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SUMMARY

Spintronics devices, which are based on the spin properties of electrons as well
as their charges, are important alternative to the electronic devices in developing
technology. In this context spin-gapless semiconductors (SGSs) are considered as one
of the most promising candidates with their unique electronic band structures. This
thesis focuses on investigation of new SGSs via first-principles calculations. We
studied several quaternary Heusler alloys for our investigations: FeVNbAI, FeCrTiAl,
FeCrZrAl, NiCrMnAl and NiFeMnAl. These materials were already predicted to show
SGS behaviour in previous studies. We computed the electronic band structure of
selected materials within the framework of well-established density functional theory
(DFT) and GW approximation. In a two-stage calculation, we investigated whether

these materials have SGS properties, and compared the results of two methods.

Key Words: Spintronics, Spin-gapless materials, First-principles calculations,
DFT, GW approximation



OZET

Elektronlarin hem vyuklerini hem de spin 06zelliklerini kullanan spintronik
cihazlar, gelisen teknolojide geleneksel elektronik cihazlara 6énemli bir alternatif
olusturmaktadir. Bu baglamda, spin-gapless yari iletkenler (SGS), benzersiz elektronik
bant yapilariyla en umut verici adaylardan biri olarak kabul edilmektedir. Bu tez, ilk
prensip hesaplamalar1 yoluyla yeni SGS malzemelerin arastirilmasina odaklanmustir.
Arastirmalarimiz i¢in dort elementli Heusler alasimi iizerinde galistik: FeVNDAI,
FeCrTiAl, FeCrZrAl, NiCrMnAl and NiFeMnAl. Bu malzemelerin SGS davranisi
gosterecegi onceki calismalarda tahmin edilmisti. Oldukga iyi bilinen yogunluk
fonksiyonel teorisi (DFT) ve GW yaklagimlarini kullanarak secilen malzemelerin
elektronik bant yapisini hesapladik. ki asamali bir hesaplamada bu sistemlerin SGS

ozelliklerine sahip olup olmadigini aragtirarak iki yéntemin sonuglarini karsilagtirdik.

Anahtar Kelimeler: Spintronik, Spin-arahksiz malzemeler, i1k prensipler
hesaplamalari, DFT, GW yaklasim
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1 INTRODUCTION

In modern technology, electronic devices used in our daily life are mostly based
upon the charge of electrons. An integrated circuit (IC) consisting of large amount of
components such as transistors is one of the main elements of modern electronics.
Transistors control the flow of electric charge, or the electric current, in an IC [1]. A
conventional transistor such as a field effect transistor (FET) has four regions: gate,
source, drain and channel [2]. When there is no applied voltage to the gate, there will
be no flow of electric current and thus we have an off-state, or “0”. Conversely, when
there is a voltage applied to the gate terminal, the electrons move through the transistor
and the transistor flips to on-state or “1”. This is how data is stored and processed
conventionally.

It can be considered that the modern information age began in the late 1950’s.
Nobel laureate Jack Kilby designed the first integrated circuit in 1958 and he filed a
patent for his invention called "Miniaturized Electronic Circuit" in 1959 [3].
Microelectronics technology has enabled devices with more complicated data stored
on a smaller area. Moreover, the compactness of ICs brings about not only less
production cost but also faster signal transmission. Therefore, the main focus of this
technology evolved around storing more information on smaller area with less
production cost. When electronics with ICs was in its infancy, Gordon E. Moore, co-
founder of Intel Corporation, published an article emphasizing the importance of ICs
and pointing out how semiconductors would be a key point for microelectronics
technology in near future [4]. In his article in 1965, Moore stated his predictions about
next ten years of electronics centred around the 1Cs under the claim of smaller and
faster devices with lower costs. In addition to these statements, Moore’s Law was
mentioned for the first time in the article. According to the first version of Moore's
law, the number transistors on a microchip would double every year between 1965-
1975 [5].

Taking into account the ten-year period with the first version of Moore’s law,
the complexity of 1Cs was doubled annually. Doubling the number of transistors on
the same amount of area implied that transistors had to get much smaller each year. In
other words, density of ICs was expected to increase exponentially each year. While

increasing the complexity of ICs, safe functionality of electronic devices and



capabilities of the semiconductor industry had to be considered for the sake of a
sustainable growth in microelectronics technology. Considering those factors, Moore
updated his predictions on the growth of microelectronics technology in 1975 [4]. He
stated that the number of electronic components per microchip would double every
two years, instead of doubling every year [6]. Figure 1-2 shows how the number of

components per chip was predicted to increase over the years by Moore's Law of 1975

[6]
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Figure 1.1Moore's Law, 1965.

Indeed, the evolution of electronic technology has actualized as predicted by
Moore's law: the number of transistors per chip doubles approximately every two
years. To illustrate how exponentially the growth has been, it is enough to look at the
number of transistors per chip for Intel 286 produced by Intel Corporation in 1982,
and M2 Max by Apple Inc. in 2023. While Intel 286 processor had 134.000 transistors,
M2 Max has 67.000.000.000 electronic components [7,8]. Although there is no yet a
conflict between the Moore's law and physical laws regarding the miniaturization of
components in electronic devices, there is no way to ignore the physical limits of

semiconductor-based transistors.
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Figure 1.2 Projection of the complexity curve reflecting the
limit on increased density through invention, 1975.

The question is whether semiconductor-based transistors will continue to keep
up with supply and demand equilibrium in modern technology. To understand the
properties which prospect materials must have, it would be helpful to touch on the

challenges that current electronics will face in near future.

Two branches of physics set limits on further shrinking of transistors: quantum
mechanics and thermodynamics. As transistors get shrunk, terminals inside a transistor
come closer to each other and thickness of the insulator between the channel and gate
is decreased. When the size of a transistor is not small enough for quantum effects to
take control, there exists an electric field due to the depletion layer between the n-type
and p-type semiconductors [9]. This implies electric field in the channel prevents the
electron flow from the source to drain and the transistor is in the off state. At a point
where length of the channel and thickness of the insulator come down to atomic scales,
guantum mechanics comes into play with wave-particle duality. Making analogy to

potential barrier problem, wave-like electrons can flow into the other side even if the



transistor is in the off-state, i.e., quantum tunnelling [10]. As a consequence of the
quantum nature of electrons, there occurs current leakage in the circuit [10,11].
Besides, the exponential increase in the number of transistors pushes the limits of the
laws of thermodynamics after a critical point. The main limitation in this regard is that
dissipated power must remain at an acceptable value [12,13]. As the electric field
strength is reduced, electric current flows through the transistor [1]. Even without
including the miniaturization of transistors, some amount of heat is already generated
during switching the states and flowing current inside the wires [14]. Although the
energy needed for devices has been inversely proportional to the number of transistors
in ICs, it is expected that energy consumption will increase the production costs of
electronics in near future. The denser the integrated circuits are, the more problems
about taking control over power consumption in devices become [15]. This leads to an

increase in heat production and therefore a decrease in efficiency.

Particularly taking into account the physical and economic constraints, the
inevitable need for a new technology emerges. One of the most feasible steps for new
breakthroughs is to change the methods of storing and processing of data. As it is stated
above, electronics utilizes the charge of electrons for transmitting, processing and
storing information. In addition to charge and mass, electrons also have an intrinsic

angular momentum, the spin, which is a purely quantum mechanical property [16,17].

1.1 Spintronics

In spin magnetic moment-based electronics, or shortly spintronics, the spin of
electrons is used as the information carrier. Spintronic devices date back to the 1950's.
In 1953, Magnetic Core Memory (MCM) consisting of magnetic rings was developed
at MIT [18]. Each ring-shaped magnetic material was considered as a bit, and their
magnetization direction was represented either “1” or “0” [19]. The MCM became the
first Random Access Memory (RAM). In the late 1980’s, Albert Fert and Peter
Grunberg discovered the Giant Magnetoresistance (GMR) in a structure made up of a
non-magnetic metal between two ferromagnetic materials [20,21]. By applying
magnetic field, they managed to manipulate magnetic orientations of ferromagnetic

layers [22]. The state “1” or “0” is read according to their parallel or antiparallel



alignments to each other, respectively. One of the most popular applications of GMR
is Hard Disk Drive (HDD), which was mostly used in computers until 15 years ago.

The ultimate goal in spintronics is to extend the point reached in electronic
devices by adding the electron's spin degree of freedom. Since the spin magnetic
moment is an instinctive property, the power needed for storing and transporting
information is alleviated correspondingly. When electric current flows through a non-
magnetic metal, the scattering of electrons is independent of their spin states. This
means that there are equal numbers of electrons with spin-up and spin-down states,
and net current is unpolarized charge current [23]. However, when electrons move
through a ferromagnetic material, spin-up and spin-down electrons scatter somehow
at different rates, and there occurs a net spin polarized current [24]. In other words,
unpolarized electric current becomes spin polarized in ferromagnetic materials.
Thanks to the interaction between the spin and magnetic field, spin polarized current
can be manipulated easily [25,26]. Spin polarization results in different conductivity
for spin-up and spin-down currents [23,26]. Hence, two spin states represent two
different channels. Transporting information by spin current enables devices to
dissipate less power, to process data faster, to be more reliable and non-volatile [25].
The more spin polarization a material has around the Fermi energy level, the more
suitable it becomes for spintronics applications. Materials that are suitable for
spintronics can be sorted by their energy band diagrams. Having fully spin polarized
band structure, spin gapless semiconductors (SGSs) under the category of magnetic
semiconductors, and half-metal (HM) subgroup of magnetic metals promise great

hopes for spintronic devices [27] .

