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SUMMARY

In this thesis, we surveyed the literature on the algebraic properties and graded
free resolutions of binomial edge ideals. Firstly, the fundamental properties of closed
graphs that emerged with binomial edge ideals are given in terms of combinatorial
terms. Also, we precisely stated for which graphs the binomial edge ideals have a
quadratic Grobner basis and gave an easy way to find the reduced Grobner basis of J;
for any graph G. Then, we examined when J; is a prime ideal and determined its
minimal prime ideals. In addition, we investigated the graded free resolutions of
binomial edge ideals and stated for which type of graphs J; has a linear or pure
resolution. Moreover, we studied some lower and upper bounds for the regularity of

S/J¢ in terms of combinatorial terms.

Keywords: Binomial Edge Ideals, Closed Graphs, Grobner Bases, Graded Free
Resolutions, Regularity.



OZET

Bu tezde, iki terimli kenar ideallerinin cebirsel Ozellikleri ve dereceli serbest
coziimlemeleri hakkindaki literatiirii inceledik. 11k olarak, iki terimli kenar idealleri ile
ortaya ¢ikan kapali graflarin temel oOzellikleri kombinatoryal terimler cinsinden
verilmistir. Ayrica, hangi tiirden graflar icin iki terimli kenar ideallerinin ikinci
dereceden bir Grobner bazina sahip oldugunu kesin bir sekilde ifade ettik ve herhangi
bir G grafi i¢in J; nin indirgenmis Grobner bazini bulmanin kolay bir yolunu verdik.
Sonra, J; nin ne zaman bir asal ideal oldugunu inceledik ve onun minimal asal
ideallerini belirledik. Buna ek olarak, iki terimli kenar ideallerinin dereceli serbest
coziimlemeleri tizerine konustuk ve hangi tiirden graflar igin J; nin lineer veya piir
¢oziimlemeye sahip oldugunu ifade ettik. Dahasi, S/J; nin diizenliligi igin

kombinatoryal terimler cinsinden baz alt ve tist sinirlari inceledik.

Anahtar Kelimeler: ki Terimli Kenar Idealleri, Kapah Graflar, Grobner

Bazlar, Dereceli Serbest Coziimlemeler, Diizenlilik.
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1. INTRODUCTION

For any simple graph G with V(G) = {1,...,n}, the binomial edge ideal of G
is denoted by J and defined as the ideal generated by the binomials f;; = x;y; — x;y;
in the polynomial ring S = K|x1,...,Zn, Y1, .-, Ys) Over a field K where i < j and
{i,j} € E(G). Binomial edge ideals were introduced independently by Herzog et al.
in [1]] in 2010 and by Ohtani in [2] in 2011 and since then, it has become the focus of
attention of many researchers. In recent years, many algebraic properties of binomial
edge ideals, from Hilbert series to graded free resolutions and from Koszulness to
toricness, have been examined and the relations between these algebraic properties
and the combinatorial properties of the graph G have been investigated. In addition,
articles were published in which Cohen-Macaulay and Gorenstein binomial edge ideals
were characterized and their homological properties were examined. Although much
research has been done on binomial edge ideals, there are still many open problems
related to J; that remain to be resolved.

In the second chapter of this thesis, we have given some fundamental definitions
and theorems about rings, Grobner bases, graphs, modules and graded free resolutions.
These definitions and theorems are quite important as they provide a mathematical
basis for the topics which will be mentioned in Chapter 3 and Chapter 4.

Chapter 3 is mainly based on some results from the articles [1]], [3] and [4]. In
particular, we studied the algebraic properties of .J; such as primary decomposition,
minimal primes and Grébner bases. The authors of [[1] gave the fundamental algebraic
properties of J; and found a method for calculating the reduced Grobner basis of Jg
with respect to the lexicographic order via admissible paths. Also, they defined the
closed graphs that are important to binomial edge ideals and gave the fundamental
properties of them in terms of the terms in graph theory. In addition, Ene et al. showed
some combinatorial properties of closed graphs in [3]]. In [4]], Crupi and Rinaldo proved
that the necessary and sufficient condition for J; to have a quadratic Grobner basis is
that GG is a closed graph.

In the last chapter, we examined the graded free resolutions and regularity of
binomial edge ideals. Matsuda and Murai examined the regularity of Jg in [S] and

found lower and upper bounds for it, that is, | < reg(S/Jg) < n — 1 where [ is



the length of the longest induced path in GG. Later, Ene et al. in [6] found a better
upper bound for the regularity, that is, if A(G) is the clique complex of a graph G,
then reg(S/Js) < n — dim A(G). Also, we presented another upper bound due to
[7] where it was proven that reg(S/.Js) < r where r is the number of the maximal
cliques of G. Moreover, we considered a result of Madani and Kiani in [8] where it
was shown that, binomial edge ideal of a graph G has a linear resolution if and only
if G is complete graph. Lastly, we studied a more general form of this result of the
same authors. In particular, we studied the results from [9] and presented their proof
that the necessary and sufficient condition for .J; to have a pure resolution is that GG is

complete or complete bipartite or disjoint union of some paths.



2. PRELIMINARIES

2.1. Ring Theory

In this section, some basic definitions and theorems about rings, ideals and poly-
nomial rings in several variables will be given. In addition to these, monomial ideals,
binomial ideals and toric ideals will be introduced, and their algebraic properties will

be mentioned.

Definition 2.1: [10] Let R be a nonempty set and let 4+ and - be two binary operations
on R. Then, R is said to be a ring if the following properties are satisfied for all

a,b,c € R:

RI) (a+b)+c=a+ (b+c).

R2) a+b=0b+a.

R3) There exists 0 € R such that a + 0 = a.

R4) There exists —a € R such that a + (—a) = 0.
R5) (a-b)-c=a-(b-c).

R6) a-(b+c)=a-b+a-c

R7) (a+b)-c=a-c+b-c

The operations + and - are called addition and multiplication on R. Also, the element

0 € R mentioned in the property R3) is called the zero element of R.

We will assume that multiplication performs before addition. For simplicity, we

will write @ — b and ab instead of a 4+ (—b) and «a - b, respectively.

Definition 2.2: [I0] Let R be a ring. If ab = ba for all a,b € R, then R is said to be

commutative. Otherwise, R is said to be noncommutative.

Definition 2.3: [10] Let R be a ring. If there exists 1 € R suchthatl-a=a=a-1
for all a € R, then we say that R is a ring with identity (or a ring with 1). In this case,

the element 1 is called the identity element of the ring R.



Example 2.1: Clearly, R = {0} satisfies the conditions for being a ring. This ring is
called the trivial ring. Let us consider the sets 7., Q, R and C together with the usual

addition +, and multiplication -. These sets are commutative rings with identity.

Definition 2.4: [10] Suppose that R is a ring with identity and u is an element of R.
Then, w is said to be a unit (or an invertible) element of R if there exists v € R such

that wv = vu = 1. In this case, v is called the inverse of u.

Definition 2.5: [I1] Let R be a nontrivial commutative ring with identity. Then, R is

called a field if every nonzero element is unit in R.

Example 2.2: Obviously, Q, R and C are fields with respect to the usual addition and
multiplication. However, the ring 7 is not a field because the only invertible elements

inZ arel and —1.

Definition 2.6: [10] Let R be a ring and 0 # a € R. If there exists an element

0 # b € R such that ab = 0 or ba = 0, then a is called a zero divisor in R.

Definition 2.7: [10] Let R be a commutative ring with identity. If R has no zero

divisors, then R is said to be an integral domain.
Remark 2.1: Note that every field is an integral domain.

Definition 2.8: [[I1|] Let R be a commutative ring and ) # I C R. Then, I is called
anideal of Rifa+b e I andar € I forall a,b € [ andr € R.

Definition 2.9: [I0] Let R be a commutative ring and ) # A C R. Then, the ideal
(A) is said to be the ideal generated by the set A and defined as the intersection of all
ideals of R which contain A.

Proposition 2.1: [[I0] Let R be a commutative ring with 1 and ) # A C R. Then,
(A ={>" ra :reR ae€A 1<i<n, neN}L

Remark 2.2: [10] If A = {as,...,a,}, then the ideal (A) is denoted by (ay, . .., ay,).
In this case, (A) = (aq, ..., ay) is said to be a finitely generated ideal. Then, we can

write (a1, ...,a,) = {riay + -+ rpa, :r,...,mr, € R}.

Definition 2.10: [I2l] Let R be a ring and I, .J be two ideals of R. Then, the sum of
the ideals I and J is defined as the smallest ideal in R containing I and J, that is,
I+J={a+b:aclbe J}.



Definition 2.11: [12] Let R be a commutative ring and I be an ideal of R. Then, the
radical of I is defined as /I = {a € R : a™ € I for some n € N}. Also, I is called a
radical ideal if T = /1.

Definition 2.12: [II1l] Let I and J be two ideals of a commutative ring R. The ideal
quotient of I and J is denoted by (I : J) and defined as (I : J) ={r € R:rJ C I}.
In particular, if J = (a) where a € R, then the expression (I : (a)) can be written

more simply as (I : a). In this case, (I : a) = {r € R:ra € I}.

Definition 2.13: [10] Let R be a commutative ring and I be an ideal of R. Then, the
set R/1 = {r+1:r € R} forms a ring together with the operations + and - defined
as (a+1)+(b+1) = (a+b)+1and (a+1I)-(b+1I) = ab+1 foralla+1,b+1 € R/I.
Then, the ring R/I is called the quotient ring of R by I.

Definition 2.14: [11] An ideal P of a commutative ring R is called a prime ideal of R
if P # R and ab € P implies either a € P orb € P. The set of all prime ideals of R
is denoted by Spec(R).

Proposition 2.2: [10] Suppose that R is a commutative ring with identity and P is an
ideal of R with P # R. Then, P is a prime ideal of R if and only if R/ P is an integral

domain.

Definition 2.15: [13] Let I be an ideal of a commutative ring R. A prime ideal P of R
is called a minimal prime ideal of I if I C P and there is no prime ideal P' in R such

that I C P" C P. The set of all minimal prime ideals of I is denoted by Min(1).

Proposition 2.3: [I1l] Let R be a commutative ring and I be an ideal of R such that
I # R. Then, we have VI = N PeMin(D) P. More specifically, if I is a radical ideal of
R, then we have [ = ﬂPeMin(I) P.

Definition 2.16: [I4|] The height of a prime ideal P of a commutative ring R is defined
as height P =sup{n: P, C P, C -+ C P, =P, Py,...,P,_1 € Spec(R)}. Also,
we define the Krull dimension of R as dim R = sup{height P : P € Spec(R)}. If I is
any ideal of R, we define height of I as height [ = min{height P : P € Min(7)}.

Definition 2.17: [I1|] Let R and R' be two commutative rings with identity and f be
a function from R into R'. Then, f is called a ring homomorphism if it satisfies these

properties:



i) fla+b) = f(a)+ f(b) forall a,b € R;
ii) f(a-b)= f(a)- f(b)forall a,b € R:
iii) (1) = 1.

If f is one-to-one and onto, then f is called an isomorphism.

Definition 2.18: [10] Let R and R' be two commutative rings. If there exists an iso-

morphism from R to R/, then R and R' are called isomorphic and it is denoted by
R=R.

Definition 2.19: [10] Let R and R’ be two commutative rings and f be a homomor-

phism from R to R'. Then, the set Ker(f) = {r € R: f(r) = 0} is called the kernel
of f.

Remark 2.3: For any ring homomorphism f : R — R/, Ker(f) is an ideal of R.

Theorem 2.1: [10] (First Isomorphism Theorem) Let f : R — R’ be a ring homo-
morphism. Then R/ Ker(f) = Im(f) where Im(f) is the image of f.

Theorem 2.2: [10] Let R be a commutative ring and I, J be two ideals of R with
I CJ Then, (R/I)/(J/I) = R/J.

Definition 2.20: [I5] Let R be a ring. The ring R[x1, . .., x,] is called the polynomial

ring (or ring of polynomials) over R in the indeterminates x, . .., x,. Each polyno-
mial in Rlxy, ..., ) is in the form f(xy,...,x,) = Y a;,. 2% ... 2 where each
(11,...,1n) € N* a;, ;€ R and the sum has finitely many terms. The ring operations
of R|xy,...,x,| are as follows:

FAg=> (. i +by)att . al 2.1)

forall f = a;, ;2% .. .xin,g="b; ;2. 27 € Rlay, ..., x,] and

F9=Y" > (ai.ibj )2l ke (2.2)
'



forall f = a;, ;0% . xin g="by w2l € Ry, ... 2,

Definition 2.21: [[I5] Suppose that R is a ring and p = (p1,...,p,) € N A poly-
nomial in the form xP = x\'...xP" is called a monomial in the polynomial ring
Rlxy,...,x,]. The term ax? is called a monomial term where 0 # a € R. The
degree of az? is defined as deg(az?) = p1 + ...+ p,. The degree of any polynomial
0 # f € Rlxy,...,x,)| is denoted by deg(f) and defined to be the maximum degree
of the monomials of f with nonzero coefficients. Also, f is called homogeneous if the

degree of every monomial which has nonzero coefficient in f is the same.

Proposition 2.4: [[15] If R is an integral domain, then R[x1, ..., x,] is also an integral

domain.

Throughout this chapter, we will assume K is a field and S is the polynomial

ring over K in the indeterminates z1, . . . , x,, unless otherwise stated.
Proposition 2.5: [I4] If I C S is an ideal, then dim S/I = dim S — height I.

Definition 2.22: [13] Let I be an ideal in S. Then, I is called a monomial ideal if I

can be generated by monomials.

Definition 2.23: [I2]] A monomial 2P = z}* ... 2P in S is said to be squarefree if
0 <p; <1lforeachi = 1,...,n. Also, an ideal I of S is said to be squarefree

monomial ideal if it can be generated by squarefree monomials.

Proposition 2.6: [12]] Suppose that [ C S is a monomial ideal which can be generated

by squarefree monomials. Then, I is a radical ideal.

Definition 2.24: [I2|] A polynomial in the form v — v is called a binomial of S where
u and v are monomials in S. Also, if an ideal I of S can be generated by binomials, it

is called a binomial ideal of S.

Definition 2.25: [II4] The ring K [xf, ..., x| is called the Laurent polynomial ring

rn

over K in the indeterminates x1, . . ., x,. Each element of K[xF, ..., xX] has the form

flxe, .., xn) = D ai, i, xt ... xlr where each (i, ..., i,) € Z", a;, ., € K and

the sum has finitely many terms. The ring operations of K [[Eit, ..., ¥E] can be written

rrn

similarly to the ring operations of the polynomial ring R[x1, ..., x,| mentioned in the

equations ([2.1) and ([2.2).



Remark 2.4: Note that K [xli, ..., xE] is an integral domain for any field K.

n

Construction 2.1: [12] Let us say T = K[t5,. .., tiﬂ and let us consider the matrix
@11 Q12 - Aip
(21 Q22 --° dgp
A= ' ' . (2.3)
adq1  Qd2 -+ Qdn
L Jddxn

in 73" where 7.9%" is the set of d x n matrices whose entries are integers. The map
m S — T defined by v; — . .tgdj is a ring homomorphism. We represent the
ideal Ker () with 14 and call it the toric ideal of the matrix A. As T is an integral
domain, Im(7) is also an integral domain and 14 is a prime ideal from Theorem
and Proposition 2.2}

Given any column vector

b= | : (2.4)

in Z", we associate the binomial

fi, = [ =t = I =" (2.5)

In the equation (2.5)), if there is no entries in b satisfying b; > 0 or b; < 0, then we

. . b; 7bj
write 1 instead of [, z;" or Hbj<0 T;

Theorem 2.3: [[I2|] Let I, be the toric ideal of a matrix A € 79", Then, the set
{fvo : b € Z™, Ab = 0} generates 1 4.

Remark 2.5: [I2] An ideal I is a toric ideal of S if and only if I is a binomial and

prime ideal of S.



2.2. Grobner Bases

In this section, we will give some fundamental information about polynomials
and Grobner bases. Firstly, we will investigate monomial orders, initial monomial,
initial ideal and division algorithm. Also, we will investigate some basic information
about Grobner bases and show how the Grobner basis of an ideal can be calculated by
giving an example.

A nonzero polynomial f in S can have more than one monomial having max-
imum degree. Then, the degree of f is not useful for ordering monomials in f. So,
we need new concepts to ordering the monomials of f, and the following definition

answers this need.

Definition 2.26: [12]] A monomial order < on S is an order of the elements of the set

of monomials in S satisfying these conditions:

i) u<vorv < uforall monomials u,v in S with u # v;
ii) 1 < u for any monomial w in S;

iii) If u < v for some monomials u,v in S, then uw < vw for any monomial w in S.

Example 2.3: [12)] Let v = 7' ...2%" v = . calr € S, We write u < v if
deg(u) < deg(v) or deg(u) = deg(v) and aj, < by where k is the smallest integer t
with a; # by. Clearly, < satisfies the conditions for being a monomial order and it is

said to be the lexicographic order on S induced by x1 > ... > x,.

Definition 2.27: [12]] The initial monomial of a nonzero polynomial f in S with respect
to a monomial order < on S is denoted by in.(f) and defined as the largest of the

monomials with a nonzero coefficient in f with respect to <.

Theorem 2.4: [I2l] (The Division Algorithm) Suppose that < is a monomial order on
Sand0 # f € S. Also, let G = {f1,..., fi} be an ordered set of nonzero polynomials

in S. Then, there exist gy, ..., g, v € S which satisfy

f=afi+---+afi+r (2.6)



where r = 0 or r # 0 and none of the monomials appearing in r is divisible by any of

ins(f1),...,in<(f;) and where in_(g; f;) = ing(f) forall 1 < i <t with g; # 0.

Definition 2.28: [I2]] The polynomial r mentioned in Theorem[2.4)is called the remain-
der of f on division by G. Also, equation (2.6)) is said to be the standard expression of

f with respect to the set G.

Note that Theorem [2.4] does not say anything about uniqueness of remainder. If
we interchange the elements of G, we can find different remainders. Also, if r = 0 in
the standard expression (2.6) of f, then f is said to be reduced to 0 with respect to the

setG.

Definition 2.29: [[I2)] Let < be a monomial order on S and let (0) # I be an ideal

in S. The initial ideal of I with respect to < is denoted by in_(I) and it is defined as
in (1) = ({in=(f) : 0 £ f € I})

Definition 2.30: [lI12|] Let < be a monomial order on S and let I be a nonzero ideal in
S. Then, a finite subset G = {q1,...,9:} of nonzero polynomials of I is said to be a

Grébner basis with respect to < ifin<(I) = (in<(g1), ..., in<(g:)).

Theorem 2.5: [I2] Let (0) # I C S be an ideal. If G = {g1,...,9:} is a Grobner

basis of I with respect to some monomial orders on S, then I = (g1, ..., g;).

