion can be coupled by

referring to the extensions obtained in the first step.

Symplectic, Poisson, Jacobi and Nambu Manifolds. In contemporary literature,
symplectic geometry is one of the primary geometric frameworks used to formulate

Classical Mechanics into Hamiltonian formulation [1-5].



Symplectic geometry involves a closed non-degenerate (differential) two-form €2
on a manifold M. The closure of the differential form (that is dw = 0) reads the
integrability of the physical motion whereas the non-degeneracy stands for an
isomorphism of smooth functions (up to scalars) and vector fields. This latter
aspect establishes a mapping from a Hamiltonian (energy) function H to the
corresponding (Hamiltonian) vector field X3. So, knowing the energy gives the

equation of motion. This correspondence is the Hamilton’s equation
Lx,w =dH. (1.2)

Here, ¢ is the contraction operator (interior derivative). The skew-symmetry of
the symplectic two-form implies the conservation of the Hamiltonian function
throughout the motion, indicating the reversible nature of symplectic Hamiltonian
dynamics. It is important to note that Hamilton’s equation (1.2) realizes the

Newton’s second law (1.1) as a particular instance.

The Hamiltonian motion in the symplectic framework consists of an even number
of first-order differential equations. So its application area is restricted to even
dimensional manifolds. The cotangent bundle T*@Q of a configuration manifold
(or in physical terms, momentum phase space) @ is the generic example of a

symplectic manifold.

Another approach to Classical Mechanics is the Lagrangian dynamics, which is
based on variational principles. In Lagrangian dynamics, the motion is determined
by a Lagrangian function defined on the tangent bundle T'Q) of the configuration

manifold. The resulting equations

d (0L oL
AR »

are known as the Euler-Lagrange equations. Here, L is the Lagrangian function

generating the dynamics, (¢°) are (generalized) coordinates on the base manifold
Q whereas (¢, ¢') are the induced coordinates on the tangent bundle. In physical
terms, (') reads the velocities. In its very classical sense, the Lagrangian function
is the difference between the kinetic and potential energies. Remarkably, Newton’s
second second law can be understood as a particular instance of the Euler-Lagrange

equations.



Lagrangian and Hamiltonian dynamics are expected to be connected through the
Legendre transformation. This connection is straightforward when the so-called
regularity (Hessian) condition is satisfied. However, for non-regular cases, the

transformation is not immediately evident.

To perform Hamiltonian or Lagrangian analysis of non-canonical dynamical sys-
tems, such as those that are not amenable to examination on a tangent/cotangent
bundle or odd-dimensional models, a feasible approach is to employ a symmetry
reduction, utilizing Lie group actions. For the foundations of the reduction theory
we cite [6-8], see also [9] for a more recent work. If, in particular, a Lie group,
say G, acts on its tangent bundle T'G, the reduction process gives Euler-Poincaré
dynamics

o;lt((;é = adzgé (1.4)
on the Lie algebra g. Here, £ is an element of the Lie algebra, while ad* refers to

the coadjoint action of the Lie algebra g on its dual space g*, and [ is the reduced

Lagrangian on g.

In the Hamiltonian picture, a Lie group action on its cotangent bundle T*G

generates the Lie-Poisson dynamics

d
di: = tadjup (1.5)

on the dual space g* of the Lie algebra. Here, p is an element of the dual space,
and h is the reduced Hamiltonian function on the dual space g*. The plus/minus
notation is reflecting the left /right reduction. While the non-degeneracy condition
is lost on the entire dual space in this scenario, the coadjoint orbits remain
symplectic. This reduced Lagrangian/Hamiltonian framework facilitates the
examination of various physical theories, including rigid body dynamics, ideal

fluid, and plasma theories.

The reduction process leads us into the realm of Poisson geometry generalizing the
symplectic geometry which is achieved by relaxing the non-degeneracy condition.

A Poisson manifold P is determined by a skew-symmetric algebra [10-14]
{eo,0} : C(P) x C*(P) — C*(P) (1.6)

3



on the space of smooth functions satisfying both the Leibniz and the Jacobi
identities. The Leibniz identity reads the bracket as a differential operator
(mimicking the role of the Hamiltonian vector field), whereas the Jacobi identity is
to ensure the integrability corresponding to the closure of the symplectic two-form.
In fact, the loss of non-degeneracy brings the advantage of casting the integrals of
the motion in the geometry. We call them Casimir functions. One may determine
a Poisson bracket by a Poisson bivector field A (a bivector commuting with itself
under the Schouten bracket). In terms of the Poisson bracket and in terms of the

Poisson bivector, the Hamiltonian dynamics is written as
Xu(z) ={z,H} =t (dH), (1.7)

where fi5 is the musical mapping obtained from the Poisson bivector field A. Due
to the skew-symmetry present in the Poisson algebra, energy conservation persists

throughout the motion, making Poisson Hamiltonian motion reversible.

To establish a (linear) Poisson structure in the most general setting, one employs
Lie algebroids, which generalize both Lie algebras and tangent bundles. The
dual of Lie algebroid admits a Poisson structure. Further, there is Lagrangian
dynamics on Lie algebroids generalizing both the Fuler-Lagrange equations and
Euler-Poincaré equations and there is Hamiltonian dynamics on the dual bundle
generalizing both the Hamilton’s equations and Lie-Poisson equations. In this
thesis, our main focus will be on Lie algebroids, Lagragian dynamics on Lie

algebroids, the dual spaces, and Hamiltonian dynamics on dual spaces.

A generalization of the Poisson geometry can be achieved by relaxing the Leibniz
condition within the algebra, leading to what is termed the Jacobi geometry
[15-18]. In a Jacobi manifold, a bracket still operates within the function space,
but instead of satisfying the Leibniz identity, the algebra reads the first-order
differentiability condition. This results in the Hamiltonian vector field, which

generates motion, being augmented by the so-called Reeb vector field &:
Xy = ta(dH) + HE. (1.8)

Consequently, the Hamiltonian function is not conserved along the motion. This

approach facilitates the analysis of irreversible dynamics, such as dissipative

4



systems, and allows for a thermodynamic interpretation within a geometric
framework. Jacobi manifolds involve two important subcases: contact manifolds
and locally conformally symplectic manifolds. A Jacobi manifold establishes a Lie

algebroid structure as well, which is known as the Jacobi Lie algebroid.

Jacobi manifolds serve as generalizations of Poisson (and symplectic) manifolds,
deviating from the conservation of energy principle. On the other hands, Nambu
manifolds represent generalizations of Poisson manifolds, allowing for the ac-
commodation of more than one conserved quantity, rendering them suitable for
complete and even super-integrability. In an attempt to generalize the classical
Hamiltonian mechanics to a theory which accommodates multiple Hamiltonians,
Nambu proposed the use of ternary Lie algebras [19]. In [20], the concept of n-Lie
algebras is introduced, further elucidating the theoretical framework. This line
has since been advanced and refined in [21]. Nambu manifolds carry an n-algebra

satisfying the Leibniz identity within the space of functions:
{o,...,0} : C°(P) x -+ x C°(P) — C*(P). (1.9)
The dynamics is generated by n — 1 number of Hamiltonian functions:
Xotyoo o ={x, Heyo ooy Hia b (1.10)

In the case where n = 3, which is of particular interest to us, two Hamiltonian
functions are required, giving rise to what is known as bi-Hamiltonian dynamics. A
bi-Hamiltonian system reads complete integrability [22, 23]. While the dual space
of Lie algebroids offers the most general framework for understanding (linear)
Poisson manifolds, the same cannot be said for Nambu manifolds. It is not always
the case that the dual of an n-Lie algebroid yields a Nambu manifold. However,

our interest lies specifically in those frameworks where this property holds true.

Goal: Cohomology and Generalized derivation of n-Lie algebras. In the pioneering
work of [24], an important development emerged: the establishment of a coho-
mology theory in conjunction with n-ary Lie algebras, aimed at examining their
formal deformations. This pivotal step marked the inception of a significant line

of inquiry. Subsequent to this milestone, in [25], the aforementioned cohomology

5



theory was subject to further scrutiny, closely intertwined with the exploration
of Leibniz cohomology. Noteworthy advancements ensued in recent years. In
particular, in [26, 27], this cohomology theory underwent expansion, accommo-
dating arbitrary coefficients, notably in the context where n = 3. Furthermore,
in [28], it underwent further refinement, transitioning into a cohomology theory
intricately linked with an n-Hom-Lie algebra, complemented by its corresponding

representation space.

Conversely, cohomology theories, especially those focusing on the simpler aspects
known as low-dimensional cohomology groups, play a crucial role in understanding
how algebraic and geometric objects can be classified, as discussed in [29, 30]. For
instance, in [31], researchers examined how certain types of extensions, known as
derivation extensions, relate to 3-Lie algebras. They found that simply adding
a derivation to a 3-Lie algebra does not quite fit to create a new 3-Lie algebra
structure on the resulting 1-dimensional extension. To address this, they intro-
duced the idea of a generalized derivation tailored for 3-Lie algebras, a concept

later broadened to encompass n-Hom-Lie algebras in [28].

Our goal here is to present a new cohomology theory for n-Lie algebras via which
we realize a generalized derivation on an n-Lie algebra as a one-cocycle, with
coefficients in the space of endomorphisms of the n-Lie algebra on which the

generalized derivation acts.

It is widely acknowledged that derivations on structures like n-Lie algebras and
Leibniz algebras are closely linked to the first cohomology group of that particular
algebraic object, using itself as coefficients. However, as noted in [31] regarding
3-Lie algebras, this connection does not quite hold for generalized derivations.
In this thesis, as a biproduct of our research on the n-Lie algebras, it is aimed
to bridge this gap by introducing a new cohomology theory for n-Lie algebras.
Through this theory, a generalized derivation of an n-Lie algebra is realized as a
one-cocycle. It is important to note that the cohomology theory presented in the
thesis differs from the existing one for n-Lie algebras for any n > 3, while the two

theories coincide for n = 3.



An Incomplete List on Various Couplings of Lie Structures. The Lie algebraic
foundations of Classical Mechanics, including Lie algebras, Lie algebroids, n-Lie
algebras, and n-Lie algebroids as well as their dual spaces will be our main tools.
We will use these tools to introduce solutions to (de)coupling problems at various
levels. Before delving into the novel contributions of this thesis, let us briefly

outline the existing work in the field.

In the existing literature, several works have addressed the (de)coupling problem.
While investigating the algebraic/geometric foundations of certain physical systems,
such as Maxwell-Vlasov dynamics, magnetohydrodynamics, and compressible fluid
dynamics, we see that the underlying configuration spaces are semi-direct product
Lie groups [32-35]. In these physical systems, the reduced Lagrangian (Euler-
Poincaré) dynamics is available on the semi-direct product Lie algebra whereas the
reduced Hamiltonian (Lie-Poisson) dynamics is on the dual space. The semi-direct
product theory is an example of a Lie group/algebra extension admitting only a

one-sided representation.

There are generalizations of the semi-direct product theory. Double cross product
(matched pair) theory is one such extension, involving the mutual interactions of
two Lie groups/algebras [36, 37]. This theory has also applications in physics. The
matched pair Lagrangian and Hamiltonian dynamics studied in [38, 39], the higher
order Lagrangian dynamics in [40], the dissipative systems in [41] and the discrete
dynamics in [42]. These studies quickly found applications in electromagnetic
theory [43], and the kinetic moments of the plasma dynamics. The matched pair
strategy has further been used to establish the algebraic relationship between the

plasma and the fluid [44, 45], as well as the moments in chemical kinetics [46].

Another notable general extension theory is the unified product theory [47-50].
In a coupling point of view, this framework provides a general way to compose a
Lie algebra(oid) with a vector space (bundle). This is achieved by the presence
of a cocycle term. We write representation and cocycle with italic notations to
manifest when they do not satisfy the requirements of classical conditions of these

structures. In some literature, the term "twisted" describes this phenomenon.



From a decomposition perspective, this can be understood as examining algebraic
properties of the quotient space of an algebra(oid) with one of its subalgebra(oid)s.
The literature lacks discussions on the applications of these algebraic structures
to Lagrangian and Hamiltonian dynamics as well as an interconnection with the

physical phenomena. This will be one of our focus in the present manuscript.

The most general coupling of two geometric structures is achieved through the
bicocycle double cross product geometry [51]. In this case, one couples two vector
bundles to arrive at an algebroid on the direct sum bundle. However, the literature
lacks such a geometry, and addressing this gap constitutes another goal for the
present work. From the decomposition perspective, this corresponds to analyzing
the algebraic inheritance of the constitutive vector bundles (not necessarily a
subalgebroid) in any direct sum decomposition of an algebroid. The nonclosure of
the brackets on the constitutive bundles is accommodated by two cocycle terms,

giving the structure its name.

This thesis explores the geometrical/algebraic framework of (n-)Lie algebra(oid)s,
with a specific focus on the decoupling and coupling phenomena within the
bicocycle double cross product realization. The bicocycle double cross product
theory serves as the most general method for (de)coupling an algebroid into
the direct sum of two vector bundles in the presence of mutual representations,
along with two cocycle terms. Consequently, it encompasses unified product,
double cross product (matched pair), semi-direct product, and cocycle extension
frameworks as particular instances. In addition to algebraic constructions, the
research extends to both reversible and irreversible Lagrangian and Hamiltonian
dynamics on (de)coupled Lie algebroids, as well as Euler-Poincaré-(Herglotz) and
Lie-Poisson-(Herglotz) dynamics on (de)coupled Lie algebras, providing insights

into potential physical applications.

Hierarchy of Lie Algebroid (De)couplings in Bicocycle Double Cross Product Strat-
egy. In the main body of the thesis, we shall provide more concrete definitions of all
the geometries and fundamentals of dynamical equations. However, for now, let us

gain clarity on the algebraic constructions by examining the bicocycle double cross



product strategy from a decomposition point of view. Consider an algebra(oid)
(which refers to one of the Lie structures among Lie algebras, Lie algebroids, n-Lie
algebras, and n-Lie algebroids) denoted by M, and a subalgebra(oid) denoted
by A of M. In the most general scenario, the bracket defined on M induces a
bracket on the quotient space B := M /A. The induced bracket on B does not
have to be closed. Failure in the closure determines a cocycle term reading how
two elements in B give an element in A. On the other hand, the cross bracket
of elements (those brackets in form [B,.A]), that is one element in B and one
element in A, would read mutual representations. By considering the Whitney
sum M = A x B. We note that for all the bundles fibrated over the same base
manifold we denote the Whitney sum by x, and we shall follow this policy for
semi-direct products, cocycle extensions, and double cross products as well. Now,
let us list all possible situations from the simplest to the most complicated ones.
Note that A and B represent vector spaces for algebras, while they serve as vector

bundles for algebroids.

o In the case of the direct product A x B, the induced brackets on both A
and the quotient space B are closed, leaving no room for a cocycle term,
and the bracket of the mixed elements are identically zero, indicating trivial

representation.

o In the theory of the semi-direct product, one still has no cocycle terms as a
result of the closure of the induced brackets on the individual spaces. The
bracket of mixed elements allows only a one-sided representation of A on B
(or a one-sided representation of B on A). We denote this case as A x B

(resp., A x B).

e In cocycle extension, a term, called cocycle and denoted as 1, exists in A
if the bracket of two elements in B is computed. On the other hand, the
bracket of the mixed elements results in a one-sided representation of A on

B. We denote a cocycle extension by A x,, B.

o In the double cross product (matched pair) construction, the bracket of
two elements in B remains in B, indicating the absence of any cocycle.

Consequently, the quotient space B is closed under the bracket, and B



becomes an algebra(oid) with the induced bracket. On the other hand, when
the bracket of cross elements is computed, terms appear in both A and B,

representing mutual representations. We denote a double cross product by

A B.

e In the unified product theory, a cocycle term exists, since the bracket of
two elements in B is allowed to appear in A. Additionally, terms appear in
both A and B when the brackets of the mixed elements are computed. We
denote a unified product by A <y, B.

o The most general picture is obtained by relaxing the requirement of A
being a subalgebra(oid). We call this case a bicocycle double cross product
Lie algebra(oid) since there exists two cocycle terms, namely ¢ and (,
additional to the double cross product (matched pair) structure involving
two representations. The cocycle terms are the manifestations of the bracket
of two elements in B having a component in A, and the bracket of two
elements in A having a component in B. We denote a bicocycle double cross

product by A >y B.
Here is a diagram to demonstrate the discussion, wherein we abbreviate the term

“Double Cross Product” as DCP.

A¢ >y, B, Bicocycle DCP
One cocycle, (=0

A <y, B, Unified Product

One-sided representation No cocycle

A xy B, Cocycle Ext. A< B,DCP

No cocycle ne-sided representation

A x B, Semi-direct Product

No representationl

A x B, Direct Product

Goal: Bicocycle Double Cross Product (n-)Lie Algebra(oid)s. Another aim in

this work is to provide all of the ingredients of the (de)couplings given in this
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diagram by determining compatibility conditions and in light of universal lemmas.
Knowing how to couple two systems geometrically or algebraically also provides
an answer to the problem of dividing a single system into subsystems while
preserving the relationships between its constitutive subsystems/subcharacters.
In short, if one knows how to couple, then one knows how to decouple, and vice
versa. The second objective of this work is to present a comprehensive framework
for Hamiltonian and Lagrangian dynamics by leveraging bicocycle double cross
product outlined in the previous paragraphs. These novel equations will provide
a comprehensive description of the collective motion of two dynamical systems,
capturing all possible interactions between them. Additionally, we will introduce
bicocycle double cross product generalizations of dissipative Hamiltonian and
Lagrangian dynamics on the extended spaces. It is worth noting once more
that unified product dynamics, double cross product (matched pair) dynamics,
semi-direct product dynamics, and cocycle extension dynamics serve as specific

instances of the dynamical constructions presented in this thesis.

Outline. The thesis consists of four main chapters. In the following one, the
basics of geometric mechanics are reviewed, including symplectic, cosymplectic,
contact manifolds, and dynamics on these geometries. Chapter 3 starts with
Lie algebras and Lie algebroids, then delves into the various couplings of these
systems, all grounded in a unique approach known as the bicocycle double cross
product. The dynamical equations on these novel geometries are explored in
detail. In Chapter 4, we extend the discussion to 3-Lie algebras(oids). We present
generalized derivations and classification of them. Then, employing once more the
bicocycle double cross product strategy, we merge two 3-Lie algebras(oids). This
novel geometry admits the coupling of two Nambu dynamics in the most general
form. We present an Addendum to exhibit how Lie algebroids are closely related to
concrete physical phenomena. This is achieved on locally conformally cosymplectic

manifolds and the geometric Hamilton-Jacobi theory of the Hamiltonian motion.
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2. PRELIMINARIES

2.1. Symplectic Manifolds

A manifold M equipped with a non-degenerate two-form €2 is called an almost
symplectic manifold [1-5]. The non-degeneracy of the two-form manifests that M

is necessarily even-dimensional. The musical mapping
QX (M) —THM), X 1x9, (2.1)
induced from the two-form €2 is an isomorphism with the inverse mapping
Q- TH M) — X (M) . (2.2)

Here, tx denotes the interior derivative. If {2 is both almost symplectic and closed,

the manifold is called symplectic.

Let (M, Q) represent a symplectic manifold, with NV as a submanifold of M. N is
called Lagrangian if its dimension is half of the dimension of M and the symplectic

two-form vanishes on N.

Suppose we have two symplectic manifolds (M7, ;) and (Ms, ), along with a
diffeomorphism v : M; — Ms. This 9 is referred to as a symplectic diffeomorphism,

or a symplectomorphism, if it satisfies
P Qe = Q. (2.3)

Under a symplectomorphism, the image of a Lagrangian submanifold is La-
grangian. Indeed, it is clear that the composition of two symplectic mappings
remains symplectic. Consequently, the set Dif f..,,(M) comprising all symplectic
diffeomorphisms on a symplectic manifold M constitutes an (infinite-dimensional)

Lie group. The group operation in this context is the composition of mappings.

Cotangent Bundle. The cotangent bundle T*(@) of a manifold () is a canonically
symplectic manifold. The presence of a symplectic structure on a cotangent

bundle T*(@) can be derived from the double vector bundle structure inherent
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in the tangent bundle of the cotangent bundle, TT*(). Considering TT*(), we

observe the tangent fibration:
g TT7Q — T"Q,

alongside the tangent mapping of our cotangent fibration ¢, denoted as:
Trg:TTQ = TQ.

We collect these two fibrations in the following commutative diagram:

TTQ (2.4)

TQ TQ

RN

Q

Accordingly, we define the canonical (Liouville) one-form 6g on 7*Q) as

00(8) = (1r- (£) , Tmq (£)) » (2.5)

for a vector field £ on T*() and the pairing on the right hand side is the duality

between T*() and T'(Q. Minus of the exterior derivative of the canonical one-form
Qg = —dbg (2.6)

is non-degenerate and closed. So the two-tuple (7@, Q2g) becomes a symplectic
manifold. In literature, {2 is called canonical symplectic two-form. According to

Darboux’s theorem, locally all symplectic manifolds look like a cotangent bundle.

Darbouz’ Coordinates. Locally, there exists a local coordinate system (¢t, p;),
called Darboux’ coordinates, on cotangent bundle 7*() such that the canonical

one form turns out to be
0o = pidq’, (2.7)
whereas the canonical symplectic two-form in (2.6) becomes

Qg = dq' A dp;. (2.8)

The induced coordinates on the tangent bundle TT*Q is then given by (¢*, p;, ¢*, p;)-
In terms of the Darboux’ coordinates and for the case of the cotangent bundle,

the musical mapping (2.1) turns out to be

13



Let o be a one-form on (), and 6 be the canonical one-form then
a*fg = a. (2.10)

An immediate manifestation of this assertion is to establish that the image of a
closed one-form « on @) is a Lagrangian submanifold of 7%(). Particularly, the
image spaces of the exterior derivatives of smooth functions on () are Lagrangian
submanifolds of T*(). In terms of the Darboux’ coordinates, we have that

of
g }

N={(¢'p) €T"Q:p; = (2.11)

Symplectic Volume. A symplectic manifold (M, Q) of dimension 2n is a volume
manifold with the symplectic volume defined to be n-times exterior product of (2
that is,

Vol =Q" :=QA--- AQ. (2.12)
For a given volume form the divergence divye(X) of a vector field X is defined to
be

L x Vol = divy, (X )Vol, (2.13)

where L is the Lie derivative.

2.2. Hamiltonian Dynamics and Geometric HJ Theory

A Hamiltonian vector field on a symplectic manifold (M, ) is characterized by

the unique vector field X3 that satisfies the equation:
LXHQ = dH, (214)

where H is the Hamiltonian function on M. Expressing Hamilton’s equation

(2.14) in terms of the musical mapping defined in (2.2), we have:
Q¥ (dH) = X (2.15)

Since QFf is an isomorphism, a Hamiltonian vector field X3 can always be found

for a given exact one-form dH.

In Darboux’ coordinates (¢’, p;), Hamiltonian vector field on M for a Hamiltonian
function H in C*°(M) is computed to be

COH O oM D
" Opiogi - dq dp;

(2.16)
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so that the dynamics prescribed by the Hamiltonian vector field is

. OH oH
/= = — . 2.1
q 6p17 pl aql ( 7)

For the case of symplectic manifolds, a Hamiltonian vector field, even if it is local,

is divergence free with respect to the symplectic volume. To see this, we compute

ﬁXvOI = Ex(Qn) = (,C)(Q)n = (dLXQ + Lde)n = 0. (218)

Canonical Poisson Algebra. Without the loss of generality, let us focus on canonical
symplectic manifold (7*@Q, ). Here, we define the canonical Poisson bracket on

the space of smooth functions C°(T*Q) as:

where Xp and Xy denote Hamiltonian vector fields as defined in (2.14). This
bracket is termed the canonical Poisson bracket. Additionally, the Poisson bracket

can be defined as:

Xpu(F) = {F, 1} (2.20)

The pair (C*(T*Q),{e,®}) forms a Lie algebra due to its skew-symmetry and
satisfaction of the Jacobi identity. The skew-symmetry of the symplectic two-form

(1g reflects in the skew-symmetry of the canonical Poisson bracket:
{F.HY = —{H,F}. (2.21)
The closure of €2 showcases the Jacobi identity for the canonical Poisson bracket:
{FA{H,G}} +{H, {G, F}} +{G {F,H}} =0. (2.22)

Furthermore, it can be demonstrated that the canonical Poisson bracket satisfies

the Leibniz identity:

(FG, M} = {F,H}G + F{G,H}. (2.23)

Consider the Darboux’ coordinates (¢, p;) on the cotangent bundle 7*Q. Then a

direct calculation proves that the canonical Poisson bracket (2.19) is

OFOH OFO0H

{RH} - dq* Op; - Op; 3(1’”

(2.24)
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The subsequent identity reveals that the space of Hamiltonian vector fields

Xham (T%Q) is closed under the Jacobi Lie bracket:
(X, Xr] = = Xpp,r}- (2.25)
Geometric Hamilton-Jacobi Theory. Recall the Hamiltonian vector field X4 defined

on the symplectic manifold 7%(). Then define a projection of this Hamiltonian

vector field using a one-form section o on ) in the following manner:
X3 =Trgo Xy oo. (2.26)

Note that XJ, represents a vector field on Q. Let us present the following diagram

to visually depict this projection:

TQ TT*Q (2.27)
4 ™ Tr
X5 TQ

The geometric Hamilton-Jacobi (abbreviated as HJ) theory relates the projected
vector field X7, and the Hamiltonian vector field X4. We refer to [52] for further

explanations.

Theorem 2.1. If o is a closed one-form, then the following conditions are equiv-

alent:
1. The vector fields X3, and X3, are p-related that is To o X, = Xy 0 .
2. The equation d(H o p) = 0 holds.