1.2 Motivation and Purpose

In the digitized world the demands for accessing, storing and fast processing the
information are increasing exponentially day by day. Seeking a way to solve the
problems faced with conventional electronic devices in near future is the motivation
for this thesis. In this context, we chose the SGSs for our research. Our reasoning for

this choice will be clear in the next section.



This thesis focuses on the investigation of new semiconductors which are
predicted to be spin-gapless by employing state-of-art software based the DFT and GW
approximation. Our selection criteria for materials are that they can be synthesized and
are suitable for use in daily life. In this direction, we took into account their mechanical
and thermodynamic stability, and ability to maintain their magnetic property and spin
polarized energy band structure close to room temperatures. Our methodology and

studied materials will be detailed in the following chapter.



2 SPIN-GAPLESS SEMICONDUCTORS

Magnetic materials keep drawing immense attention of researchers due to their
magnetic and electronic properties for device applications. Magnetic semiconductors
and half-metallic ferromagnets (HMF) are known as some of the most promising types
of materials that have been investigated in many theoretical and experimental studies.
For practical and realistic applications, a material has to keep its magnetic order around
room temperature and should have high-spin polarization around Fermi energy level
[27]. In this context, magnetic semiconductors such as dilute magnetic semiconductors
(DMS) may not be the most suitable material type due to their quite low Curie
temperature T¢ [28]. On the other hand, half-metallic ferromagnets (HMF), proposed
by de Groot et. al. in 1983, have high T. and, thus, preserve their magnetic property at
near room temperatures [29]. Their electronic band structure is 100% spin polarized
meaning that one spin channel with metallic behaviour and the other with
semiconducting property [30]. In 2008, Xiaolin Wang came up with another class of
materials, the spin-gapless semiconductors (SGSs) [31]. In his proposal, not only the
concept of SGSs was introduced but also cobalt doped PdPbO- was presented as the
first SGS [31]. With their unique electronic band structures, SGSs have been one of
the popular candidates for spin-based electronics for fifteen years. Mn2CoAl, an
inverse Heusler compound, was experimentally verified as the first SGS in 2013 [32].
The electronic band structure of SGSs shows two different material properties with
two independent spin channels [31-33]. In one spin channel, there is an energy gap
between the valence and conduction bands, while top of the valence band and bottom
of the conduction band touch around Fermi energy in the other spin channel [31-34].
No gap implies that charge carries, electrons and/or holes, do not need any energy for
excited from valence band to conduction band [31-35]. Before going into details about
types of the SGSs, it would be useful to mention their basic features that make them

desirable.

e No energy is needed to move electrons from valence band to conduction band
owing to having zero gap in one of the spin channels.
e They have high Curie temperature T¢.

e Both holes and electrons can have 100% spin polarization.



o Itis easy to separate fully spin-polarized charge carriers from each other by spin
filtering.

e They have nearly temperature-independent and low carrier concentration.

e They have nearly temperature-independent and low conductivity, almost zero
around Fermi energy Er as a result of almost zero density of states (DOS).

e They have rather a small Seebeck coefficient [31-37].

As a result of the gapless or narrow-gap nature in one spin channel, the SGSs are
so sensitive to external effects that charge carriers and their spin states can be

manipulated by little effort, like with small pressure or electric field [37,38] .

According to the energy-momentum dispersion relations, they can be classified
into parabolic or linear SGSs [31,34,35] . Under each class, there are four types of

SGSs with respect to the behaviour of spin channels around Er.

2.1 Parabolic SGSs

According to spin polarization of their valence band (VB) and conduction band
(CB), the parabolic SGSs (PSGSs) are classified as follows [31,33,35].

Type-1: Both VB and CB touch at Fermi level for spin-up channel. However, there is

a gap between the bands for spin-down channel (see Figure 2.1a).

Type-II: Both spin channels have a gap, but top of the VB in spin-up channel touches
the CB bottom in spin-down channel at Er implying that both spin channels make

contribution to gapless nature of the material (see Figure 2.1Db).

Type-I11: There is no gap in spin-up channel, and bottom of the CB in spin-down

channel also touches Er (see Figure 2.1c).

Type-1V: There is no gap in spin-up channel, and top of the VB in spin-down channel

also touches Fermi energy (see Figure 2.1d) [33,36].

Noting that the articles by Gao et al. and Rani et al. are also cited here, although

the numbering of types may vary in them.
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Figure 2.1: Types of parabolic spin gapless semiconductors (PSGSs)

Wang introduced the concept of SGSs because of theoretical calculations on
PbPdO, using the DFT [31]. He verified PbPdO; as the first oxide-based gapless
semiconductor which is non-magnetic. Then he obtained the first SGS from pure
PbPdO; by doping Co atom for one Pd in a unit cell [39]. Co-doped PbPdO; has the
energy band diagram configuration corresponding to Type-Il. In 2009, spin-gapless
semiconducting behaviour of Co-doped PbPdO. was experimentally verified. A lot of
theoretical research has been done on PSGSs. For instance, diamond-like quaternary
compound CuMn:InSes (3D) and CO-Mn-g-ZnO (2D) have been predicted as PSGS
using first principles calculations [40,41]. Considering both theoretical and
experimental research done so far, Heusler compounds with high T. and easy to be

synthesized are the most promising candidates in the search for SGSs [35].

2.1.1 Full-Heusler Based SGSs

Full-Heusler compounds with X2YZ chemical formula, or CuzMnAl-type alloys,
belong to Fm-3m (225) 3D space group under cubic crystal system [42]. Ternary
Heusler alloys with X>YZ crystallizing in L2: structure are composed of four face-
centred cubic sublattices [30,43,44]. The unit cell consists of four atoms, three of

which are different. X and Y atoms are in the transition metal (TM) group while Z is

9



the main group element, so-called sp atom. For ternary Heusler compounds with the
basis X-Y-X-Z, the Wyckoff positions are (0,0,0), (¥4, %4, ¥4), (%2, 2, ¥2) and (%4, ¥4, %4),
respectively [30,43-46]. When the atomic number of Y is greater than that of X, the
ternary Heusler compounds with X>YZ formula crystallize in Xa structure, or
Hg-CuTi-type, and they are named inverse Heusler compounds [43]. The sequence of
atoms’ occupation for the most energetically stable inverse Heusler alloys is X-X-Y-

Z with (0,0,0), (Y4, Y4, Ya), (%2, Y2, %) and (%4, ¥, ¥4), respectively [43,47].

® Cu
@ Hg
OTi

Figure 2.2: Full-Heusler Prototype (left). Inverse Heusler Prototype (right).

Figure 2.2 shows full-Heusler and inverse Heusler prototypes [48-50]. The
symmetry positions that atoms have, due to their occupation and interaction of atoms
with their neighbours, play a crucial role for interpreting energy band structure of the
full-Heusler compounds. Interactions between atomic orbitals, specifically d orbitals,
also affects magnetic properties of the material. As with half-metals, in the case of full-
Heusler based SGS the net magnetic moment per unit cell is an integer, and it obeys
the Slater-Pauling rule [46].

NU:NT-FNl ) 21

where Ny is the total number of valence electrons in the unit cell, and

10



MZ = NT - NJ,' 2.2

where M is net magnetic moment. Then, My = (N, — N,) — N, = My = N, — 2N,
[51,52]. Relation M =Z - 2N holds for Heusler alloys in general.

In Heusler-based SGSs, minority, or spin-down, spin channel displays
semiconducting behaviour, while the valence and conduction bands of majority, or
spin-up, spin channel touch each other at the Fermi level [46]. According to the Slater-
Pauling behaviour, the number of valence electrons in the minority spin channel is
fixed, and net magnetization per unit cell depends on the occupied states of spin-up
channel [30,43].

In the full-Heusler compounds, both Y and Z atoms have octahedral (On) site
symmetry with eight X atoms as the nearest neighbours. While X atoms have four Y
and four Z atoms as the nearest neighbours making their site symmetry to be
tetrahedral [30,36,44]. Hence the symmetry that crystal has is also tetrahedral (Tq)
crystallographic symmetry [30,44]. It is important to note that splitting in d orbitals is
the same for two symmetry positions: two-fold degenerate eg and three-fold degenerate
tog, With the only difference that energy of the two-fold degenerate orbitals is higher in
On and lower in Tq than energy of the three-degenerate ones [53]. Although X atoms
are second-degree neighbours with each other, the hybridization between their d-
orbitals is taken account first due to the gap formed between the two of resultant
hybrids and the magnetic moment arising from their interaction [30,46,54]. The sites
where X atoms sit with respect to each other have On symmetry. Splitting d-orbitals
under On results in two-fold degenerate (eq) and three-fold degenerate (tzg) orbitals
with energies E(eg) > E(tzg) [55]. As a result of X-X hybridization, there occurs 5
bonding and 5 anti-bonding hybrid orbitals: 2ey, 3tzg, 3ti, 2ey. Then the hybrids
interact with d-orbitals of Y atom that they obey the same symmetry transformation.
After the second hybridization, there exists 5 bonding and 5 anti-bonding orbitals in
addition to 5 non-bonding orbitals obtained from the first hybridization. The Fermi
level is located between two non-bonding orbitals [56]. Now we can adopt the Slater-
Pauling rule for full-Heusler compounds since all occupied minority states are
determined. Number of filled states in the minority spin channel is 12, of which 4 are
from 3p and 1s orbitals, and 8 are from hybrids orbitals below the Fermi level [30].