Proposition 2.7: [I2l] Let (0) # I C S be an ideal and G be a Grébner basis of I with
respect to some monomial orders on S. Then, the remainder of dividing any 0 # f € S

by G is uniquely determined.

Note that if G is a Grobner basis of an ideal (0) # I C S, then the necessary
and sufficient condition for a nonzero polynomial f € S to be an element of [ is that

f reduces to 0 with respect to G.

Definition 2.31: [I2] Let < be a monomial order on S and (0) # I be an ideal in S.
A Grobner basis G = {q1,...,q:} of I is said to be reduced if G satisfies these two

conditions:

i) in<(g;) has the coefficient 1 in g; forall 1 <i <t;
ii) None of the monomials with nonzero coefficient in g; is divisible by in.(g;)

whenever i # j.

10



Theorem 2.6: [12)] Suppose that I is a nonzero ideal in S. Then, there exists a unique

reduced Grobner basis G for 1.

Definition 2.32: [12]] Let < be a monomial order on S. The S-polynomial of two

nonzero polynomials f, g € S with respect to < is defined as

lem(ins(f),in<(g)) B lem(in<(f),in<(g))
Sh =" ' aunw 7

where ay and a, are the coefficients of in.(f) and in(g) in f and g, respectively.
Clearly, S(f, g) € I for all nonzero polynomials f, g € I.

Proposition 2.8: [l12l] Suppose that < is a monomial order on S. If the initial mono-
mials of two nonzero polynomials f, g € S with respect to < are relatively prime, then

S(f, g) reduces to 0 with respect to [ and g.

Theorem 2.7: [12] (Buchberger’s Criterion) Suppose that I = (g1, . .., g;) is an ideal
of S. Then, the set G = {q1,...,g:} is a Grébner basis of I if and only if S(g;, g;)

reduces to 0 with respect to G for each pair i # j.

Example 2.4: Calculate the reduced Grobner basis of I = ( fi2, f14, fo3, f24, [34, f35)
in K[xy,...,Zn, Y1, ..,Yn] With respect to the lexicographic order induced by the

ordering xi > -+ > Xy, > Y1 > -+ >y, where f;; = x;y; — x;y,.
Solution : Let us define G, = { f12, f14, f23, fo4, f34, f35}. Then,

T1Y2Yy T1Y2Yy
2 4f12 ERL L 4f14 = yafi2 — Y2f1a = —Y1 fou. (2.8)

T R

Thus, S( fi2, f14) reduces to 0 with respect to Gy. Additionally, S( fi2, f23), S(fi2, fo4),
S(fi2, f3a), S(fi2, f35) and S(fia, fo3) reduce to 0 by Proposition 2.8} In addition,

T1T2Y4 T1T2Y4
Jra —
T1Ya T2Y4

S(f147 f24) = Joa = @2 f1a — x1 fou = T4 fr2. (2.9)

Hence, S(fi4, foa) reduces to 0. Also,

11



12 1T
S(f147f34) == 3y4f14 — = 3y4f34 = 1173f14 - 561f34 = 374f13~ (2.10)
T1Ya T3Yy

Here, in_(z4f13) is not divisible by the initial monomial of any of the polynomials
in Gy. Hence, S(fi4, f31) does not reduce to 0 with respect to Gy. Then, let us say
Go = {f12, f14: fo3, fous [3a, f5, xafr3}. We can write

T1T4Y2Y3 T1T4Y2Y3
fiz —
T1Y2 T4T1Y3

S(f12,374f13) =

Taf13 = —xaY1 fos. (2.11)

Thus, S(fi2,x4f13) reduces to 0 with respect to Go. Also, S(f14, f35) reduces to 0 by
Proposition In addition to that,

T1T4Y3Y4 T1X4Y3Ya
14 —
T1Y4 T4T1Y3

S(f14, 364f13) = Zafi3 = Tay1 faa. (2.12)

So, S( fi4, x4 f13) reduces to 0 with respect to Gy. Similarly,

x x
S(faz, foa) = ;§Z§4f23 — ;Z;% foa = Yafos — ysfoa = —Yafs4. (2.13)

Hence, S(fa3, fo4) reduces to 0. By Proposition2.8} S( fo3, f31) and S( fas, f35) reduce
to 0. Also,

T1T2X4Y3 T1T2X4Y3
S(f237374f13) = f23 -
T2Y3 T4Z1Y3

Zafi13 = —w3w4fi2. (2.14)

Thus, S(fa3, x4 f13) reduces to 0. In addition,

ToZ3Yy

foa —
4

Lok
= 3y4f34 = 3 fo4 — Taf34 = Tafos. (2.15)
4

S(foa, f31) =
S0, S(fas, f34) reduces to 0 with respect to Go. Moreover;, S( foy, f35) and S( fos, T4 f13)

reduces to 0 by Proposition 2.8} Additionally,

T3Yay T3YsYy
S(fsa, f35) = ; ; % foy — ; 2 % fas = s far — Yafss = —Vafis. (2.16)
3Y4 3Ys

12



However, in_(ys f5) is not divisible by the initial monomial of any of the polynomials
in Go. It means S(fs4, f35) does not reduce to O with respect to Go. Now, let us say
G = {fi2, fia; fa3, faa, f3a, f35, Taf13, Y3 fas}. One can easily check that all S-pairs of
G reduces to 0. It means, G is a Grobner basis for the ideal I. Clearly, the coefficients
of the initial monomials of all elements in G are 1. Furthermore, the initial mono-
mial of any polynomial in G does not divide any monomial of other polynomials in G.

Therefore, G is the reduced Grobner basis for 1.

2.3. Graph Theory and Combinatorics

In this section, we will present some definitions and theorems about graph the-
ory and combinatorics. Firstly, we will introduce graphs, simple graphs, induced sub-
graphs, and directed graphs. In addition, we will mention some graph classes that have
an important place for simple graphs such as paths, cycles, chordal graphs and give

some basic information about simplicial complexes.

Definition 2.33: [II6] A graph G consists of a vertex set V (G) and an edge set E(QG)
which is a set of paired vertices. Each element of V(G) and E(G) is called a vertex
and an edge, respectively. If e = {u,v} € E(QG), then u and v are called the endpoints
of the edge e.

Definition 2.34: [[I6]] Let G be a graph. If there exists an edge e = {u,v} € E(G),
then u and v are called adjacent or neighbours in G. The set of all neighbours of a
vertex v is denoted by N(v). An edge of the form e = {v,v} € E(Q) is called a
loop. Also, G is said to have multiple edges if there are more than one edge joining
two vertices in G. If a graph G does not have any loops and multiple edges, then G is

called a simple graph.

Definition 2.35: [16|] Let G be a graph. If the sets V (G) and E(G) have finite number

of elements, then G is said to be a finite graph.

Throughout this thesis, we will only deal with finite simple graphs. Usually, we
will choose the set [n] = {1,...,n} as the vertex set of a graph GG and simply say G is

a graph on [n].
Example 2.5: Let us consider the graph G shown in Figure[2.1) Clearly, we have

13



V(G) =[5 ={1,2,3,4,5} (2.17)

and

E(G) ={{1,2},{1,5},{2,3},{3,4},{3,5},{4,5}}. (2.18)

Here, we can easily see that G is finite and simple graph.

Figure 2.1: A graph G

Definition 2.36: [16] Let G be a graph. The degree of a vertex v is denoted by deg v

and defined as the number of the neighbours of v in G.

Definition 2.37: [l16l] Let v be a vertex of a graph G. If degv = 0, then v is called an

isolated vertex.

Definition 2.38: [16] Let v be a vertex of a graph G. Then, v is called a simplicial
vertex of G if {u,u'} € E(G) forall u,uw' € N(v).

Definition 2.39: [l16]] A sequence P : vy, vy, ...,v; is said to be a path of length | in
a graph G if vy, vy, ..., v are distinct elements of V(G) and {v;_1,v;} € E(G) for
all 1 < i < I. We denote by P, the path graph of length l. A cycle C of length m
in G is a sequence C' : uy, ..., Uy, u; where uy, ..., u, are distinct vertices of G and
{u,usl, ..oy {um—1, um }, {1, un} € E(G). A cycle graph of length m is usually
denoted by C,,,. If m is an odd number (or even number), C,, is said to be an odd cycle

(or an even cycle).

Definition 2.40: [l16] A bipartite graph is a graph whose vertex set can be decomposed

into two disjoint sets such that no two vertices within the same set are adjacent.

14



Proposition 2.9: [16]] A graph G is bipartite if and only if G has no odd cycle.

Definition 2.41: [l16l] A graph G is said to be connected if there exists a path between

every pair of vertices of G; otherwise G is called disconnected graph.

Definition 2.42: [16] A graph G that has no cycles is called acyclic. Also, G is said

to be a tree if G is connected and acyclic.

Definition 2.43: [16] A graph H is said to be a subgraph of a graph G if the vertex set
and edge set of G contains those of H and u,v € V(H) for each e = {u,v} € E(H).

Definition 2.44: [16l] Let G be a graph. A subgraph H of G is called a connected

component of G if H is a maximal connected subgraph of G.

Definition 2.45: [[16] Let G be a graph and T C V (G). Then, the induced subgraph
G[T] of G is the graph whose vertex set is T' and whose edge set consists of all edges
in E(G) that have both endpoints in T.

Now, let us introduce some notations about induced subgraphs. If W C V(G),
we write G — W for the induced subgraph on the vertex set V(G) \ W. If W = {v}

where v € V(G), we write simply G — v instead of G — {v}.

Definition 2.46: [16l] A graph G is called chordal if G does not contain C,, as an

induced subgraph for all m > 4.

Definition 2.47: [l16l] A graph G is said to be H-free if G does not contain a graph H

as an induced subgraph.

Definition 2.48: [16] A complete graph K, is a simple graph with n vertices such that
every pair of vertices are adjacent. A complete bipartite graph is a simple bipartite
graph such that each pair of vertices in a different partition sets are adjacent. We
denote the complete bipartite graph by K, ; where r and s are the number of elements

of partition sets.

Definition 2.49: [16] A directed graph G consists of a set of vertices V(G) and an
edge set E(G) which is a family of ordered pairs of the elements of V (G).

Definition 2.50: [lI16|] A directed cycle C of length m in a directed graph G is a
sequence C : wvy,...,0y,v; where vy,..., v, are distinct elements of V(G) and
(v1,02)5 -+, (Um—1,Um), (Um, v1) € E(G). Also, a directed graph that has no directed

cycle is called acyclic.
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Example 2.6: Let G be the directed graph displayed in Figure 2.2l Clearly, we have
V(G) = [5] and

E(G) ={(1,2),(2,3),(3,4),(3,5), (4,5),(5,1)}. (2.19)

Also, we can easily say that C' : 1,2,3,5, 1 is a directed cycle in G. On the other hand,
C" :3,4,5,3 is not a directed cycle in G because of (5,3) ¢ E(G).

Figure 2.2: A directed graph GG

Definition 2.51: [I7] Let G be a directed graph. An ordering vy, . . ., v, of the vertices
of G is called an acyclic ordering if we have i < j for each (v;,v;) € E(G).

Proposition 2.10: [lI7] Let G be an acyclic directed graph. Then, G has an acyclic

ordering of its vertices.

Example 2.7: The directed graph G shown in Figure[2.3|is acyclic. Then, there exists
an acyclic ordering of the vertices of G by Proposition[2.10} Let us label the vertices
a,b,c,d and e with 5,1, 2,3 and 4, respetively. Then, one can easily see that 1 < j is
satisfied for all edges (i, 7) in G.

Definition 2.52: [I4] A family A consisting of subsets of a finite set V is said to be
a simplicial complex on V' if {v} € A foreachv € V and F' € A implies F' € A
for all F' C F. Any element of A is called a face of A. Also, a maximal face of
A according to inclusion is called a facet of A. The dimension of A is defined as

dimA =max{|F| —1: F € A}.

16



b

S
o

]

<@
a

Figure 2.3: A directed graph G

Definition 2.53: [I2] Let F be a facet of a simplicial complex A. If there is a facet
F # G € A satisfying HN F C G N F for any facet F' # H € A, then F is called a
leaf of A and in this case, G is said to be a branch of F. Also, A is said to be a quasi-
forest if there exists an ordering F1, ..., F, of the facets of A such that F; is a leaf of
A; for all 2 < 1 < r where A; is the simplicial complex with facets F1, ..., F;. A leaf
order is an ordering of the facets of A, which makes A a quasi-forest. A connected

graph G is said to be a quasi-tree if G is quasi-forest.

2.4. Module Theory

In this section, we will present some basic concepts about modules and vector
spaces, and give some properties of direct sum and tensor product. Also, we will give a
brief summary of some concepts from homological algebra, such as chain complexes,

exact sequences, free resolutions and Tor functor.

Definition 2.54: [I1] Let R be a commutative ring with 1 and let (M, +) be an abelian
group. Then, M is called an R-module together with a function - : R x M — M called

scalar multiplication that satisfies these properties:

Ml) (r_’_T').m:r-m—l—r’-mforallT,T‘/ER,mEM{
M2) r-(m+m')=r-m+r-m'forallr € R, m,m' € M;
M3) (rr')-m=r-(r'-m)forallr,r" € R, m € M;

M4) 1-m =mforallm e M.

We usually write »m instead of r - m. Also, note that if R is a field, then M is

said to be a vector space over .
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Definition 2.55: [[I1l] Let M be an R-module and ) # N C M. Then, N is called a
submodule of M if N is a subgroup of M and rn € N forallr € R, n € N.

Definition 2.56: [[1]] An R-module M is said to be finitely generated if there exists a

subset {my, ... ,my} C M such that M = {rymy +---+rymy:ry,...,1s € R}.

Definition 2.57: [11]] Let M be an R-module. Then, M is called a free module if there
exists a subset {m, : A\ € A} C M such that each m € M can be uniquely written as

m =)\ ca TxMx Where only finitely many of v € R are nonzero.
Note that every vector space is a free module.

Definition 2.58: Let M be an R-module and N be a submodule of M. Then, the set
M/N = {m+N : m € M} forms an R-module structure together with the operations
+ and - defined as (m+N)+(m'+N) = (m+m/)+ N andr-(m+N) = rm~+ N for
allm+ N,m' + N € M/N, r € R. Then, the R-module M /N is called the quotient
module of M by N.

Definition 2.59: Let M and N be two R-modules. A function f : M — N is called

an R-module homomorphism from M into N if the following properties are satisfied:

i) fim+m') = f(m)+ f(m') for all m,m’' € M;
ii) firm)=rf(m) forallm e M, r € R.

If f is one-to-one and onto, then f is called an isomorphism. In this case, M and N

are said to be isomorphic and it is denoted by M = N.

Definition 2.60: Let f : M — N be an R-module homomorphism. The kernel and
cokernel of the homomorphism f are defined as Ker(f) ={m € M : f(m) =0} and
coker(f) = N/Im(f), respectively.

Theorem 2.8: (First Isomorphism Theorem) Let f : M — N be an R-module homo-
morphism. Then, M/ Ker(f) = Im(f).

Theorem 2.9: Suppose that N and N’ are two submodules of an R-module M such
that N' C N. Then, (M/N")/(N/N') = M/N.
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Proposition 2.11: [18l] Let M, N and K be R-modules. Also, let & and Qg be the

direct sum and tensor product over R, respectively. Then, we have

i) (M®rN)@rK=M®g(N®gK),
i) MoN)@r K= (M®r K)® (N @z K).

Proposition 2.12: [14)] Let I and J be ideals of Klxy,...,x,| and K[y, ..., Ym),
respectively where {x1,...,x,} and {yi,...,yn} are disjoint sets of indeterminates.
Then, K[z, ...,x,]/1 @k Kly1, ... yml/J = K|x1, ..., Tny Y1y Ym) /(L + J).

Definition 2.61: [[19] Let { F;};cz be a family of R-modules and let {d;};c7, be a family

of R-module homomorphisms where d; : F; — F;_ for each i € Z. Then, the chain

BF S F = . 355 5 F—--- (2.20)

of R-modules is called a chain complex if Tm(d; 1) C Ker(d;) for each i € Z. Here,
the set of homomorphisms d = {d, };cz is said to be the differential of the chain com-
plexF. Usually, we denote this chain complex by (F, d). Also, I is called a left complex
if F; = 0 forall i < 0. We denote F;, the i-th module of the chain complex F with (F),.
Also, for any t € 7, we denote the homologically shifted t degrees of the chain complex
F by F[—t| and it is defined as (F|—t]); = F;_; for each i.

Definition 2.62: [19] The set H;(F) = Ker(d;)/Im(d;+1) is called the i-th homology
of a chain complex (F, d). Also, F is said to be exact at F; if H;(F) = 0. Furthermore,

¥ is called an exact sequence if I¥ is exact at F; for all 1 € Z.

Definition 2.63: [[I9] A chain complex (G, 0) is called a subcomplex of a chain com-
plex (F,d) if G; C F; and d;|c, = 0; for all i € 7.

Definition 2.64: [19] Let U be a finitely generated R-module and

F: - —F-%F,— . —F%F (2.21)

be an exact sequence of finitely generated free R-modules. If coker(d,) = U, then F is

called a free R-resolution of U.

19



Definition 2.65: [I9] Let W be a finitely generated R-module. For a free resolution
(F, d) of a finitely generated R-module U, we define the Tor functor Tor;(U, W) as the

1-th homology of the chain complex

FRrW: - s FEopWENE @0pW — ... " e, W -0 222

that is, Tor;(U,W) = H;(F @gr W) for all i > 0. Also, Toro(U, W) =U @z W.

Definition 2.66: Let M be an R-module. Then, M is said to be a flat module over R if

F ®@gr M is an exact sequence for any exact sequence F of R-modules.
Proposition 2.13: [18)] Every free module is flat.
Note that every vector space is flat since every vector space is free module.

Proposition 2.14: Let B be a submodule of an R-module A. For any flat module C'
over R, we have (A®r C)/(B®rC) = (A/B)®rC.

Proof : Let us consider the exact sequence

0—B—A— A/B—0. (2.23)

Since C'is flat over R, we can write the exact sequence

Hence, we can see (A ®p C)/(B®rC) = (A/B) ®r C.

2.5. Graded Free Resolutions

We will start this section by defining graded polynomial rings, graded ideals
and graded modules. In addition, we will investigate the graded chain complexes and
examine the graded and multigraded free resolutions of finitely generated graded mod-
ules. Also, we will show by giving an example how the minimal graded and multi-

graded free resolutions can be calculated for a finitely generated graded S-module.
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Moreover, we will introduce linear and pure resolutions, which are important concepts
regarding minimal graded free resolutions. Furthermore, we will examine projective
dimension and regularity, which are important in characterizing minimal graded free
resolutions, and we will give the properties of regularity.