The o-relatedness stated in the first item gives that if ¢(¢) is an integral curve of
the projected field X3, then po¢(t) is an integral curve of the Hamiltonian vector
field X4. Thanks to the Poincaré lemma, the second condition gives that, there

locally exists a function S on @ satisfying dS = p so that
. 0S
Hq¢, — | =k, 2.28
(. 55) 229

where € remains constant. This represents the classical formulation of the time-
independent Hamilton-Jacobi equation [2, 53]. For additional details regarding
the ongoing discussion, we suggest consulting a recent survey on Hamilton-Jacobi

theory [54].
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2.3. Poisson and Jacobi Manifolds

A manifold P is called an almost Poisson manifold if it is equipped with a bilinear,
skew-symmetric bracket {e, } on the space of smooth functions C*(P), [13, 14, 55—
58]. This framework should satisfy the Leibniz identity, that is, for any arbitrarily

chosen functions Fj,

{Fl,FQFg} - {Fl,FQ}F3+F2{F1,F3}. (229)
On an almost Poisson manifold (P, {e,e}), consider the Jacobiator:

J: AC®(P) — C(P), (I, Fp, ) = O {F, {Fy, F3}}, (2.30)

where O reads the cyclic sum. If the Jacobiator is vanishing for an almost Poisson
manifold P, called that the bracket is satisfying the Jacobi identity, then we call

it a Poisson manifold. In this case, (P, {e, e}) is referred to as a Poisson manifold.

For a Hamiltonian function H defined on a Poisson manifold P, the Hamiltonian
vector field Xy is

Xy(F)={F,H}. (2.31)
If there exists a non-constant function C' such that for all F':
{F,C}=0 (2.32)

then the almost Poisson framework is called degenerate. Such a function C' is
called a Casimir function. It should be noted that a Casimir function cannot
cause any dynamics since the Hamiltonian vector field is identically zero for a

Casimir function.

In the realm of two Poisson manifolds (P, {e,e};) and (P, {e, e},), a differentiable

mapping ¢ from P; to P is called a Poisson map if it respects the Poisson brackets:
{FiH}eop={Fo¢,Hooh (2.33)
for all F' and H in C®(5).
A Poisson framework can be represented by a bivector field A as
A(dFy,dFy) = {F, Fy}. (2.34)
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Thus, alternatively, a Poisson manifold can be represented by a pair (P, A) consist-
ing of a manifold and a bivector field. There exists a Schouten-Nijenhuis algebra
on multivector fields. In this representation, ensuring the Jacobi identity leads to
the bivector field A commuting with itself with respect to the Schouten-Nijenhuis
bracket, that is

[A,A] =0. (2.35)

In this case, the characteristic distribution of the Poisson manifold P, meaning

the image space of all Hamiltonian vector fields, is integrable:
X{F1>F2} + [XF17 XFQ} = 0. (236)

This implies also that the manifold P has a foliation by symplectic leaves. This is

a consequence of the non-degeneracy of the Poisson framework on each leaf.

In the realm of almost Poisson manifolds (P, A), the induced mapping £, is defined

i THP) — X(P), (B,fa(a)) = Aa, B), (2.37)

where the pairing on the left-hand side reads the space I''(P) of one-form sections

with the space X(P) of vector fields.

Jacobi Manifolds. A manifold M equipped with a vector field £ and a bivector

field A reads a Jacobi manifold if the conditions
[A,A] =2ENA, [E,A] =0, (2.38)

are satisfied [16-18, 57]. Here, [o, o] denotes the Schouten-Nijenhuis bracket. A
Jacobi manifold is represented by a triple (M, A, £). From this framework, one

can establish an antisymmetric bilinear bracket:
{Fy, 5} = A(dFy,dFy) + FLE(Fy) — FRE(Fy), (2.39)
which adheres to the Jacobi identity and the weak Leibniz rule:
supp({ F1, Fo}) C supp(Fy) Nsupp(Fy). (2.40)

This indicates that the algebra reads a local Lie algebra in Kirillov’s sense [59].

Conversely, a local Lie algebra characterizes a Jacobi structure. Examples of
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Jacobi structures are locally conformally symplectic structures [60-63], locally
conformally cosymplectic structures [64, 65], contact manifolds [66], and cocontact

manifolds [67-70].

In the context of a Jacobi manifold denoted by the triplet (M, A, £), we introduce

a homomorphism from the space of one-forms to the space of vector fields:
b TNM) — XM, (fap),v) = Al ), (2.41)

for all 1 and v in T'Y(M). For a Hamiltonian function H, the Hamiltonian vector
field X4 is written as:

Xy = ta(dH) + HE. (2.42)

It is noteworthy that for the constant function H = 1, the Hamiltonian vector
field reduces to £. The mapping that links a Hamiltonian function H with the

Hamiltonian vector field Xy represents a Lie algebra homomorphism:

[XF17XF2] :X{F17F2}. (243)

2.4. Cosymplectic Manifolds

A triplet (M, 7,9Q) called an almost cosymplectic manifold involves a (2n + 1)-

dimensional manifold M, along with a one-form 7 and a two-form  such that
TAQY 0. (2.44)

If 7 and Q are closed, (M,7,Q) reads a cosymplectic manifold. On an almost

cosymplectic manifold, (cosymplectic) Reeb vector field exists, satisfying
lr-T =1, 1R~ = 0. (2.45)
We introduce the cosymplectic volume form:

Vol = 7 A Vol =7 A Q" (2.46)

Extended symplectic manifold R x M is a generic example of cosymplectic mani-
folds. Here, we construct a two-form €2 by pulling back the symplectic two-form
on M, and a one-form 7 by pulling back the differential form dt on R. This
process defines the cosymplectization (M, 7, Q) of the symplectic manifold (M, Q),
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where M = R x M. Generic examples of cosymplectic manifolds include extended
cotangent bundles R x T*(Q) as well. This geometric perspective suggests the use

of Darboux coordinates (t, ¢*, p;) on the cosymplectic manifold such that:
Q =dq" A dp;, T = dt. (2.47)

In this local setting, the Reeb vector field is expressed simply as:

0
RT = —. 2.48
For a cosymplectic manifold, we establish an isomorphism denoted as h°s:
b X(M) — THM), X =b*(X) =1xQ+ (1, X)7. (2.49)

Its inverse is denoted as £, where the one-form 7 maps to the Reeb field R”.

This determines a Poisson bivector field:
A% (e, ) = Q7 (), £7(8)) (2.50)
In this setup, we have:
faes (@) == Ao, ) = () — (o, RT)R". (2.51)
The Poisson bracket is now taking the form
{F,H}* = QU“(dF),§(dH)). (2.52)
The following equalities determine a cosymplectic Hamiltonian vector field:
Lxg Y =dH — (dH,R")T, txgT =0, (2.53)

The Jacobi-Lie bracket of two cosymplectic Hamiltonian vector fields is again a

cosymplectic Hamiltonian vector field and satisfies:
X, X5) = —X e (2.54)

Thus, the space of cosymplectic Hamiltonian vector fields forms a Lie algebra.
Furthermore, the algebraic equation (2.54) enables us to define a Lie algebra
homomorphism from the space C*(M) of smooth functions on the cosymplectic

manifold M to the space of cosymplectic Hamiltonian vector fields:
D :C°(M) — Xesnam(M),  Hrs X5 (2.55)
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In terms of Darboux coordinates (¢, ¢%, p;), the musical mappings 1 and faes are

computed as:

1 audg' 4+ o'dp' + udt — o/i 0 + ug
oq 8pZ ot
(2.56)
o, 0
Baes + oudg’ + o'dp’ 4+ udt — o' —— — a;——.
oq' Ip;
The bivector A® and the Poisson bracket are computed as:
s 0 0 s OHOF OHOF
A% = {F,HY(t q,p) = (2.57)

dq' Opi’ Op; 0g'  Oq' Op:’
Although the cosymplectic Poisson bracket {e e} looks like the symplectic
Poisson bracket, they are distinct. The bracket in (2.19) is non-degenerate, while
that in (2.52) is degenerate, allowing non-constant Casimir functions. Functions
dependent only on ¢ are Casimir functions for the algebra (2.52). Notice that,
if the real variable ¢ is identified with the time (we will be more clear about
this discussion in the upcoming paragraphs where we present evolution vector

fields) then the dynamics determined by the cosymplectic Hamiltonian vector field

represents time dependent Hamiltonian dynamics

@(t ) 5, — oH
apz 7q7p7 p’t_ a Z

-1

q' = - (t,q,p). (2.58)

For a Hamiltonian function H, we define an evolution vector field E using the

following conditions:
tp,d=dH — (dH,R")T, Lp, T = 1. (2.59)

Notice that, expressed in terms of the musical isomorphism §“ and the Reeb field,

the evolution vector field is:
Ey=4PdH)+ R — (dH,R")R". (2.60)

In this formulation, the first and third terms compose the Hamiltonian vector

field X%;. In the Darboux coordinates (¢, q", p;), we have:
o OH O O0H 0

Ey(t - — — 2.61
Wb 0P =5+ 50 00~ g op, (2:61)
and the dynamics generated by the evolution vector field Ey is precisely:
. . OH oH
. q api(,q,p), p az< 4, D)- (2.62)
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Since t = 1, we can consider ¢t as a time-parameter up to an affine term. Thus,
we can argue that cosymplectic Hamiltonian dynamics provides a convenient

geometric formulation for time-dependent Hamiltonians.

Hamilton-Poincaré Realization. Consider the cotangent bundle 7% with the
Liouville one-form 6y and the symplectic two-form {1g. Additionally, recall
the cosymplectic pair (7,2) in (2.47) defined on the extended cotangent bundle
R x T*(@). By means of a Hamiltonian function H, an alternative cosymplectic
structure on the extended cotangent bundle is determined through the Hamilton-

Poincaré forms:
Oy = 0 — Hdt, Qy = Qg +dH N dt, (2.63)

respectively.

Noting 7 = dt, it is straightforward to observe that (R x 7*Q, T, €)y) forms a
cosymplectic manifold. For this second cosymplectic structure, the Reeb field R,

is defined as:

L’R;{dt = 1, LR;‘Q’H = 0. (264)
Note that the evolution vector field Fy and R}, are equivalent.

HJ Theorem for Cosymplectic Hamiltonian Dynamics. The Hamilton-Jacobi
problem involves determining a smooth function S = S(¢%,t) defined on the

extended space () x R, satisfying the equation:

S L 0S(gh )

Here, f(t) is an arbitrary real-valued function. In the classical realization of

time-dependent Hamilton-Jacobi theory, the function f is often taken to be zero.
We determine mappings:

F:QXR—TQxTR,  (q.t)— (3(q.1),t,5(q,1)),

V:RXR—T"Q xR, (q,t) = (Y(q,t), ).

(2.66)

Considering T*R = R x R, where each fiber TyR is isomorphic to R for ¢t € R:
¥(q,t) lies in T*Q, while J(q, t) resides in R. It is notable that under this notation,
the equation v = 7 o 4 holds true.
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Consider now a time-dependent Hamiltonian function H on the cosymplectic man-
ifold R x T*(@). Notice that, the evolution flow Fy generated by the Hamiltonian
function H is defined by the cosymplectic formulation in (2.59). Referring to the

projection 7, we pull-back H and define the extended Hamiltonian
H(z,t,8) = *H(z,t) + s (2.67)

on the cotangent bundle 7*(Q) x R). The flow X3+ generated by the Hamiltonian
function H* is determined through the symplectic relation tx,,.Q = dH*. Here,
Q is the (lifted) symplectic two-form given locally as Q = dq* A dp; + dt A ds. In
terms of Darboux coordinates, these vector fields are computed to be

Lono w0 o omd
COpi0¢f O¢i Op; Ot Ot Os’

It is evident from the local observation that X3 and Ey are m-related [71], that

Xy (2.68)

is,

E’H o = T7T o X'HS' (269)
We project the vector fields X#s and Ey to the extended configuration space
@ X R by means of the sections 4 and ~. Accordingly, we arrive at the following

vector fields
ths =Trgoxr 0 Xys 07, Ej =TT 0 Xy 07, (2.70)

respectively. The projected vector fields X7, and Ej, coincide. By choosing
7 = (g, t)dq" we have that
0 O0H 0

Xi. =, =2+ <
" 0t Opilp=sian 0

(2.71)

We state the following geometric Hamilton-Jacobi theorem for cosymplectic mani-

folds [71].
Theorem 2.2. Suppose 7 is closed. Then, the following conditions are equivalent:

1. X7 and Ey are connected as

TroTyo X "H* = Eyomo?. (2.72)

2. This equation holds true:
d(H® o 7) € (7). (2.73)

Here, (1) means the space spanned by T.
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2.5. Contact Manifolds

Hamiltonian dynamics is defined on Poisson (more specifically symplectic) mani-
folds that offer a reversible motion where the Hamiltonian function is preserved.
A generalization of the classical Hamiltonian dynamics offering irreversible dy-
namics is achieved on contact manifolds. In this subsection, we are recalling this

formalism.

Let N be an odd-dimensional manifold of dimension (2n+1). A contact structure
on N is a maximally non-integrable smooth distribution of codimension one,

defined locally by a one-form n with the non-integrability condition
dn" An # 0. (2.74)

Such a one-form 7 is called a (local) contact form [5, 66]. We consider the existence
of a global contact one-form and denote a contact manifold by (N,7). Given a

contact one-form 7, the vector field R" satisfying
tran = 1, trndn =0 (2.75)

is unique, and it is called the (contact) Reeb vector field. For a contact manifold

(N,n), there is a musical isomorphism
b X(N) — THN), € redn+ (9, En, (2.76)

We denote the inverse of (2.76) by . Referring to this, we define a bivector field
A on N as

Aa, B) = dn(tev, £8). (2.77)

The pair (A, R") gives a Jacobi structure [16, 17|, since they satisfy (2.38). This

realization permits us to define a Jacobi (contact) bracket
{F,H} = A(dF,dH) + FR"(H) — HR"(F). (2.78)

Notice that this bracket satisfies the Jacobi identity but not the Leibniz identity.

Dissipation on Extended Manifold. Consider a contact manifold (N,n). We define
the contact Hamiltonian vector field & as [72-76]

gy dn=dH —R"(H)n,  wn=-—H. (2.79)
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The relationship between the Hamiltonian vector field and the contact bracket is

given by the equation
En(F)={F,H}*— FR"(H). (2.80)

For a given Hamiltonian function H, the contact Hamiltonian vector field is a
strict contact vector field if and only if R"(H) = 0. Accordingly, one has strict

contact Hamiltonian vector field as
Lg, dn = dH, Lg,m=—H. (2.81)

In order to observe the dissipative behaviour of this dynamics we exhibit two

calculations:
LoH=—RUHIH,  Le(nA(d)") = —(n+ )RIH) A (dn)",  (2.82)

where the former one is showing that the Hamiltonian function is not preserved
under the Hamiltonian function whereas the latter gives the dissipation of the
volume form nA (dn)™ (given for 2n+ 1-dimenisonal contact manifold). Accordingly

we compute the divergence of the contact Hamiltonian vector field as

div(éx) = —(n + DRI(H). (2.83)

A generic example of a contact manifold is the extended symplectic manifold
N =T*Q x R. It is to write the contact one-form referring to the canonical
one-form g and the differential one-form dz defined on R. More concretely, by
the abuse of the notation (we denote pullbacks and pushforwards of the tensor

fields by the same notation not to cause notation inflation), we have
n=dz—0g. (2.84)

In the Darboux coordinates (¢', p;, 2) on N, the contact one-form and the Reeb

field are computed to be

0

= dz — pidg’, =,
n = dz — pidq R 5

(2.85)

Furthermore, in the Darboux coordinates, the bivector Ap-gxr is computed to be

A _ 0,0 - 9,0
TR og " ap oz ap:

(2.86)
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Here, the first term is due to the canonical Poisson bivector field Ap«g on T*@Q
obtained from the symplectic two-form (2. By defining the Liouville vector field

| 0
AY(q',pi, 2) = Pig, (2.87)

i

on the extended cotangent bundle, we can write the contact bivector field as
AT*QXR - AT*Q + Rn /\ A* (288)

In the local picture, the contact bracket (2.78) is written as

OFOM _OFOH ([,  OF\OH ([,  OH)OF (2.89)
dq Opi  Op; O Pian ) B2 S Co=

{F7H} = 82

Accordingly, the contact Hamiltonian vector field for a given Hamiltonian function
H = H(q", pi, z) becomes

OH 0 oH OH 0 oH 0
En = op; g o <aqi + 0zpi> 6792 + (plal)z - H) o (2.90)

Thus, we obtain the contact Hamilton’s equations for H as

d¢¢ OH dp; oH oH dz oH
g’ _ L LY 2.91
it~ op,  dt 0w oz ar Py (291)

Lagrangian Dynamics. To add dissipation to the Lagrangian dynamics on the
tangent bundle T'Q), we extend it by a real line and get the extended tangent
bundle TQ x R equipped with the induced coordinates (¢', ¢*, z). Hence, dissipative
dynamics is generated by a Lagrangian function L = L(q’, ¢*, z) on TM x R. To
derive the dynamical equations governed by such a Lagrangian function, the
application of the Herglotz principle is necessary. This principle is defined by an
action functional, as described in [77-80], with a more comprehensive coverage
in [81] for singular Lagrangians. In the present work, we present the discussion
for regular Lagrangians. For a regular Lagrangian function L, the fiber derivative
determines a diffeomorphism from the extended tangent bundle T'Q) X R to the
extended cotangent bundle 7*Q x R as

L . OL
FL:TQ xR —T7Q xR, (¢', 4", 2) — (¢, P 2). (2.92)
qZ

We pull the contact one-form n on T*Q x R and write it as n?. This reads a
contact manifold (T'Q x R,n’). We define the energy function

L OL

Er(d,d' z) = ¢ 95 L(¢', ¢, 2), (2.93)
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and determine the contact motion on the extended tangent bundle T'Q) x R. On

the dual picture the energy function corresponds to the Hamiltonian function

Hence, from the contact dynamics (2.81) given in coordinate-free manner, assuming
H := E, as the contact Hamiltonian function and 7 := n” as the contact one-form,

we arrive at the Herglotz equations (also known as the generalized Euler-Lagrange

equations)
doL 0L O0LOL
Rl i) (2.95)
dt 0¢¢ 0q¢* 0¢' 0z
See that this generalizes the classical Euler-Lagrange equations
d oL 0L
Bl 2.96
dt 0¢*  0q¢* ( )

for a Lagrangian function L = L(q’, ¢*) defined on the tangent bundle T'Q.
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3. LIE ALGEBRA(OID)S AND COUPLINGS

3.1. Lie Structures

3.1.1. Lie Algebras

Let g be a vector space over the real numbers R. It is called Lie algebra if it

admits a bilinear operation
[0.0] :gxg—g, (3.1)

which satisfies, for all £, ¢, and ¢ in g,

o the skew-symmetry

o the Jacobi identity
(€. ¢l el + [le; €], ¢+ [[¢, ], €] = 0. (3.3)

Here, the bracket in (3.1) is called Lie bracket. We denote a Lie algebra by a

two-tuple (g, [, ®]) and sometimes by only g if the content is clear.

In finite dimensions, assume that a Lie algebra g admits a basis {¢;}. Computation

of the Lie brackets of two basis elements
[es, ¢5] = Cliey, (3.4)

determines a set of scalars C’fj in R. This scalars are called structure constants of
the Lie algebra. The skew-symmetry of the Lie bracket reads that the constants

are skew-symmetric under a reordering of the subindices that is
ko k
Further, the Jacobi identity asks that the following equality
CECH + CrC 4+ ChCit =0 (3.6)

must be satisfied. It is immediate to see that a basis admitting a set of scalars

defines a Lie algebra if and only if the set satisfies (3.5) and (3.6).
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A vector subspace of a Lie algebra g is called a Lie subalgebra if it is closed under

the Lie bracket. An ideal i C g is a subalgebra satisfying the stronger condition

[g.i] C . (3.7)

A linear map from a Lie algebra to another Lie algebra is called Lie algebra

homomorphism if it respects Lie brackets. That is, a linear mapping

¢ (01,[0,0]1) — (02, [o, 0)5) (3.8)

is a Lie algebra homomorphism if

o([6.€) = [p(©), p(&)]s (3.9)

for all £ and ¢ in g;. A Lie algebra homomorphism is called a Lie algebra

isomorphism if it is also an isomorphism (that is bijective).

A derivation on the Lie algebra g is a linear map D : g — g that obeys the Leibniz

rule
D(I€,€) = [D(€). €T+ [§, D(E)]- (3.10)
The inner derivation associated to any ¢ € g is the adjoint mapping

ade : g — g, adel' = [€,¢]. (3.11)

This is a derivation as a consequence of the Jacobi identity. The derivations form

a vector space which is a Lie algebra under the commutator bracket
[Dl, DQ] = D1 o D2 - D2 o Dl (312)

where o denotes the composition of mappings.

Lie algebra is a vector space, and its dual space is denoted by g*. The left coadjoint

action of the Lie algebra g on its dual space g* is defined by
ad*: g x g" — g",  (adip, &) = —(u, adef). (3.13)

Lie-Poisson Dynamics. We start with a Lie algebra (g, [e, ®]). The dual of a Lie

algebra g* admits a Poisson bracket, called Lie-Poisson bracket. In this case, for
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two function(al)s f and h on the dual space g*, the (plus) Lie-Poisson bracket is
determined by

U =(n L2 wew (3.14)
where df/op is the partial (for infinite cases, the Fréchet) derivative of the
function(al) f, the bracket on the right hand side is the Lie algebra bracket on g,
and the pairing is the duality between g* and g. Note that, to make this definition
holds for all function(al)s, one needs to assume the reflexivity condition on g,

that is the double dual g™ is in g. In this case, the derivative d f/du becomes an
element of the Lie algebra g and this makes the definition in (3.14) valid.

The dynamics of an observable f, governed by a Hamiltonian function(al) h, is

then computed to be

f =100 = (n Bﬁfm )

5
_ <u, _adéh/du(SD (3.15)

s 0f
= <ad6h/6uﬂ> 5M>

Then, we obtain the equation of motion governed by a Hamiltonian function(al)

h that is the Lie-Poisson equation
fr = adsy, 5, - (3.16)

FEuler-Poincaré Dynamics. Consider a real-valued Lagrangian function [ defined

on a Lie algebra g. Take the variation of the action integral:

5/abug) dt = /ab<§é,5g> dt. (3.17)

The extremum of this action integral reads the Euler-Poincaré equation

d ol 3l
— = _qdt=. 1
dtoe — ese (3.18)

The critical step in the variation is to use the the principle of reduced variation
given by
6§ =n+[&n], (3.19)

see [82, 83].

30



Coordinate realizations. Assume an N-dimensional Lie algebra g admitting a basis
{e;} = {e1,...,en}. One has the dual basis {¢'} = {e!,...,e"} on the dual space
g* defined to be

(e, €)= 7. (3.20)

Here (55 is the Kronecker delta which gives 1 if the indices i and j are the same
and gives zero otherwise. We denote an element of g* by p = ue’ where the
coordinates {j1, ..., ux} are being real numbers. The Lie-Poisson bracket (3.14)

can be computed in this coordinate picture as

(7 h = Chyug 0

” —_— 3.21
! kﬁm s ( )

where ij are being the structure constants on g. The calculation in (3.21) reads

that the coefficients A;; of the Poisson bivector linearly as follows
Agj = Cl k. (3.22)

In this case, the Lie-Poisson equations (3.16) are computed to be

oh
b= CEup 2L 3.2
I C”Mkauj (3.23)

3.1.2. Leibniz Algebras

Let us recall the concept of a (left) Leibniz algebra as outlined by [31], with
supplementary insights from [84, 85]. A (left) Leibniz algebra, denoted as £, is a
structured vector space endowed with a bilinear skew-symmetric operation [e, e]
on £. This map adheres to a fundamental property known as the Leibniz identity,

expressed by
€ [Cell = [[& ¢l el + [C [€: €] (3.24)

for all elements &, ¢, and € belonging to £. We denote a Leibniz algebra by a pair
(£, [e, ).
A representation of a Leibniz algebra (£, [, ®]) on a vector space V' consisting of

the following linear mappings

AL —gl(V), p:L— gl(V), (3.25)
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whereby

A([E, €I) = A(E) 0 A(C) = A(C) o A(8), (3.26)
p([E, CI) = &) o p(C) — p(C) o A(), (3.27)
p(C) 0 p(&) = —p(C) 0 A(E), (3.28)

for every pair £, ¢ € £. Here, gf(V') denotes the space of general linear operators
on the vector space V. It is worth noting here that we may also use the term
“representation” for (V, A, p), or just for V when we want to refer to the vector

space on which the algebra has a representation.

In another perspective, referring to the left and right actions, we may view A as a

left action

L8RV —V,  frvi=AE)(v), (3.29)

while we can view p as a right action
G:VeL—YV, v<a = p(&)(v), (3.30)

for any £ and ¢ in £, and any v in V. Accordingly, the conditions (3.26)-(3.28)

may be rewritten as

€ ¢lpv=¢>(Cpv) — (> (E>v), (3.31)
valg, (=& (vag) = (Epv)ag, (3.32)
(vaf)a(=—(Epwv)<l. (3.33)

Suppose we have a Leibniz algebra £ and a representation V' of £. It can be
readily confirmed that V' x £ :=V & £ forms another Leibniz algebra through

the operation
(0,6, 0] = (pw+va¢, [6.0), (3.34)

known as the semi-direct sum Leibniz algebra.

For a (left) Leibniz algebra £, a linear mapping D referred as a derivation if it

satisfies
D([¢,¢]) = [D(€),¢] + [, D(Q)] (3.35)

for all £, ¢ € £. Given a Leibniz algebra £, the (left) adjoint action
adf : £ — &, adf (¢) = [€,(] (3.36)
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behaves as a derivation for any £ in £. This conclusion directly follows from the
properties of (left) Leibniz algebras and the behaviour of the differential operator

defined in terms of the Leibniz bracket.