Hence, the Slater-Pauling behaviour of full-Heusler compounds is Mi= Ny — 24. There

11



occurs splitting into the minority and majority spin channels due to the exchange
interaction between electrons. As a result of the spin splitting, energy levels of hybrids
in the majority spin channel are shifted without changing their corresponding
symmetry representation and total number of energy levels [57]. While the minority
spin channel has semiconducting behaviour, the majority spin channel has no gap, and
its highest state in the valence band touches its lowest state in the conduction band at

the Fermi energy level.

For the inverse Heusler compounds to have SGS behaviour, there are three
possible Slater-Pauling rules according to the sites their atoms are located in the unit
cell. Skaftouros stated that the cases X=Ti (Ti-based), X= Cr or Mn with Y= Cu or Zn
satisfy the Slater-Pauling behaviour M¢= Ny — 18, Mt= Ny — 24, and M;= Ny — 28,
respectively [58]. Hybridization process of inverse Heusler (Hg2CuTi-type) alloys is
similar to the case of the CuoMnAl-type. For the case of X=Ti, Ti atom located at 4a
site interacts with the other atom having the same symmetry position which is Y atom
at 4b site in the Xa structure. Then, 5 bonding and 5 anti-bonding orbitals are formed,
as in the first interaction in the L2 structure [47,58]. Secondly, bonding orbitals
formed by Ti(1)-Y hybridization interact with d-orbitals of the other Ti atom at 4c site
with corresponding symmetry positions. The Fermi energy level is between tiy non-
bonding states and tog bonding states. Thus, total number of occupied states in the
minority spin channel is 9 [47,58]. The second case for which X=Cr or Mn, the
occupancy of minority spin states and gap formation are the same as in the full-Heusler
compounds, which means that the number of filled states in the minority spin channel
is 12 [58-60]. In the last case where X=Cr or Mn and Y=2Zn or Cu, hybridization occurs
only between X atoms, and the gap is formed in between the lowest anti-bonding
orbitals and the highest bonding orbitals. The d-orbitals of Y atom are fully occupied,

thus the total number of filled states in the minority spin channel is 14 [58-61].

Thanks to the Slater-Pauling rules, magnetic classification of Heusler-based
SGSs can be determined. If the number of spin-down valence electrons is equal to the
number of spin-up valence electrons in the unit cell, then the net magnetization in the
unit cell becomes zero. This implies that the material is fully compensated
ferrimagnetic SGS [59]. For the ferromagnetic inverse Heusler-based SGS, candidates
should have Nv=21 (9 spin-down, 12 spin-up), 26 (12 spin-down, 14 spin-up) [46].
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Table 2.1 shows a group of inverse Heusler compounds that show SGS behaviour
[32,47,59,62,63].

Table 2.1: A group of inverse Heusler compounds showing SGS behaviour

Compound a (A) Miot (uB) | Nv Magnetic Type
TiMnAl 6.24 0 18 FCF
Ti>MnGa 6.21 0 18 FCF
Ti>CoSi 6.03 3 21 Ferromagnetic
Mn,CoAl 5.798 2 26 Ferromagnetic
Cr2ZnSi 5.85 0 28 FCF

2.1.2 Quaternary Heusler-Based SGSs

Quaternary  Heusler  (QH)  compounds — with  XX’YX  chemical  formula,  so-called
LiMgPdSn-type or  Y-type, structure belong to the F-43m space group (#216) under
the cubic crystal system with four interpenetrating fcc sublattices [37]. There are four
different atoms in a wunit cell; X, X, Y are TM and Z atom is the main group element
[64,65]. The number of valence electrons of atoms follows the rule: Nv(Y) < NyX)
< Nv(X) [64-66]. There are three available crystal structures obtained by the
occupation of Z atom being fixed at 4d site [36,64,65]. For type-1, type-2 and type-3
the X atom occupies 4a, 4a and 4c sites, the X' atom does 4b, 4c and 4b sites and the
Y atom is located at 4c, 4b and 4a sites, respectively [36,64,65]. As electronic and
magnetic  properties of compounds are described by the interaction between atoms in

the unit cell and which sites they occupy, the stability of QH alloys varies relying on

their structural types. Like all other half-metallic and SGS Heusler materials, the Slater-
Pauling rule is satisfied by quaternary SGS Heusler. Compounds with Ny=21 obey M
= Nv - 18, and

the ones with Nv=26 or Nv=28 obey M; =Ny —24 rules [36,66]. Considering
minimum total energy as a function of site occupation, in other words, energetically
stable crystal structure XX’YZ with 4a, 4b, 4c, and 4d in the respective order is the

most stable structure [67]. Here, the Slater-Pauling behaviour of QH alloys is taken
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into account based on these occupations at the sites. In these compounds, X, X’, Y and
Z atoms have the same site symmetry which is tetrahedral Tqsite symmetry [36]. In
the tetrahedral crystal field, d-orbital splitting brings about two-fold degenerate (eg)
states and three-fold degenerate (t2g) states as in the octahedral Oy site symmetry.

represents the quaternary Heusler prototype [48-50] .

Like all other half-metallic and SGS Heusler materials, the Slater-Pauling rule is

satisfied by quaternary SGS Heusler. Compounds with Nyv=21 obey M= Ny — 18, and

2 -

oo

c=6.4654 \) Mg

a=90.000°

¥=50.000 @ Pd
® Sn

Figure 2.3: Quaternary Heusler protype

the ones with Nv=26 or Nv=28 obey M:; = Nv — 24 rules [36,66]. Considering
minimum total energy as a function of site occupation, in other words, energetically
stable crystal structure XX’YZ with 4a, 4b, 4c, and 4d in the respective order is the
most stable structure [67]. Here, the Slater-Pauling behaviour of QH alloys is taken
into account based on these occupations at the sites. In these compounds, X, X’, Y and
Z atoms have the same site symmetry which is tetrahedral Tqsite symmetry [36]. In

the tetrahedral crystal field, d-orbital splitting brings about two-fold degenerate (eg)
14



states and three-fold degenerate (tog) states as in the octahedral Oy, site symmetry. The
energy value of eq states is lower than that of tog, while (eg)’s energy is higher than (t2g)

energy value in the octahedral crystal field [55].

To begin with, d-orbitals of X atom at 4a(0,0,0) and X’ atom at 4b('%, ¥5,'%)
hybridize [57]. This d-orbital hybridization between X-X’ atoms brings along 5
bonding orbitals: 2eq and 3 tog and 5 anti-bonding orbitals: 3ti,and 2ey. Then, bonding
orbitals couple with d-orbitals of Y atom which are also split into three-fold degenerate
states and two-fold degenerate states [36,57]. As a result of the second interaction
between X-X’ and Y atoms, 5 bonding: 2eq and 3 togand 5 anti-bonding: 2eq and 3tog
orbitals occur. Due to having difference in symmetry representation, anti-bonding
orbitals 3ty and 2ey resulted by X-X’ hybridization do interact with d-orbitals of Y
atom [36,53]. Interaction between the nearest neighbours and hybridization resulting
in gap formation are similar to full-Heusler and inverse Heusler alloys. For the case of
Nv=21, a gap is formed between occupied bonding three-fold orbitals and unoccupied
non-bonding three-fold states in the minority spin channel [66]. This implies that the
number of valence electrons with down spin state is 9. In the majority spin channel,
the highest occupied level, and the lowest unoccupied level meet at the Fermi energy
level [36,46,66]. For the cases of Ny=26 and Nv=28, the number of valence electrons
in their minority spin-down states is 12. Thus, non-bonding states (ti,) are occupied,
and Fermi level is located between the ey and ty, states [57,58,66]. Valence electrons
with up spin state determine their magnetic property. In Table 2.2, a group of QH
alloys which have SGS behaviour is listed [33,37,62,66,68].

Table 2.2: A group of Quaternary Heusler compounds showing SGS behaviour.

Compound a(A) Mot (ug) Ny Magnetic Configuration
CrVTiAl 6.20 -0.04 18 FCF
CoVTiAl 6.04 3.0 21 Ferromagnetic
CoFeTiAl 5.81 0.0 24 FCF
CoFeMnSi 5.62 4.0 26 Ferromagnetic

2.1.3 Half-Heusler Based SGSs

Half-Heusler (HH) alloys with XYZ chemical formula crystallize in the cubic

C1b structure. Ternary Heusler compounds belonging to F-43m space group, have
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1:1:1 composition, and fcc sublattice with three out of four positions occupied [46].
The HH alloys consist of two TM elements and one sp-element in their unit cell. The
order of atomic positions based on the most energetically stable HH compounds is X
at 4a (0,0,0), Y at 4c (Y4, Y4, ¥a) and Z at 4d (34, ¥4, ¥a) Wyckoff positions [54]. Like
other Heusler compounds, the HH alloys also obey the Slater-Pauling rule, M=Nv-18.
In the minority band, there are 9 fully occupied bands; an s band and three p bands
arising from sp-element and five d bands due to a TM atom. Hybridization between d

orbitals of X and Y is responsible for the band gap in HH alloys [54].