Let us start by introducing the grading of S. Let S; be the set of all homogeneous
polynomials of degree ¢ in S for all : € N. Clearly, any f € S can be uniquely written
as f = hg + hy + --- + hg for some d where h; € S; foreachi = 0,1,...,d. The
polynomials hg, hq, .. ., hg are called homogeneous components of f. By this notation,
S can be considered as a vector space over K and written as S = &, S;. By this

way, S is said to be N-graded or standard graded.

Definition 2.67: [[19] Let I be an ideal of S with I # S. Then, I is called a graded
ideal if | = @, I; where I; = I N S for all i € N.

Note that an ideal / of S'is a graded ideal if and only if there is a generating set of
homogeneous polynomials for /. If I is a graded ideal of S, then we have S;I; C I, ;
for every i, j € N. Also, S/I is graded by (S/I); = S;/I; for all i € N.

Let M be an S-module. Then, M is said to be N-graded if M = @, _ M; where
each M, is a vector space over K for all « € N and S;M; C M, ; forall 7,57 € N.
Also, any element m € M; is called homogeneous element of degree ¢ and the degree
is denoted by deg(m) = i for all i € N. Note that if M is an N-graded S-module, then

M can be generated by homogeneous elements in M.

Definition 2.68: [19] Let M be an N-graded S-module and N be a submodule of M.
Then, N is called an N-graded submodule of M if N = @, _y N; where N; = N N M;
foralli € N.

i€EN

Note that if N is a graded submodule of an N-graded S-module M, then the
quotient module M /N is N-graded by (M /N); = M;/N; for all i € N.

Let M be an N-graded S-module and d € N. The module obtained by shifting
the degrees of M by d is denoted by M (—d) and it is defined as M (—d); = M;_, for
all i € N. Here, the degree of any homogeneous element in M (—d) is d more than
in M. In particular, S(—d) is finitely generated graded S-module and its generator
1 € S(—d) has degree d in S(—d). Here, the element 1 € S(—d) is said to be the

1-generator of the module S(—d).
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Definition 2.69: [I9] Let M, N be two N-graded S-modules and p : M — N be
a homomorphism. Then, ¢ is said to have degree i if deg(p(m)) = deg(m) + i
for any homogeneous element m of M. In particular, we say that ¢ has degree 0 if
deg(p(m)) = deg(m) for any homogeneous element m of M. Also, we say that ¢ is

graded homomorphism if p has degree 1 for some i > 0.

Example 2.8: Let ¢ : S(—4) ® S(—6) — S(—2) ® S(—3) be the S-module homo-

morphism defined by the matrix

ToT, Tiw,
A= . (2.25)
W5} $2I$L

One can easily see that ¢ is a graded homomorphism having degree 0. Usually, we

write
ToT, T3T,
Ty Tox?
S(—4) & S(—6) S(—2) & S(—3) (2.26)
instead of
S(—4) ® S(—6) - S(—=2) @ S(-3). (2.27)

Definition 2.70: [19] A chain complex

F:ooo—F -2 F o —F S F— (2.28)

over S is said to be graded if each F; is graded S-module and d; is a graded homo-

morphism of degree 0 for all i. For each F;, it can be seen that I; = @, _ F; ;. Here,

jEN

we say that any element of F; ; has homological degree © and internal degree j.

Note that if all the modules in [ are finitely generated graded free S-modules,

then F; =2 @, S(—j)" for each i > 0 where only finite number of the numbers b, ;

jEN

are nonzero. Then, we can write the graded complex F in (2.28) as
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Fiooo— @ S(=5)" < @ S(—g)s — - (2.29)

jEN jEN
The numbers b; ; are called the graded Betti numbers of the graded complex F.

Definition 2.71: [II9] Let U be a finitely generated graded S-module and

Fiooo—F -2 F , — . — SR (2.30)

be a free resolution of U. If F is graded and the isomorphism coker(d;) = U has
degree 0, then IF is called graded free S-resolution of U.

Note that for each F; in Definition a basis consisting of homogeneous el-
ements can be found. In this way, each d; can be represented by a matrix D; with

homogeneous entries in S. The matrices D; are said to be differential matrices.

Definition 2.72: [I9] Let U be a finitely generated graded S-module and F be a
graded free resolution of U. Then, F is called minimal graded free resolution of U

ifIm(d;1) C (21, ...,2,)F; forall i > 0.

Theorem 2.10: [19] Let U be a finitely generated graded S-module. Then, we have

the followings:

i) Minimal graded free resolution of U exists;
ii) Minimal graded free resolutions of U are isomorphic;

iii) If the numbers [3; ; are the graded Betti numbers of the minimal graded free
resolution of U, then we have B; ; < b; ; where the numbers b; ; are the graded

Betti numbers of any graded free resolution of U.

Usually, we denote the graded Betti numbers of the minimal graded free resolu-

tion of a finitely generated graded S-module U by 3; ;(U).

Theorem 2.11: [20] Suppose that F is the minimal graded free resolution of a graded
ideal I in Sand G = {f1,..., fi} is a Grobner basis of 1. Also, suppose that
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S(fis [3) = gijaf1 + gijofo + -+ Gijufi (2.31)

is the standard expression of S(f;, f;) with respect to G for each pair i < j. Then, the

set of the relations

Ty = S(fi7fj) - gij,lfl - gz‘j,2f2 — gij,tft =0 (2.32)

is a system of generators for F.

Let U be a finitely generated graded S-module and let

F:oo— F 2525 F 250 —0 (2.33)
be the minimal graded free resolution of U where Dy, D1, D, ... are the differential
matrices corresponding to the differential maps dy, d1,ds, . ... Then the differential

matrices can be written in this way:

0. The columns of Dy are a minimal system of homogeneous generators for U.

1. The column vectors of D; are a minimal system of homogeneous relations on
the minimal generators of U.

2. The column vectors of Dy are a minimal system of homogeneous relations on

the relations in d;.

By the minimality of the relations encoded in d;, we mean a minimal system of

homogeneous generators of the kernel of the differential map.

Example 2.9: Calculate the minimal graded free resolution of A/B if A = K|z, y, 2|
and B = (2%, 2y, vz, y?).

2. my = xy, mg = xz and my = y>. Clearly, the set

Solution : Let us say m; = x
{my, ma, ms, my} forms a Grébner basis for B. Because of Theorem we must
examine the following relations to find the minimal relations between my, ms, ms, My

and the relation vectors.
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S(my,me) =  ymg — xmg =0, = (y,—x,0,0) (2.34)
S(my,mg) = zmy —amz =0, = (z,0,—z,0) (2.35)
S(my,my) = y*my — 2°my =0, = (y%,0,0, —2%) (2.36)
S(mg,mz) = 2mg —ymy = 0, ay = (0,2, —y,0) (2.37)
S(mag,my) =  ymg —amy =0 = (0,9,0,—x) (2.38)
S(ms,my) = y*ms — xzmy =0 =(0,0,9% —x2). (2.39)

Observe that the vectors az and o can be expressed in terms of oy, aw, ay and as. On

the other hand, o, o, oy and s can not be expressed in terms of the other vectors.

Let us say 1, 19, r3 and r4 to the relations in equations (2.34), (2.33), (2.37) and

(2.38)), respectively. Then, all relations between 11, rs, 3, T4 and the relation vectors

can be written as

z2ry —yrg + xr3 + 0.1y = 0, v =(z,—y,x,0) (2.40)

Therefore, we can write the minimal graded free resolution as

z Y z 0 0

— —x 0 z oy

x 0 —x —y 0

0 0o 0 0 -z
F:0—A(—4) —— A(-3)* — — A(=2)"  (2.41)

2?2 xy xz P .
s A v A/B — 0

where o(f) = f+ B forall f € A.

Theorem 2.12: [19] Suppose that U is a finitely generated graded S-module. For any
i,j € N, we have 5, ;(U) = dimg Tor;(U, k); where Tor;(U, k); is the set of all

homogeneous elements of degree j in Tor;(U, k).

Definition 2.73: [12]] The projective dimension of a finitely generated graded S-module
U is defined as projdim(U) = max{i : 5;;(U) # 0, j > 0}. The Castelnuovo-
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Mumford regularity (or simply regularity) of U is denoted by reg(U) and it is defined
as reg(U) = max{j : B;;+;(U) # 0 for some i}.

Let U be a finitely generated graded S-module and let projdim(U) = p and
reg(U) = r. Then, the Betti diagram of U has the form shown in Table

Table 2.1: Betti diagram of U

ol o 1 i
0 B0,0 Bl,l e 6@',1 e ﬁp,p

1 60,1 /81,2 e /Bi,i-i-l T Bp,p-i-l
J | Boj Brivi 0 Biivi - Bpp+j
r Bo,r 51,1—1—7" T Bi,i—i-r T Bp,p—&-r

Example 2.10: Betti diagram of A/ B, for which we found the graded free resolu-
tion in Example can be given as displayed in Table 2.2] Hence, we can see
projdim(A/B) = 3 and reg(A/B) = 1.

Table 2.2: Betti diagram of A/B

)
O =IO
=~ O =
=~ O N
— O W

Proposition 2.15: [lI12l] (Hilbert’s Syzygy Theorem) Suppose that U is a finitely gener-
ated graded S-module. Then, projdim(U) < n, i.e., 3; ;(U) =0 foralli > n,j > 0.

Proposition 2.16: [19] Suppose that < is a monomial order on S and I is a graded
ideal in S. Then, (3; ;(S/I) < 5, ;(S/inx(I)) for all i > 0 and j > 0. In addition,
vea (/1) < reg(S/ in(1)).
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Proposition 2.17: [19] Let 0 — M — M’ — M" — 0 be an exact sequence of
finitely generated graded S-modules and let the homomorphisms of this exact sequence

have degree 0. Then, we have

i) reg(M") < max{reg(M’),reg(M) — 1},
ii) reg(M') < max{reg(M),reg(M")};
iii) reg(M) < max{reg(M'),reg(M") + 1}.

Definition 2.74: [19] Let U be a finitely generated graded S-module. The graded
Poincaré series of U is denoted by P(U,t) and it is defined as

PU ) =>"Y Bi;(U)a't (2.42)
i=0 jeN
Definition 2.75: [21]] Let (F,d), (G, d') be two chain complexes. The tensor product
of the chain complexes F and G over K is denoted by (F ® ¢ G, 0) and defined as

(FoxG)i= @ (F, ok Gy, (2.43)

11+i0=1
0= P (d @k idg, +(—=1)"idr, ©xd;) (2.44)
11+ia=1

foralli € 7.

Remark 2.6: If we choose I = (0) and J = (0) in Proposition then we have
Kz, ..., 2. QK Kly1, -« Ym] = K21, ..., Tp, Y1, - - -, Ym)- Additionally, if we call
R = Klxy,...,z,), T = K[y1,...,Ym) and S = Klz1,...,Zn, Y1, ..., Ym], then

R(—i) @k T(—j) = S(—i —j)foralli,j € N.

Proposition 2.18: [U2l] Let I,J be finitely generated graded ideals of the polyno-
mial rings R = Klr1,...,2,), T = Kly1,...,Ym|, respectively where {x1, ..., x,}
and {y1,...,yn} are disjoint sets of indeterminates. Suppose that F is the minimal
graded free R-resolution of R/I and G is the minimal graded free T-resolution of
T/J. Then, F @k G is the minimal graded free S-resolution of S/(I + J) where
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S = Klxy,...,Tn,Y1,- -, Ym|. Moreover, we can write the graded Betti numbers of

S/(I+J)as

Big(S/I+0) = > Biuju(R/1)Biy 5 (T/J) (2.45)

11+io=1
Jiti2=J

foralli > 0,5 > 0.

Proof : Let us assume the minimal graded free resolutions of R/I and T/ J are given

as
N @R )81 (B/D) TN @R )0 (R/D) _do, do oy R/I (2.46)
jeN JEN
and
S — @T )P (T/) EBT )P0 (T/7) b, T/J. (2.47)
JEN JeN

Let us show that the tensor product F Q@ i G of chain complexes F and G is the minimal
graded free resolution of R/1 @i T/J = S/(I + J) over R@g T = S. Observe that
the module T/ J is flat over K. Now, let us consider the i-th homology of the chain

complex F @y T/J. Then,

Hi(F @ T/7) = Kerl(di ®xc1d) [1n (i, @ id) (2.48)
= Ker(d;) @k (T'/J) /Im(dm) @ (T/J) (2.49)
= (Ker(d;)/ Im(diy1)) ®x T/J (2.50)
— Hi(F) @k T/J. 2.51)

Here, equation implies Toro(R/I,T/J) = R/l @k T/J = S/(I + J) and
Tor;(R/1,T/J) = 0foralli > 0 since F is exact and T'/ J is flat module over K. As F
and G are minimal, we have Im(d;) C (z1,...,2,) and Im(d}) C (yi,...,ym) for all

d;, d;. Thus, we can write Im(0;) C (21, ...,Zn, Y1, ..., Ym) for each differential map
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of F @k G defined by 9; = @, ., (alZl ® idg,, +(=1)n idp,, ®Kd;1). Therefore,
F @k G is the minimal graded free S-resolution of S/(I + J). Also,

(F ®K G)l = @ ((@R 511 J1(R/I> QK (@T 512J2 T/J)))

11+i2=1 J1€N J2€N
(2.52)
- @ @ )it B @ T (—jiy) a2 (T/7)) (2.53)
11+1i2=1 j1+j2=]
= D D s()hnWDnd), (2.54)
11+i2=1 j1+j2=]
Hence, we can write
Bii(S/T+ D)= > Biju(R/1)Bi 5 (T/J) (2.55)
B —

from equation (2.54).

Definition 2.76: [I9] Let U be a finitely generated graded S-module. Then, we say

that U has a pure resolution if its minimal graded free resolution F has the form

F:0— S(—d)d — ... — S(—dy) s — S(—dy)Podo, (2.56)

Additionally, the pure resolution ¥ of U is said to be d-linear if dy = d and d; = d + 1
foreachi=1,... t.

Proposition 2.19: [12] Suppose that I is a graded ideal of S. If S/ in(I) has linear

resolution for some monomial orders < on S, then S/I has too.

Definition 2.77: [13|] Let I be a graded ideal of S. Then, we say that I has lin-
ear quotients if there exists homogeneous polynomials f1, fa, ..., fr in S such that
I =(f1,...,f:) and the ideal ((f1,..., fi—1) : fi) can be generated by homogeneous
polynomials of degree 1 for eachi =2, ... t.

Proposition 2.20: [I3] Let I C S be a graded ideal generated by the elements of

degree d. If I has linear quotients, then I has d-linear resolution.
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Definition 2.78: [19] Let U be a finitely generated S-module. An element f € S\ K is
said to be U-regular (or nonzero divisor on U ) if fu # 0 forall 0 # u € U. A sequence
f1,-.., [i of elements of S is called a U-regular sequence if (f1,..., f;)U # U and f;

is a nonzero divisor on U/(f1,..., fi_1) forall 1 <i <t.

Proposition 2.21: [[19] Suppose that U is a finitely generated graded S-module. If a
homogeneous element r € S\ K is U-regular, then reg(U/rU) = reg(U)+deg(r) — 1.

Proposition 2.22: [I4)] Let J be a graded ideal of S such that J C (x1,...,Tn_1). By
setting I = J + (x,,), we have reg(S/I) = reg(S/J).

Proof : Clearly, x,, is a regular element on S/ J. Also, we can write

S/J/x S/J = S/J/ )+ J)/J = S/J/J/J S/ (257

Then, we can write reg(S/I) = reg(S/J) + deg(x,) — 1 from equation and
Proposition Hence, reg(S/1) = reg(S/J).

Construction 2.2: [I2] Let the set {e1, ..., ey} be a basis of a free S-module F and
let £ = {f1,..., f:} be a sequence of polynomials in S. Also, let Ky = S and K;
denotes the i-th exterior power of F', more precisely, K; = /\;:1 Fforalll <i<m.
Clearly, B; = {ej, Nej, N...Nej, 1 < ji < jo <--- < j; < m}isabasis of K, for

all 1 < ¢ < m. Then, we have rank K; = (T) Let us consider

K(f):0— K, 2 — K-S K — o — K -5 Kg — 0 (2.58)
where

dile Nep Ao Neg) = Y (D e A Aejy Aegey A Ny, (2.59)
k=1

foreach i = 1,...,m. One can easily check that Im(d;) C Ker(d;_1) for all i. It

means K(f) is a chain complex. In addition, K(f) is graded by deg(e;) = 1 and

deg(ej, A -+ Nej,) =iforeach 1 < i < m. Here, K(f) is called the Koszul complex

attached to the sequence f. If U is a finitely generated graded S-module, we denote
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the chain complex K(f) ®g U by K(f;U). The chain complex K(f;U) is called the
Koszul complex of U attached to f. With H;(f; U), we denote the i-th homology of the
chain complex K (f; U) for each i.

Theorem 2.13: [[I9] Suppose that £ = {fi,..., fi} is a sequence of homogeneous
polynomials of S with deg(f;) > 0 for 1 < j < tand U is a nonzero finitely generated
graded S-module. Then, f is a U-regular sequence if and only if Ho(f;U) = U/(f)U
and H;(£;U) = 0 for all i > 0.

Construction 2.3: [19] Let (U,d) and (U',d') be the minimal graded free resolu-
tions of the finitely generated graded S-modules V and V', respectively. Also, let
¢ : (U,d) — (U, d') be a map of complexes and ¢ : V. — V' be a one-to-one

module homomorphism. Then, we have a diagram in the form

U 7 UZ d 7 Ui,1 7 ” Ul & > U()
l% l@ lcm lwo (2.60)
U:... » Ui —— Ui, > » Ul d,1>U6

The chain complex (W, 0) is called the mapping cone of ¢ where W = U[—1] & U/,
that is, (W); = W; = U;_1 @ U/ for each i > 0 and each 0; : W; — W;_ defined

as 0;

for V' Jp(V). Although U and U'" are minimal graded free resolutions for V and V"',

U, = Pi-1 — di—1 and 8i|U14 = d}. Note that W is a graded free resolution

respectively, W may not be the minimal graded free resolution of V' (V).

Let us start by introducing the multigrading of the polynomial ring S. If ¢; € N”
is the i-th unit vector, we can see S is N"-graded by deg(z;) = ¢;. For any vector
a=(a,...,a,) € N", we can associate the monomial 2® = z{* ... 2% in S. Then,
we have S = @, . Sa Where S, is the vector space over K whose basis is {2} for
each a € N”. Sometimes, we say that S is multigraded instead of N"-graded.

Suppose that M is an S-module. Then, we say that M is N™-graded (or multi-

graded) if M = P M, where M, is a vector space over K for all a € N" and

aeNn
SaMy, C M,y forall a,b € N, Each element of M, is said to be multihomogeneous
of degree a.