Let £ be a Leibniz algebra, and suppose V' is a representation space of £. Then,
we define a structure CL(£L,V) as the direct sum of spaces CL™(£, V) for all
non-negative integers n, where C'L"(£, V') consists of linear maps from £ raised
to the n-th tensor power to V:

CL(E, V)= CL"(L,V),  CLY(LV):=Hom (5" V).  (3.37)

n=0

This structure is equipped with a differential operator d, which acts on CL™(£, V)
and is given by

A6 &) = D (D6 6 G 606l €an)

1<i<j<n+1

. i (3.38)
+ Z (_1)k+1 ék > f(gla cee 7€k7 cee 7§n+1) + (_1)n+1 f(glv cee 7571) <]€7L+1~
k=1

The operator d takes a function f from C'L™(£, V') and produces another function
involving the Leibniz bracket and actions of elements of £ on f. This construction
forms what we call a differential complex. The homology of this complex, denoted
H(CL(L,V),d), is termed the Leibniz algebra cohomology of £ with coefficients
in V', represented as HL*(£, V).

3.1.3. Lie Algebroids

Given a manifold M, a Lie algebroid A over the base manifold M is a vector

bundle 7 : A +— M, together with a map
as: A—TM (3.39)

of vector bundles, called the anchor map, and a skew-symmetric bilinear bracket
[e, 8] 4 on the space I'(\A) of sections of A so that
(1) aa([X1, Xola) = [aa(X1), aa(X2)],
(@) [Xu, fXo]a = f[X1, Xola + Layxy) ()Xo, (3.40)
(1d) O [Xy, [X2, Xs]laa =0,
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for any X, X, and X3 in I'(A), and any f in C*>°(M) [86-88]. The condition (iii)
is the Jacobi identity. A Lie algebroid is denoted by a quintuple

(A7 7, M? au, [‘7‘].»4)7 (341)

or in short by A, or presented by a commutative diagram

A Y - TM (3.42)

N

M

where 1), is the tangent bundle projection.

In a finite-dimensional setting, consider a local coordinate system (x%) on the
base manifold M and a local coordinate system (z%,y) on the total space A.
Simultaneously, select the basis set (e,) for the section space I'(A). In this setup,
we can represent the anchor map a4 and the structure functions for the Lie

algebroid frame as

0

L%a [eozv eﬁ]A = *6’;56’7' <343)

aa(ea) = (aa)
Here, (a4)!, represents the components of the anchor map matrix, and Sﬁlﬁ denote
the structure functions corresponding to the Lie algebroid frame.
The representation of a Lie algebroid (A, 7, M, ay4,[e,e]) on a vector bundle
(B, k, M) is defined to be a map

o:T(A) xT'(B) — T'(B), (X,Y)—o(X,Y)

such that for arbitrary sections X, X7, Xs in I'(A) of the algebroid, for any section
Y in I'(B) of the vector bundle, and any function f in C>°(M) defined on the base
manifold the following conditions

o(fX,Y)= fo(X,Y),

o(X, [Y) = fo(X,Y) + Layx) ()Y, (3.44)

O'([Xl, X2].A7 Y) == O'(Xl, U(XQ, Y)) — O'(Xz, O'(Xl, Y))

are satisfied respecting the C*(M)-module structure of the sections.
Let (A, 7, M, ay,[e,e]4) denote a Lie algebroid. We express its dual bundle as

(A*, 7, M). Here, 7 is the projection dual to the projection 7. The fibers of
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A* over each point x in the base M, denoted as A* = 7~ '(x), are the linear
algebraic dual vector spaces of the fibers of A corresponding to A, = 77 !(x). For

fundamentals on Lie algebroid geometry we refer [89-91].

The space of functions on the dual space A* is spanned by two classes of functions.
The first class consists of constant functions on fibers, i.e., functions on the base
M. The second class consists of linear functions on fibers, i.e., the sections of the
projection 7. Let us analyze the first class. For a function f on M, we can define

a function f on A* as follows:

f:A — R, f(u) = fonr(u). (3.45)

The second class will be obtained from the sections of the Lie algebroid A. For

this, let us take a section X. The linear function X on A* for every u in A* is
defined as:

X A — R, X(u) = (u,X on(u)). (3.46)

For these functions, a Poisson bracket on A* is defined as:
{(F.9ta =0, {f.X}a =Ll X Xoja =X, X, (347)

Here, the value of the second bracket on the right-hand side is the directional

derivative of the function f in the direction of the vector field a4 (X).

In finite dimensions, let (z*) be a local coordinate system on M and (z*,y®) be
a local coordinate system on 4. In parallel, choose the basis set (e,) for the
section space I'(A). Let us choose the dual basis (e) for the section space of
A*. Assuming (2%), (2%, y%), and (z°, y,) are local coordinates on M, A, and A*
respectively, the Poisson brackets in (3.47) take the form [91-93]:

{xi7 Ij}A* =0, {xi7 ya}A* - (a.A)iw {ym yﬁ}A* = ﬁlﬁyw (348)

where (a4)?, represents the components of the anchor map in the chosen bases,
and )5 are the structure functions determined in equation (3.43). In light of
these local representations, the Poisson bivector corresponding to the Poisson

bracket is computed to be

1 0 0 .0 0

Ags = =9 gy — N — L= N 3.49
A 2"6(153/’7 aya ayﬂ + (a.A)a ori aya ( )
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For a Hamiltonian function H defined on the total space of the dual bundle A*

the Hamilton’s equation is

CCZ;; = Xy (u) = {u, H} 4~ (3.50)

Accordingly, in finite dimensions, the Hamiltonian vector field X4 is computed to

be

, OH 0 OH COH\ 0
e a2

v _ - __
O‘ﬁy ot ﬁaﬁyy@w * (aA)O‘&xi Mo

The integral curves of the section given by this vector field satisfy Hamilton’s

(3.51)

equations in coordinates:

dr' OH dye ., OH . OH
o= (a4 )aa - = ﬁagyya—yﬂ ()i - (3.52)

Consider a Lagrangian function L = L(z*,y®) on the Lie algebroid A. To study
the Lagrangian dynamics in a coordinate-free approach without referring to the
Poisson structure on the dual bundle, see [92, 94]. The Legendre transformation
(fiber derivative) is a map from the Lie algebroid to the dual bundle as
oL )

FL: A— A", (xi,ya) — (xi,ya = a—ya

(3.53)

Assuming that the Lagrangian is regular (non-degenerate) we argue that the
Legendre transformation is a (at least local) diffecomorphism. Referring to the
Legendre transformation, we pull the Poisson structure on the dual bundle A* to
the Lie algebroid. This reads a Poisson structure, denoted by {e, e} 4, on the Lie

algebroid as well. Define the energy function determined by L as

oL

L A—R, Ep(x', y®) = e

Aoy = L, y). (3.54)

On the space A, the dynamics is computed to be

dxt . d
7 {", Er}a, i ={y", Er}a. (3.55)

Explicitly computing we arrive at the following Euler-Lagrange equations on the

Lie algebroid as [93]:

d OL oL oL dx’ ,
il — ﬁ — i,
dt aya ( )aa i + '6 ay77 dt (u.A)ay : (356)
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3.1.4. Real Line Extensions

In this subsection, we mainly follow [95-97]. Suppose that (A, 7, M, a4, [e,e]4)
is a Lie algebroid and (A*,m, M) be its dual vector bundle equipped with the
associated Poisson structure A 4+ defined globally in (3.47) and given locally in
(3.49). As we have arrived at the dissipative dynamics starting from the canonical
Poisson structure by the real line R extension, we extend the Poisson manifold
A* by R to define contactization of the Poisson structure A 4. This will lead
us a Jacobi manifold structure on A* x R. Accordingly taking local coordinates
(7', Yo, z) on the extended bundle A* x R, and referring to (2.88), we define the
following bivector field

0 9, 0 0 0 9,
aiya/\aiyﬂ‘{'axi /\aiya‘{'ya&/\aia, (357)

. 1
Apxr =AM +RAA" = 5552/3?/7

where the Reeb field and the Liouville vector field are given as

0 0
R 827 yOé aya b (3 58)

respectively. It is possible to see that the pair (A-xr, R) determines a Jacobi

structure. Hence we can define a Jacobi bracket on A* x R as follows:
{F,H} 4+ xr = A xr(dF,dH) + FR(H) — HR(F). (3.59)

Assuming the local coordinates (7, y, z) on the extended space, we compute the
local realization of this bracket as
{xiy l’j}A*xR =0,
{z,2"} 4xr =0,
{2 Yatarxr = Ya, (3.60)
{2, Yot axr = (04)5,
{Ya, Ystarxr = 925
where (ay)’, is the anchor map whereas 9, are the structure functions of the Lie

algebroid.

For a given Hamiltonian function H = H (2", ¥, 2) defined on the extended dual

space A* x R, the Hamiltonian vector field is defined to be
u(F) = {F. H}aoxr — FR(H). (3.61)
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So, in the local coordinates (z°, Y, 2) on A* x R, the Hamiltonian vector field is

computed to be

OO (Mo oy o
S = (aA>a(9ya o' <(a“4)°‘8xi —Haaﬁ%&yg Ty ) e

OH 0
+ <ya8y — H) @

(3.62)

In accordance with, we have the dissipative Hamiltonian dynamics on the extended

dual space A* x R of the Lie algebroid A as

da' _ (a4) oH

at A YOYs’
Wo _ Oy OHOH

dt - (aA)a ot ﬁa,ﬁy’Y ayﬁ Yo Oz ) (363)
dz OH

% - yaaiya —H.

A particular instance is to choose the Lie algebroid A = T'M and the anchor
map as the identity mapping. This gives the dual space as A* = T*M as the
cotangent bundle. In this case, the Hamiltonian vector field reduces to the contact
Hamiltonian vector field (2.90) and the dynamical equations turn out to be the

contact Hamilton’s equations (2.91).

Let us obtain the Lagrangian picture of the real line extension permitting dissi-
pative terms. Even though, in general, it is possible to have this for any (even
singular) Lagrangian functions, we show this construction for regular Lagrangian
functions. Consider a Lagrangian function L = L(z',y%, 2) defined on the ex-
tended Lie algebroid A x R with coordinates (z%,y%, z). We then define the fiber

derivative (or the Legendre transformation)

FL: AxR— A" xR, (z',y*, 2) > (2 (3.64)

¥ z).
The regularity of the Lagrangian function reads that the fiber derivative is at least
a local diffeomorphism. This provides us to pull the Jacobi structure (A g«xr, R)
back to the extended Lie algebroid. We denote the Jacobi structure on A x R
by the pair (A4xg, R). This pair determines a Jacobi bracket {e, e} 4.z on the

extended space. Defining the energy function

) oL .
EL(QfZ,ya?Z') :yaaiya _L<xl>ya7z) (365)
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as the Hamiltonian function, we can determine the equations of motion as in the
form of Herglotz equations

d oL 0L, 0L QL OL

dtoye g =P s G Gy
dz’ .
(0 g (3.66)
d 4
d—i = L(x",y%, 2).

Let us examine a particular case A = T'M, where the Lie algebroid is the tangent
bundle. Note that in the case, equations (3.66) are equivalent to the Herglotz

equations of the classical form in (2.95).

Another case is obtained by taking A as a Lie algebra. In this case, we arrive at the

Jacobi bracket on the extended dual space g* x R equipped with the coordinates

(Ya, 2) as

{Z,ya} *xR = Yo,
o (3.67)

{Wa, Ystorxr = HopYy-

Then for a Hamiltonian function h = h(ya, z) on g* x R we have the Lie-Poisson-

Herlogtz equations:

Ay . Oh oh

T Destigy, Ve,
F— (3.68)
T T

In this case, the equations (3.66) reduces to the Euler-Poincaré-Herglotz equations

4oL oL _oLoL

dt Oy~ T Dagl oyr 0z Oy’ (3.69)
= _ L(x',y%, 2).

dt ) )

3.2. Couplings of Algebra(oid)s

3.2.1. Unified Product

Let (A, 7, M, a4, [e, e]4) be a Lie algebroid and (B, k, M) be an arbitrary vector
bundle together with a vector bundle map ag : B — T'M. Our goal is to couple
these two bundles respecting their algebraic and geometric properties. To this

end, we first define the Whitney (direct) sum vector bundle A x B over the base

39



manifold M. For now, this is only a vector bundle. We shall now determine a Lie
algebroid structure on this space. Start by assuming the existence of the following

skew-symmetric bilinear maps
Y :T(B)AT(B) — T'(A), 0:T(B)AT(B) — T'(B) (3.70)

on the sections of the vector bundle. In the sequel, the role of these mappings
will be more clear. For now, referring to these maps, we write a skew-symmetric
bracket of two elements Y7, Ys in I'(B) taking values in the direct sum of the section

spaces I'(A) and I'(B) as follows

(0,05 : T'(B) A['(B) — T'(A) @ T'(B), (3.71)
V1, Yals = (Y1, Ya) + 6(Y1, Ya). |

Here, I'(A) @ T'(B) denotes the direct sum of the section spaces. See that, this fails
to be closed on I'(B) due to the presence of ¢ called cocycle term. We continue

our construction by defining two mappings
p:T'(B) xT'(A) — I'(A), o:T(A) xT'(B) — I'(B). (3.72)

Referring to all these operations, on the sections of the bundle A x B, we define

the following bracket
FAxB)AT(Ax B) — T'(Ax B),
(X1, Y1), (X2, Y2)]0, = <[X1>X2]A —p(Ya, X1) + p(Y1, Xo) + (Y1, Y2), (3.73)
(Y, Ya) — o(Xo, V1) + o( X0, Y2)>.
This bracket is skew-symmetric but it does not necessarily satisfy the Jacobi
identity. We shall determine the conditions on the mappings ¢ and € in (3.70),

p and o in (3.72) to ensure the Jacobi identity is satisfied. Before listing these

compatibility conditions let us exhibit a bundle map
Opq, = A X B —TM, (X,Y) = as(X) +ag(Y) (3.74)

which will play the role of an anchor map.

After a direct computation, we obtain a list of conditions on v, 6, p and o for the

vector bundle A x B to be a Lie algebroid with the bracket [e, o], given in (3.73)
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and the anchor map a., in (3.74). We present these conditions as follows. First
of all, we ask that ¢ must be a Lie algebroid representation on the vector bundle
B. then we obtain the following cyclic identities relating the terms v, 8, p and o

as

O P(0(Y1,Y2),Y3)— O p(Y3,9(Y1,Y2)) =0,
O O(0(Y1,Ys),Ys)+ O a(v(Y1,Ys),Ys) = 0,

(3.75)

for X; in I'(A), and Y; in ['(B) with ¢ = 1,2,3. Here, O reads the cyclic sum.
These conditions are obtained by employing the Jacobi identity directly to the

product bracket. Further, we have the following conditions:

[p(Ys, X2), Xa]a — [p(Y3, X1), Xo]a

= p(o(X2,Y3), X1) — p(¥3, [X1, Xo]a) — p(o(X1,Y3), Xa),
p(Ys, p(Ya, X1)) + p(0(Yz, Y3), X1) — p(Ya, p(Y3, X1))

= —1h(0(X1,Y2),Ys) — [1(Ya, Y3), X1]lua — ¢ (Ya, 0 (X1, Y3)),
—o(p(Ya, X1),V3) — 0(X1,0(Y2,Y3)) + o(p(Ys, X1), Y2)

(3.76)

= —Q(U(Xl,Yé),Yz),) + H(J(Xh}/?)%}/?)

Then we compute the Leibniz rule for this picture which results in

(Y1, fY2) = fyp(Y1, Ya),

0(Y1, [Ya) = fO(Y1,Ya) + Loy (f)Ya,
p(fY. X) = fp(Y, X),

p(Y, fX) = fp(Y, X) + Lagr)(f)X.

(3.77)

We conclude the compatibility condition list for the unified Lie algebroid setting

by those related with anchor maps:

[as(Y), aa(X)] = aa(p(Y, X)) — as(o(X,Y)),

[as(Y1), a5(Y2)] = ax(¥(Y1,Y2)) + ap(0(Y1, Y2)).

(3.78)

If all the conditions in (3.75)-(3.78) are satisfied then we write A >, B instead of
a direct sum notation to exhibit the unified product Lie algebroid character of the

algebraic structure. We record all of these observations in the following theorem.

Theorem 3.1. A Lie algebroid (A, 7, M,a4,[e,e|4) and a vector bundle (B, k, M)

admitting mappings (3.70) and (3.72) determines a (unified product) Lie algebroid
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structure

("4' [><]1/) B7T><l¢7M7 abﬂwa [.7.]l><lw) (379)

with the Lie bracket (3.73) and the anchor map (3.74) if and only if the conditions
listed in (3.75)-(3.78) are satisfied.

This theorem establishes coupling a Lie algebroid with a vector bundle due to the
presence of mutual representations and a cocycle term. In the following subsection,
where the bicocycle double cross product theory is presented, we add another
cocycle term to facilitate the coupling of two vector bundles by relaxing the Lie

algebroid requirement of one of the constitutive spaces.

In finite dimensions, let us establish a local coordinate system (x%) on M, and
denote the module basis of the transitive C*>° (M )-module of sections of A by (eq).
This induces local coordinates (z%, y*) on A. Similarly, let us represent the module
basis of the transitive C*° (M )-module of sections of B as (e,). So that we consider
the local coordinates (2, %) on B. Accordingly, by the abuse of notation, we refer
the module basis of the direct sum bundle A >, B by the set (eq,e,), and the

local coordinates by (z°,y“,y®). For the anchor map, we have

i i 0
oy (00) = (@A) o 00) = ()i (3.80)
For the mutual representations p and o exhibited in (3.72), we assume
plea, ea) = R ep, 0(ea,eq) =~ ey, (3.81)

respectively. For the mappings ¢ and 6 in (3.70), we record the local coordinates

as
V(ea, er) = Pea, 0(€q, €6) = Thyea, (3.82)

respectively. In light of these characterizations, we compute the unified product

Lie brackets as

[657 67]N¢ = 5%«,%,
[eb’ ed]bﬂw = ;‘Bl?dea + ‘ngeau (383)

[€ar €alpa, = %faeg + &b ey,

where $3 are structure functions of the Lie algebroid A presented in (3.43).
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We present the following theorem, referred to as the universal theorem for unified
product Lie algebroids which elucidates the decomposition of a Lie algebroid as a

direct sum of one of its Lie subalgebroids and the complementary bundle.
Theorem 3.2. Let (M, v, M, a,[e, e|r) be a Lie algebroid and

(A,T:v

o Moo=l fo,ela = (ool ) (3.84)

be a Lie subalgebroid so that M = Ax B as vector bundles, for some complementary

vector bundle

M). (3.85)
Then M is a unified product Lie algebroid that is, M = A vy B. In this case,

the cocycle term and the mutual representations are computed through
These mappings are satisfying (3.75)-(3.78).

As a particular instance of the unified product Lie algebroid structure we consider
that the base manifold M is a single point. Referring to the previous constructions,
this particular choice reads a Lie algebra g and a vector space . In this case, all
the anchor maps turn out to be identically zero. We assume the existence of ¢
and 6 mappings presented in (3.70) and representations p and o in (3.72). The
Lie algebra bracket [e, o], on the vector space g @ b is structurally the same with

(3.73). We write the following theorem for this case.

Theorem 3.3. A Lie algebra (g, [e, ®];) and a vector space by admitting mappings
(3.70) and (3.72) (with g =T'(A) and b = I'(B)) determines a unified product Lie
algebra structure

(9> b, [0, 0], (3.87)
with the Lie bracket (3.73) if and only if the conditions listed in (3.75) and (3.76)
are satisfied. Further, let (€, [e, ®]) be a Lie algebra and

(0.0 0lg = [o. ]| ) (3.88)
be a Lie subalgebra so that € = g @ b as vector space, for some complementary
vector space §y. Then € is a unified product Lie algebra & = g >y bh. In this

case, the cocycle term and the mutual actions are computed through (3.86). These

mappings are satisfying (3.75) and (3.76).
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3.2.2. Bicocycle Double Cross Product

In the previous subsection, we presented the phenomenon of (de)coupling Lie
algebroid writing a Lie algebroid as the direct sum of a Lie algebroid and a vector
bundle defined on the same base manifold. In this subsection, we now present the
most general way of (de)coupling Lie algebroid as the direct sum of two vector
bundles admitting all possible interactions and under the existence of two cocycle

terms.

We start with two vector bundles (A, 7, M) and (B, x, M) admitting bundle maps
denoted to be ay : A— TM and ag : B— TM, respectively. We assume 1 and
0 are the mappings exhibited in (3.70), determining a bilinear skew-symmetric
operation in (3.71). We further consider two mutual maps p and o given in (3.72).
The difference in the present setting is the relaxation of the bracket structure
on the section of the vector bundle A. We achieve this by accommodating the

bracket with two bilinear skew-symmetric operations
¢ :T(A)AT(A) — T'(A), ¢:T(A)AT(A) — I'(B) (3.89)

on the sections of the vector bundle A. These mappings define a bilinear skew-
symmetric operation on two elements X, X5 in I'(A4) taking values in the direct
sum of the section spaces I'(A) and T'(B) as

[0,0] 4 : T'(A)AT(A) — TI'(A) & T'(B), (3.90)

(X1, Xo]a = &(X1, Xo) + (X1, Xa).

Notice that this operation turns out to be a well-defined bilinear operation on
['(A) if and only if ¢ is identically zero. As we shall depict in the sequel, after the
integrability conditions are fixed, the vanishing of ( reads the unified product Lie

algebroid picture.

On the sections of the direct sum vector bundle A x B, we determine a bilinear

skew-symmetric operation denoted by [e, o] Here, the subscripts ¢ and v are

¢Py
manifesting the cocycle terms. Due to the existence of a pair of cocycle operators,

we call this structure as bicocycle double cross product Lie algebroid structure.
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Using the mappings (3.70), (3.72) and (3.89), we write the following bracket
P(A x B) AT(A x B) — T'(A x B),
(X1, Y2), (X, V), = (6(X1,X2) = (Y3, X1) + p(¥i, Xo) (3.91)
O3, Ya), 05, Y3) — 0(Xa, Vi) + 0(X, ) + (X, Xa) ).

Evidently, one needs to ask for some compatibility conditions to be sure that this
bilinear skew-symmetric bracket satisfies the Jacobi identity. Let us first define

the bundle map
Unqy = A X B — TM, (X,Y) = aus(X) +ag(Y). (3.92)
We start by listing the cyclic sums relating the ingredients of the bracket as
O ¢(p(X1, Xz), X3)+ O p(¢(X1, X), X3) = 0,
O ¢(o(X1, Xa), X3)— O (X5, (X1, X3)) = 0,

O ¢(0(Y1,Y2),Y3)— O p(Y3,¢(Y1,Y2)) = 0,
O O(0(Y1,Y2), Ya)+ O (¢ (Y1, Y2), Y3) = 0.

(3.93)

Then we list the following identities:

p(Ys, 6(X1, Xo)) — 9(C(X1, X2), Y3) + o(p(Ys, Xz), X1)

= p(0(X2,Y3), X1) + &(p(Ys, X1), X2) — p(o(X1,Y3), Xa),
o(p(X1, X2),Y3) + 0(C(X1, X2), Y3) — ((p(Y3, X2), X1)

= 0(X1,0(X2,Y3)) — ((p(Y3, X1), X2) — 0(X2,0(X1,Y3)),
p(Ys, p(Ya, X1)) + ¢(0(X1,Y2), Y3) + ¢(¥(Y2, Y3), Xi)

= —p(0(Y2,Y3), X1) + p(Ya, p(Y3, X1)) + (0(X1,Y3), Ya),
o(p(Ya, X1),Y3) — 0(0(X1,Y2),Y3) — ((¢(Y2, ¥3), X1)

(3.94)

= _U(le O(Y% Y3)> + U(ﬁ(Y?n Xl)a YQ) - G(U(Xla Y3>7 Y2)

We then compute the conditions justifying the Lie homomorphism properties of

the bicocycle double cross product anchor map a in terms of the bundle maps

¢Pyp

a4 and ag. This gives the following identities:
[a.4(X1), aa(X2)] = aa(@(X1, X2)) + ap(((X1, X2)),
[as(Y), ax(X)] = aa(p(Y, X)) — as(c(X,Y)), (3.95)
[as(Y1), a(Y2)] = aa(¥(Y1,Y2)) + as(0(Y1, Y2)).
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Later, we calculate the product rule identities for the bicocycle double cross

product bracket, and arrive at the list:

(X1, [X2) = fo(X1, Xo) + Lo (x1)(f) Xo,
C(X1, fX2) = fC(X1, Xa),

p(fY, X) = fp(Y, X),

o(X, fY) = fo(X,Y) + Loy ()Y,
p(Y, fX) = fp(Y, X) + Layr) ()X,
o(fX,Y) = fo(X,Y),

v, [Y2) = fb(Y1, Ya),

0(Y1, [Y2) = fO(Y1,Y2) + Layi) (f)Yo.

(3.96)

After computing all these conditions, we are now ready to state the following

theorem establishing the bicocycle double cocycle product Lie algebroid structure.

Theorem 3.4. Two vector bundles (A, 7, M) and (B, k, M) admitting mappings
(3.70), (3.72) and (3.89) determine a (bicocycle double cocycle product) Lie alge-
broid structure

(AC I><]¢ B7 T(qujﬂ M7 a(Nw? [.7 .]ClX]w) (397)

with the Lie bracket (3.91) and the anchor map (3.92) if and only if the conditions
listed in (3.93)-(3.96) are satisfied.

This theorem generalizes the unified product Lie algebroid structure to the sum
of two vector bundles. More concretely, as a particular instance, if ¢ in (3.89)
is identically zero, then one arrives at Theorem 3.1 where unified product Lie

algebroid structure is exhibited.