In 2019, Zhang et. al. found via first principles calculations that FeMnGa
exhibits SGS properties [69]. As being a HH alloy, hybridization between d-orbitals
of Fe(X) and Mn(Y) atoms creates a bandgap in the minority spin channel. Antiparallel
magnetic alignment between Fe and Mn atoms makes net magnetic moment zero with
keeping fully spin-polarized current. Thus, FeMnGa is a fully compensated
ferrimagnetic SGS. In Fig. 2.4, prototype of half-Heusler alloys is shown [48-50].

— 9 Ag
be6.240
c=6.240A O As
a=90.000¢

: o
90,0006 9 Mg

Figure 2.4: Prototype of half-Heusler
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2.2 Dirac SGSs

A material with linear energy-momentum dispersion is known as Dirac material.
Its linearly dispersed bands around the Fermi level imply that effective mass of charge
carriers in the material can be eliminated [70]. Massless charge carriers, or Dirac
fermions, provide almost no energy dissipation for materials. In 2016, Xiao-Lin Wang
introduced spin-gapless materials that have linear dispersion around the Fermi level
and fully spin polarization in their band structures [71]. As in the case for PSGSs, the
Dirac SGSs (DSGSs) can be categorized according to spin-polarized behaviour of
linearly dispersed conduction bands and valence bands at the Fermi energy level [33].

Type-I: In one spin channel a Dirac point is formed due to touching bottom of the CB
and top of the VB to each other at Er. On the other hand, the Fermi energy is located
in between the valence and conduction bands in the other spin channel (Figure 2.5a).

Type-I1: Both spin channels have a gap, but the VB top in spin-up channel touches the

CB bottom in the spin-down channel at Fermi energy (Figure 2.5b).

Type-I11: Gapless spin-up channel is responsible for Dirac states. The CB of two
channels touch the Fermi level. Also, there is a gap between the valence and

conduction bands in the spin-down channel (Figure 2.5c).

Type-IV: There is no gap in the spin-up channel. However, the spin-down channel

has a gap, and top of the VB touches the Fermi energy (Figure 2.5d).
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Figure 2.5: The Dirac SGSs

Dirac SGSs can be classified under two groups with respect to the orbital type that
causes the Dirac state: p-state DSGS and d-state DSGS [60,72]. Since our focus is
mainly the investigation of SGSs with parabolic dispersion relation, p-state DSGS and

d-state DSGS will be briefly discussed by sample materials defined as DSGSs.

2.2.1 p-state DSGS

S. Davatolhagh and A Dehghan showed that CoKSb, a prototype d°-d HH alloy,
exhibits not only linearly dispersed bands around the Fermi level, but also shows SGS
behaviour [73]. In the d®- d HH compounds, d° is an alkali or alkaline-earth metal,
and d is an TM [73-75]. Atomic positions in the unit cell of most energetically stable
configuration are such that the TM element is located between the main group element
and the alkaline-earth or alkali metal, and thus, d and d° atoms are the nearest
neighbours [73]. Also, the sp-atom is the nearest and the next nearest neighbour of the
TM atom and d° atom, respectively. Theoretical calculations done on CoKSb show
that there is a Dirac node at the Fermi level in the majority spin channel [73,74]. The
minority spin channel in the band structure of CoKSb has a band gap in between the
valence and conduction bands with parabolic dispersions [73]. These unique properties
in its band structure are indication for CoKSb being a DSGS. Being a HH, it follows

the Slater-Pauling rule M=18-Ny, such that its total magnetic moment per unit cell is
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3. In the majority spin channel, the Dirac state at the Fermi level arises from meeting
of one p-orbital in the conduction band with one of the p-orbitals in the valence band
at the gamma point, which make CoKSb a p-state Dirac SGS [73].

2.2.2 d-state DSGS

The TM trihalides with chemical formula TMX3 have been investigated in the
Dirac-like SGS search [72]. TMX3 monolayers have rhombohedral crystal structure
with prototype Bils under the R3 space group [76]. In general, TMs forming 2D TMXs
monolayers are V, Cr, Mn, Fe, Co, Ni, and Ru [33,77].

In 2016, He et. al. showed, via the first-principles calculations, both VClz and
VI3 display linear dispersion and spin polarization [78]. In the layers of VClz and Vs,
a honeycomb lattice is formed by centring vanadium atoms [60,76]. According to the
results found by He et. al., d orbitals of V atoms split into two-fold and three-fold
degenerate orbitals with respect to octahedral crystal field are responsible for Dirac
states [78]. Their calculated Curie temperatures are far below the room temperature,
also their Dirac points are located above the Fermi energy [33,72,78]. To obtain the
most stable magnetic configuration and to transform them from half-metallic phase to
SGS phase, their Curie temperatures were increased by doping method [33,72,78]. As
a result of electron doping, VCIs and VI3 became DSGSs with Mt = 4 per unit cell.
Fig 2.6 demonstrates the prototype of TMX3 [48-50].
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Figure 2.6: Prototype for TMXa3.
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3 METHODOLOGY

First-principles calculation is a method based on quantum mechanical laws to
describe the physical properties of matter [79,80]. For instance, electrical and
structural properties of materials can be modelled by specifying only atomic numbers
and positions of atoms in the unit cell via first-principles calculations. For analysing
electronic structure of solids, many-body problem in the basis of quantum mechanics
must be established [81]. The Hamiltonian of solids contains the kinetic energies of
electrons and nuclei, the electron-electron interaction, the inter nuclei interactions and
the interactions between electrons and nuclei [82]. Finding the exact solution of many-
body Schrddinger equation is certainly not the most efficient way to investigate solids,

since the problem is too complicated to solve.

Taking into account Born-Oppenheimer approximation, Hamiltonian of the

system is reduced to the electronic Hamiltonian [82,83],

N N N N N
EEYIH RN ey
2L 2La L [fi— 7| Lalalf— Ry 3.1

i i jizj i kIt
or
N —, N
e 55
2 et 247 -7 3.2
i i,j J
i+j

where the first sum term in the right-hand side is the kinetic energy of electrons plus
any external potential, and the second one is the total electron-electron interaction
potential energy. Further simplification can be achieved by assuming the electrons as
independent of each other, and hence, writing down the wavefunction of the system as

a product of one-electron orbitals [84]. In 1930, Vladimir Fock [85] ameliorated this

0i(T,00) - @i(Fy, 0N)
LIJHF(FII 0-1’ Fz, 0-2, ""?N’ O—N) = Wdet . . 3.3

on(P,01) - on(Tn,on)
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Hartree approximation by replacing the wavefunction as a product of orbitals with

forming the many electron wavefunction as a single Slater determinant,

The Hartree-Fock approximation states that WHF is the wavefunction which

minimizes total energy of the system [79,85,86],

EHF — (1{1HF|H|qJHF> 3.4

Eq. 3.4 can be expressed as integral form,
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Then by using the variational approach, one-particle Hartree-Fock equations are
obtained as [79,87,88]

In Egs. 3.7 and 3.8, third term on the left-hand side represents the Hartree potential,
while the last term is known as the exchange interaction. In the Hartree-Fock
approximation, the main assumption is that each electron is independent and interacts
with a cluster of all other electrons [88]. The average potential includes non-local
exchange potential and the Hartree, or Coulomb, potential [88]. This method enables
the simplification of many-body system or many-electron problem to many single
electronic systems. In other words, N-body problem is simplified to N times one-body
problem with the mean-field external potential [87]. Although the reduced problem is
much less complicated than the original one, the single electronic Schrddinger

equation still needs to be solved N times, the number of electron orbitals in the system.

3.1 Density Functional Theory

Density functional theory (DFT) is an approach under the first-principles
calculation method that analyse the physical properties of systems using the electron
density instead of their wave function [89]. According to the Thomas-Fermi
approximation, ground state energy of an electron system can be expressed as a
functional of electronic density [89,90]. This provides a one-to-one mapping between
the external potential and density [91]. In other words, starting from an external
potential one can compute the ground state wave function and corresponding electron

density self-consistently. DFT is based upon theorems developed by Nobel laurates
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Pierre C. Hohenberg and Walter Kohn in 1964 [92]. In the first Hohenberg-Kohn
theorem, it is shown that the one-to-one mapping, the statement of Thomas-Fermi
model, is invertible [83,92]. To determine the external potential of an electronic
system, it is sufficient to know the ground state electron density of the system. Hence,
the ground state wave function and corresponding energy of the system can be
computed with the information of the ground state electronic density. The central point
of the first theorem is that operators acting on the system are functionals of the ground
state electron density, and they are uniquely determined by that density [83,92]. The
second Hohenberg-Kohn theorem states that electron density minimizing the total
energy of the system is the exact ground state electron density of the real system

[83,91,92]. We can express this statement mathematically as

E[p(P] = lr{;lil;(w|ﬁ|tp) 3.9

These theorems enable us to establish the ground state properties of an interacting
inhomogenous electronic system. Recalling Eqg. 3.2, Hamiltonian of the electronic

system is

A=T+ Ve + Ve, 3.10

and total energy of the system is a functional of electronic density

E[p(P)] = Tlp(P)] + Vexe[p(D] + Ve [p(P)]. 3.11

The ground state energy can be computed by the variational theorem as [83]

Ey = min( min({¥|H|¥)). 3.12
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External potential in the Hamiltonian depends only on the density. Thus the ground
state energy expression can be separated as [83,92]

E, = mpin(mq;n(tp|T+ I7e_e|W)+fv(?)p(?)d?). 313

The first term in the right-hand side of Eq. 3.13 is named as the universal density
functional and it is independent of the external potential acting on electrons in the
system [93,94],

Flp®)] = min{¥|T + V_.|¥),
Flp()] = mq}n('{’ﬁ" + V,_.|¥), 3.14
= FlpM] =TlpM] + Vece[p(].