Note that we denote by S(—a) the N"-graded free S-module where the generator

1 € S(—a) has multidegree a in S(—a). Sometimes, we write S(z?) instead of S(—a).
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Let U be a finitely generated N"-graded S-module and

F:-—F-5%F,—- —F -5 R 2.61)

be a free resolution of U. Then, F is called N"-graded free S-resolution if each F; is
multigraded S-module and each d; and the isomorphism coker(d;) = U has degree 0.
Also, F is called minimal if Im(d;;1) C (z1,...,x,)F; for each i > 0. Additionally,

F can be written in the form

F:oo— @ S(-a)’in — - — P S(—a)» — P S(—a)*=. (2.62)
acN”7 acN”7 acN”7
Here, the numbers [3; , are said to be the multigraded Betti numbers and they are usu-
ally denoted by 3; ,(U) for the module U. Sometimes, we write [3; ,a(U) instead of
Bia(U). Note that we have (3; ,(U) = dimy Tor;(U, k), for all a € N™ and all 7 > 0.

Example 2.11: The minimal multigraded free resolution for the module A/B, which

we considered in Example can be written as

F:0 —A(2%yz) —— A(z2y) @ A(22) @ A(zyz) @ A(zy?)

(2.63)

— A(z®) @ A(zy) @ A(x2) ® A(y?)

y A L A/B—0

where o(f) = f + Bforall f € A.

32



Let us consider the N"-graded chain complex

F:oo —@PFa——PFa—PFoa— . (2.64)

aeN aeN aeN

The a-th (multigraded) component of [ is denoted by I, and it is defined as

Fa:oio —Fag— - — Flg— Fpa—> . (2.65)
Proposition 2.23: [19] Suppose that F is an N"-graded complex. Then, I is exact if
and only if F, is exact for all a € N™.

Proposition 2.24: [19] Suppose that I is a squarefree monomial ideal of S. If u is not

a squarefree monomial, then (; ,,(S/I) = 0 for all i > 0.

Definition 2.79: [19] Let U be a finitely generated multigraded S-module. Then, the
multigraded Poincaré series of U is denoted by P(U,t) and it is defined as

n

PU) =Y BialU)z"t" (2.66)

1=0 aeN"
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3. BINOMIAL EDGE IDEALS

We start this chapter by defining the binomial edge ideal which is the main object

of this thesis.

Definition 3.1: [[I|] Let G be a graph on the vertex set V(G) = [n] = {1,...,n}. Also,
let S = Klx1,...,20,Y1,.-.,Yn| where K is a field. The binomial edge ideal of G is
defined as Jo = ({fij € S:i < jand{i,j} € E(G)}) where the polynomials f;; are
of the form f;; = x;y; — T;y;.

Throughout the remainder of the thesis, A and .S will be considered as a field and

the polynomial ring over K in the indeterminates x4, ..., Zn, Y1, - - . , Yn, respectively,

unless otherwise stated.

Example 3.1: Let us consider the graph G shown in Figure 3.1, We can write the
binomial edge ideal of G as

Ja = (f13, fo3, [34, fas, f16) (3.1)

= ($1?J3 — T3Y1, T2Y3 — T3Y2, T3Ys — T4Y3,T4aYs — T5Y4, T4l — x6y4). (3.2)

1 5
3 4/
2 \6

Figure 3.1: A graph G

3.1. Closed Graphs

In this section, closed graphs, which are very important for binomial edge ideals,
will be introduced and examples will be given. Also, their basic properties will be
given in terms of the terms in graph theory. In addition, some details about the clique

complex of closed graphs will be shared.
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Definition 3.2: [] Let G be a graph on [n]. Then, G is called closed with respect to
the given labeling of vertices if {i,k} € E(G) whenever {i,j},{j, k} € E(G) with
the property that either i < j > kori > j < k. Also, G is said to be closed if there

exists a labeling of the vertices of G such that G closed with respect to this labeling.

Example 3.2: One can easily observe that the graph G shown in Figure B.1] is not
closed with respect to the given labeling of vertices since {4,5},{4,6} € E(G) and
{5,6} ¢ E(G). The graph K, 3 shown in Figure[3.2)is called a claw. Now, let us show
that a claw is not a closed graph, i.e., K 3 is not closed with respect to any labeling
of the vertices. If we label the vertex b with 1, then we will have 1 < aand 1 < ¢
but {a,c} ¢ E(K3). So, we can not label the vertex b with 1. The similar argument
applies to the case where the vertex b is labeled with 4. Then, we can label the vertex
a and c with 1 and 4, respectively (other cases are similar). Then, {3,4} ¢ E(K,3) if
b=2andd = 3. Also, {1,2} ¢ E(H) ifb = 3 and d = 2. Therefore, a claw is not a
closed graph.

Figure 3.2: A claw

Proposition 3.1: [1|] Let G be a closed graph. Then, G is chordal and claw-free.

Proof : Firstly, let us show that G is chordal graph. Assume the contrary. Then, there
exists an induced cycle C' : iy,io,...,1;,11 of lengtht > 4 in G with the convention
irr1 = 1. Let i, = min{iy, ia, ..., 4 }. Then, {ix_1,ix+1} € E(G) as G is closed and
{iksiks1}, {ix, ix_1} are edges of G. However, this contradicts C being an induced
cycle of G. Hence, G must be chordal.

Let us show now that GG is claw-free. Observe that all of induced subgraphs of G
are closed because G is closed. From Example[3.2} a claw is not closed. Therefore, G

does not contain an induced claw, so G is claw-free.
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Example 3.3: The converse of Proposition is not true. To show this fact, let us
consider the graph G, called tent, shown in Figure Clearly, G is chordal and
claw-free. We claim that G is not closed. If we label the vertex b by 1, then we will
have 1 < cand 1 < d but {c,d} ¢ E(G). For similar reasons, it is not possible to
label the vertices c and e with 1 or 6. Then, we can label the vertices a and d with 1
and 6, respectively (other cases are similar). Also, {c,d} ¢ FE(G) ifb =2o0re =2
and {b, f} ¢ E(G) if c = 2. So, we have to write f = 2. Now, {a,e} ¢ E(G) ifb=5
orc=>5and{b, f} ¢ E(G) ife = 5. So, we do not have any vertices that we can
label with 5. Hence, a tent is not closed. Similarly, one can easily observe that a net

shown in Figure[3.3Dis also chordal and claw-free, but not closed.

(a) A tent (b) A net

Figure 3.3: A tent and a net

Closed graphs can be expressed completely in terms of the terms in graph theory

as follows.

Theorem 3.1: [12]] A graph G is closed if and only if it is chordal and has no induced

claw, tent and net.

Proposition 3.2: [[I]] Suppose that G is a connected bipartite graph on [n]. Then, G is
closed if and only if G is a path.

Proof : (=) Suppose that G is closed. Then, G is chordal by Proposition It means
G has either a cycle of length 3 or no cycle at all. Since G is bipartite, it has no odd
cycle according to Proposition Hence, G has no cycle, i.e., G is a tree. Thus, G
must be a path since G has no induced claw by Proposition 3.1}

(<) Suppose that G is a path. If the vertices of G from one end of the path to the

other end are labeled as 1,2, ... n, respectively, then G will be a closed graph with
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this labeling.

Proposition 3.3: [I]] Suppose that G is a graph on [n|. Then, G is closed with respect
to the given labeling of vertices if and only if for each i,j € V(G) with i < j, the

vertices of the shortest path i = 11,12, ...,1; = j from i to j satisfies 11 < 15 < ... < iy.

Proof : (=) Suppose that i and j are two vertices of the graph G with i < j and
P i =14y,1s,...,1; = J is the shortest path between i and j. Assume that there is a
vertex iy, in P such that i, < i and i1 < 1y or i, < ix_1 and i < ixy1. Then,
{ik—1,ik11} € E(G) as Gis closed. Hence, P' : i = iy,09,...,0k—1,1k41y---,0t = J IS
a path from i to j but this contradicts P being the shortest path from i to j. Therefore,
we have 17 < 19 < ... < 1.

(<) Assume that we have iy < iy < ... < i for each i,j7 € V(G) and any
shortest path i = 11,12, ...,1; = J between i and j where i < j. We must examine these
two cases:

Case 1: If {i,j},{i, k} are two edges in G and i < j < k, then the path j,i, k
can not be the shortest path from j to k by our assumption. Thus, we say that there
exists a shorter path, which is only possible in the case {j, k} € E(G).

Case 2: If {i,7},{k,j} are two edges in G and i < k < j, then the path i, j, k is
not the shortest path from i to k according to the assumption. Hence, {i,k} € E(G).

These two cases give us the desired result.

Definition 3.3: [I2] Let G be a graph on [n]. A subset F' of [n] is called a clique of G
if{i,j} € E(G) foralli,j € F. The family of all such subsets is a simplicial complex
whose facets are maximal cliques. This simplicial complex is called the clique complex

of G and denoted by A(G).

Theorem 3.2: [3] Let G be a connected graph on [n]. Then, G is a closed graph if
and only if there exists a labeling of the vertices of G such that the facets of the clique

complex A(G) are intervals of [n|. Also, in this case A(G) is a quasi-tree.

Proof : (<) Let us show that the graph G is closed with respect to the labeling that
makes the facets of A(G) to be the intervals of [n]. Let {i,j},{i,k} € E(G) with
i < j < k. Here, {i,k} € E(G) implies that i and k belong to the same facet of A(G),
say F. Since F is an interval of [n] containing [i, k|, then j, k € F and {j, k} € E(G).
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Similarly, if {i,k},{j, k} are edges of G withi < j < k, we can see {i,j} € E(G).
Hence, G is closed.

(=) Suppose that G is a closed graph. We proceed by induction on the number of
the vertices of G. If n = 2, then G = K5 and the only facet of A(G) is {1,2} = [1,2].
So, it is an interval. Now, assume that n > 2 and the facets of A(G') are intervals
for any graph G' with less than n vertices. Since G is a closed graph, there exists
a labeling of the vertices of G such that G is closed with respect to this labeling of
vertices. Let Fy = {i : {1,i} € E(G)} U{1} and | = max F. As G is connected,
there is a path from j — 1 to j for any j € [n] with j > 2. Also, the shortest path
between j — 1 and j is P : j — 1, j by Proposition3.3| Thus, {j — 1, j} € E(G) for
all j > 2. Hence, if j € Fy, then {1,j},{j — 1,7} € E(G) implies {1,j — 1} € E(G)
and j—1 € F since G is closed. Then, Fy = {1,2,...,1} = [1,1] C [n] is an interval.
Clearly, F is a clique of G because {1,i},{1,7} € E(G) implies {i,j} € E(G) for
any i,j € Fy. Also, if there is a facet H in A(G) containing Fy, then we can find a
vertex j € H \ Fy with {1,j} € E(G). However, this contradicts the definition of the
set . It means F is a facet of A(Q).

Now, let Fy be another facet of A(G) such that Fy N Fy # (). Also, let us say
k = min(Fy N Fy). We will show that Fy N Fy = [k, 1. If k = [, then Fy N Fy, = {l}.
So, let us assume k < . If k <t <lands € F, \ Fy, then {k,t},{k,s} € E(G)
and {t,s} € E(Q) because G is closed. Thus, it can be seent € Fy andt € F N Fy.
Hence, we can write Fy N Fy = [k, 1].

Now, consider the graph G' = G — [k — 1]. Clearly,

V(G| < nand G is
closed. We can say that the facets Fy, . .., F, of A(G') are intervals by the induction
hypothesis. Also, note that these facets can be ordered in such a way as to satisfy
min Fy < --- < min F,. If F'is a facet of A(G), then F = Fy or F' = Fj for some
2 < j <. Therefore, all facets of A(G) are intervals of [n)].

Lastly, we can see that A(G) is a quasi-tree. Indeed, if the facets of A(G) are or-
dered F, F5, . .., F, such that min F; < min F5 < --- < min F,, then F, F5, ... F,

is a leaf order since F; is a leaf of (F, ..., F;).
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3.2. Grobner Bases of Binomial Edge Ideals

In this section, we will investigate Grobner bases of binomial edge ideals. We
will state in Theorem [3.4] that .J;; has a quadratic Grobner basis if and only if G is a
closed graph. Also, we will show in Theorem [3.5] how the reduced Grobner basis of
Je for any graph GG can be calculated with respect to lexicographic order. Also, we

will illustrate this with an example.

Theorem 3.3: [ll|] Suppose that G is a graph on [n| and < is the lexicographic order
on the polynomial ring S where the indeterminates 1, ..., Ty, Y1, . - ., Y, are ordered

byxy > ...>x, >y > ...> Y Then, the following statements are equivalent:

i) The set {f;; i < jand{i,j} € E(G)} of generators is a quadratic Grobner

basis for Jg;

ii) G is closed with respect to the given labeling of vertices.

Proof : i) = ii). Suppose that {f;; : i < j, {i,j} € E(G)} is a quadratic Grobner
basis for Jg. Assume the contrary of ii). Then, we must consider these two cases:

Case 1: If {i,j},{i,l} € E(G)withi < j < land {j,l} ¢ E(G), then
S(fij, fu) = wfij — yifu = —vifu € Jo. Also, the initial monomial of any generator
of Ja does not divide in. (y; f1) = x;y:y; because of {j,1} ¢ E(Q).

Case 2: If {i,1},{k,l} € E(G)withi < k < land {i,k} ¢ E(G), then
S(fu, fr) = xpfu — xifu = 21 fi € Jg. Also, the initial monomial of any generator
of Jg does not divide in(x, fiy,) = xjx;yy because of {i, k} ¢ E(G).

However, both cases contradict that {f;; : i < jand{i,j} € E(G)} is a
Grobner basis.

it) = ). We will show that S(fi;, fu) reduces to 0 for all {i, j},{k,l} € E(G).
To show this, let us consider these three cases:

Case 1: Let us look at the case i # k, j # l. In this situation, we can say that
S(fijs fr) reduces to 0 according to Proposition

Case 2: If i = k, we can assume i < j < l. Then, it can be seen that {j,l} is an

edge in G. Hence, S(fi;, fu) = —v. fj reduces to 0.
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Case 3: If j = I, we can assume i < k < l. Then, it can be seen that {i,k} is an
edge in G. Hence, S(fy, fri) = xfir reduces to 0.
Therefore, the generator set of Jg is a quadratic Grobner basis by these three

cases and Buchberger’s criterion.

Definition 3.4: [4] Let G be a graph on the vertex set [n]. Also, let < be a monomial

order on S. We define a directed graph G- with the same vertex set and edge set

E(G-) = {(i,5) : my; € in(Jg)}-

Proposition 3.4: [4] Suppose that G is a graph on [n]. Then, G~ is acyclic for any

monomial order < on S.

Proof : Letiy,is, ..., i bethe vertices of a cycle in G. We will show that these vertices
do not form a cycle in G. We can assume (iq,1s), (ia,13), ..., (i;_1,4;) € E(GZ). If

(it,11) € E(G<), then G has a cycle, otherwise it does not. So, we have

5(71‘1%‘2 b xi2yi17 xizyi3 > mi3yi2 (33)

because of Definition Thus, we can write

Yis (T3, Yis) > Yig (TinYiy ) Yir (TinYis) > Yir (TigYis)- (3.4)

Hence, we see Y, (Ti,Yi,) > Yi, (TisYiy) and i, Yiy > Ti,yi,. Continuing in a similar
way, it can be seen that x;,Yi, > i, Yi,, TiyYis > TisVYiy, - - . and finally x; yi, > ;,Yi,.

It means (iy,1;) € E(G<) and (iy,11) ¢ E(G<). Therefore, G is acyclic.

Theorem 3.4: [4] Let G be a graph on [n] Then, the following statements are equiva-

lent:
i) There exists a monomial order < on S such that the set of generators of Jg

forms a quadratic Grobner basis for Jg with respect to <;

ii) G is a closed graph.
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Proof : i) = ii). Suppose that the set of generators of Jg is a quadratic Grobner
basis with respect to a monomial order < on S. We know from Proposition that
G is acyclic. Then, G~ has an acyclic ordering of its vertices by Proposition [2.10,
Hence, we can guarantee that there exists a labeling w : V(G<) — [n] of vertices of
G< such that w(i) < w(j) for each (i,j5) € E(G<). We claim that G is closed with
respect to the labeling w.

Let {iy,i2},{i1,i3} € E(G) such that w(iy) = i, w(iz) = j and w(iz) = k.
Then, {i,5} and {i,k} are two edges of G with respect to the labeling w. Let us
examine these cases:

Case 1: Let us assume © < j and i < k. Then, we have

TiyYiy 7 TiyYiys TiYis ™ TizlYiy (3.5)

by Definition[3.4] Since the generators form a Grobner basis for Jg with respect to <,
we write S(fiyiys firis) = —Yiy finis = — Vi, (Tiy¥Yis — TisYi,) reduces to 0. For this, Jg
must have a generator f; ;. = x; Vi, — i, Y, such that in(f; ;. ) divides in_(y;, fiyi,)-
However, in_(fi,i,) # Ti,Ys, and in-(f,5,) # Ti,yi, because of the inequality (3.3)). It
means inL(fi,i,) and inL(fi,i,) do not divide in(y;, fi,is)- So, the only possible case
for inL (v, fiyiy) to be divisible by in(fi i.) is fii, = [iis- Hence, fi,i, € Jo and
{j, k} € E(G).

Case 2: If we assume i > j and i > k, then it can be seen that {j,k} € E(QG)
by using the similar arguments mentioned in Case 1.

Therefore, G is a closed with respect to w.

it) = 1). It is trivial by Theorem 3.3

Definition 3.5: [l|] Let i, j be two vertices of a graph G on the vertex set [n] and let
1 < j. Apathm :i = 19,11,...,14 = J between i and j is said to be admissible if it

satisfies these conditions:

i) If k # 1, then iy, # 1y, i.e., all vertices of the path w are different from each other.
ii) i, <tiorigy>jforalll <k <t-—1,ie., no i takes a value between i and j.

iii) The sequence i, ji, ..., js, j is not a path for any {j1,...,js} < {t1,...,0-1},
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i.e., no pair of the vertices of the path w are adjacent in G, except for the con-

secutive vertices.

Ifi<jandm:1=19,11,...,1 = Jis an admissible path, we define the monomial

Uy = (H :Ek> (Hyil> : (3.6)
in>j i1<i

In the equation (3.6), if there is no vertices in 7 satisfying i, > j or i; < 4, then we

write 1 instead of [, _; z;, or [, _; vi.