In finite dimensions, we consider local coordinate system (z') on M, basis of I'(A)

and I'(B) as (e,) and (e,) respectively. The anchor map is computed to be

9 .0
agNw (ea) - (a-A)laaxia agl><1w (ea) - (aB)a ﬁxl (398>

We refer (3.81) for the local realizations of the mutual representations p and o
in (3.72), recall (3.82) for the mappings ¢ and 6. For the mappings ¢ and { we

assume

Peasep) = Nagess  Cleases) = Japca; (3.99)
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respectively. Here $5  (while we are denoting with the same letter by the abuse
of notation) are now failed to be structure functions due to the existence of the

cocycle terms 37 5. Therefore, we compute the following values for the Lie brackets:

[667 6'7]([>q1p = ﬁgyea + B%r}/ea;
[en, €a] e, = Phala + Thglas (3.100)

[eaa ea]gbﬂw = mgaeﬁ + 620465‘

In the following theorem, which we call the universal theorem for bicocycle double
cross product Lie algebroids, the compatibility conditions list is directly satisfied
if a Lie algebroid is decomposed into the sum of two complementary subbundles.
This theorem is generalizing Theorem 3.2 where we ask that in a decomposition

of a Lie algebroid, one of the subbundles attains a Lie subalgebroid structure.

Theorem 3.5. Let (M, v, M, [e 0|, a) be a Lie algebroid and

(.A,T:vA

, M), (B,k=v

o M) (3.101)

be two complementary vector bundles so that M = A x B. Then M is a bicocycle

double cross product Lie algebroid that is, M = A >, B. In this case, the cocycle

terms, and the mutual actions are computed for arbitrary sections as

(X1, Xolam = o( Xy, Xo) + (X1, Xo),
(Y1, Yolpm = (Y1, Y2) + 0(Y1, Ya), (3.102)
[Y) X]M - p(K X) - U(X7 Y)

As in the case of the unified product Lie algebra(oid) discussion done in the
previous subsection, we provide here the particular instance of bicocycle double
cross product Lie algebroid where the base manifold is the unity. So that we first
take two vector spaces g and . Then consider ¢ and ¢ mappings in (3.89) defining
the skew-symmetric bilinear operation on g, and ¢ and ¢ mappings presented in
(3.70) determining operation on h. We further assume the mutual representations
p and o given in (3.72). Observe that in defining these mappings, specifically for
this Lie algebra scenario, we set g = I'(A) and h = I'(B). In Lie algebra case, the

anchor maps are identically zero. The Lie algebra bracket [e, o] on the vector

¢y

space g @ b is the one in (3.91). We write the following theorem for this case.
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Theorem 3.6. Two vector spaces g and by admitting mappings (3.70), (3.72) and
(3.89) (with g =T'(A) and b = I'(B)) determine a bicocycle double cocycle product

Lie algebra structure
(gc >y b, [e, @] o) (3.103)

with the Lie bracket (3.91) if and only if the conditions listed in (3.93) and
(3.94) are satisfied. Moreover, let (€, [e,o]¢) be a Lie algebra realizing g and b as
complementary vector spaces so that € = g @ . Then € is a bicocycle double cross
product Lie algebra that is, € = g¢ <y, b. In this case, the cocycle terms, and the

mutual actions are computed through (3.102).

3.2.3. MP, Cocycle Extensions, and Semi-direct Products

In this subsection, we list various specific instances of the unified product (hence
bicocycle double cross product) Lie algebroid structures. More concretely, we
present double cross product (matched pair, abbreviated as MP) Lie algebroids,
semi-direct product Lie algebroids, and cocycle extension Lie algebroids, along

with the algebraic versions of these frameworks.

Double Cross Product (Matched Pair) Lie Algebroid. In the unified product Lie
algebroid coupling presented in Theorem 3.1, there is a Lie algebroid and a vector
bundle involved. A specific instance of this construction arises when there are
two Lie algebroids. Algebraically, this corresponds to the vanishing of the cocycle
term ¢ in (3.71), along with the fulfillment of the Lie algebroid conditions for the
vector bundle (B, k, M).

Two Lie algebroids, which admit mutual representations of each other and share
the same base manifold, form a double cross product (matched pair) Lie algebroid
if the direct sum of their total spaces possesses a Lie algebroid structure on the
same base. In this case, each individual Lie algebroid serves as a Lie subalgebroid
of the direct sum, safeguarding the representation terms. The double cross product

Lie algebroid structure was first announced in [87].

To have the double cross product Lie algebroid structure in an explicit form we

start with two Lie algebroids
(Aa T, M7 a4, [.7.]A)7 (Ba K, M7 an;, ['7‘]8) (3104)
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over the same base M with mutual representations
p:T(B)xT'(A) = T'(A), o:T(A) xT'(B) — I'(B).

To construct a Lie algebroid structure on the direct sum of the total spaces of Lie
algebroids, we need to define two operations, namely anchor map and Lie bracket.

We introduce the anchor map as follows:
g = AXB— TM, (X,Y) = axs(X) +ag(Y), (3.105)
and exhibit the Lie bracket
FNAxB)AT(Ax B) — I'(A x B),
(X1, Y1), (X, ¥)loo = ([0 Xala = p(¥2: X1) + p(V2, Xa), (3.106)
Vi Yala — 0(Xa, Y1) + 0(X2,Y2))
along with the conditions justifying what is called double cross product Lie
algebroid A > B := A x B as follows. The compatibility conditions for the
representations are
p(Y, [ X1, Xo]a) = [p(Y, X1), Xo]u + [ X1, p(Y, X2)]a — p(0(X1,Y), X5)

+ p(O(X27 Y)? Xl)a

(3.107)
o(X,[Y1,Ya]p) = [0(X, Y1), Ya]s + [Y1,0(X, Y2)]5 — o(p(Y1, X), V2)
+o(p(Ya, X), Y1),
whereas for the anchor map we compute
[a(Y'), ax(X)] = aa(p(Y, X)) — ag(0(X,Y)), (3.108)

for any X, X7, X5 in I'(A4), and any Y, Y7, Y5 in I'(B).

Theorem 3.7. Under the assumption that p and o are satisfying the conditions
of being Lie algebroid representations, the anchor map (3.105) and the Lie bracket
(3.106) give rise to a Lie algebroid structure on the total space if and only if the
conditions (3.107) and (3.108) are satisfied.

In finite dimensions, we are following the notations and letters presented in (3.98)
and (3.100). In these local coordinates, for the representations p and o presented

in (3.81), we write the double cross bracket as
€8, €4la = 93, €0, (€0, €dlsa = ThiCas [€as Caloa = RE €5+ &L ey (3.109)
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See that, in this case, 93, are structure functions of the Lie algebroid A while

Tieq are structure functions of the Lie algebroid B.

There are two interesting subcases of the double cross product Lie algebroids.
They are obtained by choosing one of the representations as trivial. These choices
read semi-direct product Lie algebroids. We first assume that the representation
p is trivial. This case reads only a representation of A on B. We record this

semi-direct product case notationally as A x B and the Lie bracket as
(X1, Y1), (X, Ya)]w = ([Xl,Xg]A, Vi, Yals — 0(X0, Vi) + a(Xl,Y2)>. (3.110)
In local picture, this is the subcase where the functions R?_ are all zero so that
e, €] = 95, €a; [€p, ed]w = Tiya, (€, €alx = GZaeb. (3.111)

On the other hand, instead of p, we consider the representation ¢ be trivial.
This permits only a representation of B on A so that denoted as A x B. In this

semi-direct product Lie algebroid, the Lie bracket is
(X1, Y1), (X ¥l = (X0, Xala = p(Ya, X0) + (Vi Xo), M, Vil ). (3:112)

In the local picture, this subcase is the one where the functions &°_ are all zero

given that
s, e4)x = N5, €a, [€b, €] = FpgCas [as €aln = R e5. (3.113)

Theorem 3.7 concerns the double cross product Lie algebroid structure from
the coupling point of view. Contrarily, the following one achieves this from the
decoupling point of view. We call this the universal theorem for double cross

product Lie algebroids.

Theorem 3.8. Let (M, v, M, a,[e e]\) be a Lie algebroid, and let for two subal-

gebroids

(.A,T:UA,M,aA:aA,[O,O]_A:[O,O]M‘A) (3.114)

and

<B,KJ:U

g Mo = al o, o] = (ool ) (3.115)
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M = A x B as vector bundles. Then M is a double cross product Lie algebroid
M = A B. In this case, the mutual representations are computed through for

arbitrary sections as

for arbitrary sections X in I'(A) and Y in I'(B).

Let us record here the double cross product Lie algebra construction by letting the
base manifold be a singleton. As in the previous algebra discussions, the anchor

map turns out to be the zero map.

Theorem 3.9. Two Lie algebras g and b admitting mutual representations (3.72)

determine a double cocycle product (matched pair) Lie algebra

(go<ah,[e, 0] (3.117)

with the Lie bracket (3.106) if and only if the conditions listed in (3.107) are sat-
isfied. Moreover, let (8, [e, ®]¢) be a Lie algebra realizing g and b as complementary
Lie subalgebras so that € = g X . Then € is a double cross product Lie algebra

that is, € = g > b. In this case, the mutual representations are in (3.86).

Cocycle Extension Lie Algebroid. Let us record the unified Lie algebroid structure
studied in Subsection 3.2.4 and make the following particular choices in this

realization. We consider a Lie algebroid and a vector bundle given in
(A, 7, M, ay, e e]4), (B, Kk, M) (3.118)

over the same base manifold with an anchor map ag. We assume only the Lie
algebroid action

o:T(A) xT'(B) — T'(B) (3.119)

and the skew-symmetric mapping
v :T(B)AT(B) — T'(A). (3.120)
We present the anchor map

Ay, = AXB— TM, (X,Y) = ax(X) +ap(Y), (3.121)
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as well as the Lie bracket
T(Ax B) AT(A x B) — T(A x B),
(X1, Y2), (X, ¥l = (10, Xala + (%1, Y2), 0(X0, 2) = 0(X0, Y)).
(3.122)

We compute a list of conditions on 1, and ¢ for the vector bundle A x B to be a

Lie algebroid with the bracket [, o], in (3.122):

O o((Y1,Y2),Y3) =0,

(Ya, 0(X1,Y3)) — (0(X1, Ya), Ya) — [¢(Y2, V3), X1]ua = 0,
(Y1, fY2) = fo(V1, Ya),

p(Y, fX) = fp(Y, X) + Lay)(f)X,

for X; in I'(A), Y; in I'(B) with ¢ = 1, 2,3, and smooth function f defined on the

(3.123)

base manifold. For the anchor map a,, in (3.121) we have

[as(Y), aa(X)] = —as(o(X,Y)),
[a5(Y1), as(Y2)] = aa(¥ (Y1, Y2)).

If the compatibility conditions in (3.123) and (3.124) are satisfied then we write

(3.124)

A x, B instead of a direct sum notation to exhibit the cocycle character of the

algebraic structure.

Theorem 3.10. A Lie algebroid (A, 7, M, ay, [e, ] 4) and a vector bundle (B, k, M)
admitting (3.119) and (3.120) determines a cocycle extension Lie algebroid struc-

ture
("4' D<¢B7TD<¢7M7CLD<¢7[.7.]D<¢,) (3125)
with the Lie bracket (3.122) and the anchor map (3.121) if and only if the conditions

listed in (3.123) and (3.124) are satisfied.

We record here that if the base manifold is the unity so that the anchor is identically
vanishes, then the Lie bracket (3.122) is a cocycle extension Lie bracket. The

compatibility condition in this case is only the first two lines on (3.123).

In finite dimensions, the cocycle extension Lie algebroid refers to the case where

the functions 3%,, K2

vos and TP, are all zero that is

[65, ew]xw = S{’g'yea? [eln ed]xw = (ﬂp?deou [eaa ea]xd, = Ggaeb' (3126)
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3.2.4. Illustrations

Twisted Poisson Algebroids and Dirac Structures

Consider a Poisson manifold (P, A). The sections of the cotangent bundle 7p :

T*P +— P admit a skew-symmetric bilinear operation

[, 8] = Ly @) (B) = Lyyp) (@) = d(Ma, §))- (3.127)

A direct observation reads that this bracket enables us to determine an almost
Lie algebroid (T*P,mwp, P, s, [, ®]) where the musical mapping £, is the anchor

map. We denote this algebroid by the following commutative diagram:

TP TP (3.128)
P

If A is a Poisson bivector field by satisfying the Jacobi identity (2.35) then the

Jacobiator for the bracket (3.127) is identically vanishing. That means the bracket
(3.127) satisfies the Jacobi identity.

Dirac Bundle Realization. An almost Dirac structure on a manifold M is a
subbundle D of the Whitney sum 7% M x T'M such that D is a maximal isotropic
subbundle of T*M x T'M with respect to the pairing

(T*M x TM) @ (T*M x TM) — R,
(3.129)

(v1,u1) - (vo,uz) = uy(va) + uz(vy).
In the literature, it is more common to write the Dirac bracket as a subbundle of
TM x T*M, but in this paper, we reverse the order of the constitutive bundles
and determine the Dirac structure as a subbundle of Whitney sum T*M x T'M.

Therefore we denote a Dirac structure by
D CT*M x TM, D = D+ (3.130)

Define a bundle structure 7 : D — M by projecting a pair (v, u) to the base point
in M. If pro(D) has a constant rank, then we say that D is a regular almost Dirac

structure, and pry(D) defines a regular foliation.

An almost Dirac structure is called a Dirac structure if the space I'(D) of sections

for the fibration D — M is closed with respect to the (skew-symmetric) Courant
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bracket

[e,0] : (D) @ (D) — ['(D),

1 (3.131)
(a1, Th), (a2, Ua)]] = (Luyaz = Luyan + 5d(aa(Uz) = az(Th)), [Ur, Us).-

A Dirac structure D on a manifold M carries a Lie algebroid structure with the

anchor map pry : D — TM (projection to the second factor in D). We denote
this Lie algebroid by

D 7 TM (3.132)
M
We record this Lie algebroid structure by
D = (D,7,M,pry,|e,e]) (3.133)

as well.

Let us examine this Lie algebroid in the understanding of unified product point
of view. See that we can write the Dirac bundle as the direct sum of two of its

subbundles. We define the decomposition simply by
(pri,pra) o A: D — DT x DT (3.134)

where A is the diagonal map taking an element in D to a two copies of it in D x D.
So that DT is the tangent bundle part whereas D" is the cotangent bundle part
in D. It is immediate to observe that there is no cocycle term (1) = 0) reading
that both D™ and DT" are Lie subalgebroids of D. So that we are in the realm
of double cross product Lie algebroid category. More particularly, the mutual

actions are computed through

1
U,a] = (EUoz — Sda(D), o) (3.135)
which gives that
(U, a) = Lya— ;da(U), (0, U) = 0. (3.136)

Evidently this reads a semi-direct product Lie algebroid decomposition
D =D" x DT (3.137)
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as a particular instance of double cross product Lie algebroid structure where the

action term o is identically zero.

Twisted Category. There is an interesting subcategory of almost Poisson manifolds.
In this case, the Jacobi identity (2.35) is still not satisfied but it is equal to the
pull-back of a closed three-form [98, 99]. Let us depict this geometry in more
detail. It is possible to generalize the musical mapping 4 in (2.37) to the space
['*(P) of k-forms on P as well. We use the same notation for this mapping hoping
no confusion may arise. We define

fa : THP) — XX(P), (3.138)

(A Aag, a(w)) = (1) (w, falon) A= Aa(an))

where the notation f, on the right-hand side of the equality is the musical mapping
(2.37) between the first-order tensor fields. By loosening the Jacobi identity (2.35)
as

SIAA] = (o) (3.139)

for a closed three-form ¢, one defines twisted Poisson structure. Here, §5 notation
refers to the mapping in (3.138) for k = 3. We denote a twisted Poisson manifold
by a three-tuple (P, A, ¢). In terms of the functions, the condition (3.139) is

OA{F, {52, F3}} = (A (dFY), 8a(dFy), §a(dF3)), (3.140)

where f, is the musical mapping in (2.37). Finally, we note that
X{FLFQ} + [XF17 XF2] = _ﬁA(@(XFwXFw .)) (3'141)

Recall the bracket (3.127) defined on the space of one-form sections over an almost
Poisson manifold. Evidently, this bracket is not satisfying the Jacobi identity
for the case of twisted Poisson manifolds. On the other hand, we can introduce

another bracket
[, Bl = [, B] + by (o)nia(8)(#)- (3.142)

This bracket satisfies the Jacobi identity. Further, the quintuple (T *P,wp, P, AR, [, -]<p>

is a Lie algebroid.
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Consider an almost Dirac structure D on a manifold M and, p-twisted skew-

symmetric Courant bracket [99, 100]

[(ah Ul)v (052, U2)LP = [(alv Ul)v (aQ’ UQ)] + @(Ula U27 .)

) (3.143)
= (£U1a2 — £U2a1 -+ id(ozl(Ug) — Oég(Ul)) + (,O(Ul, UQ, .), [Ul, UQ])

An almost Dirac structure D of T*M x T'M is a p-twisted Dirac structure if the
integrability condition with respect to the ¢-twisted skew-symmetric Courant
bracket [e, ®],. As in the ordinary case, a twisted Dirac structure D on M induces
a Lie algebroid on D given by the anchor map pry|p and the bracket [e, e],.
Therefore pro(D) is an integrable distribution on M. If D is a regular almost
Dirac structure such that pro(D) C T'M is an integrable distribution on M, then,
there exists an exact three-form ¢ with respect to which D is a p-twisted Dirac

structure [101]. We denote this Lie algebroid by

Dy, = (D, 7, M,prs,[e,e],). (3.144)

This uniform product analysis reads a more complicated decomposition of the
Dirac bundle. Once again, referring to (3.134), we write D = DT" x DT. Notice
that D" is remaining to be a Lie subalgebroid while DT is not. Let us examine
the interaction between these subbundles step by step. The mutual actions of the
bundles are exactly the same with those given in (3.136). If we take the bracket

of two tangent elements
(0,02), 0, Ua)], = (#(U1, U, 0), [V, U3 (3.145)
This reads the following interaction term and the cocycle
0(U1,Uz) = [Uy,Us] € T(DT),  (Uy,Us) = o(Uy, Uz, @) € (D). (3.146)
So we decompose this Dirac bundle as
D = D" q, DT (3.147)

since one of the actions is trivial. This cannot be examined in the realm of
the cocycle extension of the subbundle DT C T'M of the tangent bundle with
the subbundle DT" C T*M of the cotangent bundle. Since in this case, the
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representation o is zero but, for cocycle extensions, we have p is zero. So that the
twisted Dirac bundle is an example of a unified product (hence bicocycle double

cross product) Lie algebroids.
Decomposition of Jacobi Lie Algebroid

The cotangent bundle of a Poisson manifold admits a Lie algebroid structure
[10, 102]. For a Jacobi manifold (M, A, £), the picture is as follows. Consider the
extended cotangent bundle R x T* M as the total space of the first jet prolongation
of the fibration M — R [103]. The space of sections of py; : R x T*M — M is
the product space of real valued functions and one-forms C*°(M) x T''(M). So it
consists of pairs (F, ) where F' be a real valued function and p is a one-form. A

bracket on C°°(M) x T''(M) can be defined to be

{(Frp), (B v)}
— (A ) + 0G0 (Fs) — 81 0)(F1) + FiE(R) — RE(F), (3.148)
Lisw — Lsptpt = d(A(1,v) + Filev = Falep — 1e(nAv))
where fi5 is the musical mapping induced by the bivector field A. Referring to this

bracket, the quintuple (R x T*M, pyr, M,E + ta, {®, 0} ;) realizes a Lie algebroid

structure [104]. Here, the anchor map is given by
E+tp: O°(M) x (M) — X(M), (F,p) — fa(p) + FE. (3.149)

We cite [105-107] for some further analysis on this Lie algebroid. If £ is identically
zero, then one can consider the cotangent bundle 7% M as the total space and the
bracket (3.148) reduces to the algebra of one-forms on the Poisson manifold hence

the Poisson Lie algebroid structure.

Let us examine this Lie algebroid structure in the view of a unified product point of
view referring to the Universal Theorem. More precisely, we show Jacobi algebroid
fits unified product decoupling. We determine the bracket on the function space

by computing the Jacobi Lie algebroid bracket for two functions as
{F1, B2}y = (FE(F) — FE(F),0). (3.150)

This reads the space C*°(M) of functions as a Lie subalgebroid of the Jacobi

algebroid. Furthermore, referring to the previous calculation, we see the Lie
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bracket on the induced Lie subalgebroid as
{Fb FQ}Coo(M) = Flg(Fg) - FQS(Fl) (3151)

On the other hand, for the space of one-form sections, the situation is different.

This space is not closed under the induced Lie bracket:

vk = (M), Loy — Ly =AM, v) = te(uaw)), (3152

since there appears a term in the first slot manifesting the existence of cocycle
term. Accordingly, in light of (3.86), we write

011, 0) = Layu¥ — Lot — d(A () — 161 A v),

U(p,v) = Av, ).

(3.153)

Notice that we have that the bivector field turns out to be the cocycle term.

Further, we compute the mutual actions using the bracket of cross terms as

{1 FYy = (8aG0)(F), ~FLen), (3.154)

which gives the following mappings:

p(u F) = ta(u)(F).  o(F.p) = FLep. (3.155)

Therefore we conclude that Jacobi Lie algebroid is an extension of Poisson Lie

algebroid in the realm of unified product Lie algebroid framework.

3.3. Couplings of Dynamics

3.3.1. Dynamics on Lie Algebra(oid)s.

Let us recall the dynamical equations on Lie algebroids once more to be more

explicit in (de)coupling procedure in upcoming subsections.

For a given Lie algebroid .4, Hamiltonian dynamics exist on the dual bundle A*, as
discussed in [108, 109]. For local coordinates (', %,), and for a given Hamiltonian

function H = H(2*,y,), one has Hamilton’s equations

da' COH dy OH , OH

— (o) 2t S B PP ke 1
dt (aA)a 8ya ) dt "cjaﬂy’Y 8y5 (a.A)a O’ (3 56)
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where (a4);, is the local realization of the anchor map while £, denotes the
structure functions of the Lie algebroid. If the Lie algebroid is a tangent bundle,
(3.156) corresponds to the classical Hamilton’s equation on the cotangent bundle,
arising from the existence of the canonical symplectic structure. If the Lie algebroid
is specifically a Lie algebra g (with the base manifold being a singleton, making
the anchor map trivial), (3.156) simplifies to the Lie-Poisson equations on the dual

space g*. Assuming local coordinates (y,) on g* and considering a Hamiltonian

function h = h(y,), the Lie-Poisson equations are given by [4, 9, 110]

dye, oh

I _®Y -
ﬁaﬁy’Yayﬂ

o (3.157)

Here, 5325 are now the structure constants of the Lie algebra. The Lie-Poisson
equations, describing the dynamics on g*, can also be derived through the reduction

by symmetry method.

On the other hand, within the framework of a Lie algebroid A, Lagrangian
dynamics can be formulated. In the coordinates (z*,y) on A, the dynamics for
a given Lagrangian function L = L(x%,y%) is described by the Euler-Lagrange
equations [94]:

dxi_(a e 490L _
at eV gy T

%

> ozt

oL sOL

(a4) + 95y oy (3.158)

A coordinate-independent realization of this formulation is established in [92]. In
the special case where the Lie algebroid is a tangent bundle, the equations (3.158)
correspond to the classical Euler-Lagrange equations. Alternatively, if the Lie
algebroid is a Lie algebra g with coordinates (y®), (3.158) transforms into the

Euler-Poincaré equations:
- 53gﬁy5— (3.159)

for a Lagrangian function | = [(y®). In regular cases, the connection between
Lagrangian and Hamiltonian dynamics is established through the Legendre trans-

formation.

The reversible nature of both (3.156) and (3.158) highlights limitations in their
applicability to irreversible or/and dissipative processes. Contact structures emerge

as a fitting framework for describing irreversible dynamics, as extensively explored
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in the literature [72, 73, 76, 80, 111-114]. Notably, this approach has garnered
increased attention in the field of thermodynamics, with recent contributions
shaping discussions on topics such as [115-123]. A generic way to arrive at contact
manifold is to extend a symplectic manifold, say 7%(), by a line bundle. In
Darboux’ coordinates (¢', p;, z) on the product bundle 7*@ x R, for a Hamiltonian

function H = H(a*, p;, 2), the contact Hamilton’s equations are

WO o oW b oH
dt — Op;’ at 0w Pan dt _plﬁpi

—H. (3.160)

Accordingly, through the extension of the tangent bundle with a line bundle, that
is TQ) xR, one can establish a suitable geometric framework for contact Lagrangian
dynamics. In induced coordinates (z°, 4%, 2) on TQ x R, where L = L(z*, 4, 2) is
the Lagrangian function, the corresponding equations

doL 9L  9LOL
dtdit  Oxi 0il 0z

(3.161)

are known as Herglotz (or generalized Euler-Lagrange) equations, as discussed in

[80).