Then, the exact ground state energy of the system becomes [95],

3.15

Bo = min(Flo@] + [ v(PIp(IaP)

In Eq. 3.14, the universal functional is decomposed into kinetic energy and potential
energy parts in the basis of real interacting system. The problem is to approximate the

universal functional, F[p(7)].

In 1965, Walter Kohn and Lu Sham came up with the idea of mapping interacting
many-body electronic system onto a non-interacting electronic system [96]. Namely,
they mapped a real system onto a fictitious system of N non-interacting electrons
which is defined in terms of N single-particle orbitals [83,95]. In such a system
Schrddinger equation of the single-particle orbitals is constructed; and single-particle

ground state density is expressed as a set of single-particle orbitals [89,95],
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The energy functional of the Kohn-Sham system is,
Esp [Pszo] =Tsp [Pszv] + Verr [pSp]' 3.18

Convenience of the Kohn-Sham model is that single-particle ground state electron
density minimizing total energy of the Kohn-Sham system is equal to the electron
density of the real system in its ground state [89,96], that is

Psp () = p(@). 3.19

From this point of view, Kohn and Sham decomposed the universal functional
F[p(7¥)] into three terms: kinetic energy of a system of non-interacting electrons, the

Hartree energy and the exchange-correlation energy functionals,

Flp] = Tsplp] + Vulp] + Exclpl, 3.20

and total energy functional,
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E[p] = Flp] + Vexelpl, 321
E[p] = Tsp [P] + Vy [,0] + Ex. [,0] + Vext[p] 3.22

Where V 4[p] =[] ”(”p(”d dr, and V..[p] = [ p(F)v(#)d# [89,95]. Thus,

for an effective potential associated with electron density of the non-interacting

system, which is equal to the ground state electron density of the real interacting many-

Elp] = jj ”(””&")dd + [ o7 + Beclpl 523

body system, the total energy functional can be described as,

When a small enough variation is applied to the ground state electron density, the

energy functional in Eq. 3.18 becomes stationary [89,97]

8Esp = 6(Tsplp] + VerrloD 3.24
0=06(Tsplp]l + J Verr (F)p(F)dr) 3.25
= 6Tsp = _Jveff(7)p(?)d? 3.26

Similarly, for Eq. 3.23,

p(ﬁ) — — 6EXC[p]
—dr’ = |
|7 =77 v 6p(7) 3.27

0= 6Ty lo1 + [ p(P)dr [

and using Eq. 3.26 [98],
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Verr () = vy (P) + v(7) + vy (), 3.28

oy OExc[p]
Where v,.(1) = 3o () "

Total energy functional for the real system, equation 3.23, is divided into single
particle kinetic energy, the external potential energy, the Hartree energy and the
exchange-correlation energy functionals. The last term of the right-hand side in
equation 3.23 includes corrections coming from the kinetic energy of interacting
electrons and correlations due to the Coulomb interaction [89]. The exchange-
correlation energy functional decomposes into the exchange functional E, [p], and the
correlation energy functional, E.[p] [95]. Apart from E,.[p], other terms in Eq. 3.23
can be computed numerically. Kohn-Sham DFT focuses on approximate calculations

of the exchange-correlation energy functional.

For spin-polarized systems, where the numbers of spin-up and spin-down
electrons are unequal, Hamiltonian including the effective potential and charge density
become spin-dependent. Thus, exchange and correlation functional and basis functions

for the spin-polarized system also convert into spin-dependent quantities [98].

In the Kohn-Sham DFT, the method for dealing with a real system is to map the
real system onto the non-interacting single electron problem. By solving single-
particle Schrodinger equation, one-particle electron density and corresponding
external potential acting on the system are found. The Kohn-Sham electron density
which minimizes total energy functional is the correct ground state electron density of
the real interacting many-body problem. Thus, once the ground state p(7) is known,
then all quantities such as ground state energy, external potential and ground state
wavefunctions etc. of the system can be obtained. As it is mentioned earlier,
approximations are made on the exchange and correlation term. The closeness of
results calculated with DFT to the experimental ones depends on the choice of the
approximation level [99]. The semi-local approximation methods used in DF are listed
in Table 3.1 [83,99].
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Table 3.1 The semi-local approximation methods used in DFT.

LDA: p — ER[p] = [ o) el (o)) a7

664: p.[Tp| > EE41p] = | e (p),Tp()) dF
Meta — GGA: p,[Vp|,t = EZ-0%[p, ] = [ B0 (p(), V(7). V2p, o(7)) di

1) = 5 SNV (7))

Local-density approximation (LDA) is the simplest approach in which the
exchange-correlation energy density of uniform electron gas depends only on the
density at a particular point [91,95]. Generalized gradient approximation (GGA)
depends on the density and its gradient at every point [95]. Meta-GGA is also
considered as a semi-local approximation and uses kinetic energy density of the Kohn-
Sham system as well as electron density and its gradient [99]. As there is no any

systematic approach, each semi-local approximation has its own pros and cons.

In summary, DFT on the basis of the Hohenberg-Kohn theorems and Kohn-
Sham Scheme focuses only on the ground state features of many-body problem such
as crystalline solids. Also, it is important to note that since the Kohn-Sham system is
a hypothetical system, the Kohn-Sham wavefunctions and corresponding eigenvalues
have no any physical meaning. DFT is one of the most preferred first-principles
calculation method, since it provides significant simplification over computing real
systems i.e., solids. Yet, it has limitations in some manners such as in bandgap values,

self-interaction errors and not valid for excited states.

3.2 The GW Approximation

Behaviour of the valence and conduction bands around the Fermi energy is
crucial in material classification. Calculations done for a material in its ground state
may overestimate or underestimate its bandgap energy. Thus, the problem at hand is
extended to include the excited states of the system. In 1965, Lars Hedin proposed the

GW approximation based on many-body perturbation theory [100] .

Green functions used for solving inhomogeneous differential equations with

specified boundary conditions provide physical interpretations for excitation states of
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many-body systems. In this sense, Green’s function can be thought as a propagation
operator, or shortly propagator, associated with addition or removal of a particle in the
N-electron system at its ground state [101]. By definition, single particle Green’s

function (with h=1) is,

G 67, t) = (WY T[P@ 0, 9T, )] |®d). 3.29

It gives the probability amplitude for propagating an additional particle created at
(#,t", from (#',t') to (#,t) ina N-electron system [102]. In Eq. 3.29, W}’ is the
N-electron ground state wavefunction, {* is the creation operator of one particle at
the position #' and time t’, and the annihilation operator  is responsible for removing
of a particle at position 7 and a later time t > t’. To clarify the relation between time-
ordered single particle Green’s funtion and excitation states of the N-particle system,

one can rewrite Eq. 3.29 with Schrodinger representation [103,104],

G(F, t: FI’ tl) — _lz<1PéV|¢A(F)e—lHt|1PlN+l) <1P{V+1|¢A+(?/)el’Ht’|qJ(1)V)

l

_ iZ(wéV|¢A+(fn)eth' |1_I_;iN—1)(1piN—1|¢”(F)e—th|q_;(I)V>_ 3.30

L
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or

lG(?, t; _'73/’ tl) — @(t _ tl) Z (p{V+1(F) ¢£V+1*(Fl)e—ig£\’+1(t_tr)

i
—_ @(t _ t/) Z ¢£V—1*(,-;r) (pév—l(i;)e—ie%w'l(t—t')' 3.32
i

N#+1
i

where @'*1(#) is known as the Lehmann amplitide, and &= represents excited
eigenvalues [103,104]. Egs. 3.29 - 3.32 demonstrate that excitation states and their
energies can be indicated and analysed in the basis of one-particle Green’s function.
However, as it is clearly seen in Eq. 3.29, projected wavefunctions are the ground state
many-body wavefunctions. One of the starting point of the GW approximation is to
calculate the one-particle Green’s function without dealing with many-body
wavefunction. The equation of motion for the one-particle Green’s function is Eq. 3.33

[105].

d
iEG(F’ t;7,t")
=6(F—-7)8(t—t")+h,(PGCT, t;7,t")

iy f 4" v(F PG (e 7 6 7 7 ), 3.33

In this relation, second term on the right-hand side is non-interacting quantity, and the
last term is perturbing or interacting term. In quantum mechanical perturbation theory,

interactions (or perturbations) are given in terms of scattering potential.

. d = = =140
[la— ho(r)] G t;7r,t")

=GR —i J 4 o(F PG P G P e, 3.34

5, X)) =60 —-7)5(t—t"). 3.35

So as to determine the one-particle Green’s function, two-particle Green’s function

should be known. Complexity of the problem continues to accelerate i.e.,
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Instead of solving Eq. 3.34 with the Green’s function in ascending many-body theory,
an effective potential that includes all interactions and excitations associated with the
system is introduced, like in Eq. 3.36 [106,107]

d
15— 1o = V@] 667,07

_ 5@ 7)) + f 4 S 6 7 OGE 67 6. 3.36

In the case of non-interacting systems, integral on the right-hand side gives zero, and

we simply have

P i N L. .. 3.37
ia —ho(P) = V(@] Go(#, t;7',t") = 6(X,X").