Example 3.4: Let us consider the graph G displayed in Figure and the paths

m:4,1,7,8,6 0:3,1,7,8,6 T7:3,1,7,2,6. 3.7

Clearly, v is not an admissible path since {7,8} C {1,7,8} and n’ : 4,7,8,6 is a path
from 4 to 6. However, o and T are admissible paths from 3 to 6. Also, the monomials
associated with these admissible paths can be written as u, = y,x7rs = T7T8Yy, and

Ur = Y1X7Y2 = T7Y1Y2.

Figure 3.4: A graph GG

Lemma 3.1: [[I2]] Suppose that G is a graph on [n| and < is the lexicographic order
on S. Also, suppose G = {u.f;; : i < j, mis an admissible path between i and j }.

Let 7 be an admissible path between i and j with 1 < j.

i) If zj divides .., then Z—:yk fij reduces to O with respect to the set G and order <;
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ii) If yi divides u, then Z—Zxk fi; reduces to O with respect to the set G and order <.

Proof : i) It can be proven similarly to the proof of ii).

i1) Let us examine these two cases:

Case 1: Let us assume there is no vertices t in 7 satisfying k <t < 1. Let us call
the parts of the path 7 from k to © and from k to j as m, and 7o, respectively. Clearly,

1 and Ty are admissible paths and we have u, = YUy, Ur,. Thus, we can write

Ug
axkfij = TiUn, (Uny fij) — TjUny (U fi)- (3.8)

Hence, Z—Z:Ek fi;j reduces to 0 with respect to G.

Case 2: Let us assume there are some vertices t in 7 satisfying k < t < 1. Then,
we can choose a vertex k < t < i such that the subpath o of ™ between k and t does
not contain any vertices s such that k < s < t. Clearly, o is an admissible path. If we

divide Z—zxkf,] by uy fr, we can write

Un Uy Uy
—xfi; = fii (o frr) + —x1 fis- (3.9)
Yk UsYKYt Yt

So, we have the remainder Z—jxt fij- If similar operations are performed for Z—:xt fijs

after finite steps, we obtain a remainder having the form ;j—”l‘k/ fi;j such that there is no
k/

t' satisfying k' < t' < i. Then, Case 1 gives us the desired resullt.

Theorem 3.5: [ll|] Suppose that G is a graph on [n| and < is the lexicographic order

on S induced by x1 > ... > x, >y > ... > y,. Then, the set
G = A{uxfij : i < j, mis an admissible path between i and j}

forms a reduced Grobner basis for Jg with respect to <.

Proof : Firstly, we must show G C Jg, ie., u.fi; € Jg for any admissible path
T 0 =1g,01,...,01,5 = J between i and j where i,j € V(G) and i < j. To show
this, we can use induction method on the length of admissible paths. Ift = 1, it is clear
that {i,j} is an edge in G and u. f;j = fij € Jg. Now, lett > 1, A = {iy, : i, < i}

and B = {i; : iy > j}. Then, at least one of the sets A and B is nonempty. Assume
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that A is nonempty and i, = max A. Observe that Ty : ik, ikg—1,-- -9, = ¢ and
T © Ukgy bkot1s - - -5 bt—1, % = J are admissible paths from iy, to i and from iy, to j,
respectively. Since the lengths of the admissible paths m, and , are smaller than t, we

have u,, fikoiv Uny fiko j € Jg by induction hypothesis. Hence, we can write

lcm(um ziko Yis uﬂ2$ik0 yj)

S(uﬂlfikoi:uﬂgfikoj) = uwlfikoi (3.10)
ummiko Yi
lem (U, iy Yis Uy i Y)
- Uy fikoj
Umy Lig, Yj
u7r1U7T2.TZ‘k0 y’by] uﬂ'luﬂzxiko yzy]
- uﬂ'lfiko’i - U/ﬂ'gfikoj (3'11)
Uy xiko Yi Uy xiko Yj

=5 u7r1u7fzyj<wik0 Yi — xiyiko) - u7r1u7r2yi(xik0 Y; — xjyiko)

(3.12)
= Uy Uy Yipyy i T Uy Uy Yiy TjYi (3.13)
- _(umyikoum)(xiyj - wjyi) (3.14)
= —Urfij. (3.15)

So, uy fij € Ja. Similarly, ur f;; € Jg if B # 0. Hence, we conclude G C Jg.
Now, we will prove that G is a Grébner basis for Jg, i.e., S(ur fi;, Uo fr1) reduces
to 0 for all ur fij, us frr € G. To show this, let us examine these four cases:

Case 1: Let us look at the case i = k and j = |, then we can write

_lem(urmiyy, usziy;) lem(ur2iy;, UeT:y;)

S(uwfijauafij> = Uiy, Uwfij - Yo Ty uofij (3.16)
LS ) o]

= lem(ur, uy) fij — lem(ur, uy) fi (3.17)

—0. (3.18)

Case 2: If in.(f;;) and in(fi) have no common factors, then we can assume

t < k and we need to examine the following four situations:

i)i<j<k<l

i) i < k<l<y;
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i) 1 < k< j <l
v)i1<j=k<l

In the situations ii), iii) and iv), neither xy, nor vy, divides u, and neither x; nor

y; divides u,. Then, we can write

lem (ur iy, UeTrys) lem (ur iy, Ue i)

S(ur fij, o fr1) = —" U fij — P Ug e (3.19)
iy o
= wrpy fij — wrY; fr (3.20)
= WYk fij — WT;Yi [ (3.21)
Ty EY (3.22)
Us Us

where w = lem(u,, u, ). Hence, m) is the standard expression for S(uy fi;, Uy fir)-
It means S(u fij, uo fr1) reduces to 0.

So, we must focus on only the situation i). In this situation, x; may divide u, or
y; may divide u,.

If x}, does not divide u, and y; does not divide u,, then we can write an equality
similar to equality (3.22)) and it gives us the desired result.

If z), divides u. and y; does not divide u,, then we can see

S(ur fij, Uo fra) = W(TY;T1YK — T;9%:T6Y1) (3.23)

where w = lcm(g—z, Uy ). If we divide S(ux fij, Uy fri) by Uo fra, we can write

w
S(un fijs o fra) = _u—ﬂiji(uasz) + wayr fij (3.24)
w W Up
= ——x;yi(Uo 1) + s (_ykfz‘j> . (3.25)
Ug g Tk

From i) of Lemma , Z—Zyk fij reduces to 0. It means S(uy fi;, u, fr) reduces to 0
with respect to G.

If z1, does not divide u, and y; divides u,, then we can see
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S(Ur fijs Uo fra) = w(@y;209K — TY6Y1) (3.26)

where w = lem(u,, Z—") If we divide S(ux fij, U fr1) by ur fij, we can write
J

w
S(ur fij o fra) = u—xzyk(uwfzj) — WT;Y; frl (3.27)
w wy;Y; [ Us
= — 2y (unfij) — Yil (—%'sz) : (3.28)
U Uy Y

From ii) of Lemma , Z—j:z:jfkl and S(ur fij, Uy fr1) reduces to 0 with respect to G.

If zy, divides u, and y; divides u,, then we can see

S(Ur fijs Uo fra) = w(xy;209K — T926Y1) (3.29)

where w = lcm(;‘—’;, Z—") If we divide S(ur fij, U fr1) by Z_Zykfij’ we can write
J

wrzk [ Uy
S (tnr fijs Uo fr1) = ul i <x_kykfij> — WY ful (3.30)
wWI T Uy wyiY; [ Us
= Lk <_ykfij> e 1] (—xjsz) : (3.31)
Up Tk Ug Yj

From Lemma , Z—Zyk fij and Z—;{xj fwi reduce to 0. Hence, S(u, fij, uo fr1) reduces
to O with respect to G.

Case 3: Let us look at the case i = k, 7 < . Let us say m : & = i, %1, ..., 0 = ]
and o : 1 = i,1),....1 = 1. Wecanfind ) < a < rand0 < b < s such that i, = i,
and the vertices iq1, ..., 0, i, ..., iy are all distinct. To be more precise, we choose
iq = 1y, as the vertex closest to j or | among the intersection points of the paths m and
0. Then, we can write the path T : j = Gy, i1, ..., laq1,%a = G lpyqy - ls_1, 05 = 1
between j and l. Now, let us call the vertices of T as T : j = Jo,J1,---,Jt = [ to
get a simpler view. Let us take some vertices from the path T by setting jyo) = Jo,
Jipy = min{je : je > jandc=t(p—1)+ Lit(p—1)+2,..., t}forp=1,2,...,q

where jiq) = ji. These vertices that we choose provide the inequality
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Jo = Jeo) < Jr) < 0 < Jig—1) < Jt(q) = Jt- (3.32)

Also, the path T, : Jic—1), Jt(c=1)+1> - - - » Jt(c)=1, Ji(c) IS admissible for all c = 1,...,q
since none of the integers jic—1)11, - - - , Ji(c)—1 are between the integers jy.—1) and jy ).

One can easily check that the equality

wx
S(Uwfijauafil) = - < l ) uTlfjjt(l)

ey Wt

qg—1
WI ;i1
J
a Z m uchjt(cfnjt(C) (333)
c=2 Jt(e—1)""Tt(c) " Te

O
3 - g Je(g—1)!
Jt(q—1) ~'Tq

holds by expanding the sum symbol and binomials where w = y; lem(uy, u,). If we

substitute S(uy fij, uo fir) = —w fj into (3.33), then (3.33) can be written as
wx;
w(zjy — ny;) = — (Y50 — iy ¥s)
Jt(1)
q—1 T
waI ;I
} : J
+ T T (mjt(cﬂ)yjt(c) - '/Ejt(c)yjt(cfl)) (3.34)
c=2 Jt(c—1)"It(c)
we;
J
+ T (mjt(qfl)yl - :Clyjt(q—l)>'
Jt(g—1)

We claim that is the standard expression of w(x;y, —x,y;). The inequality

allows us to write

wx W T

— T et el B .
Wriy = — Loy Yt = T T Ljsiq—2)Yieca—1) (3.35)
Jt(q—1) Jt(q—2)""Jt(q—1)
WL ;T;

J

T 0 Loy Yy (3.36)
Jt(1) It (2)

wx]
> .—'ijjt(l)' (3.37)

Jt(1)

It means is the standard expression of w(x;y; — xy;) with respect to <. So,

S(urfij, us fir) reduces to 0.
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Case 4: If j = land i < k, then S(uyfy, uyfr) reduces to O by the similar
arguments mentioned in Case 3.

Therefore, G is a Gribner basis for Jg.

Lastly, we must prove that G is reduced. Clearly, the coefficients of the initial
monomials of all elements in G are 1. Suppose that u f;; and u, fi; are two distinct
polynomials of G. Also, suppose 7 : i = ig,i1,...,0, = J, 0 : k = ko, k1,..., ks = L.
Let us assume in.(u, fi;) = urx;y; divides u,xiy, or u,x1yy. Let us consider these
four cases:

Case 1: Firstly, let us look at the case v = k, j = [. By our assumption,
urx;y; divides u,x;y; or u,x;y;. Hence, {i1,...,1,_1} C {ko,ki1,...,ks}. However,
k,i1,...,1._1,l is a path and this contradicts with the last condition of being an ad-
missible path in Definition 3.3 for o.

Case 2: Now, let us look at the case i = k, j # l. Then, u.x,y; divides u,x;y; or
u,x1Yy;. Hence, y; divides u,. It means, j < k = i but this is a contradiction.

Case 3: If j = l and i # k, then u,x;y; divides u,xry; or u,x;y,. Hence, x;
divides u,. It means, 1 > | = j but this is a contradiction.

Case 4: If 1, j,k, 1 are all distinct, u,z;y; divides u,xy; or usxyy. Thus, we
say that x;y; divides u,. It means © > | and j < k but they imply the inequality
1 < j <k <l <iwhichisimpossible.

As a result, the four situations mentioned above indicate that in.(u, f;;) does

not divide any monomial of u, fr;. So, G is the reduced Grobner basis for Jg.

Example 3.5: Let Jg be the binomial edge ideal of the graph G displayed in Figure
[3.3] One can easily check that the only admissible paths in G with length greater than
laren:1,4,3 and o : 4,3,5. The associated monomials of m and o are v, = v, and

u, = Yy, respectively. By Theorem[3.5] the set

g = {f127 I4f137 f147 f237 f247 f347 f357 93f45} (338)

is the reduced Grobner basis of Jg. So, thanks to Theorem @ we can see that we

have found the same result easier than we did in Example
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1 3 5

Figure 3.5: A graph GG

3.3. Algebraic Properties of J;

In this section, we will study the algebraic properties of binomial edge ideals.
The results that appear in this section are taken from the articles [1] and [12]]. Firstly,
we will state in Corollary [3.2] that the necessary and sufficient condition for J; to be a
prime ideal is that GG is a disjoint union of complete graphs. Also, we will show that
for any graph GG, any minimal prime ideal of binomial edge ideal of GG has the form
Py (G) and Jg can be written as the intersection of the ideals Py (G) satisfying the
condition W C [n]. Finally, we will give a condition in Theorem that allows us to

determine completely all minimal primes of Jg.
Proposition 3.5: [12] Jg is a radical ideal for any graph G.

Proof : We will only show that \/Jg C Jg because Jg C +/Jg is always provided.
We know that G = {u.fi; : i < j, wis an admissible path between i and j} forms
a reduced Grobner basis for Jg because of Theorem [3.5] Hence, it can be seen
inc(Jg) = ({urz;y; = @ < j, 7 is an admissible path between i and j}). Clearly, the
monomial u,x;y; is squarefree for any © < j and any admissible path T between i and
j. Then, in_(Jg) is radical ideal from Proposition@ Let f € \/Jg, i.e., there exists
k € N such that f* € Jg. Thus, we can write in_(f*) = in<(f)k € in.(Jg) and
inc(f) € inc(Jg) since in.(Jg) is a radical ideal. Then, there exists g1 € Jg and
a; € K such that in.(f) = inc(g1) and in(f) > in<(f — a191). Also, we can say
(f —a1g1)* € Jg because of f*, g1 € Jg. By continuing in a similar way, we can find

9o, -, 9: € Jgand as, . .., a; satisfying

in (f —ayg1) >inc(f —a1g1 —agge) > ... >in(f —a191 — ... — arg;) (3.39)
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and f —a1g1 — ... —a;9; = 0 € Jg. Since g1,...,9; € Jg, we have f € Jg and
vV Ja C Jqg. Therefore, Jo = \/Jg.

Theorem 3.6: [I2] Let G be a connected graph on n|. Then, Jg is a prime ideal if
and only if G is a complete graph.

Proof : (=) Suppose that Jg is a prime ideal and i,j € V(G). As G is connected,
there is a path 1 = 1i1,19,...,1; = J between i and j. If t = 2, then we can see
{i,j} € E(G). Ift > 2, then [y, fiyis € Jg. Without loss of generality, we can write
Vi fivio + Yiy finis = Yin firis € Jo and y;, € Jg or fiis € Jao. Since all generators
of Jg have degree 2, we say y;, ¢ Jg and f;;, € Jg. It means {i1,iz} € E(G).
Thus, © = 11,13,%4,...,1; = J is a path. By using similar arguments, we can write
{ir,i3}, ..., {i1,i41} € E(G) and lastly {i1,1;} = {i,j} € E(G). Therefore, we
conclude that G is complete.

(<) Assume that G is complete. Let us show Jg is a toric ideal. To do this, we

will consider the block matrix

I, I,
A= (3.40)
X Y
whereX:[() 0O --- 0 0} ,Y:[l 1 .- 1 1 and 1I,, is the iden-
1xn 1xn
tity matrix with size n X n. More clearly,
(1 0 0010 00|
0 1 0 00 1 0 0
A | N . (3.41)
o0 ---10/00 --10
00 0 1/0 0 01
o0 ---0©0|21--11
L 4 (n+1)x2n

One can easily show that the vectors
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[ 1] [0 ] [ 0 ]
0 1 0
0 0 0
0 0 0
0 0 1

T B S e [ S e BREPES

—1 0 0
0 —1 0
0 0 0
0 0 0
0 0 —1

L X < 2nx1 L 1 < 2nx1 - 1 - 2nx1

are the elements of the nullspace of the matrix A where by, = e, —e,, — €, + €3, for
all 1 < k < n — 1. Here, we mean the l-th unit vector of N°" by e,. It is clear that the
set {by,bs, ..., b, 1} is linearly independent and rank A = n + 1 since the echelon
form of the matrix A is itself. Rank-Nullity Theorem implies nullity A = n — 1 and
the set {by,bs,... b, 1} is a basis for the null space of A. One can easily see that
fo, = fin.fo, = fon, - fby = fnimand fy,_p, = fijforalll1 <i<j<n-—1

It means Jg C 14. Now, let us show I, C Jg. We can see that

oo, = 25y5 — 25y8 = (Tiyn — oY) [(Tiyn) " + (@) 2 (@nys) + -+ (T0y:) ]

(3.43)

for any ¢ € Z. A similar equation can be written for negative integers c. So, we have
fon, € Joforanyc € Zand1 < i < n — 1. We must show £, v, +..5c, b, , € Ja for
all ¢y, ..., cn—1 € Z. To do this, we will show, f..p,+...ec,b, € Jagforalll <t <n-—1
by using induction on t. If t = 1, then f.v,, € Jg by (3.43). Now, assume thatt > 1
and f., b, 4...+c.0, € Ji for any positive s less that t. Without loss of generality, we can

write

51



__(pC1 Ct—1, c1+-+ci—1 c1+-+ci—1,,C1 Ct—1
fclb1+"'+ct—1bt—1fctbt _(xl Ty Yy — Ty, Y Y ) (344)

ct . Ct ¢t Ct
X (xt yn _wnyt )
_Cl Ct—1,.ct, c1++ci—1+ce
=z ... 1 2y (3.45)

c1+-+ce—1,,C1 Ct—1\,.Ct,,Ct
- <f61b1+~"+ct71bt71 + @, Y - Y1 )In Y

Ct,,Ct\ ClttCt—1,,C1 Ct—1
- (fctbt + Ty Yy )xn Yi - Y

ci1+-+c—1+ce, C1 Ct—1, Ct
+ T, Y1 - Y1 Yy
__Cl Ct, C1ttct c1+-+ce, C1 ct
=x{" ... 2y, -, Y Y (3.46)
ct, Ct c1+-+ee, 1 Ct
— LUt f81b1+~~~+ct71bt71 — Ty Y Y Ieb,-

Hence, we can easily see that

_ Ct,Ct c1+-+ce, 1 ct
fC1b1+“'+Ctbt - fclb1+“‘+ct—1bt—lfctbt + T, Yy fC1b1+'“+Ct—1bt—1 + T, Y - Yy Ieypy

(3.47)

and f.,p, 1.k e,b, € Ja by induction hypothesis. Therefore, f. v, +...tc, b, _, € Ja for
all ¢y, ...,¢_1 € Z. It means £, € Jg forallf, € [xand [4 C Jg. Thus, Jog = 14

and Jg is a toric ideal. So, Jg is prime.