To extend the scope of dynamics on Lie algebroids to encompass dissipative phe-
nomena, a recent approach has emerged, which may be termed the ’contactization’
of Lie algebroids. To implement this 'contactization’ procedure, one extends
both the Lie algebroid and the dual bundle by incorporating a trivial line bundle
[95-97]. In this geometric framework, considering the extension A* x R with
coordinates (%, %q,, z) on the dual bundle, the resulting dissipative Hamilton’s

equations, generated by a Hamiltonian function H = H (2%, ya, 2), take the form:

e’ G OH dye o OH L OH OH o dz_ OH
dt (aA)a 8ya’ dt (aA>a Ori ﬁaﬁy’Yayﬁ Yo 0z dt yaaya H.
(3.162)

At this juncture, it is noteworthy that this set of equations seamlessly combines
the structure of Hamilton’s equations (3.156) on the dual bundle A* with the
contact Hamilton’s equations presented in (3.160). When the Lie algebroid
corresponds to the tangent bundle, leading to the extended dual space being
the extended cotangent bundle 7*@), the Hamilton’s equations (3.162) naturally
yield the contact Hamiltonian dynamics as expressed in (3.160). In the context

of the present work, the formulation (3.162) holds particular importance due to
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its robust algebraic foundations, which are well-suited for in-depth discussions on
the decoupling phenomenon. If the Lie algebroid is a Lie algebra g, the resulting
equations are known as Lie-Poisson-Herglotz equations on the extended dual space
g* x R. In coordinates (y,, z) on g* x R, with a Hamiltonian function h = h(y,, 2),

the Lie-Poisson-Herglotz equations take the form:

dYe 5 Oh oh  dz oh
o — Yy, — =yg— — h. 3.163
dt Nasly Jyg Yaor @t — Y Yo ( )

From the Lagrangian perspective, we introduce a Lagrangian function L =
L(x%,y*, ) defined on the extended Lie algebroid A x R with coordinates (z°, y®, z).
This Lagrangian function governs the dissipative Euler-Lagrange equations:

d oL . 0L

d (o) 5 0oL OL OL dx’ - dz
dt Oy~ A i

o e e T, Q D L i« )
ay,y + 0z ayaa dt (aA)ay ) dt (ZE Y 72)
(3.164)

= 51/39

When the Lie algebroid corresponds to the tangent bundle, the result is the
formulation of contact Lagrangian dynamics on the extended tangent bundle
T@Q x R as exhibited in (3.161). If the Lie algebroid is specifically a Lie algebra
g, the dynamics described in (3.161) transform into the Euler-Poincaré-Herglotz
equations. In this scenario, a Lagrangian function [ = [(y®, z) is defined on g x R

with coordinates (y%, z), leading to the Euler-Poincaré-Herglotz equations:

d ol S0l LAl de

IS R B T e
Do 55t 2oy dt

&t 0y =1(z',y", 2). (3.165)

3.3.2. Couplings of Reversible Dynamics

This section is reserved for the Lagrangian dynamics on bicocycle double cross
product Lie algebroids and the Hamiltonian dynamics on the dual space. This
will give us both the collective motion of the dynamical systems as well as the
decomposition. We start with the bicocycle double cross product Poisson structure

and bicocycle double cross product Hamiltonian dynamics.

Bicocycle Double Cross Product Poisson Bracket. We first recall the space
of functions defined in (3.45) and (3.46) and carry them to the dual space
(Af >y B*, T pa,, M) of the unified product Lie algebroid structure (A; <y

M) to

¢y
B, T,y M, 5q,, [®, 8] 5q, ). The dual product space is (A7 by B*, T,

point out its product character. The total space is topologically equivalent to
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A* x B* but we denote it by The space of functions on the dual space A7 >, B*

is spanned by three classes of functions. The first class of functions are
FrAi, B — R, f(u) = fomum,(u). (3.166)

from the functions on the base manifold M. These functions are constants on
the fibers. The second and third classes of functions come from the section of
the constitutive spaces. Referring to the sections X in I'(A) and Y in I'(B) we
determine linear independent sections of A¢ <, B. We denote these sections as
X and Y respectively, in order not to cause notation inflation. That is, we take

X = (X,0) and Y = (0,Y). They are defining functions on the total space as
7 : Ay B — R, Z(w) = (w,Zo T epay, (W) (3.167)

where Z is either X or Y. These functions are linear on the fibers. Therefore, in
light of the Poisson bracket in (3.47), we present the Poisson bracket on the dual

space A >y, B* of the bicocycle double cross product Lie algebroid as

{f. Gt Az, =0,

{F. X} aesay0 = Lo, ()1
A{f’f}AMB* B Eafw(\y)f’ - (3.168)
{XlaXQ}AZNwB* = (X1, Xo) + (X1, X3)

7, %}AZD%B* = %0(71»\3/2) + 9(?1\73/2)

(¥, X} sy = p(Y.X) — 0(X.Y),
where one can consider the bracket on the fourth line as the result of the bracket
of two elements X, 1 and 5(\2 taking values both in A and B, whereas the terms
on the right side of the fifth line as the result of the bracket of two elements Vi
and Y, taking values both in A and B. The sixth line is the manifestation of the

representations.

Local Picture. Let us turn to the general case of the dual space A7 bay, B* of the
bicocycle double cross product Lie algebroid then examine the Poisson structure
listed above. Assume the local charts (z%), (z,y%), and (z°,y.) denote local
coordinates on the base manifold M, on the Lie algebroid A, and the dual space

A* respectively. On the vector bundle B we choose the local coordinates (x*, y*),
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and on the dual space B* we take (2, y,). As a result, on the unified product space
A¢ <, B we have the induced local coordinates (2, y, y*), and on the dual bundle
Af by B* we have (2%, Y, ¥a). In this case, referring to the local characterizations

(3.100), the bicocycle double cross product Poisson bracket (3.47) takes the form:

{xi7 'Ij}.AZIXJwB* = 07

{ajia ya}AZlewB* = (Cl_A)fl,
{ﬂfi, ya}AZD%B* = (GB)Z, (3.169)
{yav yB}AZNwB* = ~6zﬁy7 + Bgﬂyaa

{ym yb}Alelqu* = mZby’Y + Sgbyda

{ym yﬁ}Azxw,B* = %Zgy'y + Ggﬁyd

where a’, represents the components of the anchor map in the chosen bases, and ij
encodes the structure/representation/ cocycle functions. See that $), is standing
for the ¢ mapping, 3¢5 is for the ¢ mapping, 37 is for the ( mapping, B, is due
to the ¢, and T¢, represents 6.

Let us examine the Poisson bracket on the particular instances of bicocycle double
cross product structure. Notice that if the ( term is zero then reads the unified
product Poisson structure which we denote by {e, @} 4, 5-. If both ¢ and © are
zero then we arrive at the double cross product Poisson structure {e, @} qspq5+. If (,
¢ and o are all zero then we have cocycle extension Poisson bracket {e, @} 4« 5.
The case of the dual space of the double cross product Lie algebra has been

examined in [39, 45].

Hamiltonian Dynamics on the Dual of BDCP Lie Algebroids. For a Hamiltonian
function H = H(z", Yo, ys) defined on the dual bundle AZ by B, reads the

Hamiltonian vector field X, as

du
= = {U’H}AZD%B* (3.170)

where the Poisson bracket on the right hand side is the one defined in (3.168).

In local coordinates (', yq,ya) on Af <y B* and referring to the local Poisson
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bracekts in (3.169), we compute the Hamiltonian vector field as

OH COHN\ 0
Xy = i N 0
H <(a5)aa + (a.A)a aya> oxi
37-[ OH OH OH
_ d ~ - v
(3a,6'yd ay + 57)0453/78 Gbayd 8yb g{bay’}’ ayb
oMy D
+ (a.A>a 81’1) aiya (3171)
OH OH OH OH
<6dﬂyd s + T ar— o R o 9%3,8%@7%
+ (o) 37{) 0
“0xt) Oyo

In accordance with this, what we call bicocycle double cross product Hamilton’s

equations are computed to be

dxi_( )iai'{‘Jr( )iai'[
de ~ \Wegy, T\ WWegy

dya _ o OH OH OH
dt (aA)aa i ﬁlﬁyﬁa + 6boz day + mbay’}’a

rep. of Aon B  rep. of Bon A

OH
Ays’

cocycle term ¢

dya oH _, OH oM . oM

e _ — — & — M =
dt ( )a 8 i ab¥d 73— 6yb ﬁyd ayﬁ a,By’Y ayﬁ

- Biﬁyd
(3.172)

rep. of Aon B rep. of B on A

OH
aby'Y ay

Cocycle term ¢

- B

Lie Algebra Framework. One of the most important particular instance of the
bicocycle double cross product Lie algebroid discussion is to write all of the
ingredients of Poisson and Hamiltonian dynamics for the case of Lie algebra
framework. To have this we take the base manifold as the unity M = {e} and the
anchor maps as trivial. In this case, one has two vector spaces g and h and their
bicocycle double cross product Lie algebra g¢ >y b equipped with the Lie bracket
[0, o]

(- I this case, the dual space g¢ > h* is endowed with the bicocycle

double cross product Lie-Poisson bracket in local coordinates given by

{yom yﬁ}gzwwh* - ﬁlgyy + BZﬂya,
{ya7 yb}gZNwh* - mZby'y + {Zzbytb (3173)

{ym yﬁ}gzwwh* = %Zﬂy’y + GZﬁydv
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where the coefficients are those determining representations/cocycles as in the
Lie algebroid setting. For a given Hamiltonian function h = h(y,,y,) defined
on the dual space, the bicocycle double cross product Lie-Poisson equations are

computed to be

dys . Oh  _, Oh oh ., oh
Yo g1 0 P pet g, Ty T g, O
Nap¥y s + Gpald o + MYy o0 JapYd

dt Ay’

rep. of g on b rep. of h on g Cocycle term ¢
Wo qa Ohga Oh o O on T
dt - ab¥d ayb aBYd ayﬁ apYvy ayﬁ ab¥~y ayb :

rep. of g on h rep. of h on g Cocycle term

Hierarchical Reductions of BDCP Hamiltonian Dynamics. According to the hier-
archical ordering of the subcases of bicocycle double cross product Lie algebroids
(as well as Lie algebras), by taking corresponding terms as zero maps, one arrives
at Hamiltonian (and later similarly Lagrangian dynamics) on unified product Lie
algebra(oid)s, double cross product Lie algebra(oid)s, as well as cocycle extension
Lie algebra(oid)s in a straightforward way. Let us examine these reductions in
the view of the hierarchical ordering presented in Diagram 1. So we have the

followings:

« To have the unified product Poisson bracket on the dual space A* >, B* of
the unified product Lie algebroid A 0, B examined Subsection 3.2.1, we
choose the cocycle term ( is equal to zero in the fourth line of the list of
Poisson brackets in (3.168). Accordingly, in the local realization in (3.169)
(for the case of Lie algebra, consider (3.173)), this case reads the functions
345 as zero. Following this, to have unified product Hamilton’s equations

one takes 3%; = 0 in (3.172) (for Lie algebras, consider (3.174)).

» To have the double cross product (matched pair) Poisson bracket on the
dual space A* <t B* of the double cross product Lie algebroid A < B, we
choose both of the cocycle terms ¢ and v are zero in the fourth and fifth
lines of (3.168). In the local picture (3.169) (for Lie algebra case, assume
(3.174)), this corresponds that 3% and *B}, are all zero. Following this, to
have double cross product (matched pair) Hamilton’s equations one takes
345 = Pay = 0 in (3.172) (for Lie algebras, consider (3.174)). If further

one takes one of the representations p (or o) is trivial that is R/); = 0
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(or reciprocally, 6% = 0) we arrive at semi-direct Poisson bracket and

a,

semi-direct Hamilton’s equations in Lie algebra(oid) framework.

o Another subcase is the cocycle extension Poisson bracket and cocycle exten-
sion Hamilton’s equations. To have the cocycle extension Poisson bracket,
we take the representation p as trivial, one of the cocycle terms, say ( is
trivial, and the 6 is zero in (3.168). For the local picture of the cocycle
extension Poisson bracket and the cocycle extension Hamilton’s equations,
this corresponds to take RS, = 3%, = Tf, = 0 in (3.169) and (3.172),
respectively. For the Lie algebra case, consider (3.173) and (3.174).

Lagrangian Dynamics on the Bicocycle Double Cross Product Lie Algebroids.
Consider Lie algebroid A >, B. Let us also consider a local coordinate system on
A¢ >y, Bas (2, y*, y*). Similar to the Euler-Lagrange equations on a Lie algebroid,
the Euler-Lagrange equations generated by a Lagrangian function L = L(z*, y®, y*)
on the unified product Lie algebroid A¢ <y, B (in local coordinates) are two sets
of equations. The first set of equations can be directly interpreted as:

da’
dt (

aa) v + (as)Ly”. (3.175)

The second set of equations can be expressed as:

d oL JOL . . dL L o 4l
Gay = O TR g0 — Ry o — Giy'p 0
rep. of B on A  rep. of Aon B
oL
a v
+ BB’Yy aya )
Cocycle term ¢
ocycle term
d 0L 0L 4 0L oL oL (3.176)
dt(‘)b (a[)’)baz—i_‘z aa—i_Gb,yyaa—i_%b,yyaa
rep. of Aon B rep. of B on A
oL
+ ‘B?dyda -
%,_/

Cocycle term

Lie Algebra Framework. Let us examine the Euler-Poincaré dynamics on the
bicocycle double cross product Lie algebra g¢ <, §. For this, we choose the anchor
maps as zero in (3.176) and the local coordinates (y®, y*). In accordance with, we

take a Lagrangian function [ = [(y®, y®), and write bicocycle double cross product
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Euler-Poincaré equations as

d ol o ~OL o a0l o a0l ol
di 9yP Z%w?f'aiya - mdﬂydaya ap da 3y’ oy’

rep. of h on g rep. of g on h Cocycle term ¢

d 0l ol ol 0l ol
¢ + ;’Bbdyd

a
R ‘Ibdyaa‘{’eb,yyaa‘f—mb,yyaa aa.
rep. of gon b rep. of h on g Cocycle term

(3.177)
dt Oyb

Hierarchical Reductions of BDCP Lagrangian Dynamics. We refer Diagram 1 to
reduce the bicocycle double cross product Lagrangian dynamics given in (3.176)

for Lie algebroids and (3.177) for lie algebras to particular instances:

o To have the unified product Euler-Lagrange equations on the unified product
Lie algebroid A >, B and Lie algebra g >4, b we choose the cocycle term ¢
hence 375 are all zero in (3.176) and (3.177), respectively.

o To have the double cross product (matched pair) Lagrangian dynamics on
Lie algebroid A* < B* and Lie algebra g < b, we choose both of the cocycle
terms ¢ and ¢ are zero so that that 33, and By, are all zero in (3.176)
and (3.177), respectively. Moreover, if one takes one of the representations
p (or o) is trivial that is 2] 5y, = 0 (or reciprocally, %3y, = 0) we arrive

at semi-direct product Lagrangian dynamics.

o For the cocycle extension Lagrangian dynamics, we take 6, p and ( trivial.

This reads %Y, = 345 = Tp; = 0 in (3.176) and (3.177).

3.3.3. Couplings of Irreversible Dynamics

This subsection is reserved for the (de)coupling of the dynamical systems where
an irreversible character is endowed. For this, we first recall bicocycle double
product Lie algebroid structure in Subsection (3.2.2) denoted as A >, B with
coordinates (z',y* y*). Then we consider the dual bundle Af >, B* with
coordinates (2, Yo, ¥a). Next we remark the Poisson structure on A >ay, B* given
in Subsection 3.3.2. See that bicocycle double cross product Poisson bracket is

given in (3.168) as a coordinate-free way, and in coordinates in (3.169).

We extend the bicocycle double cross product Lie algebroid with the real line R to
arrive at the product space A >, B x R with local coordinates (', y*,y“, z).The
dual of this bundle is A? >, B* x R with local coordinates (2%, Yors Ya, 2)-
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Dissipative Hamiltonian Dynamics on the Dual of BDCP Lie Algebroids. We

extend the Poisson brackets in (3.169). More concretely, we merge (3.169) and

the Jacobi brackets in (3.60) where the extension with the action is examined.

This itinerary map leads us to arrive at the following set of Jacobi brackets

{xiv xj }AZRWB* xR
{ZJ xi}AZlewB* xR
{Z: ya}Ale]wB* xR

{2, ya}Azmw* xR

{J7i, ya}Ale]wB* xR = (aA)ion

{xi7 ya}Alele* xR =

{Ya, ys} azoa, 8 xr

{Ya, yb}AgmB* xR

= O’
=0,
= Ya,

= Ya,

(3.178)

(a8)e,

= ﬁlﬁy'y + BZﬁyaa

= mzby’y + szyd,

{ym yﬁ}AmeB*xR = %Zgyy + GZLayd
which we call (dissipative) bicocycle double cross product Jacobi structure.

Accordingly, for a Hamiltonian function H = H(x', Y4, Ya, 2) defined on the
extended bundle A7 p<y, B* x R the Hamilton’s equations which we call bicocycle

double cross product dissipative Hamilton’s equations, is the following set of

equations:
da’ = ( )iajJr( )1877—[
at Mgy, T\ agy
Yo OH . OH ., OH . OH
dt - <(Cl )aa i + Baﬁy@ayﬁ +’§jaﬁy78yﬁ ba Yy ayb
OH OH
Gbayd + Yo7 >
Oyy 0z (3.179)
dya__(( )8H+% 87—[+6b 877-[_’_% OH
dt a9y aﬁy’Ya aBYb ay aby’)’ ay
OH OH
d
+%a bz Yy )
dt ya@y ya(‘?ya

BDCP Lie-Poisson-Herglotz Equations. Let us examine the dynamics on Lie
algebra setting. To have this, we take the base manifold M = {e} then the anchor

map turns out to be zero. Then we have the extended dual space g >y h* X R

68



of the bicocycle double cross product space g¢ >y . The dual space is endowed
with coordinates (ya,ya, 2) and the Jacobi bracket in (3.178) takes the particular
form:
{Z, ya}gZMwh*xR = Yo,
{Z, ya}gZMwh*xR = Ya,
{Yas Vs Yazmaphr <2 = gy + 3asYas (3.180)
{Ya, yb}gémw*xR = ‘BZbyw + ngyd’
{yav yﬁ}QZNwU*XR = %Zﬂyﬁ + Ggﬁyd'
For a Hamiltonian function h = h(ya, ya, 2) defined on the dual space g¢ >y BT X R,

we have bicocycle double cross product Lie-Poisson-Herglotz equations given by

Bja  (ae Oh . Oh . Oh _, Oh 8h)
dt - <3045y‘1 8y5 + f’aﬂyﬂf ayﬁ SRbozyW 3?/1; Gbayd 8yb + Yo 9z )
e . oh ., Oh . oh _, 0h 8h>

= - - = 22 181
dt (ﬁaﬁyW ayﬁ + Gaﬁyb ayﬁ + f‘]:;'(Jbl)y"y’ ayb + gabyd ayb + Ya 9z )’ (3 8 )

e oo,
ar e Y, Yo MWe '

Hierarchical Reductions of BDCP Irreversible Dynamics. We once more refer
Diagram 1 where there is a hierarchical orders of couplings given pictorially.
Referring to this diagram, we now present unified product, double cross product
(mathced pair), cocycle extension and semi-direct product dissipative Herglotz

type Hamiltonian dynamics one by one:

 The unified product Jacobi brackets on the dual space A* <, B* x R of the
extended Lie algebroid and the dual space g* <, h* x R of the extended Lie
algebra are the ones where the cocycle term ( is trivial. Locally this gives
that the functions 335 are all zero. For the Jacobi bracket (3.178) this reads
the second term on the right hand side of the seventh line is zero for Lie
algebroid framework. For the Jacobi bracket (3.180) on Lie algebra level,
this case occurs if the the second term on the right hand side of the third
line is zero. Accordingly, this results with the disappearing of 375 terms in
Hamiltonian dynamics (3.179) on the Lie algebroid level whereas absence of

3% terms in Lie-Poisson-Herlogtz equation in (3.181).

e The double cross product (matched pair) Jacobi brackets on the dual spaces

A* 1 B* x R and g* < h* x R occurs if both of the cocycle terms ¢ and
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are zero. In the local pictures, this corresponds to take 385 = Boyyy =0
in the Jacobi brackets (3.178) and (3.180), respectively. In light of this
choices we have irreversible matched pair dynamics on A* > B* x R if
3o = Puyy = 0 in (3.179). Similarly, matched pair Lie-Poisson-Herlogtz
equations are obtained if 3%, = %, = 0 in (3.181). Additionally, if we
take one of the representations p (or o) is trivial Ithat is if ocally ;5 = 0
(or reciprocally, Ggﬂ = 0) then we have semi-direct Jacobi brackets and
semi-direct irreversible Hamilton’s equations. for the Lie algebra setting

this results with semi-direct product Lie-Poisson-Herlogtz equations.

e The cocycle extension Jacobi bracket and cocycle extension dissipative
Hamilton’s equations are obtained if the representation p, the cocycle term
¢, and the term 6 are zero. For the local picture this corresponds to take
ML, =385 = Tpy = 0in (3.178) and (3.180) for the Jacobi brackets, and in
(3.179) and (3.181) for the equations of motion.

Lagrangian Dynamics on the Bicocycle Double Cross Product Lie Algebroids.
Let us now examine irreversible Lagrangian dynamics on the real line extension
A¢ <y, B x R of the bicocycle double cross product Lie algebroid A¢ >, B. On
the extended bundle, We consider the local coordinates (z°,,y%, y?, z) where z is
the coordinates on R. Accordingly for a Lagrangian function L = L(z%, y*,y%, z),
we have two sets of equations as we have in reversible Lagrangian motion. The
first set of equations is the one determining the dynamics of the base coordinates

given by '
dx’

o = (0o y" + (as)y” (3.182)

As it can be easily observed, this equation is the same with the reversible case.

The second set of equations determine the dynamics on the fiber coordinates as
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follows:

d 0L . OL oL oL oL
Bl i - a v o moa d >~ a ,d
it Dy (aa)s 5 + 95,y - aY 50 Sasy Dy

rep. of B on A  rep. of Aon B

+ 3a ’YﬁiL + @7[/87[/
oY dy® oyl 0z
Cocycle term ¢ dissipative t
ocycle term issipative term
d oL oL 0L oL oL (3.183)
%aiyb ( )baz—i_‘Zj aa—’_Gbﬁ/yaa—i_%byyaa
rep. of Aon B rep. of B on A
oL OL 0L
«a d e
Py Y oyb 0z
h/—’ ——

Cocycle term 1  dissipative term

Lie Algebra Framework. As a particular instance of the irreversible collective
motion on the Lie algebroid setting, we can examine irreversible motion on the Lie
algebra level. For this, we take the real line extension g¢ >, h X R of the bicocycle
double cross product Lie algebra g¢ >y h x R. The irreversible Lagrangian
dynamics obtained on the extended space is now bicocycle double cross product
Euler-Poincaré-Herglotz equations. For a Lagrangian function [ = [(y®,y%, z) on
g¢ >y b x R, we have

d ol ol Gl o .. al
Gioy = g~ Ry g e —Giy et 3y g0

rep. of h on g rep. of gonbh Cocycle term ¢

ol 0ol

oyl oz

———
dissipative term

d ol , ol ol ol ol

a

o, d
dtog ‘zbdyaa—‘f_Gb'yya +mb7yaa+mbdyaa

(3.184)

rep. of g on h rep. of h on g Cocycle term 1

ol ol

oyl 0z
——
dissipative term

Hierarchical Reductions of Dissipative BDCP Lagrangian Dynamics. We recall
Diagram 1 and apply the hierarchical ordering presented in it to the irreversible
Lagrangian dynamics both in Lie algebroid category given in (3.182) and (3.183)
and in Lie algebra category in (3.184):

e The unified product dissipative Euler-Lagrange equations on the extension

A >y, B x R of the unified product Lie algebroid A >, B is obtained by
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taking one of the cocycle terms, say (, is trivial in bicocycle double cross
product constructions. Locally, this is achieved by taking 355 = 0 in the
system (3.183) for Lie algebroid geometry. Similarly, we assume 3%; = 0 in
(3.184) for unified product Euler-Poincaré-Herglotz equations on extended

unified produt Lie algebra g <, h x R.

The double cross product (matched pair) irreversible Lagrangian dynamics
on the extension A b1 B x R of the double cross product Lie algebroid A > B,
we choose both of the cocycle terms ¢ and 1 are zero so that that 37, and

o, are all zero in (3.183). To have matched pair Euler-Poincaré-Herglotz
equations on the extended space g o<y b x R, we take 3%; = B, = 0 in
(3.184). To arrive at the case of semi-direct product theories, we further
assume one of the representations p (or o) is trivial that is 3}, = 0 (or
reciprocally, GZB = 0). In the Lie algebra level these reductions result in

semi-direct product Euler-Poincaré-Herglotz equations.

Another particular instance is to get the cocycle extension irreversible
Lagrangian dynamics. To have this, we take 6, p and ( trivial. This reads
Mi, = 345 = Tfy = 0 in (3.183) for Euler-Lagrange equations defined on
the extended Lie algebroid, and in (3.184) for cocycle extension of Euler-

Poincaré-Herglotz equations.
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4. n—LIE ALGEBRA (OID)S AND COUPLINGS

4.1. n—Lie Algebras and Cohomology

4.1.1. n—Lie Algebras

We dive into the fundamental concepts of n-Lie algebras, as discussed in seminal
works such as [19, 21, 25]. An n-Lie algebra is defined as a linear space & endowed

with a linear operator

[0,...,0:8, — &,

satisfying the fundamental identity expressed by

n—1

[371, <oy -1, [:Cna cee 7x2n71“ = Z [l‘n, R [xla s 7xn717xn+k]7 s 7‘%'27171]7 (41)
k=0

for all x1,...,29,_1 in &. Here &,, is defined to be A"®. Building upon the
insights from [25], within the framework of an n-Lie algebra &, the space &,,_;

exhibits the structure of a Leibniz algebra, defined by the operation:

[x1, 29 == Z N P ] VNP (4.2)

-1

for any 71 ;= 2! A A 2P and @y = 2 A A bt in 6, ;. Additionally,

as demonstrated in [25], & can be understood as a representation of the Leibniz

algebra &,,_;.