Since the focus is the term consisting of excitations and corrections, one can make

Fourier transformation to formulate Eg. 3.36 in the frequency domain [103,106,107]

W — hy(F) — Vi (P)] GG, 7 w) = f A S WG P w), o0

One-particle Green’s function for the interacting many-particle system can be obtained
by using Egs. 3.36 and 3.38, known as the Dyson equation [103,107,108],
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G = GO + G()ZG,

The Dyson equation is an expression for time-ordered one-particle Green’s function
in terms of an infinite series of non-interacting Green’s function Go, and electronic

self-energy, or scattering potential, X.

In the GW method, approximations made to obtain the Green’s funtion are for
the self-energy [103]. For further analysis, Fourier transformation is applied to one-
particle Green’s funtion (Eg. 3.32), then plugged in the equation of motion for Green’s
funtion in the frequency domain (Eq. 3.38) [103,106],

*N+1

Z L N+1+ {lw — ho(7) = Vy(PD]e; N1 (3)
in

R . 3.40
—fer(rr w)e TH(#N} = §F 7).

After Eq. 3.40 is multiplied by w — &'**, and taking the limit w — &;, the equation
of motion becomes

N 5 5 S o . 5 3.41
[he ) — Vg (D)1 () — f AP I 7 €)@V E () = VLN (7).

= =2,

The self-energy X(7,7"; ;) contains all corrections in the many-body system. To
approximate the effective potential term in Eq. 3.41, the approach is to consider the
interacting system in the perspective of a quasiparticle picture [79,103]. A
quasiparticle is composed of an electron or a hole with its Coulomb screening cloud.
If an electron is removed from the system of N-particle ground state, a positively
charged hole is created due to the electron removal. Then, arises Coulomb interaction
between the positively screened charge and electrons. Excited electrons start moving
towards the screened charge; thus, for each electron in the system there exists a hole
where the electrons initially occupied. This implies that a polarization is induced due
to electron-hole pairs in the response of an additional positive charge (hole). The
screened potential due to a quasiparticle embraces Coulomb interaction caused by the

central particle (electron or hole) and all the interactions related to the screening cloud
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[102]. In fact, screened Coulomb potential can be expressed in the form of a geometric

series as in the Green’s function,

W =v + vPv + vPvPv + vPvPvPv + --- 3.42

> W =v+ vPW, 3.43

or in the integral form [109,110],

WE 5 w) = vE ) + f AP AR V(R RPE R W)W E s w), o

The screening polarization can be calculated though the random-phase approximation
(RPA) proposed by D. Bohm and D. Pines [111]. The RPA polarization function
comprises the non-interacting electron-hole pairs [110,112]. Hence, the screening

polarization function in the frequency domain becomes,

P(F,7;w) = —iGy (7, 7;w)Goy (7', 75 w), 3.45

where Go is the Green’s function of the non-interacting system as in Eq. 3.37. The self-

energy is written in the time domain as [103,112],

A 67t = iG(FH 6L EOYWE, 7 ). 3.46

The variation of correlational effects, z—i , iIs neglected, and the first interaction term in

the self-energy expression is taken into account in the GW approximation. As a result,

the self-energy becomes

SWAG 67, t) = iG,(F 7, tOYW(F, 67, t). 3.47
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Self-energy in the GW approximation contains the exchange and many-body
correlation effects. It is non-local, non-hermitian and dynamical quantity. Hence, the
GW approximation provides better results for an effective potential compared to the

Hartree-Fock approximation and DFT.

3.3 Implementation and Details of Calculations

In the following we will discuss implementation of the DFT and GW
approximation and details of our calculations.

3.3.1 Implementation of DFT

In our DFT calculations we used the free code FLEUR, which has been
developed at Julich research center, Germany. FLEUR employs the full-potential
linearized augmented plane-wave method (FLAPW), which is an all-electron
approach, in order to solve the Kohn-Sham problem [113]. On the contrary to
pseudopotential method, all-electron approach prevents the Coulomb potential
diverging as r approaches zero, and includes core electrons in the calculations as well
as valence electrons. The FLAPW method enables the full-potential and charge density
to be treated in the partitions of LAPW basis without any shape-approximation
[114,115]. Wavefunctions corresponding to valence electrons are written in terms of
the LAPW basis set [116].

In 1937, Slater introduced the augmented plane-wave (APW) method which
divides the unit cell into regions: the muffin-tin (MT) spheres surrounding each atom,
and the interstitial region (IR) [117]. The APW basis functions consist of radial
functions and spherical harmonics in the MT spheres, while in the IR they are plane
waves. These functions must be continuous on the surface of the MT. It is known that
the APW basis has some problems. For instance, in order to define the Kohn-Sham
wavefunctions in terms of the APW basis set, energy parameter must be set to the
corresponding eigenvalue [95]. This results in non-linearity in the eigenvalue problem.
In addition, vanishing radial function on the boundaries of the spheres makes
coefficients in the MT region to have asymptotic behaviour, which leads to

discontinuity [98]. Krogh Andersen obviated those problems by modifying the APW
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basis set and transformed a non-linear problem into the linear one. In other words,
Andersen linearized the APW basis set by extending radial functions to their first
derivatives with respect to the energy parameter in the MT basis functions [118]. If
Taylor series expansion is applied to the radial function around an arbitrary energy

parameter i.e., E} , the radial function becomes [95,98],

U{(Ti, e)lEli = ull(rlﬁEll) + (E - Ell)ull(ruEll) + (E - Ell)zull(ruEll)

. 3.48
+0(r, E}).

By taking expansion of radial function up to the linear order, the LAPW basis functions

are expressed as [95,98],

1 .2 =
- l(k+G)~T 2 € IR
Qe , T

¢Ha(F): i o ; : P3O L . n 5 .
we Z[Aﬁ%(k)u%(ri, Ef) + Big (k)ui (v, EYim (P), 7 € MT;

Lm

3.49

Wavefunctions in the IR stay the same as in the APW basis. In the MT spheres, the
radial function and its energy derivative are denoted at fixed energy parameter
[118,119]. This indicates that the MT basis functions become energy-independent
[95,118]. Thus, the non-linear eigenvalue problem is reduced to the linear one.

Furthermore, writing MT wavefunctions as a linear combination of u} and 1.}, removes

the discontinuity thanks to coefficients Ai¢ and BiS [95,98,115].

In the all-electron FLAPW method, core and valence electrons are treated
separately to increase computational accuracy and efficiency. So as to make separate
treatment, the wavefunctions of the core and valence electrons should be orthogonal
to each other [118]. Effective potential that the FLAPW method takes into account
during the core state calculations is spherical due to associated atomic nucleus for each
core electron [115,120]. The closer the electrons are to the atomic nucleus, the more
Kinetic energy they have. As a result, core electron states are obtained through a fully

relativistic treatment.
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Energy levels of electrons in a crystal structure inform us about their quantum
states. Core electrons are located at low energies, and thus they are highly localized in
the MT of the associated atom. On the contrary, valence electrons whose energies are
near the Fermi energy are delocalized. During calculations, making a distinction
between valence and core electrons with considerably low energy values is usually
quite easy. However, for same cases, in the unit cell there exist core states with
relatively high energy such that they are almost delocalized like valence electrons
[95,115,116,120]. Neglecting these types of electrons may cause incorrect energy band
calculations. The FLAPW method enables electrons with energies in between core
states and valence states, so-called semi-core electrons, to be treated as valence
electrons optionally [115]. In such cases, the MT sphere wavefunctions in the LAPW
basis are extended to include these semi-core states by local orbital extension
[115,116,120]. Additional radial functions u!(r;, EF?), which are also confined in the
MT sphere, are introduced such that local orbitals in the extension of the LAPW basis
are determined [95,98,116],

oy @)
_ { 0, FEIR 350
[AEOul(ry, EY) + BECu! (1, EY) + CEOul(ry, E/™)[Yim (F), 7 € MT;

The local orbitals obtained from a linear combination of radial functions and their
derivatives in the LAPW basis and an additional radial function with energy Ef’LO,

uf™(r) = ARQul(r, EY) + B (r, EY) + Clul(r, ELO) 351

are localized in the MT sphere [95]. Naturally, they become zero on the MT boundary
with the help of coefficients A%, BLS and CEO in the equation [95,116]. In the
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FLAPW method, a division of the unit cell into the regions implies regional dependent
charge density and potential as well [115,116,121].

ZpéeiG'F, 7 € IR

G 3.52

p(r) = _ :
Z pL()YL (), r € MT;
L

Charge density partitioned into the IR and MT spheres is expressed in Eq. 3.52.
Similarly, the effective potential in the FLAPW method is [115,116,121],

3.53

eff(T) .
LZ ff(rl)YL(rl 7 € MT;

In summary, the FLAPW method implemented by the FLEUR code provides
different treatments for different regions in the unit cell, and takes all electrons into
account. Thanks to the FLAPW method, FLEUR code offers an option for semi-core
states to be treated as either valence or core states. Hence, describing the semi-core
states as local orbitals in the FLEUR code, we prevent from getting ghost bands in the
band structure calculations [115,116].