Corollary 3.1: [12|] Suppose that G is complete graph on [n] and R is an integral

domain. Then, R[xy,...,Zp, Y1, -, Yn|/Jc is an integral domain.

Definition 3.6: [1] Let G be a graph on [n] and W C [n]. Also, let G1,...,Gqw)
be the connected components of the induced subgraph G — W and Gi,..., GC(W) be
the complete graphs on the vertex sets V(G1), ...,V (Gew)), respectively. Then, we

define

Pw(G) = ({ziyici € WP+ Ja, + ...+ Jg (3.48)

(W)’

Example 3.6: Let us consider the graph G on [7] displayed in Figure If we choose
W = {2,5}, we say that the induced subgraph G — W of G looks like in Figure
Clearly, we have c(W) = 2. We call Gy and G5 the connected components of G — W

and the corresponding complete graphs are Gy and G, respectively. If we replace G,

and G with Gy and G-, respectively, we will have the graph shown in Figure
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Hence, we can write Py (G) as

Pw(G) = (22,2, 75, ¥5) + (f137 f14, fa1) + (fﬁ?) = (33273/2,1’5,%7 J13, fi4, f34>f67)-

(3.49)
1 6 1 6 1 6
°
4 5 4 4
2 J
3 7 3 7 3 7
(a) A graph G (b) The graph G — W (¢) The union of G; and G

Figure 3.6: A graph G, the graph G — W and the union of G4 and G

Note that, if all connected components of G are complete, i.e., GG is a union of
disjoint complete graphs, then J; = Pj(G) by Definition[3.6] Also, J; C Py (G) for
any W C [n].

Lemma 3.2: [I2] Suppose that G is a graph on [n]. Then, Py (G) is a prime ideal for

any subset W C [n].

Proof : Let us prove that S/ Py (G) is an integral domain. Observe that,

S|Py (G) = S/(({:L’i,yj ieW}) + ‘]@1 +...+ J(;C(W)) = S//(Jél +...+ JGC(W))
(3.50)

where S’ is the polynomial ring over K whose the indeterminates are the elements of
the set {xj,y; : j ¢ W}. So, it is enough to show that S'/(Jg, + ... + J@C<W)) is
an integral domain. To do this, we will prove that S;/(Jg, + ...+ Jéi) is an integral
domain by induction on i where S; is the polynomial ring over K whose the indetermi-
nates are the elements of the set {x;,y; - j € U._, V(Gy)}. Ifi = 1, then Si/Ja, is
an integral domain from Corollary Let us assume R = S; 1 /(Jg, + ...+ Jg, )

Then, we can write
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k3

where V(G;) = {iy, ..., it}. So, Si/(Jg, + ...+ Jg,) is an integral domain by Corol-
lary[3.1} Therefore, S|Py (G) is an integral domain and Py (G) is a prime ideal.

Corollary 3.2: [1] Let G be a graph on [n]. Then, Jg is a prime ideal if and only if G

is disjoint union of some complete graphs.

Proof : (=) Let H be a connected component of G. Then, it can be shown that H is
complete by repeating the arguments used in the first part of the proof of Theorem 3.6
Hence, G is a disjoint union of complete graphs.

(=) Suppose that G is a union of disjoint complete graphs. Then, we have
Jo = Py(G). From Lemma Jg is prime ideal of S.

Lemma 3.3: [I]] Suppose that G is a graph on [n| and W is a subset of [n]. Then,
height Py (G) = n + |W| — ¢(W).

Proof : Let Gy,...,Gqw) be the connected components of G — W. One can easily

observe that height Jo = n; — 1 where n; = |V(Gj)| for all 1 < j < (W) by

Corollary[3.2] Hence, we can write

height Py (G) = height (({ar;Z,yZ ieWh)+Jg, + J@C(W)> (3.52)
= height({z;, y; : i € W}) + height Jg, + - -- + height Jg_

(3.53)

—2AW |+ (my — 1)+ + (new) — 1) (3.54)

= ([W]+ni+ -+ new)) + W] —c(W) (3.55)

=n+ |[W|—c(W). (3.56)

Theorem 3.7: [1] Suppose that G is a graph on [n]. Then, Jg = ﬂWc[n] Py (G).

Proof : We know that Jg is a radical ideal from Proposition[3.3] So, J¢ can be written
as an intersection of its minimal primes by Proposition[2.3} Then, it is enough to show
that every minimal prime ideal of Jg has the form Py (G) for some W C [n]. To do

this, we will first take G as a connected graph and use induction method on [n|. If
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n = 2, then Jg = (f12). By Corollary[3.2] Jg is a prime ideal and J = Py(G). Now,
let n > 2. Suppose that P is a minimal prime of Jg.

We claim that x; € P if and only if y; € P. To prove this claim, we will show
that T = {x; : x; € P and y; ¢ P} is an empty set. Let us examine the following two
cases to see that T = {x1, ..., x,} is not possible.

Case 1: If G is complete, then J is prime by Corollary[3.2land its minimal prime
ideal is itself. Hence, we have Jg C (x1,...,x,) C P. However, this contradicts our
assumption.

Case 2: Suppose that G is not complete. Then, Jo C Jz and Jg is prime
from Corollary Hence, we have Jg C Ja C (x1,...,2,) € P. However, this
contradicts our assumption.

Hence, T # {x1,...,x,}. Now, let us assume T # (). Then, we have at least an
edge {1, j} of G satisfying x; € T and x; ¢ T since G is connected, otherwise it would
beT = {z1,...,x,}. Then, fij = x;y; — x;y; € Jo C P implies x;y; € P. Thus,
x; € Pory; € P. We must have x; € P because of v; € T. Also, we see y; € P since
x; ¢ T. Now, let us consider the induced subgraph G' = G — j. Then, we can easily
see that Jo + (zj,v;) = Jor + (z;,y;) C P. Hence, P/(x;,y;) is a minimal prime
of Jar /(z,y;) in the ring S/(x;,y;). Since |V (G")| < n, induction hypothesis implies
that P/(x;,vy;) has the form Py (G")/(x;,y;) for some W C [n]\{j}. However, this is
impossible since v; + (x;,y;) € P/(x;,y;) and y; + (z;,y;) ¢ P/(z;,y;). So, T = 0.

Similarly, if we set T' = {y; : y; € P and x; ¢ P}, then T' = (). Therefore, we
conclude that x; € P if and only if y; € P.

Hence, there exists W C [n] such that P = ({x;,y; : i € W}) + P where P is
a prime ideal and does not contain any element of the set {x;,y; : i € W}. Suppose
that Gy, ..., Gw) are connected components of the graph G — W. Now, let us prove
P=Js +-+ J6.

Clearly, ({zs,y; i € W}) +Jg, +- -+ Jé, ., 18 @ prime ideal and it contains
Ja. Since P is a minimal prime ideal of Ja, we write P C Jo, + -+ J@c(w).
Additionally, Jg, + -+ + JG}(W) C P can be shown similarly to the first part of the
proof of Theorem@ Hence, we can easily see P = Jg, + -+ JGC(W)' It means
P={z,yi:i€eW})+Jg +--+ S,y = Pw(Q).

Now, let us assume that G is not connected and G+, . ..,G,. are the connected
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components of G. Then, for any 1 < j < ¢, each minimal prime of Jg, is in the form
{ziyicie Wih)+Jg, +-+ J@jcj where W; C V(G;) and Gy, . .., Gy, are the

connected components of G; — W;. Then,

c c ¢

Z [({xz,yz cie W) + J@jl 4t J@jcj] ={zyyi:ieW})+ Z Jéjk
=1 j=1 k=1
(3.57)
= ({zi,y: 11 € W}) (3.58)

gt g,

= Py (G) (3.59)
is a minimal prime of Jg = Jg, + - - + Jg, where W = U;Zl Wiand Hy, ..., H.w)
are the connected components of G — W.

Corollary 3.3: [II] dim S/Jg = max{n—|W|+c(W) : W C [n]} for any graph G on

[n]. Also, if c is the number of the connected components of G, then dim S/ Jz > n+c.
Proof : It is obvious by Lemma 3.3} Theorem[3.7)and Proposition 2.5

Lemma 3.4: [1] Suppose that G is a graph on [n] and W, T C [n]. Also, suppose
Gi,...,Gewyand Hy, . .., Hyr) are connected components of the graphs G —W and

G — T, respectively. Then, the followings are equivalent:

ii) T C W and for each 1 < i < ¢(T), there exists 1 < j < c¢(W) such that
V(H)\W C V(G)).

Proof : i) = ii). We can write Pr(G) C Py (G) more clearly as

(s s € TY) 4 Jgy +o+ Ty © (5 €WH) Ty 404 g,

Obviously, we have T' C W and
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Hzjyjj €W +Jg, +-+Jg . C{zj,y; :jEW})+J@1+~'+J@C(W).

(3.61)

c(T)

Also, one can easily see that

{zjyj g eWh +Jg +---+ Sty = (zjyy:d eWH+Jg +--- + Jgém

(3.62)

where H! = H; — W. Hence, we have JH{ 4+ ‘]ﬁém Clg, +-+ J@C(W). Then,
foreach 1 <i < c(T), there exists 1 < j < c(W) such that Jg, C J@j. Therefore, we
can see V(H]) =V (H;) \ W C V(G)).

it) = 1). Trivial.

Theorem 3.8: [1] Suppose that G is a connected graph on [n| and W C [n|. Then,
Py (G) € Min(Jg) if and only if W = 0 or W # 0 and c(W) > c¢(W \ {i}) for all
iceW.

Proof : (=) We know from Theoremthat each minimal prime ideal of J¢ is in the
form Py (G) for some W C [n]. If W = 0, then Py (G) C Pr(G) forall T C [n]
with T # (. In this situation, Py (G) is a minimal prime ideal of Jg. Now, let W
be a nonempty subset of [n| and i € W. Also, let G1,...,Gcw) be the connected
components of G — W. We must consider these three cases:

Case 1: If i is not connected to any of the connected components G, . . ., Gew)
by an edge in G, then G+, . .., G, w) and G are the connected components of G — T
where T'= W \ {i} and G\ is the graph consisting of the isolated vertex i. Here, we
have ¢(T) = c(W \ {i}) = ¢c(W) 4+ 1 and ¢c(W \ {i}) > ¢(W). Also, it can be seen
T CWand V(G;) \W C V(G;) forany 1 < j < ¢(W). Then, Lemma [3.4] implies
Pr(G) C Pw(QG) but this contradicts the fact that Py (G) is a minimal prime of Jg.

Case 2: Assume that 1 is connected to only one of the connected components
of G — W by an edge in G, say G. Then, Gy, ..., G w) and G are the connected
components of G — T where T =W \ {i} and V(G) = V(G1) U {i}. Here, we have
co(T) = c(W\ {i}) = c(W). Also, we can see T C W, V(G)) \ W C V(G,) and
V(G;)) \W C V(Gy) for any 2 < j < ¢(W). Then, Lemma [3.4] allows us to write

Pr(W) C Pw(G) but this is a contradiction again.
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Case 3: Suppose that i is connected to at least two connected components of
G —W,say Gi,...,G; (t > 2). Hence, G', Giy1, . .., Geow) are the connected com-
ponents of G —T where T = W\ {i} and V(G}) = V(G1)U---UV(G;) U{i}. Here,
we must have c¢(T) = c(W \ {i}) = c¢(W) =t +1 < (W) and ¢c(W) > c(W \ {i})
because of t > 2.

To sum up, if Py (G) is a minimal prime ideal of Jg, only the last case of the
three cases we have examined above is possible. Therefore, c(W) > c¢(W \ {i}) is
provided for each 1 € W.

(<) IfW =0, then Py (G) € Min(Jg). Assume that W # () and Py (G) is not
a minimal prime of Ji. Then, there is a subset T C W satisfying Pr(G) € Py (G).
Let Gy, ..., Gw) be the connected components of G — W and i € W withi ¢ T.
Also let G4, ...,G, be the connected components connected to i in GG. Hence, the
connected components of G — W' are G', G41, . .., Geowy where W' = W\ {i} and
V(GY) = V(G)U- - UV (Gy)U{i}. We havet > 2 since c(W) > c(W\{i}) = c(W’).
ByT C W', there exists a connected component H of G—T such that G} is a subgraph
of H. One can easily observe that V(G4),...,V(Gy) C V(H) \ W. Hence, we
have T C W but V(H)\ W ¢ V(Gy) forall 1 < j < ¢(W). Then, we have
Pr(G) ¢ Pw(G) from Lemma but this contradicts our assumption. Therefore,
Pw(G) € Min(Jg).
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4. REGULARITY OF BINOMIAL EDGE IDEALS

4.1. Regularity Bounds

We will start this section by introducing the multigrading of S and .J;. Then,
we will study the relations between the graded Betti numbers of binomial edge ideals
of two graphs GG and H where H is an induced subgraph of GG. Also, we will give
some basic properties of the regularity of S/Js. In particular, we will show that the
regularity of the binomial edge ideal of a path of length [ is equal to [ + 1 which was
proven by Matsuda and Murai in [5]]. Also, for any graph G, we will give lower and
upper bounds for reg(S/Js) which were proven in [5], that is, [ < reg(S/Jg) <n—1
where [ is the length of the longest induced path in G.

Firstly, let us examine the multigrading of S and Jg. If ¢; € N" is the ¢-th unit
vector, then it is obvious that S and J; are N"-graded by degx; = degy; = ¢;. For
any a = (ay,...,a,) € N, we define supp(a) = {i € [n] : a; # 0}.

Additionally, if e, € N?" is the k-th unit vector, then S is N*"-graded by
degz; = e; and degy; = e,.;. However, binomial edge ideals are not N*>"-graded
because for any generator f;; = x;y; — z,y; of Jg, we have deg(z;y;) = e; +e,+; and
deg(z;y;) = e; +e,1;. Hence, f;; is not homogeneous with respect to this grading and
Jg is not N?"-graded. For any multidegree (a,b) = (ay,...,an,by,...,b,) € N*",
we associate the monomial z2y® = 27 ...z % .yt~ If U is a finitely generated

N2"-graded S-module, we write the Poincaré series of U as

P(U Z > Brap(U)aytt. (@.1)

k=0 (a,b)eN2n

Proposition 4.1: [5)] Suppose that G is a graph on [n| and T is a subset of [n|. Then,
we have B;a(Ja) = Bia(Jarm) for all i > 0 and for all a € N™ with supp(a) C T

Proof : Suppose that the minimal multigraded free resolution of S/ Jg is given as
F:0— P S(-a)rt/e) — ... — P S(—a)®=te) 2 g (4.2)
acNn» acNn

where p = projdim(Jg). Let us consider the subcomplex
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F:0— @@ S(arto —...— @ S-a)yo=to L5 43)

aeN" acN"™
supp(a)CT supp(a)CT

of F where ¢' is the restriction map of ¢. Let us prove that ' is minimal N"-graded
resolution of S/ Jqir). We can easily see that Im(¢') = Jgr) because of supp(a) C T
and hence, coker(¢') = S/Jgr). Also, for any a,b € N" with supp(a) C T, we say
that S(—b), = S(a — b) is nonzero if and only if each component of the vector a — b
is nonnegative. For any a € N", we have F, = F., and Proposition implies that
I, is exact since T is exact. Since ), is exact for each a € N" with supp(a) C T, '
is exact by Proposition Additionally, T is minimal free resolution because T is
minimal resolution. Therefore, B;a(Ja) = Bia(Jar) for all i > 0 and a € N with

supp(a) C T.

Corollary 4.1: [5] Suppose that G is a graph on [n] and H is an induced subgraph of
G. Then, 5, j(Jc) > Bi;(Ju) forall i > 0 and j > 0.

Example 4.1: Let us consider the complete bipartite graph K 3. The Betti diagram of
S/ Jk, , can be written as shown in Table with the help of Macaulay 2 (see [22]).

Table 4.1: Betti diagram of S/ Jk, ,

N — O

S O =IO
S W Ol
= O O N
N O Ol W

(a) A graph H (b) A graph H’

Figure 4.1: A graph H and a graph H’

Hence, we can see (335(5/Jxk, ;) = 2. If we call H and H' the graphs shown in Figure
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and Figure respectively, then we have (5 5(S/Ju) > 2 and 3 5(S/ ) > 2

since H and H' contains K 3 as an induced subgraph.

Proposition4.2: [5] Let P be a path of length | with edges {1,2},{2,3},...,{l,l+1}.
Then, reg(S/Jp) = .

Proof : Clearly, we have Jp = (fi2, fos,- .., fiu+1)). We claim that the sequence
fi2s fass - - -5 i) is S-regular. Obviously, we have (fiz, fas, . ., fiur1)) # S. Now,
let us show that fi(,+1) is a nonzero divisor on the module S/( f12, ..., fa—1)k) for
every 1 < k < I. Assume the contrary, that is, fi(41) is not a nonzero divisor on
S/(fizy s fre k) for some k. Then, there exists a polynomial g € S such that

g & (frz,-- foe—ne) and frwiyg € (frz -5 fe—1k). Since P is a path, it is
closed with respect to given labeling of vertices by Proposition 3.2] So, the set of
generators of Jp forms a Grobner basis for Jp by Theorem[3.3] Similarly, the gener-
ator set of (fra, - ., f(e—1)x) is its Grobner basis. Then, there are unique polynomials
he (fiz,. s fe—1k) and v & (fi2, ..., fik—1)k) such that g = h + r according to the
division algorithm. Here, no term of r is divisible by any of in< (f12), . . ., inc(fre—1)x)-
Thus, we have fris1)9 = fegsnh + frgrnyr. If we say G = {fia, ..., fu—1}
then the polynomial fi(x41)r = TrYr+17 — Tpr1YT does not reduce to 0 with re-
spect to G. This contradicts our assumption. Hence, fi41) is a nonzero divisor on
S/(fiz, s foe—1k) foreach 1 < k < 1. So, fia, fos, ..., fiut1) is S-regular sequence.

Forany 1 < k <[, we observe

S/<f12,...,f(k—l)k)/(fu’_” f k:-l—l))/(fl?w" fk l)k) S/(flg,... k—l—l))

“4.4)

Hence, we can write the equalities
reg(S/(fi2)) = reg(S) + deg(fi2) — 1 (4.5)
reg(S/(fi2, fa3)) = reg(S/(fi2)) + deg(fa3) — 1 (4.6)

reg(S/(fiz, - - - fiarn)) = reg(S/(fiz, -, fu-ryn)) +deg(figrny) =1 (47)

61



by Proposition Since reg(S) = 0 and deg(fi2) = --- = deg(fig41)) = 2, the
equations (#.3), @.6), ..., [.7) implies reg(S/ Jp) = reg(S/(fi2,- - -, fiur)) = L.