In the realm of n-Lie algebras, a vector space V', together with a linear mapping
U G,1 — gg(V), (43)

earns the title of a representation of & if, as stipulated in [124], the following

conditions hold for any z1,...,x9, 2 € &:

(s T )T, Tonn) — (1T T 2) (1, T (4.4)

n—2
= Z M(l’n, ) [xla s 7xn—17'rn+k}7 s ax2n—2)7

k=0

:u([xh s 7In]> Tp+1y - - - x2n—2)
=> (=D 1, Bhy oo ) (Tt - o2, ). (4.5)
k=1
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An immediate and illustrative example of a representation is the adjoint represen-

tation of an n-Lie algebra & on itself:
ad : &, — gl(®), ad(xq, ..., xn1)(x,) = 21, ..., 2] (4.6)

for any 1, ..., x, in &. To introduce a more substantial example, reminiscent of a
dual representation, we document the subsequent generalization of [26] concerning

representations of n-Lie algebras [125].

Theorem 4.1. Given an n-Lie algebra &, and a representation (V,u) of &,

n

Z (_1)k /’L('xh s 7&7 s )x’IL)M(xn—i-la ey L2p—2;, l‘k)+

h=tl . (4.7)
Z (=DF p(Tpgr, o Ton—o, )21, oo Ty ooy ) = 0
k=1
forany xi,... 20, o € B.

Consider an n-Lie algebra & along with a representation (V7). Then, the space
Hom(V, W) consisting of linear maps from V' to a vector space W also forms a

representation of & using:

w8, 1 — gl(Hom(V, W)),
(u(xl, . ,:L‘n_l)(T)>(v) — —T((zr, .., 20 1)(V)),

see also [26, 28].

(4.8)

Let us now visit the cohomology theory for n-Lie algebras, as outlined in [25],
with further insights available in [28]. Consider an n-Lie algebra &, and suppose

(V, ) is a representation of &. Then,

CO.V) =@ CB,V), S, V) = Hom(eﬁz“?‘” A eﬁ,v), m> 1,
m=0

(4.9)
with C%(&,V) := &, » ® V, is a differential complex via
§:C%B, V) — CY(8,V), Mz N ANz @0)(y) = (21, -y Zn—2,y)(V),
§5:0™(B,V) = C"HH(&, V), m > 1
(4.10)
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0f(x1, oy T, y) =

Z (=0 f(1, e Tay e [T 5] s Ty )+

1<i<j<m
; (—1)i flz1, Ty T, [q:zl, . ,x?*l,y])—i— (4.11)
Z (—1)1'+1 u(xll, o ,x?1)<f(x1, U R ,xm,y)>—|—
i—1
n—1

u(xm,...,.:c;n,...,x%‘l,y)<f(x1,...,xm1,xfn)>,
for any f € C™(®,V), any z; := 2} A--- A2 € B, 1, any 21 A Azpo € B, g,
and any y € &.

The homology H(C(®,V), ) of the differential complex (4.9) is referred to as the
n-Lie algebra cohomology of &, with coefficients in V', and is given by H*(&,V)

In light of [25], we will now elucidate the connection between the cohomology of
an n-Lie algebra & and the cohomology of the corresponding associated Leibniz

algebra &,, ;.

The following auxiliary result on the representations may be obtained by a routine

verification of (3.31), (3.32), and (3.33), and hence the proof is omitted.

Theorem 4.2. For an n-Lie algebra &, along with a representation (V, i), the

linear space &,,_o ® V' forms a representation of the Leibniz algebra &,,_1 via
x> (21 A A2y g @) (4.12)
n—2
= Z NN 2 ) A A 2z @
k=1
TN N2 2 ® M(‘Tla s 7'Tn_1)<v)7
(Z1 AN ANzpo®u)<dx (4.13)
n—1 P
= (D)t A AP A AT @ (e 2ee, 7)) (V).
k=1

Below, we present the connection between the cohomology of an n-Lie algebra

and its associated Leibniz algebra of fundamental objects.

Theorem 4.3. For an n-Lie algebra &, along with a representation (V, ), the
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diagram

C™(8,V) —25% OL™(8,-1,8, 2@ V)
| Ja
Cm (6, V) 2O L (B, 1,8, 50 V)
commutes for any m > 0, where

A™ Cm(ﬁ, V) — CLm(ﬁnfla ®n72 ® V)7 f = Am(f>7
AT ()1, Tm)

n—1 o
=) (=DFzl A A A AT @ 2, T, 1)), m
k=1
A= —Jd:%, ,QV 5 &, V.
Proof. We first consider
Am+1(5f)($17"'7xm+1)
n—1 —
=N (—DFal A ATk A A @5 (s T, T )
k=1
n—1 } —
= () apg A A A A
1<i<j<m k=1
®f(a:1,...,@,...,[:Ui,xj],...,a:m,xﬁlﬂ)
m n—1 ) —
33— ey A AR A Al
=1 k=1
®f(x1,...,5:},...,:vm,[w%,...,x?‘l,xﬁﬁl])
+ Z Do) R A A g A AT

®I[L({L‘il,...,(L’?_l)<f(l‘17--'7@7"-71'77171'1;1—}—1))

n—1n—1 —

n—14+m+i+k .1 k n—1
+ (_1) merl/\”'/\xm-l-l/\”'/\merl

<
I
—
>
Il
—_

®M(xin/\.../\x;'n/\..-/\:Uﬁl_l,xfnﬂ)(f(xl,...,xm_l,xfn)>,
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while at the same time we obtain

A(A™ f)(x1, .o Tpyr) =
Z (=) (A™f)(21,. .., 75, ..., (i, 25], .. Tmg1)+

1<i<j<m+1

1)k+1 T P (Amf)(xb s 7@7 s 7xm+1)+

m

k=1
(=)™ (A" ) (@1, T) A Tpg1 =

( )Z (Amf)(xl,...,@,...,[xi,xj],...,xmﬂ)—i—
1

//\

z N Ty s [y ] F
1<i<m
S (=) s (A ) (@, By T )+

k=1

(=)™ (A™ ) (21, .o Tn) < Tongr

Then we have

d(A™ f) (21, s Tmg) =

—1
Z Z (1) * m+1 Ao Nk g A A 37%111@)

1<i<yj<m k=1

f(:vl,...,ﬁr\i,...,[mi,xj],...,:cﬁlﬂ)%—
n_ln_li( Dzl A ATE A A [z} ... 2l a2l A
m+1 m+1 IR ) » m+41
=1 k=1 i=1
' kipz
/\«T?nJrll ®f(xl7 y Lis 7Im7xm+1)+

= 1)P+i 1 7 n—1
Z Z( PP Ty N ATy Ao AT ®
p=11i=1

f (1, » Ly y Lms [le 7*%?717 m+1])+
m
Z( 1>’L+1 i (Amf>(x17 y Ly Jxm+1)+
i=1

( 1)m+1 (Amf) (3:17 ) ) < Lm+1
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Later, we compute

(—1)i+1 ZT; > (Amf)(.’ﬂl, ... 7£i7 ... >$m+1> =

iM:

3
—

m —_—
1tk 1 k -1
(=)™ e <‘rm+1/\"'/\$m+1/\"'A$?n+l®
i=1

B
Il
—

f([L‘l,...,fU\i,...,J}fn_i_l)) =

|
—

n n—1 —

i+14k .1 1 —1
M=) ey A AakE A AN [l A
p=1 k=1 i=1
p#k
—1 —~ k
e ANTp T @ (@, T T, T )
n—1 m —
i+1+k 1 -1
(=) P A ANTE A A ®
k=1i=1
—1 k
IU/(xz? 73:? )<f<:[;17 y Ly ,.Tm+1)>,
and that

(_1>m+1 (Amf>(x17 s 7xm> Lmt1 =

Z(_l)m—l-l—l-k <x}n/\A@Asz_l(gf(xl,’xm_l,xfn)) ATyl =
k=1

n—1n—1 ) —
Z Z (_1)n+z+m+1+k x;‘"}’LJ’»l A A ﬂUan Ao
=1 k=1

---/\x"mfl®/L(xin/\-~/\x,’§l/\~--/\le1,xf71+1)(f(m1,...,xm1,xfn)>.

So, we get the required result. O

4.1.2. Generalized Derivations and Classifications

In this section, we aim to elucidate the cohomological classification of generalized
derivations within n-Lie algebras. Notably, for the case of n = 3, our findings
subsume those in [31]. To delve deeper, we will depict a generalized derivation of an
n-Lie algebra as a 1-cocycle in a cohomology theory associated with n-Lie algebras,

while an inner generalized derivation will be represented as a 1-coboundary.

An n-Lie algebra & defines a linear operator D : & — & as a derivation if it

satisfies

D([xy,...,2z,]) = Zn: [T1, ..., D(xg), ..., o)

k=1
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for any zy,...,x, € &. Notably, the fundamental identity (4.1) immediately
implies that
ad(zy,...,xp 1) : 6 > &

defined by (4.6) is a derivation for any zy,...,x,_1 € &. These derivations are

known as inner derivations.

A generalized derivation of an n-Lie algebra &, however, is a linear map D :

$,,_1 — & that fulfills the following conditions:

D(SEl, ey Tp—9, [In,h e 71‘2”*2]) =
n—1
Z[%-l; < 7D(9017 sy Ip—2, $n—1+k), s 7$2n—2]7 (4'15)
k=0

n—2

Z -D(xna ] [‘7;17 te 7xn—17xn+k]7 cee 7I2n—2) =

k=0

[Z’l, ey Tp—1, D(Z'n, e ,xzn,Q)] + (-1)”[D(CL’1, e ,‘anfl), Ty ,xzn,Q] (416)

D<xla ce >$n—2,D($n—1, e axZn—S)) =

n—2
Z D(acn,l, ey D(i[)l, e 7$n72axn71+k)7 . 7:[;27173)7
k=0
(4.17)
for any x1,...,z, 1 € & [28].

As noted in [28], it is immediately evident that the map ad, : &,,_; — & defined

as
ady(z1, ..y 2n—1) = (Y, 21, - - -y Zn—1] (4.18)

qualifies as a generalized derivation for any y € &. This type of generalized

derivation is termed an inner generalized derivation.

Note that if D : &, ; — & is a generalized derivation, then & ®p k := & d k

forms an n-Lie algebra using the operation:

n

[t1 + oD, ...z, + a, D] :=[xq,...,2,] + Z(—l)k+1akD(x1, ey Ty T)
= (4.19)
This applies for any xy + a1 D, ..., x, + a,D € & ®p k. Let us discuss the
conditions stated in equations (4.15) and (4.17).

In the context of the equation labeled as (4.20), we can easily observe that (4.15) is

synonymous with D*(xy, ..., z,_5) being a derivation of the n-Lie algebra &. This
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holds true for all 1, ..., 2,2,y belonging to &, where D* is defined as follows:
Db &,y — gl(®), DYy, . ) (y) = D(x1, ..., Tna, y). (4.20)

The equivalence of condition (4.17) for the n-Lie algebra & with the structure of
an (n — 1)-Lie algebra can be expressed through the mapping defined as

Di@n_1—>®, ZL’l/\"'/\l’n_lP—>D($1,...,In_1>.

Concerning condition (4.16), we can draw an analogy to [31]. Prior to that, it is
beneficial to define the semi-direct sum Leibniz algebra & x &, ; =& ® &,

corresponding to an n-Lie algebra &.

To start, given that & is an adjoint representation over itself according to (4.6), it

naturally becomes a representation of the Leibniz algebra &,,_; via the operations:

vy = [zt ... 2"y, y<ax = —[zt, ... 2"y,

for any y € ® and any z := 2 A--- A2 ! € &,_;. Consequently, & & &,,_;
forms a Leibniz algebra defined by:

[yl +Q31,y2 +x2]8 = [l’%, S 7':61117173/2] - [SL’%’ v >x§717y1] + [xth]?

for any y1,y0 € &, and any x; ;= i A AaP oy =2l Ao A2 € B,

where
n—1
(w1, 20) =Y ay A Afzy,. .2 el A AT €6,
k=1

As a result, [31] extends directly to the following case.

Theorem 4.4. Given an n-Lie algebra & and a generalized derivation D : &,,_1 —

&, define the mapping D:&x®,,—6&x6, 1 as follows:

A

D:&6x6, 1 >6x6,1, Dy+z):=D(x),

foranyy € & and any x = ' A--- ANx"t € &,_,. This D is then a derwation
of Leibniz algebras.
The cohomological classification of generalized derivations. Here we will delve into

the main result of this section, introducing a novel cohomology theory tailored for
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n-Lie algebras, which characterizes generalized derivations of n-Lie algebras as
1-cocycles. To kick things off, let’s lay out the differential complex designed for

n-Lie algebras.

Let & be an n-Lie algebra, and let (V, i) be a representation of &. Let also

C®.V) =@ (6, V),  C(®,V) = Hom(ﬁﬁ(T‘” A@n_g,v), m> 1,
m=0

(4.21)
with C%(&,V) := & @ V, and
0:C%B,V) = CHB, V), dz@v)y) ==y, ...,y 7)),
§:C™(B,V) — (B, V), m =1

0f(x1, ..y Tm,y) ==
Z (_1)Zf(l'177@77[x17x]]7axm7y>+
1<i<jsm

f: (—1)*! ,u(mil, . ,a:?_l)<f(x1, B I ,mm,y))—l—

(4.22)

for any f € C™(&,V), any z; ;= x; A---AaP '€ B, ,andany y ;= y' A--- A

Y2 € &, o, where X! =zl A /\EZ/\ e ANl e 8, ,,
n—1
(@i, 2] == le ANzt ,m?_l,xﬂ JARERW)N x?_l € 6,1,
k=1
and
n—2
[z, y] == yrA A [z A Ay E B,
k=1

Let us verify that (4.22) indeed forms a differential. To begin with, we recall from

Proposition 4.2 that & ® V' is a representation via the operations
ro(z@v) =2, 2" @ut z@u(at, .. 2" (v), (4.23)
(z@v)<x:= nz_:l(—l)k o A p(z, X7 (v), (4.24)
k=1
where 2 ;= 2 A - A2 1 € B, 1, and XF =2l A AZF A Aa" L € B, .

Now, let’s establish the following analogue of Proposition 4.3.
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Theorem 4.5. For an n-Lie algebra &, along with a representation (V, ), the

diagram

(&, V) CL™(®, 1,61 V)

| Ja

(B, V) emt! CL™ (&, 1, B @ V)

commutes for any m = 0, where

O : C™(B,V) = CL™(®, 1,60 V),  f—0"(f),
n—1

@m(f)(xl,,:cm) = Z( 1)k+1 k ®f<$1,...,l’m,1,an),

k=1

O =—1d: 6V 6V,

and X* = ! /\---/\gg/\---/\x?n’1€®n_2.

m

Proof. We begin with

n—1

O™ S f) (@1, s i) = Y ()M an @ (6) (2,

k=1

m>1, (4.25)

k _
» Lms Xm+1) -

n—1
Z Z (—1)F gk 1 ® flzn, .., 7, ..,[mi,ﬁj],...,xm,XTIZH)—i—

k=1 1<i<j<m

n—1 m

Z Z (_ Z+k+1 ];:n-i—l X f(,flj‘l, C ,@, vy Ty [$Z7X7]jz+1])+
k=11i=1

n—1 m

ZZ(_ Z"l‘k k+1®/~ll( x?_1)<f(x1,,..7i‘;,---,xm
k=11i=1

n—1n—1

) Xrlil—&-l)) +

Z Z (_ l+k+m 7kjn+1 ® :u( X’f’H—l) <f(x17 ceey Ty, in))a

k=1 =1

meanwhile, we obtain

dO™(f)) (21, Tmg) =
z (=) (0™(f))(z1,....75,. .., (i, 25], .. Tmg1)+

1<i<j<m+1

> (-1 ((@mm)(xl,...,a,...,xm+1>)+
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It is worth mentioning that

Z (=D O™(f)(z1,...,75,. .., (T3, 5], Tm1) =

1<i<j<m+1
Z (_1)1 (@m(f))(xlv s 7@7 ceey [xiv xj]? cee 7xm+1)+
1<i<j<m
(=) O™ ()1, ..., T (24, Tpya]) =
=1
n—1
Z ' ( ]')H—]H_l fn+1®f(x17"'7?7 -'7[xi7xj}7---axmaX7];+1

Z Z( 1)1+k+1 7’31+1 & f(xla s 7@7 R [*Tzaan—i-l])

k=1 1i=1
n—1 m )

Yo g, a0 @ fan T X ).
k=11i=1

The conclusion can be derived from (4.23) and (4.24). Specifically,

m

S (1) ((@mm)(m, S )

=1

n—1 m

ZZ 7,+k ,x? 1, m+1]®f(x17”'7§\ X7€L+1)+

k=1 1i=1

n—1 m

S0 (1t @ plad ) (F T X)),
k=1 1i=1

and
0™ (@ 1)) G =
1)mtt (i: 1)+t gk ®f(x1,...,xm1,X§1)> ATpmi1

> ; (1) a0 @ play, Xaanrl)(f(xh o 7xm7X7I7€»L))-

For an n-Lie algebra & along with a representation (V, i), the map ¢ : C"(&,V) —
C"1(&,V) defined in (4.22) for n > 0 is a differential map, that is, it satisfies

62 = 0. This property can be readily inferred from the injectivity of (4.25).

We will use H*(&, V) to represent the homology H(C(®,V),d) of the differential

complex (4.21). Following convention, Z™(&, V') refers to the space of m-cocycles,

while B™(&, V') denotes the space of m-coboundaries.

It is noteworthy that the differentials (4.10) and (4.22), as well as the differential

complexes (4.9) and (4.21), coincide only for n = 3.
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Now, we are set to prove our main result.
Theorem 4.6. For an n-Lie algebra &, suppose we have a linear mapping D :

B, 1 — 6. Let D* : &, 5 — gl(&) denote the corresponding mapping defined by
(4.20). In this context, D* belongs to Z*(®, gl(®)) if condition (4.16) holds true.

Proof. Forany z = 2! A---Aa" 1 e &,_,anyy=y' A---Ay" 2 € &,_,, and
any z € &, we can express (6D%)(z,y)(z) as

0D (. )() = ~DH(ea)(2) + (a2 (D)) (2)+
> 0 () (DHXD) ) o),

=1

where X = 2! A~ AT A--- A" € &, 5, and
n—2
[I7y] = Z yl/\_”/\[‘Tl’...7$nfl7yk]/\_._/\yan €6, o
k=1

Expanding further, we have

(6D%) (2, y)(2) = =D([z,y], 2) = D*(y)([z, 2]) + ni; (1) DHX) (2", y, 2]) =
— D([z,y],2) — D(y, [z, z]) — 2 D(x') ... [y, z,2",..., 2" ).

If condition (4.16) holds, then we simplify to

(6D%)(z,y)(=) =
_ ([x,my,z)] ; <—1>"[D<x>,y,z]) - ([y,z,mx)] + (~1)"D(, z>,x1) o
[]

For n = 3, assuming that D : &, — & satisfies (4.15), we can also deduce that
D* € ZY®, gl(®)) if and only if (4.16) is satisfied.

Given D : &, 1 — &, it is immediate from the definition of § : C°(&,V) —
CY(®,V) that D* € BY(®, g/(®)) if and only if there exists £ @ f € & @ gl(®)
such that D* = §(£ ® f), or equivalently

Dly,2) = Du)() = (ul&.w)(N)(2) = =1 (& 9. 2]) = ade()(v. ).

Thus, we can state that D* € B} (&, g/(8)) if and only if D = adg(f) for some

¢ € G and f € gl(&). This characterization is analogous to the definition of an
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inner generalized derivation in [28] and [31], where inner generalized derivations
D : &, ; — & correspond to those satisfying D* = §(¢ ® Id) for some & € &,
with Id € gf(®) representing the identity transformation.

4.1.3. Nambu and Bi-Hamiltonian Dynamics

Consider a manifold P and the space C*°(P) of smooth functions on P equipped

with £ multilinear mapping
{0,0,--- 0} :C°(P)x - - xC®(P)— C®(P). (4.26)
We assume that the bracket is skew-symmetric that is
{F,- B} = () Foy, - Fo ), (4.27)

where o € Sy -the symmetric group of k elements- and €(o) is its parity.

The bracket (4.26) is called a Nambu-Poisson bracket of order k if the following
axioms hold for all Fy, Fy, -+ | Fy,_q in C*°(P) are satisfied.

e Leibniz identity:

{F1F2,F3, T »Fk+1} = F1{F2>F3>“' ,Fk+1}

(4.28)
+{F, Fs,- - Fpi1}Fo.
« Fundamental (also called Fillippov or Takhtajan) identity
HFy - Bty Fr}y Frgr, oo P}
+ {F, {F, - Foet, B} Frgo, oo Fopa } (4.29)

+ o A ey P (P, Frn, Fapa b}
= {Fla"' )Fk—la{Fkv"' 7F2k‘—1}}-
A manifold admitting such a bracket is called a Nambu-Poisson manifold of order
k, [19, 21, 25, 126, 127]. Notice that, for £ = 2 this definition reduces to a Poisson

bracket. In this case, (4.29) turns out to be the Jacobi identity in its very classical

sense.

Nambu-Poisson Multivector Field. A Nambu-Poisson bracket can be realized by a

Nambu-Poisson multivector field n € T(A¥TP), a section of A*¥T'P, such that
n(dFy,--- ,dFy) :={F, -, F}. (4.30)
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In this case, n is Nambu-Poisson k—multivector field. As announced in [128, 129],

n is a Nambu-Poisson k—multivector field if and only if

[ty n) = (=1)"(eaym)n (4.31)

for any (k — 1)-form ¢. Here, 1,7 refers to the contraction of the k£ multivector
field  with the differential form of order (k — 1). So that ¢yn is a vector field.
Accordingly, the bracket on the left hand side is the Lie derivative of the multivector
field n with the vector field ¢yn.

Contractions to Poisson Framework. Consider a manifold P equipped with a
k—bracket {e,---  o}. It is a Nambu-Poisson manifold of order k if and only if

its contraction

NF = LdF7) (4.32)

is a Nambu-Poisson manifold of order £ — 1 for all smooth F' on P. One can
iteratively carry this reduction up to bivector fields. So, we can argue that a
k—bracket {e,--- o} is a Nambu-Poisson bracket if its all contractions with k& — 2

functions read a Poisson bivector that is

[nFlFQ“'Fk72777F1F2---Fk,2] - O (433)

for all smooth functions Fi, ..., Fy_5 on P. Here, the bracket [e, o] is Schouten

bracket. The contraction is defined to be

NE - F_o = UdF),_o - - - LdF, LR T] (434)

We record the case for ternary algebras for future reference. A 3-vector field 7 is

Nambu-Poisson if and only if

[nr,nr] =0 (4.35)
for any smooth function F' in C*°(P).

Nambu-Hamiltonian Dynamics. Consider a Nambu-Poisson manifold
(P,{e,--- ,e}). The Nambu-Hamiltonian dynamics on P involves (k — 1)-number
of Nambu-Hamiltonian functions (Hi,--- ,Hg—1) in C°>°(P). The dynamics is

governed by the Nambu-Hamilton’s equation

d
d—‘f = {a,Hy,  Hu ). (4.36)
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The corresponding Hamiltonian vector field is defined to be
Xyt o (F) = {FHy, - Hy ) (4.37)

A solution to the Nambu-Hamilton’s equations of motion produces an evolution
operator which by virtue of the Takhtajan identity preserves the Nambu bracket
structure. According to that, a Nambu-Hamiltonian vector field preserves the

Nambu-Poisson k£ multivector field n that is

[XHI,n-,Hk—l? 77] =0 (438)

where the bracket here is the Schouten-Nijenhuis bracket. This reads that the
characteristic distribution, generated by all the Hamiltonian vector fields, is

involutive
n—1
(Xot s XPy Py ] = z; XFy o {Hy o Hon 1 Fi o P - (4.39)
Volume Manifold. In the first place, we assume that a manifold M is paracompact
and that the dimension of M is equal to the order of 1. Recall that any n-vector
field n on an n-dimensional manifold becomes a Nambu-Poisson tensor by the
result of [24]. Moreover 7 is assumed to be nowhere vanishing on M. Thus in our

case, n is non-vanishing Nambu-Poisson tensor of order n. The volume form 2

corresponding to 7, can be defined as follows [3]:
XiA-AX, = (=1)"1(Xy, -+, X))

for all Xy, -+, X, € T,(M).

Bi-Hamiltonian Dynamics. A dynamical system is called bi-Hamiltonian if it
admits two different Hamiltonian structures

du
% = {U,Hg}l = {U, 7‘[1}2 (440)

with the requirement that the Poisson brackets {e, e}; and {e e}, be compatible,
that is

{0, 0}; + c{o, 0}, (4.41)
must satisfy the Jacobi identity for any constant ¢, [130, 131]. In three dimensions,
an autonomous bi-Hamiltonian system is superintegrable. By fixing the Hamilto-

nian functions H; and Hs, we can write Nambu-Hamiltonian system (4.36) in the

87



bi-Hamiltonian form, see, for example [132, 133],

d
o= {w Y = {u ) (442)

where the Poisson brackets {e, }72 and {e, #}"1 are defined by
{F,H}Hz ={F,H, Hs}, {F,H}H1 ={F,H,H}, (4.43)

respectively. Both of the brackets {e, e} and {e, e} satisfy the Jacobi and

Leibniz identities.

Nambu Dynamics on the dual of a 3-Lie Algebras. A 3-Lie algebra is a vector

space g equipped with a skew symmetric ternary algebra
(0,0 0 :gxgxg—g, (4.44)
called as the 3-Lie bracket, satisfying the fundamental identity [21]

[517627 [537 54’ 55]] - [[61752753]764765] + [537 [51762764]755] + [537£4a [51752755“

for all &,...,& in g.