In the following, we will discuss how we determine the parameters that will
determine the most relevant results in our computations. In the FLAPW basis used for
the valence electrons, some parameters must be assigned to limit radial functions in
the MT spheres and planewaves in the IR of the unit cell. The cutoff parameter for
reciprocal plane wave, K, ., is defined to specify how many plane waves the basis
set in the IR includes. In the MT region, maximum angular momentum [, is the
convergence parameter to restrict the summation in the MT sphere. As there is
matching in between functions in the MT spheres and plane waves in the IR, the choice
of cut-off parameters in both regions should be related to each other. For instance,
setting angular momentum cutoff parameter for i-th MT sphere relies on the radius of

the associated muffin-tin sphere and K,,,,, [122,123];
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lrinax =~ Kmax ' RIiVIT' 3.54

The density and effective potential expressions in the IR have the reciprocal cutoff
parameter G,,,, to limit linear combination of planewave expansion [122].
Furthermore, there is another cutoff parameter for the exchange-correlation potential
in the reciprocal space G,%5,. Determination of G,,,, and G5, parameters is based

on the relation of G,,,, and G5, 10 Kpax [122],

Gmax 2 Grjrclflx 2 2 Kinax 3.55
Gmax = 3 Kimax and Gpax = 2.5 - Kipay - 3.95

3.3.2 Implementation of GW

For our GW calculations we used the free code SPEX, a family member of the
Julich FLAPW codes. It is based on the MBPT we discussed above in detail, and it
uses the output data obtained from a DFT code as input [113]. In this sense, SPEX
provides complementary results including the excited state calculations for materials.

In sections 3.1 and 3.2, we already mentioned the equations of motions of Kohn-

Sham and quasiparticle models in the DFT and GW approximation. The equations

R@ L) + VI L) = 2%, and, 3.56

> —> =/ - -7 >/ - 357
REWEE) + [ dF20(5.7 B VGG = B )

are, respectively, the Kohn-Sham relation in DFT and the quasiparticle equation in

GW, with spin c. In the right-hand side of Eq. 3.57, E7.’s are the excitation energies

of real system. The GW approach enables us to express the excitation energies as a

correction to Kohn-Sham eigenvalues [110]

E7, = &, + (07,127 (B7,) — izl 7). 3.58
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Obviously, Eqg. 3.58 is a non-linear equation, and it is obtained from the first order
perturbation theory [110]. In SPEX, the excitation energies are computed from both

linear and non-linear quasiparticle equations.

For GW calculations, the required basis sets are the ones containing
wavefunctions and another basis set to represent all the interactions denoted as a
product of the wavefunctions [124]. As SPEX code uses the FLAPW method, the
mixed product basis (MPB) is chosen to describe products of LAPW functions. To
comprehend the need for product basis set in GW, one revisits the self-energy
expressed by the screened interaction and single-particle Green’s function in the basis

of Kohn-Sham eigenfunctions. The self-energy is expressed as

i .y N N .
O(F T, w) = ﬁj dw'e N Gg(r,r;w+w)WE 7w, 3.59

= 27,

where W (7, 7'; w") is the effective Coulomb interaction, and G§ (#,7'; w) is the non-

interacting Green’s function for a given spin in the frequency domain [103,110,112]

GO’(F 7 W) — z Z q”)ikjl(fz) q")ikjl*(FI)
O Lilaw — €2 + insgn(el) 3.60
P i ki

When Eq. 3.60 is plugged into Eq. 3.43, the polarization function within the RPA
contains the representation of product basis set. In general expressions for matrix form
of quantities involving more than one particle such as their interactions within
themselves and/or each other, a basis set consisting of wavefunction products is
preferred [95,110,112]. The MPB uses separate function sets to describe the expansion
of wave function products. On the basis of LAPW, each of the two sets, one of which
is the product of the MT functions and the other of the IR wavefunctions, is defined

only in the respective region [109]
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ei(k+G)-rei(kl+Gl)-r for IR 3.62

In Eq. 3.61 the problem arises from the product of radial functions for being not
orthonormal. After diagonalizing the overlap matrix using products of spin-dependent
radial functions, orthonormal and spin-independent wavefunction products are

obtained in the MT region.

Minp(P) = Miy (1Y, (7), 3.63

where || = l'| <L <1+1l',—L <M < L and index p represents the combinations of
indices |, I’, p and p’ [95,110,124]. For the IR, products of planewaves generate another

planewave
Mz () == -0 70() o
where ©(7) is the Heaviside step function [95,124]
1 7 € IR
o) = { o TEIR
0, S MTl 365

In the GW approximation, the self-energy is divided into exchange and correlation
terms by indicating the screened interaction as a summation of the bare Coulomb

potential and the correlation part [105,110].

5 ; A N — 3.66
(r, 7 w)=2—de G§gFrsw+w)W.(r, 7 w'),

97,77 = _f dw'ew'n GS (775w + whv(F ), 3.67

for which W (#,7;w) = W.(#,7;w) + v(#,7') [109,110,112].
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The correlation part of the self-energy is dynamical quantity due to its frequency
dependence, while the exchange part corresponds to the non-local exchange potential

in the Hartree-Fock model.

As it is stated earlier, the reason for using the GW approximation is the fact that
the DFT calculations in the ground state overestimate or underestimate the band gap
values of materials. The valence and conduction bands around the Fermi level is highly
critical in material classification. Consequently, if the GW calculations, which are
computationally expensive, were not done with large number of k-points in the
Brillouin zone, the band structure would not look continuous and clear. This problem
is circumvented by invoking the Wannier functions, which are constructed from the
Fourier transformation of Bloch functions. In contrast to Bloch functions, Wannier
functions are delocalized in the reciprocal space but localized in real space [125]. This

fact actually is a natural consequence of Heisenberg’s uncertainty principle.

N 1 _TR 5 3.68
k i

where ¢, (7) is the Bloch function, Uz, ; is a unitary transformation matrix, and N is
the number of k-vectors [125-127]. Unitary matrix is important to maintain the set of
Wannier functions orthonormal, and is obtained from the projection of Bloch states

onto the specified localized orbitals [125-127].

We should also note that the DFT considers, or sum over all, occupied states. On
the other hand, since GW is for the excited states, one needs to consider also
unoccupied states at higher energies. Therefore, for a specific k-point grid one needs
enough number of empty bands to have reliable values for the GW energy band gaps.
As the grid becomes denser the band gap may become smaller or larger, depending
on the material.

In the one-shot GW, the sum in the self-energy is done only over the diagonal
terms, and available KS wavefunctions are used. However, in the full-GW

approximation, all, diagonal plus off-diagonal, elements of the self-energy matrix
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are taken into account. At every k-point the wavefunctions and their corresponding
eigenvalues calculated self-consistently. As expected, the full-GW calculations are

computationally more expensive than one-shot GW computations.
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4 RESULTS

For our calculations, we considered six quaternary Heusler (QH) alloys with
XX’YZ chemical formula. We placed atoms X at 4a, X’ at 4b, Y at 4c, and Z at 4d in
the unit cell to have energetically most stable configuration of the QH alloys. The
points we deliberate in material selection are that the compounds should have
thermodynamic and mechanical stability. Furthermore, all of the materials must have

been predicted to show SGS behaviour in previous studies, see Table 4.1 [36,128].

Table 4.1: The computed lattice constant, number of valence electrons Ny, total
magnetic moment Mo, and distance to the convex Hull of the QH materials studied.

Compound a(A) Nv Mot () Econ (€V/atom)
FeVTISi 5.91 21 3.00 0.173
FeVNDAI 6.11 21 2.99 0.1238
FeCrTiAl 5.96 21 3.00 0.0504
FeCrzrAl 6.194 21 3.00 0.0114
NiCrMnAl 5.809 26 2.00 0.1173
NiFeMnAl 5.731 28 4.00 0.0577

We start our calculations with specifying the equilibrium lattice constant, atoms
and their positions in the unit cell in the input generator for FLEUR. This generator
produces necessary files for the self-consistent calculation. We preferred a 20x20x20
k-point mesh and the angular momentum cutoff parameter Imax = 10. Then, we used
relations 3.55 and 3.56 between the MT radius, and cut-off parameters for the
planewave and angular momentum to determine the planewave cut-off parameters for
each material. Thus, we set Kmax = 4.00 bohr? for FeCrZrAl, but Kmax = 4.25 bohr?
for NiFeMnAl, NiCrMnAl, FeVTiSi, FeVNDbAI, and FeCrTiAl. We also set
Gmax=Gmaxxc =3kmax for all materials. Having finished the self-consistent calculation,
we further computed the density of states (DOS) and band structure of materials. The
parametrization by Perdew, Burke and Ernzerhof (PBE) under the GGA functionals
was chosen to approximate the exchange-correlation potential. After the ground-state
calculations, we moved forward to GW computations with SPEX code, and produced

a new k-point set for a 12x12x12 mesh in the Brillouin zone. Then, FLEUR was run
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to obtain the Kohn-Sham eigenfunctions for new the k-points. After that, SPEX was
re-run and one-shot GW computation was performed. In this step, we set the cut-off
parameter of angular momentum for products of the functions in the MT sphere Lcut
= 4, and reciprocal cut-off radius for mixed product basis (MPB) of the interstitial
region Gcur = 4 for the GW calculation. The last step in our calculation was to obtain
full band structure of the system around the Fermi level by performing the Wannier
interpolation with SPEX. The Wannier functions are localized in real space, more
specifically at atomic sites [126]. We constructed an interpolated band structure by
choosing certain localized orbitals as Wannier functions. The number of orbitals
considered for the interpolation is determined by the position of band gap, i.e., in
between which orbitals the band gap is located. Type of the orbitals of each atom to
be used in the interpolation is determined by the orbitals making up the bands around
the Fermi energy. For our materials, mainly the d-orbitals are responsible for the band
gap. We also took into account the p-orbitals of the sp-element due to the interactions
between this element and TMs. In the following sections, the DOS and the spin-
polarized electronic band structures obtained by the DFT and GW approximation will

be discussed.