Lemma 4.1: [5] Suppose that I is a monomial ideal in S and {my, ..., m4} is a min-

imal set of generators for 1. Then, the inequality

P(S/I,t) <1+ ZQ:P(S/((ml, ceymyoy) tmy), t)mt (4.8)

j=1
is provided coefficient-wise.

Proof : Let us say I; = (mq,...,m;) forall 1 < j < g. Clearly, we have I, = I.

Also, we will assume 1y = (0). Foreach j =1,...,g, the chain

O—>S/([j_1:mj)i>S/Ij_1i>S/[j—>O (49)

is an exact sequence where @ and ¢ are defined as o(f + (L;—1 : m;)) = fm; + 1,4
and ¢(f + 1;_1) = f+ 1 forall f € S. If we say deg(m;) = a, then the exact

sequence in (#.9) can be rewritten in graded form as

0— S/(I;_y : m;)(—a) -2 S/I,_1 -2+ §/I; — 0. (4.10)

If we denote the minimal graded free resolutions of ¢(S/(I;—1 : m;)) and S/I; by
U and U, respectively, then W = U’ & U[—1] will be a graded free resolution of
S/ /@(S/([jq :mj)) = S/1; by mapping cones. However, W may not be the

minimal graded free resolution of S/1;. Hence, we can write the inequality

P(S/I], t) S P(S/(]]_l : mj),t)mjt + P(S/Ij_l,t) (411)
coefficient-wise for each j = 1, ..., g. Hence, we have
g g
S [P(S/1j.t) = P(S/Ti1,t)] <Y P(S/(Ijzy - my), tymt. (4.12)
j=1 j=1
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Observe that, if we expand the first sum symbol in inequality [{.12)), we see

J=1

As a final step, if we use P(S,t) = 1, then we find the coefficient-wise inequality

P(S/I,t) <1+ iP(S/(Ijl :my), t)m;t. (4.14)
j=1

Definition 4.1: [12] Let i, j be two vertices of a graph G on the vertex set [n] and let
1 < j.Apath P :i=14,11,...,1s = jJ between i and j is said to be weakly admissible
or w-admissible if i, < i oriy > jforalll < k <t — 1. Also, i, are said to be
the ends of P and i1, . . . ,1;_1 the inner vertices of P. The set of all weakly admissible

paths of G is denoted by P(G).
Ifi<jand P :1=1gy,11,...,% = jis a weakly admissible path, then we define

the monomial

mp = x; <H xk> <H yil> Yj. (4.15)

i >] 1<t
Proposition 4.3: [5] Suppose that G is a graph on [n] and < is the lexicographic order
on S. Then, in.(Jg) = ({mp: P € P(G)}).

Proof : It is obvious by Definitiond.1|and Theorem[3.3]

Lemma4.2: [5)] Let i, j be two vertices of a graph G on the vertex set [n] and let i < j.
For any weakly admissible path P : i = ig,11,...,19, = J between i and j, then the

following properties hold:

i) If iy, < i for some k, then there exists | > k such that P’ : iy, ip1,...,9 is a

weakly admissible path and mp: divides x;, mp;
ii) If iy, > j for some k, then there exists | < k such that P’ : i;,i,1,...,1; i a

weakly admissible path and mp: divides y;, mp.
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Proof : i) Let us choose | as the smallest number satisfying k < | and i, < i; < j.
Then, P : iy, igi1,...,10 is a weakly admissible path because none of the numbers
Tka1, - - -, 01 are between iy, and 1;. If the monomial mp: contains xs as a multiple for
some k +1 < s <1 —1, then we must have s > 1;. Also, s > j and x is a multiple of
mp by the choice of l. If mp: contains ys as a multiple for some k +1 < s <[ —1,
then we must have s < i, < i. So, ys is a multiple of mp. Thus, mp: divides x;, mp.

i1) It can be proven similarly to the proof of i).

The path P’ providing one of the conditions of Lemma4.2]is said to be a wedge
of P at the vertex i;. If we say |P(G)| = g, We can sort the weakly admissible paths
in G from short to long as P, I, . .., P;. In other words, if the length of P; is less than
the length of P;, then we have ¢ < j. However, ¢ < j does not mean that F; is shorter
than P; because the paths F; and P; may have the same length. Also, we can write my,
instead of mp, foreach k = 1,..., g, i.e., we will use the notation m; = mp, for all

k=1,....g9.

Lemma 4.3: [5)] Suppose that G is a graph on [n] and Py, : i = ig,iy...,5; = jisa
weakly admissible path where 1 < k < g = |P(G)|. Also, suppose 1 < s <t — 1.

i) Ifis <, thenz;, € ((mq,...,my_1) 1 my);

ii) If is > j, then y;, € (Mma, ..., mg_1) : my).

Proof : i) Suppose that iy < i. Then, we can find a wedge P’ of Py at is such that
mp divides x; mp, from Lemma Observe that, the path P’ is shorter than the
path Py and it means mp: = m, for some 1 < ¢ < k — 1. Thus, we can write
x;my € (M, ..., mg_1) since m, divides x; my. So, z;, € ((my,...,mg_1) : my).

i1) It is similar to the proof of i).

Definition 4.2: [5l] Let w be a monomial in the polynomial ring S. Then, we define

mult(w) = {k : 2y, divides w}.

Definition 4.3: [3] Let M = {my,ma, ..., m,} where g is the number of the weakly
admissible paths in a graph G on [n]. A subset F' = {m;,,m,, ..., m;, } of M with
i1 < g < -+ <y is said to be Lyubeznik if none of the monomials my,ma, ..., m;; 1

divides lem(m;, m;,, ..., m;, ) forall1 < j < k.
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Lemma 4.4: [5] Suppose that F' = {m;,,m,, ..., m;, } is a Lyubeznik subset. Then,

we have the followings:

i) None of the inner vertices of P;, belong to mult(lem(F)).

ii) If none of the inner vertices of any of the paths P,,, P,,, ..., P;, belong to the set
mult(lem(F)), then we have | mult(lem(F))| < k — 1.

Proof : 1) Assume that an inner vertex v of the path P;, : po,p1, . . ., p; is contained by
mult(lem(F)). If v < po, then we can find a wedge P; of P at v such that m; divides
Tymyi, = TyYp(Ms, /Yy) from Lemma So, m; divides lem(F") since v belongs to
mult(lem(F)). However, this contradicts that F is a Lyubeznik subset of M. Similary,
if v > py, then we can see a similar contradiction occur again.

ii) Let p; and q; are the end vertices of P;, with p; < q; for j = 1,2,... k. As

no inner vertices of any of P, . .., P, are contained by mult(lem(F)), we have
| mult(lem(F))| = | mult(lem(m,, ..., m;,))| = [mult(lem(zp, Ygrs - - - TpoYau ) |-
(4.16)

Also, p1 < q1,...,pr < qx implies | mult(lem(zp, Yg,s- - TpYg )| < kK — 1 and
mult(lem(F))| < k — 1.

hence,

Lemma 4.5: [5] Suppose that ' = {m,,, ..., m;,} is a Lyubeznik subset of M. Also,
let w be a monomial in S and p be a positive integer. Assume that the following

statements are satisfied:

i) Bpw(S/((ma,...,my—1) :my ...my,)) #0;

ii) None of the inner vertices of any of P,,, ..., P, belong to mult(w lem(F)).

Then, there is a Lyubeznik subset F = {mj, ..., m;} and a monomial w in S such

that the following properties hold:

') Bprw(S/((ma, - ymyy 1) = my, - omy,)) # 05
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ii’) None of the inner vertices of any of Pj,, . .., P;, belong to mult(w lem(F)).

ii’) | mult(@lem(F))| — |F| = | mult(wlem(F))| — |F| — 1.

Proof : Let us consider the following cases:

Case 1: Let us assume that an inner vertex v of P, is contained by the set
mult(w lem(F)). If x, divides m;,, then x,, divides lca(F'). So, we see that y, does not
divide lem(F') from i) of Lemma[{.4] Additionally, y, divides w. In addition, Lemma
K.3|implies y, € ((my,...,my—1) : my,) and y, € ((ma,...,my_1) © My, ... M4).
Then, the condition i) implies [y_1 .y, (S/((M1,...,ms 1) : my, ...my)) # 0. If
we choose F = F and v = w /Yo, then clearly the statements i’) and ii’) are hold.

Also, we have | mult(wlem(F'))| = | mult(wlem(F))| — 1 as v does not belong to
mult(@lem(F)). Hence, the statement iii’) holds. If y, divides m;,, it can be shown
using similar arguments that i’), ii’) and iii’) are satisfied.

Case 2: Suppose that no inner vertex of P;, belongs to mult(w lem(F)). We can

write (Thy, ..., My —1) = ((Ma, ..., My, 1) : My, ... My, ) where

_ my; . .
m; = , 1<5<5 —1. 4.17)
T ged(my,myy .. my,)

Because of By, (S/(Mma,...,miy—1) :myy ...my,)) = Bpw(S/(Ma, ..., My —1)) #0,
there exists 1 < s < iy — 1 such that Bp_1 /m,(S/ (M, ..., Me_1) : M,)) # 0 and
ms ¢ (M, ..., Ms_1). Now, let us choose F = {mg,my,...,m; } and © = w/ms.

Let us show that F is Lyubeznik subset. Foreach1 <1 < s —1,

m lem(mg, m;, ... m;
= : _ Lem(my, my, ) (4.18)
ged(my, mg, ... m;,) My - - . My,
divides
s 1 ) (AR Tk
L = m _ cm(mg, my, ..My, ) 4.19)
ged(mg, my, ... m;,) My ... My,
if and only if m; divides lcm(mg, m;,, ..., m; ). Here, Ty does not divide T from
my & (M, ..., Ms_1). Additionally, none of the monomials my, mo, ..., m;,_1 divides
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lem(mg,, mi,,\,...,my) forall 1 < j < kas F is a Lyubeznik subset. Hence, Fisa
Lyubeznik subset. Also, (M1, ..., Ms—1) : Ms) = (M1, ..., ms_1) : MMy, ... My, )

and wlem(F) = wlem(F). Hence, F and W satisfy the statements i), ii’) and iii’).

Note that, the statements i’) and ii’) in Lemma [4.5] are very similar to the state-

ments i) and ii). So, it allows us to use Lemma .5 again and again.

Proposition 4.4: [3)] Suppose that G is a graph on [n]. Also, suppose that w € S is a

monomial and p is a positive integer. If | mult(w)| > p, then f3,.,(S/in(Jg)) = 0.

Proof : Equivalently, we will show that if f3,,,(S/in(Ja)) # 0 for a monomial
w € S and a positive integer p, then |mult(w)| < p. From Proposition we
can write in.(Jg) = (mq,...,my). Additionally, there exists m; € M such that
m; ¢ (ma,...,mj_1) and By_1w/m,(S/((m1,...,m;_1) : m;)) # 0 because of
Lemma Clearly, the set F' = {m;} is a Lyubeznik subset. If p = 1, then we
have w = m;. Hence, it can be seen p = 1 > 0 = | mult(lem(F))| = | mult(w)|. If
p > 2, the set F' = {m;} and the monomial w/m; satisfy the statements i) and ii) of
Lemma W3] If we apply Lemma[.5| repeatedly p — 1 times, we can find the Lyubeznik
subsets Fy, Iy, ..., F,_o, I, 1, and the monomials wy,ws, ..., Wy_o, Wy_1 satisfying

the equations

| mult(w; lem(F))| — |Fy] = ‘mult (%lcm(F)N —|F| -1 (4.20)

j
| mult(ws lem(Fy))| — [Fo| = | mult(wq lem(Fy))| — |Fi| — 1 (4.21)

| mult(wy_1 lem(Fp—1))| — |Fp1| = | mult(w,_o lem(F,_2))| — |Fp—2| — 1 (4.22)

and By, (S/((m1,...,ms_1) - my ...mg,)) # 0 where F,_y = {m;,,...,m; }.

The equations #20), @.21), ..., (#.22) imply the equality

| mult(wy_1 lem(F,—1))| — |Fp1| = | mult(w)| — p. (4.23)

Also, Bow, (S/((my,...,mi—1) : m ...my,)) # 0 implies w,—y = x°y° where

0=(0,...,0) € N*. Hence, we have | mult(w,_1 lem(F,_;))| = | mult(lem(F,_;)|.
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Then, equation and i) of Lemma .4 allow us to write | mult(w)| < p — 1 and
| mult(w)| < p.

Theorem 4.1: [5] Let G be a graph on [n|. Then, | < reg(S/Jg) < n — 1 where l is
the length of the longest induced path in G.

Proof : Suppose that | be the length of the longest induced path in G. Then, we can

see | < reg(S/Jg) by Proposition[d.2)and Corollary[.1}
If By (S/inc(Je)) # 0 for some 0 < p < 2n and a monomial w in S, then w

is squarefree by Proposition Hence, we can observe deg(w) < n + | mult(w)].
Then, deg(w) — p < n + |mult(w)| — p < n — 1 because of Proposition[4.4] So, we
have reg(S/in.(Jg)) < n — 1. From Proposition[2.16] we find reg(S/Jz) < n — L
To sum up, | < reg(S/Jg) <n—1.

Theorem 4.2: [23] Let G be a graph on [n] with G # P,. Then, reg(S/Jg) < n — 2.
Corollary 4.2: [5)] Let G be a graph on [n]. G = P, if and only ifreg(S/Jg) = n— 1.

Proof : It is obvious from Proposition 4.2 and Theorem .2}

4.2. Binomial Edge Ideals with Linear and Pure Resolutions

We will start this section by exploring the graded Betti numbers of binomial edge
ideals. Then, we will state that the necessary and sufficient condition for Ji to have a
linear resolution is that G is a complete graph which was proven by Madani and Kiani
in [8]. More generally, we will show in Theorem [4.5] that Ji; has a pure resolution if
and only if GG is complete or complete bipartite or disjoint union of some paths which

was proven by the same authors in [9].

Lemma 4.6: [8] Let G is a graph on [n]. Then, the following properties hold:

i) P23(S/Ja) = 2K5(G) where K3(G) is the number of K3’s contained in G as
induced subgraph.

ii) If G is noncomplete and connected, then B2.4(S/Jc) # 0.

Proof : i) Let the minimal graded free resolution of S/Jg be given as

68



F:0— - — @ S(—))P 50 — 5(-2)FO1 255 s 5/J;  (424)
jEN

where ¢(e;;) = fij for each {i,j} € E(G) with i < j. Since F is graded, we have
deg(e;j) = deg(fi;) = € + €. Here, we mean the k-th unit vector of N" by ey. Let us
find a third degree relation between the generators of Ji. Suppose thatr =) g;je;; is
a minimal relation in S(—3)P23(5/76) Here, S(—3)P23(5/76) js N"-graded because Jg
is N"-graded. It means S(—3)%3(5/76) is generated by multihomogeneous elements.
Then, we can say r is multihomogeneous and deg(r) = deg(g;; fi;) = a € N" for each
{i,j} € E(G) with i < j. Hence, a = deg(g;;) + € + €;. Since a is of degree 3, we
observe deg(g;;) = €, for some k. One can easily see that the cases k = i or k = j are

impossible because r can not be a relation of degree 3 in these cases. Thus, we have

k # i and k # j. Then, some of the followings should be provided for r.

T = Tp€ij — Tl + Ti€jk (4.25)
"= YkCij — Yj€ik T YiCik (4.26)
r = (xr +yr)ei; — (x5 +yj)en + (@ + yi)eji (4.27)
r=(zx — yr)eij — (x5 — yi)ew + (T — ys)ejn. (4.28)

Here, we can see that ({.27) and {.28) can be expressed as the sum and difference
of @.23) and #26). So, minimal relations are {#.23) and #26). Hence, each in-

duced subgraph K3 of GG gives us 2 relations of degree 3 between the generators of Jg.
Therefore, 32 5(S/Ja) = 2K3(G).

i1) Clearly, G contains an induced path P : i, j, k of length 2 as G is connected
and noncomplete. Let us assume i < j < k. We claim that r = fjre;; — fijejr
is a minimal relation in S(—4)%245/77) Here, r is not reduced by the elements in
S(—3)P235 ) - Actually, the minimal relations in S(—3)%235/7P) can be as in the
equations (@) and (@ However, these relations can not be written as (@) and
([#.26) because of {i,k} ¢ E(G). Hence, r can not be reduced and it is a minimal
relation in S(—4)%245/7P) " Therefore, we have B54(S/Jp) # 0 and B2.4(S/Jg) # 0
by CorollaryH.1}

Theorem 4.3: [I8] Suppose that G is a graph on [n| and < is the lexicographic order
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on S. Then, the followings are equivalent.

i) The minimal relations between the generators of Jq are linear;

ii) G is complete;
iii) in.(Jg) can be generated by elements of degree 2 and it has linear quotients;
iv) in.(Jg) has a linear resolution;

v) Jq has a linear resolution.

Proof : i) = ii). If G is not connected, there must be a minimal relation between the
generators of Jg at least degree 4. However, since this would contradict our hypothe-
sis, we observe that G is a connected graph. Now, let us assume that G is not complete.
Then, we have [334(S/Ja) # 0 from Lemma However, this contradicts that the
minimal relations between the generators of Jg are linear. Hence, we conclude that G
is complete.

i1) = iii). Suppose that G is complete. One can easily see that G is closed
and inc(Jg) = ({zy; : 1 < i < j < n}) by Theorem So, in(Jg) can be
generated by elements of degree 2. Now, let us show that in_(Jg) has linear quotients

with respect to the ordering

T1Yo > T1Y3 > 00 > T1lp > Tolyz > ToYy > 0 > Lol > -+ > TpalYn  (4.29)

of its generators. Let us call the generators in (#.29) uy, us, . . . U(n), respectively. For
2

each2 <t < (’;) we can easily see that

U Ug—1
e, Upq) = . ) 4.30
((wr, g, o) ) (gcd(u1, u) 7 ged(up, “t>> o

If1 < 5 <n— 2, then we can write

(<x1y27 ey T1Yn, T2Y3y - - - 3 T2Yn,y - - 7»’ijn) : $j+13/j+2) = (ﬂUl, T2, ... >5Uj) (4.31)
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because of the equality (4.30) and Ziljia = x; forall 1 < i < j. If

ged(ziyj 42,25 11Y5+2)

1 <1 <n—2andi < j <n, then we can write

(T1Y2, -+ T1Yns T2Y3s - - s T2Yny -+ -5 Tills) * TiYjy1) = (T1ye s i1, Yirds -+ -5 Yj)-
(4.32)
from equality (4.30), ng(l’kzI;ij:ll’iyj+l) = x3, and Wy;y]m =y foranyl < k <1

and i < | < j, respectively. Hence, we conclude that ((uq,us,...,u;_1) : uy) can be
generated by variables for all 2 < t < (Z) and in(Jg) has linear quotients.

iii) = iv). It is obvious by Proposition [2.20}

) = v). It follows from Proposition|2.19,

v) = ). It is clear by the definition of linear resolution.