For two 3-Lie algebra elements (£, &) we define adjoint operator as follows

adg &)1 0 — 8, adig g)(§) = [&,&, ¢ (4.45)

Note that ad, ¢,) is a derivation thanks to the fundamental identity. Let us
denote the linear algebraic dual of the 3-Lie algebra g by g*. Then, we can define

the coadjoint operator
adie, e,y 1 8" —> 8", ladg, ¢, (1), &) = —(p, adie, ¢,)(€)).  (4.46)

Let g be a finite-dimensional 3-Lie algebra spanned by the vectors (e,). We

determine the structure constants of this algebra as:
0
[eas €8, 4] = Cop. €0 (4.47)

Here, the set QZM determines the structure constants of the 3-Lie subalgebra g.

The duals of Lie algebras are Poisson spaces called Lie-Poisson manifolds. However,

for 3-Lie algebras this is not straightforward. The integrability criterion must be
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carefully examine when passing from a 3-Lie algebra to the dual space and vice
versa. In any case, assuming that this is done, we define a linear Nambu-Poisson
structure as follows [19]:

0F 0H 6K}>

FH Y ) = (5050 5 (4.48)

Notice that this linear Nambu-Poisson dynamics is computed in terms of the
coadjoint action as follows:
oF . - _< [5F 0H 5K}>
- /"L7 5”’ 5}/[/7 (5/,[/
oF
oF

— —{ad; =

<a (?j,‘ffj)(m Si

Accordingly we have the equation of motion as

*

= —ad(w 5K) (). (4.50)

S’ dp

In coordinates, assuming (p,) coordinate system on g*, we have that

{Ha g5 117} = €t (4.51)

In terms of the functions this gives that

{FH K} (1) = €ty o (4.52)

Accordingly, for a Hamiltonian pair (H, K), we write the Nambu Hamilton’s

equation as

OH 0K
1o = €0 g 4.53
% aﬁ’y:ua 8#5 au’y ( )

4.2. n—Lie Algebroids, Dynamics, Couplings

4.2.1. n—Lie Algebroids

An n-Lie (also called Filippov) algebroid A of order n over the base M is a (real)
vector bundle 74 : A — M admitting a skew-symmetric algebra on the sections
[126, 134, 135

yoo, 0 i T(A) x - xT'(A) — T'(A) (4.54)



together with a bundle (so-called anchor) map
ag: AN"TA— TM. (4.55)
For an n-Lie algebroid the fundamental identity
(X1, X1, [ Xy - oo Xono]]
1

(4.56)
=3 X [ X0 Xty Xk - Xon ]

must hold, for any Xi,..., Xs,_1 and X in I'(A). Further the anchor map and

the n-bracket are related by

[a.A(Xh cee 7Xn—1)7 a.A(Xn—‘rb cee aXQn—l)]

n—1 (457)
= Z a.A(XnJrla te [Xb s 7Xn71>Xn+kL s 7X2n71)7
k=0
and the product rule
[Xla"'7Xn—17fX] :f[X17"'7Xn—17X]+LaA(X1 ..... Xn71)<f)X7 (458>

for all smooth functions f on the base manifold.

Note that when n = 2, the conditions above are reduced to the conditions given
for Lie algebroids in the previous section. So, a Lie algebroid is actually a Filippov

algebroid of order 2.

As previously mentioned, in this thesis our main interest is 3-Lie algebroids. So
we wish to state this case explicitly for future reference. A 3—Lie algebroid A
over the base M is a (real) vector bundle 74 : A — M whose sections admit the
3-Lie bracket

(0,0, 0] 4 : APA — A (4.59)

In this case the fundamental identity turns out to be

(X1, Xo, [ X35, Xy, X5]] = [[ X1, Xo, X3], Xu, X5] + [ X3, [ X1, Xo, X4], X5] (4.60)
+ [X37X47 [X17X27X5]])

for any set of smooth sections X; and X in I'(A). The achor map is taking two

section of the vector bundle to the tangent bundle and it is written by

aq: ANA— TM. (4.61)
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The conditions in (4.57) and (4.58) now become

laa( X1, X2), a4(X5, Xa)] = aa([Xq, Xo, X5], Xu) + aa(Xs, [ X7, Xo, X4]) (4.62)
(X1, Xy, fX] = f[X1, Xo, X]+ La (x50 (/)X

respectively, for any f € C*°(M). We denote a 3-Lie algebroid by a quintuple

(A, 74, M, ay, e, 0, 0]4). (4.63)

Let us define the representation of a 3 Lie algebroid .4 on a vector bundle (B, 75, M).

It is given by a map
o:T(B) x A’T(A) — T['(B), (Y, X1, Xo) = o(Y, X1, X3) (4.64)

which is skew-symmetric with respect to its last two entries. A representation
should satisfy the following commutation relationships with the 3-Lie bracket
oY, X, [X1, X2, X3)) = o(a(Y, X, X3), Xo, X3) + o(0(Y, X, X5), X1, X3)
+o(o(Y, X, X3), X1, Xs),
(4.65)
o(o(Y, X3, X4), X1, X5) = o(Y, [ X1, Xo, X3], Xy)
+o(o(Y, X1, X2), X5, X4, ) + (Y, X35, [ X1, Xo, X4])
for arbitrary sections of the 3-Lie algebroid X;, X in I'(A) and Y in I'(B). Further,
a representation must fulfill the following Leibniz rule identities
oY, fX1,Xs) = fo(Y, Xy, Xs)
oY, X1, fXo) = fo(Y, X1, Xs), (4.66)
o(fY, X1, X)) = fo(X1, X2, Y) + Lax.x) ()Y
for an arbitrary function f defined on the base manifold M. Here, the second
term on the right hand side of the last line is the directional derivative of the

function f in the direction of the vector field a4(X7, X5).

Linear 3-Nambu Poisson Framework. Being a vector bundle (A, 74, M) there
exists the dual bundle (A*, w4, M). The space of functions on the dual space
A* is spanned by two classes of functions. The first class consists of constant
functions on fibers, i.e., functions on the base M. The second class consists of
linear functions on fibers, i.e., the sections of the projection 74. Let us analyze the

first class. For a function f on M, we can define a function f on A* as follows:
frA — R,  f(u)=fomau). (4.67)

91



The second class will be obtained from the sections of the Lie algebroid A. For
this, let us take a section X. The linear function X on A* for every u in A* is
defined as:

X A — R, X(u) = (u, X omyu)). (4.68)

Similar to the Lie algebroid framework, we define two sets of functions on the
total space A* of the dual bundle. The first set consists of those that are constant
on each fiber and are obtained by the pull-backs of the smooth functions on M.
If f is a function on the base manifold, then in accordance with (4.67) we denote
its lift to A* by f. The second set, on the other hand, consists of those functions
that are linear on the fibers. These are detemined by the pointwise evaluations of
the sections of the 3-Lie algebroid. Accordingly, if X is a section of the algebroid
then X will be the corresponding linear function as defined in (4.68). Referring
to the set of functions ( f , X ) and in light of the 3-Lie algebroid structure, we

determine the linear 3-Nambu-Poisson bracket on A* as follows

{f7§7E}A* = 07
{fagay}f\* = 07
{fa X\laj(\Z}A* = 'C(CIA(X1,X2))]C’

(X1, Xy, X3} 4 = [ X1, Xo, Xs] .

(4.69)

It is a direct verification to show that the two-tuple (A*, {e, o o} 4:) is a 3-Nambu

Poisson manifold.

Referring to this Nambu-Poisson structure, we can determine 3-Nambu-Hamiltonian
dynamics on the dual space A* according to the Nambu-Hamilton equation gener-

ated by two Hamiltonians

du
E = {U,Hl,Hz}A*. (470)

Referring to the discussion done on bi-Hamiltonian character of 3-Nambu Hamil-
tonian dynamics we define bi-Hamiltonian realization of linear Nambu dynamics

in this framework as well:

du
- {u, Hy}2 = {u, Ho} 3. (4.71)

where the Poisson brackets are defined as in (4.43).
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In finite dimensions, assume a local coordinate (') on M and (z°,y®) on the total
space A of the 3-Lie algebroid. We denote a section of this fibration by (e,) so

that structure functions and the anchor map are computed to be

;0
[Ga, €8 6’7] = “6(9157697 (aA)(eOm 65) = (‘%4)&6%7 (472>

respectively. On the total space of the dual bundle the dual coordinates are

(2%, yo). In this case, the 3-Nambu-Poisson bracket (4.69) is written by
{xi7 xjv xk}A* = 07

{xi7 mja ya}A* = 0,

. A (4.73)
{xza Ya, yﬁ}A* = (u.A)Za/Ba
(Yoo s Yy Y ar = D0z Yo
while the Nambu-Poisson 3-vector field turns out to be
1 0 0 0 1 0 0 0
Ay =—5° A A —(ay)l g A — A ——. 4.74
A 3!~6aﬂf~/y9 8ya 3?/5 ay’y + 2 (a.A>aB Ot aya ay[j ( )

Accordingly, the Nambu Hamiltonian dynamics (4.70) generated by a Hamiltonian

function pair (Hy, Hy) is obtained as the following system of equations

dl’i ; ; 8H1 8H2
gr — U e ) = (04 Oy Oy’ (4.75)
dy, ’

OH, 0Hy OH, 8H1> . OH, 0H,
dt

Wo 0 Hy Hy) = (ay) T Ays Oy,
{y 1 2} (a«‘\)ab’< Ot 83/5 oxt 83/5 By ayﬁ ayW

4.2.2. BDCP 3-Lie Algebroids

In this section, we endow the bicocycle double cross product strategy to two vector
bundles over the same base manifold to arrive at a 3-Lie algebroid structure on
the direct sum. More explicitly, given two vector bundles (A, 7, M) and (B, k, M),
we construct a 3-Lie algebroid structure on A x B. We start to the construction

step by step.

Let (B, 7, M) be an arbitrary vector bundle together with a vector bundle map
ag : B — TM. Define
Y A°T(B) — T(A), 0 : A°T(B) — I'(B) (4.76)
so that, for any Y3,Y5, Y3 € I'(B),
(0,0, 0|5 : T(B)ANT(B)AT(B) — T'(A) & T'(B) (77)
(Y1, Y2, V3]p = (Y1, Y2, Y3) + 0(Y1, Y2, Y3).
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See that the existence of non-zero 1 prevents the closure of the bracket B. We

call 1 as cocycle term.

Define two operations
¢:T(A)AT(A)AT(A) — T'(A), C:T(A)AT(A)AT(A) — I'(B), (4.78)
so that we can write a bracket on T'(A) as

o, 0, 0] : T(A) AT(A) AT(A) —s T(A) & T(B) .
(X1, X, Xal4 = ¢(X1, Xo, Xs) + C(X1, Xo, Xs) '

for elements X, Xo, X3 in I'(A). Note that the existence of the cocycle term ¢

prevents this mapping from being a bracket.

Further, we define two mappings
p:T'(B)xT'(B)xI'(A) — I'(A), o:T'(B)xI'(A) xI'(A) — T'(B). (4.80)
Considering these mappings, we can define the following bracket

(X1, Y1),(X2, Y2), (X37YE’>)L;I>G¢ =
(601 X, Xs) + 91, Y2, Ya) + pl(¥, Ya, Xi) = p(Yi, V3, X)
bV Ya Xa): (181)
0(Y1, Y2, Ys) + (X1, Xo, X3) + o(Y3, X1, Xo) — o(Ya, X1, X3)
+a(Y1,X2,X3))

on the sections of A x B.

We now present an exhaustive list of conditions on all the mappings introduced in

this section. The conditions are obtained from the verification of the fundamental
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identity. The following are the ones consisting of only X’s and Y’s:

O(X1, X2, 9(X5, Xy, X5)) = o(0(X1, X2, X3), Xy, X5)
+ (X5, (X1, X2, X4), X5) + ¢(X5, Xy, ¢( X1, Xz, X5)),
C( Xy, X2, (X3, X4, X5)) + 0({( X3, Xy, X5), X1, Xo) =
Clp(Xy, Xo, X3), Xy, X5) 4+ 0({( X1, Xo, X3), Xy, X5)+
(X3, p( X1, Xo, Xy), X5) — 0(C( X1, Xo, X4), X3, X5)+
(X3, X4, (X1, Xo, X5)) + o(C( X1, Xo, X5), X3, Xy), (4.82)
0(Y1,Y2,0(Y3,Y4,Y5)) = 0(0(Y1,Y2,Y3), Yy, Y5 )+
0(Y3,0(Y1,Y2,Yy), Ys) + 0(Y3, Yy, 0(Y1, Y, Ys5)),
Y(Y1, Y, 0(Y3, Yy, Y5)) + p(Y1, Yo, (Y3, Yy, Y5)) =
V(O(Y1,Ys,Y3), Ve, Y5) + p(Ya, Y5, 1h(Y1, Ya, Y3))+
U(Y3,0(Y1, Y2, Ya), Y5) — p(Y3, Vs, 00(Y1, Y2, Ya))+
(Y3, Ys, 0(Y1,Y2,Y5)) + p(Ys, Ya, 1h(Y1, Y2, V5)).

Then the following are the ones containing four X’s and only one Y

o(o(Ys, X3, Xy), X1, Xo) = 0(¥5, 0(X1, Xs, X;), Xy)
+ 0 (Ys, X3, (X1, Xp, Xy)) + 0(0(Ys, X1, Xo), X3, X4)
p(C(X1, X2, X3), Y5, Xy) — p(C(X1, X2, X4), Y5, X3) = 0, (483)
0 (Ya, X1, 9(X5, Xy, Xs5)) = 0(0 (Y2, X1, X3), X4, X5)
—o(o(Ye, X1,X4), X3, Xs5) + 0(0(Ya, X1, X5), X3, Xy)

p(Ya, (X3, Xy, X5), X1) = 0.
The following are those containing three X’s and two Y'’s:

O( X1, Xo, p(Ya, Vs, X3)) = (C( Xy, Xo, X3),Ya, Ys) + p(Ya, Vs, d( X1, Xo, X3))
+ p(o(Yy, X1, Xo), Vs, X3) + p(Yy, 0(Ys, X1, Xa), X3),
C(X1, X2, p(Ya, Y5, X5)) = 0(C(X1, Xo, X3), Yy, Y5),
p(Ya,0(Ys, X3, X4), X1) = p(0(Ye, X1, X3), Y5, Xy)
— plo(Ya, X1, Xy), Y5, X3) + &( X5, Xy, p(Y2, Y5, X))
(4.84)
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C( X5, Xy, p(Ya, Y5, X1)) =0,
p(Y1, Y2, ¢(X3, Xu, X)) + (Y1, Y2, (X3, Xy, X5)) = ¢(p(Y1, Y2, X3), X4, X5)
+ 0(X3, p(Y1, Y2, Xu), X5) + 6(Xs5, Xy, p(V1, Y2, X5)),
(Y1, Y2, (X3, X4, X5)) = C(p(Y1, Y2, X3), X4, X5)
+ (X5, p(Y3, Yo, Xu), X5) + (X5, Xy, p(Y1, Y2, X5)).
(4.85)
The following are the ones containing two X’s and three Y’s:
P( X1, Xo, ¥(Y3, Yy, Y5)) = (0(Ys, X1, X»), Ya, Y5)
+ (Vs 0(Ya, X1, X3), Y5) + 0(Y3, Ya, 0 (Y5, X1, X)),
C(X1, Xo, (Y3, Y4, Y5)) + 0(0(Y3, Ya, Y5), X1, Xo) = 0(0(Y3, X3, X2), Ya, YV5)
+0(Ys, 0(Ye, X1, X2), Y5) + 0(Y3, Ya, 0(Y5, X1, X3))
o(Yz, X1, p(Ya, Y5, X)) = 0(0(Ya, X1, X3), Y, Y5)
—o(Y5, X5, p(Y2, Yy, X1)) + o (Y, X5, p(Y2, V5, X1)),
Y(o(Ye, X1, X3), Y1, ¥5) =0,
WY1, Ya,0(Y5, X5, X4)) = ¢(X5, Xy, (Y1, Y2,Y5)),
0(Y1, Yz, 0(Ys, X3, X4)) = 0(Ys, p(Y1, Y, X3), Xu) + 0(V5, X, p(Y1, Y2, X4))

+ C(X37 X47 ¢(Y17 }/27 )/5)) + U(Q(Yia }/27 Y5)7 X37 X4)

(4.86)
Then the following are those containing only one X, and four Y’s:
p(Yéae(}/E%}/;b%))Xl) == P(YZhYZ’nP(YQa}@aXl))
- p(}/37 Y57 P(Y% }/;17 Xl) + P(Y37 Y;h p(Y27 Y57X1)
0(3/271?(}/3,)@7}/:5)7)(1) =0
(4.87)

p(Y1, Y, p(Yy, Y5, X3)) = p(Ya, Y5, p(Y1, Y2, X5))
+ p(0(Y1,Ya,Ya), Y5, X3) + p(Ya, 0(Y1, Y2, Y5), X3)
o(Ys, X5, 9(Y1,Y2,Ya)) — 0 (Ys, X3, 9 (Y1, Y2, Y5)) = 0.

The compatibility conditions related with the anchor maps can be listed as follows:
[aa(X1, X2), a4(X3, Xy)] = asa(d(Xy, Xo, X3), Xa) + a4(X3, (X1, Xo, Xy))
as, (C(X1, Xo, X3),Ys) =0,

(4.88)
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[aA(XlaXZ)a aB(}/éan)] = aB(g(}/é7Xl>X2)7n) + aB(}/&O-(}/;laXlaXQ))a

aB(O-(}/Q)Xl)X3))§/4> - a.A(X37p(}/27}/4)X1)) = O)

[a8<Y17}/2)7 a.A<X37X4)] == aA(p(lfl7}/27X3)7X4) + aA(X37p<}/17}/27X4)>7 (489)

Cl_A(Xg, ¢<Y1> }/27 YZL)) = 07

[aB(Yia YQ)) 63(3/3,3/4)] = aB(Q(}/l,}/Q,}/Z}), }/;1) + a.A(}/E’n 9(}/1’ }/27 }/;1))

We conclude the list of compatibility conditions by those about the Leibniz

identity:

¢(X17X27fX> :f¢(X17X2’ )+LaA(X1 Xz)(f)X
C(Xsz,fX) = fC(leXQ, )7

(fY, X1, Xo) = fo(Y, X1, X3) + La(x1,x0) (f)Y,
(

o(Y, X1, fX) = fo(Yz, X1, X),

Q

(4.90)
p(fY, Y, X1) = fp(Y,Ys, X1),
:0(}/17}/27 fX) = fP(Yl,YzaX) + ‘cas(Y1,Y2)(f>X7
V(Y1 Ys, fY) = fy(Y1,Y2,Y),

9<Y17 }/27 fY) = fg(}/la Yé? Y) + EﬂB(Yl,YQ)(f)Y'

Referring to all these conditions we are now ready to state the coupling theorem

of the vector bundles A and B in bicocycle double cross product approach.

Theorem 4.7. Two vector bundles (A, 7, M) and (B, k, M) admitting mappings
ezhibited in (4.76), (4.78) and (4.80), determine a (bicocycle double cross product)
3-Lie algebroid structure with the 3-bracket (4.79) if and only if the conditions in
(4.82)-(4.87), (4.88)-(4.89) and (4.90) are all satisfied.

We call this construction as bicocycle double cross product 3-Lie algebroid. If

one of the cocycle terms are zero (that is if ¢ or ¢) the one arrives at the unified

product 3-Lie algebroid. If ¢ = 0 the 3-Lie bracket (4.79) turns out to be

[(Xla }/i)v(X27 Y2)> (X3> }/3)]&4

=($(X1, Xa, X3) + p(Ya, Ya, X1) = p(Y1, Y3, X2) + p(V3, Ya, Xs);

(4.91)

9<}/17}/27§/3> + C(X17X27X3) + U(%7X17X2> - O-<}/27X17X3)

+ 0<}/17 X2> XS))
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If on the other hand ¢ = 0 the 3-Lie bracket (4.79) becomes

[(Xlu Yi))(X27 )/2>) (X3) }/3>]l><lw
=(8(X1, X2, X3) + (Y1, Y2, Va) + p(V2, Y3, X1) 2
- p(}/la }/T?nXQ) + p(}/la }/25 X3)7

0(Y1, Y2, V) + 0(Vs, X1, Xo) — 0(Ya, X1, X3) + 0(V2, X2, X3)).

If both cocycles are trivial, then we arrive at the double cross product 3-Lie

algebroid given by

[(Xla }/i)v(X2> }/2)7 (X37 YE&)]M
= (p(X1, Xa, X3) + p(Ya, Ya, X1) = p(V3, Yy, Xo) + p(Vi, V3, Xp);  (4.93)

0(Y1, Y2, Ys) + 0(Ya, X1, Xa) — 0(Ya, X1, X3) + 0(Y1, Xo, X3)).

In finite dimensions, let us consider the local coordinate system (z%) on M, along
with the bases (e,) and (e,) of I'(A) and I'(B) respectively. Then the anchor

maps are

Aoy (ear€p) = (aA)aB@a A ay (€ar€p) = (as)ab%, (4.94)

while we determine the structure functions associated with (4.76), (4.78) and

(4.80) by

o _

[ea, €8, e'Y]gNw - Q:aﬁ“fee + Q:Zﬁwea’
_ g0 5a

[eb> €3, e’Y]clxlw o f:bﬂ’yea +_€b,3’yea’ (4'95)

[ebz €c) e'Y]CMw = €2weg + Q:gcvem

50 a
[eb7 €c, ed]glxw, - Q:bcdee + Q:bcdea'

4.2.3. BDCP 3-Nambu Dynamics

In this section, we follow the procedure given in (4.2.1) to determine the Nambu

dynamics on the dual of the bicocycle double cross product 3-Lie algebroid.

Let us assume a local coordinate (z°) on M and (2%, jia, fta) on the dual space

A* x B* so that we determine the anchor map as (a4).5. Then the bicocycle
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double cross product Nambu-Poisson bracket is written as

{a%, 27, 2%} gerpe = 0,

{2, 27, o} asxpr = 0,

{2, 27, pa} sz = 0,

{2, o, g} ar e = (GA)Z@

{z ', fay g} axxpe =0 | (4.96)

17", fay o} e xss = (0.4)aps

{Har 18, By Y ae e = Chg o + Cg btas

{1as 15, oy as = = oo pio + €y pha,

{Has 10 1y} e = Cop g + €y fia

{1ar s et asxse = Copetto + Copetta-
The dynamical equations governed by the Hamiltonian pair (#;, Hz) are computed
to be

i i i O OH T oA
it = {2t Hy, Ho} = (aA)aﬁaylﬁ,u; + (aa)ly 3u1 au:

Mo = {,LLOMHIJHQ} =

O OMy  OHy ML\, OHy OHo
(a"‘)aﬁ( ort Ops O Oug ) (Capmtto + Capata) Opp Oy
87‘[1 8’}{2 aHl 8/7"[2
Q:G 0
( aabMo T Q:ozab:ud> a a (Q: Bolo + Q:aﬁb:ud) a,u[,B a,ub]

Mo = {/J/(qu?HQ} =

oMy OHy My OH, ) OH, My
(aA)ab( ox' Ouy  O0x' Oy, ) (Q: betta Q:abc'ue) Oy Ote *
OH,0H OH,0H
Q:H d vril Vit 0 1 2
( a,B*yM@ + Q:aﬁ'yud) 8 a + (Q: ,Bb,ue + €aﬁbud) 8/,6 a,ub]
(4.97)
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5. ADDENDUM: A CASE STUDY

5.1. Locally Conformally Cosymplectic Manifolds

Let M be a (2n + 1)-dimensional manifold with a family of local charts {U,}.
We assume that each local chart admits cosymplectic structure, say (Uy, Ta, Q).

Accordingly, we have

dr, =0,  dQ, =0. (5.1)

We further assume that on the intersection, U, N Ug of two charts U, and Ug, the

local forms are related as
70Ty = P12, = €y (5.2)

for a family of real-valued local functions {o,}. It is evident from the local
relations (5.2) that if we glue up local one-form 7, and local two-form €, then
we arrive at line bundle valued one-form and a line bundle valued two-form on
M. To have a real valued one-form and a real valued two-form we introduce the

following local forms
Tlo = €797y, Qo := €20, (5.3)

respectively. We glue up these forms and determine a real-valued one form 7
and a real-valued two-form €2 in a respective manner. See that, on the local
chart U,, we denote the local realization of the global one-form 7 as 7|, while we
denote the local realization of €2 as |,. Due to the existence of local conformal
structures, the differential forms 7 and 2 are not closed. But, it is easy to see
that the non-degeneracy 7 A 2" # 0 holds true. Therefore we have that the triple
(M, 7,Q) is an almost cosymplectic manifold. Such a manifold structure is locally
conformally cosymplectic (abbreviated as LCC) manifold. We also record here
that the local Reeb vector field R,, due to the cosymplectic space (U, 7o, 2o) and
the Reeb field R for the almost cosymplectic manifold (M, T,(2) are related as

Rla =€ 7R, (5.4)

and a global vector field R by gluing up all local vector fields R|,.
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Lee form Realization. We consider a LCC manifold admitting local functions {o, }
determining the conformal character of the structure. It is possible to see that
the exterior derivatives of local functions are agree on the intersections that is
do, = dog. These locally exact one-forms can be merged to a closed one-form ©
on the manifold M. The closed one-form © is called the Lee form. Accordingly,

by taking the exterior derivatives of the differential forms in (5.3), we see that
dr =0 AT, dQ =20 A Q. (5.5)

One can use this global formulation to define LCC manifolds. An almost cosym-
plectic manifold (M, 7,€2) transitions into a Lee conformal cosymplectic (LCC)

manifold if it accommodates a closed one-form © adhering to (5.5).

Expressed through the Lichnerowicz—de Rham (LdR) differential, an almost
cosymplectic manifold (M, 1,2, ©) becomes LCC if and only if the one-form 7
and the two-form €2 satisfy

deT =dr —O AT =0, doed =d2—O ANQ =0. (5.6)

In this configuration, a LCC manifold is denoted by a quadruple (M, 1,2, 0),
underscoring the presence of the Lee form ©. If O is an exact one-form, then

(M, 7,9,0 = do) is termed a globally conformally cosymplectic (GCC) manifold.