4.1 Density of States (DOS) Results

We computed the DOS of the SGS candidates with FLEUR. In all calculations
we considered 1000 k-points, and set the standard deviation to o = 0.0015.

Figure 4.1 displays the spin-resolved DOS for compound FeVTiSi. We see that
bottom of the CB in the spin-down channel touches top of the VB of the spin-up
channel at Fermi level. According to this results FeVTiSi displays a type-Il SGS
behaviour. By examining the region just below Er in the spin-up channel, one can
observe the interaction between Fe-d states and V-d states. Moreover, V-d states are
dominant in the VB of spin-up channel and the CB of spin-down channel.
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Figure 4.1 The DOS of FeVTiSi
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Figure 4.2 The DOS analysis of FeVNbAI

The
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DOS of FeVNbAI compound is indicated in Figure 4.2. The total DOS in both spin
channels displays behaviour similar to FeVTiSi in figure 4.1. The gapless structure is
reached by contributions of both spin states. As the VB of the spin-up state and CB of
the spin-down state touch, there are gaps around Er. One gap is located in between the
CB bottom and the Fermi level, while the other is in between the VB top and Er in the
spin-up and spin-down channels, respectively. The curves of V-d and Fe-d orbitals

shows that there is a strong hybridization between these orbitals.

The DOS of FeCrTiAl is demonstrated in figure 4.3. While he CB of spin-down
channel touches the Fermi level, there exists a gap between top of the VB and Fermi

level. Total DOS value is almost zero the around Er in the spin-up channel.

Density of states
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Figure 4.3The DOS analysis of FeCrTiAl

Figure 4.4 displays spin-polarized DOS FeCrZrAl. In the spin-up channel, the
VB almost touches the Fermi energy, and there is a small gap between the CB and Er.

The gap in the spin-down channel is larger than in the spin-up one.
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Figure 4.4The DOS plot of FeCrZrAl
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Figure 4.5 The DOS of NiCrMnAl




The DOS of NiCrMnAl is plotted in Figure 4.5. Total DOS value for spin-down
channel is zero in the energy interval -0.6 - 0 eV implying that the band gap is formed
here. Also, the CB bottom touches the Fermi energy in the spin-down channel. In the
spin-up channel we observe the total DOS is very close to zero. In both spin-channels,
there is hybridization between the d-states of TMs. By focusing on the behaviour of
total DOS and Cr-d DOS around the Fermi energy in the spin-up channel, Cr-d states

can be considered mainly responsible of the gapless form in this channel.

Fig. 4.6 shows the spin-polarized DOS for NiFeMnAl. As is seen, it shows
semiconducting behaviour in the spin-down channel, and almost zero DOS at the
Fermi energy in the spin-up channel. The Fe-d and Mn-d orbitals are mainly
responsible for almost gapless nature in the spin-up channel. For both spin channels,
there is a hybridization between d orbitals of the TMs. For instance, Fe-d and Mn-d
states tend to show same behaviour just below Ef in the VB of spin-up channel.
Similarly, d-states of Ni and Mn atoms close to Er in the VB of spin-down channel

hybridize.
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Figure 4.6 The DOS of NiFeMnAl
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These DOS results confirm that all of the studied materials might be SGS as
already predicted. For further analysis, in the next section we will present the band

structures of the compounds computed via the PBE and GW methods.

4.2 Band Structures Using DFT and GW Methods

In order to make sure that our materials display SGS properties, we computed
their electronic band structure first with FLEUR at the levels of KS DFT and with
SPSEX at the one-shot GW level. Actually, SPEX gives us both Kohn-Sham and GW
band structures after a Wannier interpolation. In the following, band structures of spin-
up and spin-down channels of each material will be present separately. We set the
Fermi energy at the top of the VB of the spin-up channel. The band structures

computed with FLEUR code are presented in the Appendices.
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Figure 4.7Electronic band structure of FeVTiSi in the spin-up channel.
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Figure 4.7 displays the band-structure of spin-up electrons in FeVTiSi. We
observe that the maximum of the VB is around the midpoint between the I and L
points. Both GW and KS predict an indirect band gap for this channel of about 0.42
eV. As usual, GW energies in the CB are shifted up.

FeWTisi spin-down GW and K5
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E - E.l.' T=A

Figure 4.8 Spin-down band structure of FeVTiSi

In Figure 4.8, we observe that the CB crosses the Fermi level up to 0.2 eV in the
spin-down channel. The band gap in the GW is direct and around 0.4 eV. One can thus

conclude that FeVTiSi is a narrow band gap SGS.

Band structures of FeVNbAI spin-up states are shown in Fig. 4.9. It is noticed
that there is a small overlap between the conduction and valence bands of GW
approximation between points X and I'. For the spin-down channel, band structure
obtained via GW method has a very small band gap between K and I" points around Er
(see Fig. 4.10). Below the Fermi level, the GW bands are shifted upwards with respect
to the KS bands. These observations tell us that the GW predicts FeVNDbAI as a SGS

unlike PBE, which predicts it as a semiconductor.
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Figure 4.10 Spin-down band-structure of FeVNbAI
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We plotted the band diagram for spin-up channel of FeCrTiAl in Fig. 4.11.

Starting with the CB there is an upward shift in the blue curves with respect to the red

curves, a typical result of GW approximation, meaning a larger band gap energy in the

GW. Corresponding Wannier interpolation for FeCrTiAl spin-down channel is

demonstrated in Fig. 4.12. The bands close to the Fermi energy have similar behaviour

with the associated spin channel of FeVTiSi. If one takes a closer look around the

Fermi level, the minimum of CB has quite small lower energies than Er. Besides the

band gap is decreases in the GW. Based on these results, we theoretically verify that

FeCrTiAl is a narrow band gap SGS.
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Figure 4.11 Spin-up band-structure of FeCrTiAl
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Figure 4.12 FeCrTiAl spin-down channel
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Figure 4.13 Electronic band structure for FeCrZrAl spin-up states

Figs. 4.13 and 4.14 display the spin-polarized band diagrams of FeCrZrAl.
Starting with spin-up states, we see that the GW bands are pushed to upper energies
above the Fermi level. The KS has a direct band gap of almost 0.2 eV in the X - T'
direction. On the other hand, G has a direct band gap of about 0.8 eV around
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Figure 4.14 FeCrZrAl spin-down states electronic band diagram

middle of the I' and L points. As is seen in Fig. 4.14, for the spin-down channel the
GW valence bands are closer to the Fermi level than the KS bands for the spin-down
channel. Bottom of the CB in both methods coincides between the points K and T.
Taking into account behaviour of the bands in both spin-channels, we can deduce that

FeCrZrAl is a narrow band gap semiconductor of SGS.

MiCrhnaAl spin-up GW and K5
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Figure 4.15 NiCrMnAl spin-up states
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The CB top is in between the I" and L points in the spin-up channel of NiCrMnAl
as observed in Fig. 4.15. The eigenvalues in the CB of GW are shifted very slightly to
higher energies and thus a slight bandgap energy of about 0.2 eV opens in the GW.

We notice that the KS band structure is gapless.

MiCrMnaAl spin-down GW and K5
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Figure 4.16 NiCrMnAl spin-down states

In Fig. 4.16 we observe that the spin-down channel has a direct band gap of 0.2
eV in the middle of I" to L points. Overall, the GW eigenvalues shift to lower energies
compared to KS results. We may conclude that NiCrMnAl is a SGS in the PBE, and a
narrow bandgap SGS in the GW theory.

The band structure for spin-up electrons of NiFeMnAl in Fig. 4.17. The
Wannier-interpolated band structure provides a good understanding of the bands
centring Er. The VB touches the Fermi level at the middle of the high symmetry points
KandI'. Also, the CB touches the Fermi level at a point close to X point. We observe

that the Kohn-Sham and GW energies are almost the same around Fermi energy.

In the spin-down channel, Fig. 4.16, the VB top is around the middle of the path
from T" to L point, and the GW energy is lower than of KS approximately 0.2 eV.
There is an indirect bandgap of almost 0.3 eV in this channel. Combining the

observations for both spin channels we conclude that NiFeMnAl is a SGS material.
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5 CONCLUSION

In this thesis we searched for new spin-gapless semiconductor (SGS) quaternary
Heusler materials within the DFT and GW methods. We conclude that FeVTiSi,
FeVNDbAI, FeCrTiAl, FeCrZrAl, NiCrMnAl and NiFeMnAl can be classified as SGS.
In these materials the difference of the KS DFT and one-shot GW are, in general, close
to each other. This fact implies that in these systems the many-body correlations have

a minimal effect on the electronic band structure.
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