Theorem 4.4: [24] Suppose that K, ,, is the complete bipartite graph on [n + m| and
n < m. Then, the Betti diagram of S/ J,, , has the form displayed in Tablewhere
ifn=1 thenp =mandifn > 1, thenp =2m+n — 2.

Table 4.2: Betti diagram of S/ Jk,, .

01 2 p
01 0 0 0
110 mn 0 0
2 0 0 62,4 Bp,p—&—Q

Proposition 4.5: [25] Suppose that C,, is a cycle of length n > 5. Then, the Betti
diagram of S/ Jc, is given as displayed in Table

Lemma 4.7: [9] Let I C R = Klz1,...,x,)and J C T = Klyi, ..., Ym| be graded
ideals and S = Klx1,...,2n, Y1, ..., Ym| where {x1,...,2,} and {y1,...,ynm} are
disjoint sets of indeterminates. Also suppose that R/I and T/ J has pure resolutions F

and G, respectively given as

F:0— R(—d,)reFBD ... R(—d))ra®) s R R/T—0

(4.33)
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Table 4.3: Betti diagram of S/J¢,

0 1 2 n—3 n—2 n—1 n
0 |(§) o 0 0 0 0 0
1o (7 0 0 0 0 0
2 [0 0 (%) 0 0 0 0

and

G:0 — T(—ey)loea @D oo 5 T (=)@ T 5 T/J — 0.

(4.34)

Then, minimal graded free resolution of S/(I + J) is pure if and only if dy = e,

e; = tey and d; = jd; for each 2 < i < p and for each 2 < j < q.

Proof : Firstly, we know that F @y G is the minimal graded free S-resolution of
S/(I + J) from Proposition2.18} Then we have, (F @ G)o = RQk T = S and

(F @k G)1 = (R(=d)" WD @k T) @ (R @ T(—e) 1 T7) (4.35)

— S(_dl)ﬁl,dl(R/I) ® S(_el)ﬁl,el(T/J)_ (4.36)
Also, we can write
(]F XK G)z = @ <R(—dil>5i1’dil (R/T) QK T(_€i2>5z‘2,6¢2 (T/J)) (437)
11+ia=1
_ @ S(—d“ _ ei2)6i1,di1 (R/I)5i2,ei2 (T/J) (438)

11+ia=1

for each i > 0 by assuming R = R(—dy)"020 T/ and T = T(—ey) 0«0 T/7). Hence,
equations (@) and (@) implies that S/(I + J) has pure resolution if and only if
dy = eyand dy+e, = di+ep 1 = =dp_1+e; = dptegforall2 < k < max{p, q}
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ifand only if d; = ey, d; = id; and e; = jey foreach2 < i <pand2 < j <q.

Theorem 4.5: [9] Suppose that G is a graph on [n| with no isolated vertices. Then,

S/Ja has a pure resolution if and only if G satisfies one of the followings:

i) G is complete;
ii) G is complete bipartite;

iii) G is a disjoint union of some paths.

Proof : (<) If G is complete graph, then S/ Jg has a linear (and also pure) resolu-
tion from Theorem If G is complete bipartite graph, then it has a pure resolution
by Theorem We know that the vertices of a path P of length | can be labeled
such that the sequence of generators of Jp is S-regular from the proof of Proposition
Also, Theorem implies (3; ;(S/Jp) = (i) ifj = 2iand 0 < i < I, other-
wise (3, ;(S/Jp) = 0. It means S/ Jp has a pure resolution. If G is disjoint union of
Py, ..., P,where Py, ..., P,are paths, then the minimal graded free resolution of S/ Jg
is the tensor product of the minimal graded free resolutions of S1/Jp,,...,S/Jp,
where S; is the polynomial ring over K whose the indeterminates are the elements of
the set {x;,y; : j € V(P;)} for eachi. So, S/Jq has a pure resolution by Lemma{.7]

(=) If the pure resolution of S/Jg is linear, then G is complete by Theorem
If the pure resolution of S/Jg is not linear, then G is not complete. Then, let us
consider these two cases:

Case 1: Let us assume G is connected. By Lemma{.6| we have 32 4(S/Jc) # 0.
As the minimal graded free resolution of S/ J¢ is pure, we have 2 3(S/Jg) = 0. Thus,
G does not contain C3 as an induced subgraph from Lemma Also, G does not
contain C,, as an induced subgraph for m > 5 because of Proposition So, G
contains no induced odd cycles and hence we conclude that it contains no odd cycle.
Then, we can say that G is bipartite graph from Proposition If G is a tree, then
G = P, or G = K ,,_1 or G contains the graph H shown in Figureas an induced
subgraph. If G = P, or G = K ,_1, then G is a path or complete bipartite graph.
If G contains H as an induced subgraph, then Example @.1|and Corollary 41| implies
that B56(S/Je) # 0 and P55(S/Je) # 0 since H contains Py and K, 3 as induced
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subgraphs. However, this contradicts that S/ Jg has a pure resolution. Then, let us
examine the situation where G is not a tree and V, W are the partition sets of V (G)
with |V | < |W|. We will show that G is complete bipartite graph by induction on n. If
n = 4, then G = C\y is complete bipartite graph. Assume that every nontree connected
graph G’ with less than n vertices whose binomial edge ideal has a pure resolution is
complete bipartite. Clearly, we have |V| > 2, |W| > 2 and G has an induced cycle
C:v,w, v, w', v of length 4 where v,v' € V and w,w’ € W. By Corollary@d.1} G —v
has a pure resolution. Also, G —v is bipartite. If G —v is disconnected, then G contains
the graph H' displayed in Figure Then, Example and Corollary implies
Bs6(S/Ja) # 0and B3 5(S/Je) # 0as H' contains Py and K 3 as induced subgraphs
but this contradicts that S/ Jg has a pure resolution. Hence, G — v is connected graph.
IfG—visatree, then G —v=P,_10orG—v =Ky, 9 IfG—v=PF,_4, then G
contains H' which is a contradiction. If G — v = K ,,_o, then G = K5 ,,_s, otherwise
G contains H' as an induced subgraph which is a contradiction. If G — v is nontree,
then G — v is complete bipartite graph by induction hypothesis. Thus, G is complete
bipartite. Actually, if G is not complete bipartite, G contains H' as induced subgraph
but this contradicts the fact that Jg has pure resolution. To sum up, we conclude that
G = P, or GG is a complete bipartite.

Case 2: Suppose that G is not connected graph and G+, . . . , Gy are the connected
components of G. Then, S/Jg, has a pure resolution for all 1 < i <t from Corollary
4.1} Then, we can say that G; is complete or complete bipartite or path for each
i =1,...,t. Also, we observe that S/Jg,uq, has a pure resolution by Corollary
whenever © # j. If at least one of G; or G is complete, then Lemma implies that
S/ Ja,ua, has not a pure resolution since at least one of S/Jg, or S/ Jq, has a linear
resolution. If G; or G is complete bipartite, then S/ Ja,uc, has not a pure resolution
because of Lemma and Theorem Lastly, let us consider the case that both of
G; and G are paths. Then, S/ Ja,uq,; has a pure resolution by Lemma Therefore,

G is a disjoint union of some paths.

4.3. Combinatorial Upper Bounds for Regularity

In this section, we will give some combinatorial upper bounds for reg(S/Jg).

Firstly, we will introduce some notations that are useful for graphs. Also, in The-
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orem |£7|, we will study a result of Ene, Rinaldo and Terai in [6] which states that
reg(S/Ja) < n — dim A(G) for any connected graph G on [n] where A(G) is the
clique complex of GG. In addition, we will mention of a result of Malayeri, Madani and
Kiani in [7] which states that reg(S/.J¢) is less than or equal to the number of maximal
cliques of G.

Firstly, let us introduce some notations. Let GG be a graph on [n]. With G — e, we
denote the subgraph of G whose vertex set is V' (G) and whose edge set is E(G) \ {e}
for any e € E(G). If e ¢ E(G), we represent the graph obtained by including the
edge e to the graph G as G U e. In addition, if e = {u,v} is not an edge of G,
then G. represents the graph with the vertex set V(G.) = V/(G) and the edge set
EG.) =EG)U{{i,j}:i,7€ Nuw)}U{{k,1}: k1€ N(v)} (see [6]).

Proposition 4.6: [23] Suppose that H is a graph on [n] and e = {i, j} is an edge of

H. By setting f. = fij, the following inequalities are satisfied:

i) reg(Jm) < max{reg(Ju—),reg((Ju—c: fe)) + 1}
ii) reg(Jp—.) < max{reg(Jg),reg((Ju—_e : fe)) +2};
iii) reg((Jy—e : fo)) + 2 < max{reg(Jy_.),reg(Jy) + 1}.

Proof : Let us consider the exact sequence

F:0— S/(Jy_e: f)(=2) —25 S/ Ty 25 8Ty — 0 (4.39)

where (g + (Ju—c : fe)) = 9fe + Ju-c and o(g + Ju—c) = g+ Ju forany g € S.

Clearly, ¢ and p have degree 0. Then, the desired inequalities follow from Proposition

2.17)and the equation veg((Jy—c : fe)(—2)) = reg((Ju—c : fe)) + 2.
Theorem 4.6: [26] Suppose that G is a graph on [n] and e = {i, j} ¢ E(G). Then,
(Jo: fo)=Ja. + {gpe : P :iyiy, ... is,jisapathin Gand 0 <t < s}) (4.40)

where gpy = Vi, - .- Yi, Tiyy - - - Ty, foreacht =0,1,. .., s.
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Definition 4.4: [l6]] Suppose that G is a graph on [n]. For any v € V(G), we define
ag(v) = (de§”) —|E(G[N(v)])|- Also, we set a(W) = min{ag(v) : v € V(G)\W}
forany W C [n].

degv

Note that if degv = 0 or degv = 1, then we assume ( 5

) = 0. Also, we can
say that ai(v) = 0 if and only if v is a simplicial vertex of G. Similarly, ag(W) = 0

if and only if there exists v € V(G) \ W such that v is a simplicial vertex in G.

Theorem 4.7: [6] Suppose that G is a connected graph on [n|. Then,

reg(S/Jg) < n—dimA(G) (4.41)

where A(G) is the clique complex of G.

Proof : To prove this theorem, we will apply double induction. We will show that the

inequality

reg(Jg) <n— [W|+2 (4.42)

is provided for all W € A(G). We can prove that inequality is provided by
using induction onn — |W|. Clearly, if n — |W| = 0, then n = |W| and G is complete
graph on [n]. Then, Theorem{.3|implies reg(.Jc) = 2 and hence, inequality is
satisfied. Let us assume n — |W| > 0.

Now, we will work with induction on ag(W). If ag(W) = 0, then V(G) \ W
has a simplicial vertex v in G.

If degv = 1, v has only one neighbour v' in G. Let us call e = {v,v'} € E(G).
Then, v is an isolated vertex in G — e and reg(Jg_.) = reg(JiG—e)—v). Here, we
observe reg(JG-e)—v) < (n—1) = |W|+2 = n —|W|+1 from induction hypothesis.

Hence, we have

reg(Jo—e) <n— |W|+1. (4.43)

Also, Theorem allows us to write (Jo—c : fo) = JiG—e). since there is no path

between v and v' in G — e. As v is an isolated vertex in (G — e)., we can write
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reg((Ja—e : fe)) = reg(Jig-e).) = reg(J(G-e).—v). Then, induction hypothesis implies
reg(Jig—e).—v) < n — |W|+ 1. So, we have

reg((Jo—e : fe)) <n— W[+ 1. (4.44)

Then, inequalities (#.43) and (#.44) implies reg(Jg) < n — |W|+ 2 from i) of Propo-
sition 4.6l

If degv > 2, we claim that the inequality

reg((Jo—e: fe)) <n—|W|+1 (4.45)

is provided for any edge e whose endpoint is v. Let v, . . ., v; be all neighbours of v in
G and let e; = {v,v;} foreachi =1, ... t. Letus call e = e; = {v,v;}. Since v isa
simplicial vertex, P; : v,v;, vy is a path between v and v, for eacht1 =1,...,t — 1 and
every path between v and v, must pass through at least one of the v;’s. Hence, we can
write (Ja—c : fe) = Jig—e). + (Tors Yors -+ s Ty Yo,y ) from Theorem Hence,
we observe (Jg—c : fo) = JiG—e)e—{v1,via} T+ @visYors -3 To,_ys Yo, ). Here, v
is an isolated vertex in the graph (G — €). — {v1,...,v_1}. Thus, we must have
(Jo—e : fo) = JG-e)e—fvvr,vir} + (ToysYoys ooy Tup_ iy Yo,y ). Clearly, the graph
(G —e)e —{v,v1,...,v_1} has n — t vertices and the set W \ {v,vq,...,v,_1} may
have at least |W|— (t — 1) elements because of v ¢ W. Proposition2.22|and induction

hypothesis allows us to write

reg((Ja—c : fe)) = reg(J(G—-c)e—fv,01,00-1}) (4.46)
<(n—t)— W\ {v,v1,..., 01} +2 (4.47)
<(n—t)—(W]—-t+1)+2 (4.48)
—n— W]+ 1. (4.49)

Hence, the inequality ({#.43)) is provided.
Ifwe apply i) of Propositionand the inequality to the graph G, we can

write
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reg(Jo) < max{reg(Jg_e,),n — |W| + 2}. (4.50)
By using similar argument for the graphs G — ey, G —{ey,e2},..., G—{e1, ..., e; o},
we can write the equations

reg(Ja—e,) < max{reg(Ja_fe, e0}),n — |W|+2} (4.51)
reg(Jo—{eres}) < max{reg(Jo_{e,eses})s — |W|+ 2} (4.52)
reg(Ja—fer,.er0}) < max{reg(Ja_{e,,...e;13)sm — |W|+ 2} (4.53)

The inequalities (.50), (#.51), (#352),. . ., (#-53) allow us to write
reg(Jo) < max{reg(Jao_fe,, .er_1}), 7 — |W/| + 2}. (4.54)
Obviously, v has only one neighbour in G — {ey,...,e;_1}. Hence, we can write

reg(Ja—{er,..er13) < n— |W|+2 as in case of deg v = 1. From inequality (#.54), we

deduce reg(Jg) <n — |W|+ 2.

Now, let ag(W) > 0. Then, no element of V(G) \ W is simplicial in G. Let us

choose a vertex v in V(G) \ W satisfying ag(v) = ag(W). As v is not a simplicial

vertex, there exist v1,vy € N(v) such that {vi,v2} ¢ E(G). Let us call e = {vy,v2}

and consider the graph G U e. Then,

degv

acult) = (“5") - IB(G U @)

_ (dGQg “) ~|BGIN@)])| -1

= ag(v) — 1.

So, ague(W) < ague(v) < ag(W) and induction hypothesis implies

reg(Jaue) < n — |[W|+ 2.

(4.55)

(4.56)

(4.57)

(4.58)
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Apart from these, we can write

(Jo: fe) = Ja. + ({gps : P is a path from vy to vy in G}) (4.59)

from Theorem[.6| Clearly, ({gp, : P is a path from v, to v5 in G}) contains the vari-

ables x, and y, because P’ : vy, v,vq is a path in G. Hence, we observe

(Ja : fe) = JG=v). + {gps : Pis a path from vy to vy in G — v}) + (24, Y,) (4.60)

and if we choose H = G — v in Theorem .6} we see

(Jo—v : fo) = Jig—v). + ({gps : P is a path from vy to vy in G — v}). (4.61)

Equations (#.60), ({.61) and Proposition[2.22] give

reg(Jg : fe) =reg(Ja_y : fe) (4.62)

Note that induction hypothesis implies

reg(Ja_y) < (n—1)— [W|+2=n—|W|+1 (4.63)

and

reg(Jig—vue) < (n—1) = |[W[+2=n—|W|+ 1. (4.64)

If we choose H = (G — v) U e in iii) of Proposition 4.6} we find

reg(Jg_v: fo)+2<n—|W|+2 (4.65)
because of equations (#.63) and {.64). Also, equations {.62) and [{.63)) give
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reg(Jg : fe) <n—|W]. (4.66)

Finally, if we choose H = G U e in ii) of Proposition then inequalities (@) and
imply reg(Jg) < n — |W|+ 2.

Corollary 4.3: [6] Suppose that G is a graph on [n] and G1,Gs, ..., Gy are the con-

nected components of G. Then,

reg(S/Jg) <n—dimA(Gy) —dim A(Gg) — -+ - — dim A(Gy). (4.67)

Proof : Suppose that S; is the polynomial ring over K whose the indeterminates are
the elements of the set {z;,y; : j € V(G;)} and suppose |V (G;)| = n; for each

1=1,2,...,t. We can write

S/JG%'Sl/JGI RK SQ/JG2 Q- QK St/JGto (4.68)

from Proposition[2.12] Then, Theorem{.7allows us to write

reg(S/Jg) = reg(51/Je,) +reg(S2/Ja,) + - - +reg(Si/ Ja,) (4.69)
< (n1 = dim A(GY)) + (ng — dim A(Ga)) + - - + (ny — dim A(G,))
(4.70)
— (4 g+ 4 1) — dim A(Gy) — dim A(G) — - - - — dim A(Gy)
4.71)
— o~ dimA(G) — dim A(Ga) — - - — dim A(Gy) 4.72)

Theorem 4.8: [7] Let G be a graph on |n|. Then, reg(S/Jc) < r where 1 is the

number of maximal cliques of G.
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5. CONCLUSION

In this thesis, we studied the algebraic and homological properties of binomial
edge ideals through several articles in the literature. In Chapter 3, we have given the
combinatorial properties of closed graphs, which have an important place for binomial
edge ideals. Then, we examined when a binomial edge ideal has a quadratic Grébner
basis and gave a method for calculating the reduced Grobner basis of Ji for any graph
G. Also, we presented the algebraic properties of J; and determined its minimal
prime ideals. In the next chapter, we investigated the properties provided by the graded
Betti numbers and regularity of binomial edge ideals. Then, we gave lower and upper
bounds for the regularity of S/Jg, that is, [ < reg(S/Jg) < n — 1 where [ is the
longest induced path in . In addition, we gave necessary and sufficient conditions
for binomial edge ideals to have linear or pure resolutions. Moreover, we showed that
n — dim A(G) is an upper bound for reg(S/J), and we mentioned that the number
of maximal cliques of G is another upper bound. To sum up, this thesis has gathered
a lot of background information that would be of use to those who are interested in
binomial edge ideals. In the future, minimal graded free resolutions and regularities of
binomial edge ideals corresponding to some special graph classes can be researched

such as trees, complements of cycles and regular graphs.
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