Note that in case © = 0, the equalities in (5.5) imply that the one-form 7 and
the two-form €2 are closed. Since the non-degeneracy condition is also satisfied,
(M, 1,) itself becomes a cosymplectic manifold. So a cosymplectic manifold can

be considered as a particular instance of a LCC manifold with © = 0.

Ezxtended Cotangent Bundle as a LCC Manifold. Consider the cotangent bundle
T*@), equipped with the Liouville one-form 6y and the symplectic two-form wg,.
Pulling back these canonical forms to the extended cotangent bundle 7*() x R is

denoted as ©¢ and g, respectively. let us suppose there exists a closed one-form

U(q,t) = ;(q, t)dg’ + ((q, t)dt, (5.7)

defined on the extended configuration space ) X R and pulled back to the extended
cotangent bundle 7% x R via the canonical projection. We denote this pulled-back

one-form as ©. Now, define the following forms:
T =deot = dt — 10O, o = —dreOg = Qg + 20 A Og. (5.8)
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It is immediate to verify that the quadruple (7*Q x R,7,Q,0) forms a LCC
manifold. In terms of the Darboux coordinates (¢, p;,t) on T*Q x R, the local

realization of this LCC is computed as follows. Assuming the Lee form is given by

O(q,t) = ¥j(q,t)dq’ + ((g, t)dt, (5.9)
the differential forms are computed as

Q= —dyeOg = —dOg +20 NOQ = dq' A dp; + 2p;© A dg', ( )
5.10
T =dgt = dt — tO.

5.2. Dynamics on LCC Manifolds

Let (M, 7,Q,0) be a (2n+1)-dimensional LCC manifold equipped with a Lee form
©. We take a chart with an induced cosymplectic structure, denoted as (Uy, 74, 24),
and consider a local Hamiltonian function H, on U,. As a cosymplectic manifold,
(Uw, Ta, 2o) accommodates a local cosymplectic Hamiltonian vector field X3, for

H,, via the following Hamilton’s equations [136]:
Xy, Ta =0, x4, 0 = AHo — Ra(Ha)Ta- (5.11)

The local Hamiltonian functions H, on each chart are then collected into a line
bundle L — M valued Hamiltonian function. Moreover, by gluing the local
functions

H|o = e7“H,

defined on U,, we obtain a real-valued Hamiltonian function H over the entire M.
We glue the vector fields
X’H|o¢ = G_UO‘X’HQ (512)

to obtain the global Hamiltonian vector field X3,. We can determine the global

Hamilton’s equations for a LCC manifold as [65]:
Lx,, T =0, tx,, 2 =doH — (deH, R)T. (5.13)

Being non-degenerate, a LCC pair (€2, 7) can determine a musical isomorphism as
in (2.49). We denote the inverse mapping with £. It is evident that an alternative

method to obtain the Hamiltonian vector field Xy is through:
Xy = t(doH) — (doH,R)R. (5.14)
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Here, f represents the musical isomorphism derived from the non-degenerate pair
(7).
Let us take the special case © = 0 into consideration. The equations in (5.13) is

reduced to

Lx, T =0, Lx, 0 =dH — R(H)T. (5.15)

Hence we obtain the Hamiltonian vector field X3 of the cosymplectic framework

[136]. Alternatively, (5.14) with © = 0 leads us to write
Xy =t(dH) - R(H)R, (5.16)

which gives the cosymplectic Hamiltonian vector field in terms of the musical

isomorphism and the Reeb field.

FEvolution Vector Field for LCC Manifolds. To obtain the equation of motion, we
define the local evolution vector field E, as the sum of the Reeb field R, and
the Hamiltonian vector field X,,. Utilizing equations (5.4) and (5.12), we can

determine a local vector field
Eyla = e 77 E,, (5.17)

then by gluing up these vector fields, we define the global evolution vector field
E4 as

Ly T = 1, LEHQ = d@H — <d@H, R)T (518)

Note that when we focus on the almost cosymplectic structure of (M, 7,2), X3 in
(5.13) doesn’t yield the Hamiltonian vector field corresponding to H unless © = 0.
Consequently, Fy, in (5.18) differs from the evolution vector field of the almost
cosymplectic manifold (M, 7, Q2) unless © = 0.

5.3. LCC as a Local Lie Algebra and as a Lie Algebroid

For a LCC manifold (M, 1,2, ©), within each local chart U, endowed with the
cosymplectic structure (7,, (2, ), the local isomorphism f, and the local two-form

Q, yield a Poisson bivector field A, on U,. This is expressed as
Aa(ﬁ)/ow pa) = Qa(ﬁa(”)ﬁ); ﬁa(pa))' (5'19)
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Thus, for two local functions F,, and H,, we define the associated local Poisson
bracket as

(Fo HoYo = Aa(dF,, dH,). (5.20)

Following the established conventions, let us now examine these local realizations.

First, we substitute (5.19) into (5.20) to obtain

{Fo, Hata = Qa(la(dFy), fa(dHa)) = Qa(XF,, Xo,)
= 6_2UO‘Q|Q(€0&XF|Q,egan.[la) (5.21)
= Q‘a(XF|omXH’a)a

where we have utilized the local picture of the Hamiltonian vector fields in (5.12).

On the other hand, the definition in (5.20) allows a direct computation:

{Fas Hota = Aa(dFa, dHa) = Ao (d(e™7 Fla), d(e™ " H]a))
= Aa(€77dF |0 — €7 Fladog, e 7 dH|o — e~ H|ados)
= 727 Ao (dF|o — Fladog, dM|o — Hlados) (5.22)
= 27 Ao (AF |a, dHlo) — €27 H]aMo(dF o, dos)
— 727 FlaAo(doa, dH]s).
The left-hand side being global, as evidenced by the calculation in (5.21), suggests

the local identification

Alo = €727 A,,. (5.23)

See that A, is the Poisson bivector on the open neighbourhood U, whereas A/, is
local realization of a global bivector field A. As we shall examine in the upcoming
paragraphs A fails to be a Poisson bivector. We define a global vector field V' on
LCC manifold M as

V = 126/, Ve = t2d0, Ao (5.24)

where O is the Lee form.

To establish that (M, V, A) constitutes a Jacobi manifold or Kirillov sense a local
Lie algebra, let us verify the identities in (2.38). We begin with the local Poisson

bivector A,. Since it is Poisson, its Schouten-Nijenhuis bracket is zero, that is
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[Aa, Ao] = 0. We use this then compute
Ao, Aa] = [€27% Ao, €27 A]
= [€27Alq, €27 A Ao + €27%[€7 Ao, Al]
= €27[Ala, €7 A Al + €*%[A]a, Alo] + €27 [2%, Ala] A Al
= €7 (—tg(e2ea)Na) A Al + €27 [A]a, Ala] + €77 (—ta(e2eayAla) A Ala
= 26" (—t2aso Ala) N Ala + €7 [Ala; Ala],
(5.25)

As this expression is zero, we conclude that
[Ala, Ala] = 20245, Ao A Al (5.26)

Since all the tensor fields in this expression admit global realizations, we have the
global equality:
[A,A] =2V AA (5.27)

where we used (5.24). This satisfies the first requirement in definition (2.38).
For the second one, we need to recall some properties from [137]. First, let us
compute:

[V, A] = o, A] = ~ua0[A, A] (5.28)

Here the second equality is the Schouten-Nijenhuis bracket for © and A. Further,
for a closed one-form O, the distribution of the interior product over the Schouten-

Nijenhuis bracket reads

LQ@[A, A] = 2L2@(V AN A) = 2L2@V ANA =2V A LQ@A
(5.29)
= 2000t06 A N A — 20906 A N 190 A =0
where, in the last calculation, both terms vanish identically due to the antisym-
metric properties. Merging the calculations in (5.28) and (5.29), we conclude that
[V, A] = 0. Thus, we can conclude that (M, V,A) is indeed a Jacobi manifold or

in Kirillov sense a local Lie algebra.

Se we define a Jacobi bracket on the space C*°(M) as
{F,HHYTCO) = N(dF,dH) + FV(H) — HV (F), (5.30)

and we can argue

[XF,X’H] - —X{F7H}(LCC). (531)
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Hence we conclude that the space of LCC Hamiltonian vector fields forms a Lie

algebra
%LC’tham<M) = {XH S %(M) lxy T = 0, LXHQ =deH — <d@H,R>T}, (532)

where the Lie algebra bracket is defined as the minus of the Jacobi-Lie bracket.
This gives that the mapping

v COO(M) — xLCC—ham(M)7 H— Xy (533)

is a one-to-one Lie algebra homomorphism.

Lie Algebroid Realization. Suppose once more we have a LCC manifold denoted
by (M, 7,£,0), along with the musical isomorphism b defined in equation (2.49)

and its inverse §. These isomorphisms are denoted as:
(X)=X", () =p (5.34)

for any vector field X and any one-form p. Using the definition of b, we can

express the identity:
i, X) = (1, X) — 7(4)r(X). (5.35)

Now, we define a bracket operation on the space I''(M) of one-form sections as

follows:
{o8}rman : T (M) x T'M) — TND),  (uw) o b(h A]), (5.36)

where the bracket inside the musical mapping b is the Jacobi-Lie bracket of vector
fields on M. This definition implies that the musical mappings b and f form Lie

algebra isomorphisms. we compute the Lichnerowicz-deRham (LdR) differential
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of Q at (uf,*, X), yielding:
daeQ(p?, V4, X) = dQ(pf, 1F, X) — 20 A Qi 1F, X)
= 1 (Q(4, X)) = Qi X)) + X (Q( 1))
= ([, ], X)) + ([, X1, 04) — ([, X], 1)
—20(1H)Q(1*, X) +20(H)Q (1, X) — 20(X)Q(pt, )
= (v, X)) = s (7 ()7 (X) = 7 ()i (7(X))
— v ({1, X)) + ()T (X) + T () (7 (X))
 (duyit,aQ, X) — ({, vien, X) + ([, ) m(X)
— (v, [, X)) + (A7, X)) + (s [V, X)) = 7 ()7 ([, X])
—20(p) (v, X) = 7() (X)) + 20(0) ({p, X) = 7(4)7(X))
— 20,50, 00, X).
(5.37)

In this derivation, we utilized the identity (5.35). Furthermore, applying the

commutation property of the Lie derivative and the interior derivative, we find:
(X)) = (r [, X)) = (L, X), (1, X)) = (7. [, X]) = (L7, X).
(5.38)
Theorem 5.1. Consider a LCC manifold (M,7,Q,0). The space A*(M) of
one-form sections forms a Lie algebra equipped with the following Lie bracket:
{1, v} = Luv — 20(1 ) — Losp + 200+ doot,it,sQ
+7(1) (Lo — 2004)7) — 7(v) (L7 — 20(4F)7)  (5.39)
+ (T, ) = B (r () + VA (r (i) )
When © = 0, the expression simplifies to the bracket for the algebra of differential
one-forms on a cosymplectic manifold. In this scenario, the bracket reduces to:
{, v iy = Lpv — Lospp+ duyst,sQ + 7(08) Lo — 7(V) L7
+ (7l ) = W () + (1))

For a LCC manifold (M, 7,2, ©), we have established an algebraic structure (5.39)

(5.40)

on the space I'' (M) of one-form sections. This structure allows us to define the Lie

algebroid (T*M, mar, M, 4, o, @pa(yy)) through the following commutative diagram,
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where the anchor map is given by the musical isomorphism #:

(T*M, {e, .}I‘l

YA

Demonstrating that the bracket (5.39) satisfies the Leibniz identity is straightfor-
ward. Let F' € C*°(M) and p,v € T'(M). We have

(5.41)

{1, Fvdman = L (Fv) = 20(6) Fv — Lipypp+ 20((F)F)p + daot(pyyeteQ
+ 7 () (Lipop = 20((FV))7) = 7((Fv)) (L7 — 26()7)
+ (T, (Fv)) = g (r(Fv)h) + (Fu)i(r(uh)) )7

=L (F)v+ FLu(v) — 2FO(u")v — FLspw — dF A vyspn+ 2FO (1)

FdF A e, qQ 4 Fdiysn:Q — 2F0 A 1ys0,:6)
+ 7(W) (FLAT + dF A v = 2FO(H)7) — Fr(vf)(L,a7 — 20(p)7)
+ (LA(F)7 () + Pr([pf ,v”]) pH(F)T (V)
— Fpf(r(v*)) + FUi(r (i)

=L (F)v+ FLu(v) — 2P0 ) — FLup+ 2FOW ) + Fdyot 1,58

+ Fr(u?) (EVuT — 2@(Vﬁ)7) - FT(Vﬁ)(ﬁu” - 26(“ﬁ)7)
+ P (r([, ) — i (r(0) + v ()7

— dF Nty + dF A 150, + T(UF)dF A tyer

(5.42)
where we have made use of the linearity of ©,1, 7, as well as the relations
‘CFVﬁ,u = Fﬁuﬁ,u +dF N p,
LppsT=FLiT+dF N7, (5.43)
[1f, FVf) = pH(F)vf + Flpf, vA).
Since the definition of b implies that ¢,:Q + 7(p*)T = i, we conclude that
{ILL,FI/}Fl(M) = F{ILL, I/}FI(M) —|—,Cuu(F)V. (544)
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5.4. Locally Conformally Symplectic Dynamics

An almost symplectic manifold (N, w) is called locally conformally symplectic
(abbreviated as LCS) manifold if the two-form w is closed locally up to a conformal
factor [61, 138, 139]. A LCS manifold admits an open covering by a family of

open sets U, with an associated set of functions p, such that
d(e "w| ) =0 (5.45)

where w|, is the restriction of the almost symplectic structure w to U,. This
permits us to define a local two-form w, = e ?*w|, which turns out to be
symplectic. In the intersection U, N Uz of two open neighbourhoods, the local

symplectic two-forms are related in the following way
wg = e~ (Pp=palyy Fga = €9 [ePs = e~ (Ps=pa) (5.46)

In the intersection of three open neighbourhoods, the scalars satisfy the cocycle
condition Kgakap = Kap, s0 that we can glue the local symplectic two-forms w, up

to a line bundle L — N valued two-form on N.

It can easily be seen that the exterior derivative of the local functions coincide
in the intersection of two neighbourhoods that is dp, = dpg. By gluing up these
exact one-forms, we arrive at a closed one-form, called the Lee one-form and
denoted by 6, that takes the local form dp,, see [138]. This observation permits us
to get an alternative definition of LCS manifold as follows. An almost symplectic

manifold (V,w) is called a LCS manifold if there exists 6 such that
dw =0 N w. (5.47)

In terms of the LdR differential, an almost symplectic manifold (N, w) is a LCS
manifold if and only if

dgw =0 (548)

where dy denotes the LdR differential. We denote a LCS manifold admitting a
Lee-form € by the triplet (N, w,#). Notice that a LCS manifold turns out to be a

symplectic manifold if the Lee-form is identically zero.

LCS Hamiltonian Dynamics. Consider a LCS manifold (N,w, ), and a local

symplectic space (U,,w,). For a local Hamiltonian function H, on U,, we write
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the geometric Hamilton’s equation by
Lx,Wo = AHq, (5.49)

where X, is the local Hamiltonian vector field function associated to this framework.
We glue local Hamiltonian functions H, to a section of the line bundle L +— N.

We also glue the following local functions
H|a = epaHa (550)

those obeying the intersection law e’*H, = e”? Hg to a real valued function H on
M. In the light of these realizations, we glue the local Hamilton’s equation (5.49)
to

Lx,w = doH, (5.51)
where X3 is the vector field obtained by gluing all the vector fields X,,.

LCS Structure on the Cotangent Bundle. Let 1 be a closed one-form on the
base manifold ) and we pull it back to T*(@ by means of the cotangent bundle

projection mg. This determines a closed semi-basic one-form 6 = 7 (¢)) on T*Q.

Using the LdR differential, we define
Wy = —dg((gQ) =wg + a N QQ (552)

on the cotangent bundle T*@Q). Since dwy = 6 A wy holds, the triple (T*Q,wy, ) is
a LCS manifold [140-143]. It is important to note that all LCS manifolds admit

such a local picture.

LCS vs. LCC. Let (M,n,Q;0) be a (2n + 1)-dimensional LCC manifold equipped
with a Lee-form O, and then consider a chart U, with induced cosymplectic
structure (U, Na, 2o). Referring to the local cosymplectic space (Uy, 14, 2) We
determine a local symplectic space (U, x R, €),) where the symplectic two-form is

determined to be

Qp = Ty + TN A dsy (5.53)

where s, is the coordinate on the real line. Considering another patch, we have

that

Qﬁ = W*Qg + 7T*775 A\ dSB
= T X3ao + T Kgalla N T KpadSy (5.54)

= T \ga (W*Qa + 7 (Na A dsa)) = 7" X80 Qars
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where we have assumed the local identification
dsg = T Kgadsa. (5.55)
Let us glue the local extended charts U, x R and obtain the following manifold
M =] (Ua xR). (5.56)

See that, M is a one-dimensional fiber bundle over the LCC manifold M and it is
not necessarily trivial. We denote this by 7 : M ~ M. Being the collection of
local symplectic spaces, we first examine that whether or not the local symplectic
forms can be glued up to a global one on M. Instead, we notice that, the local
character Q5 = 7 \g,{, provides a global line bundle L — M valued two-form

on M. In order to arrive at global two-forms on M, we introduce the local form

Q‘ = 2aem Q) (5.57)

«

A direct observation gives that these local two-forms coincide in the overlapping
spaces, that is, ﬁ‘ = ﬁ‘ﬁ. So that they can be glued up to a well-defined global

real valued two-form € on M. In the global view, we have that
dﬁ == 27'('*@ VAN ﬁ, dgﬂ-*@ﬁ =0. (558)

This reads that (M, Q) is a locally conformally symplectic manifold with Lee-form
21*0. Here, dyr+e stands for the LdR differential.

See that, the one-forms defined in (5.55) can be glued up only to a global line
bundle L — M valued one-form. On the other hand, we can define a family of
local forms

u’ = e7°°"ds, (5.59)

«

which, in the light of (5.55), can be glued up to the following one-form
U =dmes=ds— stO. (5.60)

See that this one-form is not closed but it is closed under the LdR differential,
that is,
du =1"0 A, drou = 0. (5.61)

Referring to all these global formulations, we state the following theorem.
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Theorem 5.2. Consider a LCC manifold (M, n,Q2) with a Lee-form ©, and then
assume a one-dimensional fibration ™ : M — M where M is defined as in (5.56).

Define a two-form on M as
Q=71"Q+7"nAu, (5.62)

where u is the one-form in (5.59). Then, (M,n,Q) is a LCC manifold with a
Lee-form © if and only if (M, Q) is a LCS manifold with Lee-form 27*O.

Proof. Let us consider the two-form Q in (5.62) and take the exterior derivative,
then
dQ) = d(ﬂ'*Q + 7' A u) =71"dQ+mdn ANu — 7' A du
=1"2OANQ)+ 7T (OAN AU —T"NATOAu
=2T"OAT QU+ 2O AT n Au (5.63)
= 21O A (W*Q + 1A u)
=2T*O A Q,
where we have used the LCC structure identities (5.5) in the second line. This
shows that the two-form Q is a LCS two-form with Lee-form 27*0. Compare this

with the display in (5.58) to see that both the local and the global approaches

read the same result. W

5.5. Geometric HJ for LCC Dynamics

Let us completely shift our perspective to the fibrations and sections discussed in
Section 2.4. We recontextualize the extended cotangent bundle 7T%() x R and the
cotangent bundle 7*(Q xR). Instead of regarding 7*Q) x R as hosting cosymplectic
and symplectic structures, we now treat it as a LCC manifold. This means we

consider it equipped with the differential forms (7g,Q¢) in (5.8).

Before diving into the computation of a geometric HJ theory for this realization,
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let us begin by constructing a commutative diagram

X'Hs

T(Q x R) TT*(Q x R) (5.64)
\ K
T°Q x R n T(T*Q x R)
¥ TQXR ~ Troxr

r T(xo)

X7
QxR E’j T(Q x R)

H

that corresponds to the fibrations:

7:T*Q x T"R — T*Q x R, (z,t,8) — (z,1),
(5.65)
T:T"Q xR — Q xR, (2,t) = (mg(2),1).
In view of Diagram 5.64, we have a section ~ of the fibration 7 from 7T*Q x R

to @ x R, and a section 7 of the cotangent bundle projection mgxr defined on

T*(Q x R). The characterization of these sections are

T:QXR—=TQxTR,  (q.t) = (Vg 1),1,7(q. 1)),

7@ XR—TQ xR, (¢:1) — (¥(g:1),1).

(5.66)

The time-dependent Hamiltonian function H on the extended cotangent bundle
T*@Q x R gives rise to the LCC evolution vector field Ey, as defined by (5.18). This
vector field is visualized in Diagram 5.64 as an arrow originating from 7% x R

and pointing to its tangent bundle T'(7*Q x R).

For the extended Hamiltonian function
H(z,t,s) =7"H(z,t)+s (5.67)

on the cotangent bundle 7%(Q xR) , the LCS Hamiltonian vector field is determined
through (5.51). Here, H* is precisely defined as in (5.67). In Diagram 5.64, the
Hamiltonian vector field Xy is depicted as an arrow originating from 7%(Q x R)

and pointing to its tangent bundle TT*(Q) x R).

We utilize the projection v to project the LCC evolution vector field Ey onto
the manifold () x R, and similarly, we use the projection 4 to project the LCS

Hamiltonian vector field X3s onto ) x R. This yields the expressions:
XJe = Trguro Xy 07,  E:=TroFEyo07. (5.68)
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These projection operations mirror those in (2.70), and a direct computation
reveals that the projected vector fields coincide. They are represented graphically

by a single arrow originating from () x R and pointing to its tangent bundle.

Theorem 5.3. Suppose 7 is a closed LdR one-form on QQ x R, meaning de”y = 0.
Employing the notation introduced in this section, the following conditions are

equivalent:

1. X?{s and Ey are v-related, that is,

TrnoTHo X, = Eyomo?. (5.69)

dy(H* 0o 7) € (dyt), (5.70)
where (dgt) denotes the span space of dyt.

Proof. Suppose X,Zs and FEy are related by . So, the pull-back v* of v distributes

over the interior derivative, i.e.,
Y rtig, Q= LX;ﬂ*W*Q. (5.71)

The computation prompted by the left-hand side of (5.70) unfolds as follows:
dy(H® 0F) = dey*"H® = deH’

= ﬁ/*d@<7T*H + S)

=" 1m*deH 4+ dg7"*s

= ’3/*71'* (LEHQ + <d@H, R>7’) + d\y%/

= tx7, (’7*71'*9> + LX;/LS’N}/*(W*T Au) — LX;"ZLS’N)/*(W*T Au)+ v ({deH, R)T) + dy?

= LX;ﬂ*ﬁ — (LX;ﬂ*W*TW*u + (LX;?{S Y u)y T + v ((de H, R)T) + dg7

=0 = (Y7 tp, T)duy + (1x7 du?)y'T + 7" ((de H, R)T) + duy

= —dyy + (txy, de 7)Y T + 7" ((do H, R)T) + duv?y

= (LX;S dy?y +~v*(deH, R))v*r
In the first line, we capitalize on the commutativity between the pull-back operation

and the Lichnerowicz-deRham differential. Moving to the second line, we leverage

the definition of the Hamiltonian function #* as outlined in (5.67). Upon reaching
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the fourth line, we invoke the definitions (5.18) of the evolution vector field Ey

and the explicit formulation (5.66) of the section 7.

As we transition to the fifth line, we employ the identity (5.71), and to facilitate
our calculations, we introduce and subsequently subtract the term ¢ X3, YT A,
aiming to extract the LCS two-form € as presented in (5.62). By the sixth line, we
exploit the distributive property of the pull-back operation 4* on wedge products,
followed by the application of the generalized Leibniz property of the interior

derivative.

In the seventh line, appealing to the LdR closedness of 7, we establish the vanishing
of 4*Q) identically. Moreover, we utilize the identity (5.71) and the definition of 7.

Proceeding to the eighth line, due to the definition of Fj, the first and last terms
cancel each other. The distributive nature of the pull-back operation v* yields
the outcome in the last line. Notably, since v*7 indeed equals dyt, we ultimately
arrive at the desired result. The converse statement can be demonstrated through

direct computation in local coordinates.
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6. CONCLUSIONS

This thesis comprehensively studies Lie structures and their (de)couplings. It
begins with a quick introduction to the basic tools of geometric mechanics in
Chapter 2, which includes symplectic, Poisson, Jacobi, cosymplectic, and contact

manifolds, as well as dynamical formulations available on these geometries.

In Chapter 3, our emphasis is on Lie and Leibniz algebras, and Lie algebroids. We
present algebraic (de)couplings of all these geometries from a bicocycle double cross
product perspective. This approach provides the most general couplings of two
vector bundles to form a Lie algebroid. The implications of this novel construction

is studied on dynamical equations both in Lagrangian and Hamiltonian forms.

Chapter 4 begins with a cohomological analysis of n-Lie algebras, with the first
result being the generalized derivation and classification of these geometries. Then,
(de)couplings of 3-Lie algebroids are explored using the bicocycle double cross
product strategy. The choice of the order 3 here is due to its close relationship

with bi-Hamiltonian dynamics.

In Chapter 5, geometric Hamilton-Jacobi theory is developed for Hamiltonian
dynamics on locally conformally cosymplectic manifolds. It is established that

locally conformally cosymplectic manifolds are examples of Lie algebroids.

The thesis provides pure algebraic constructions using geometric analysis and
dynamical formulations. In this manner, it is proper for further analysis and
discovering various applications across algebraic, geometric, and physical points

of view.
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