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SUMMARY

Independence and domination are two related graph theory concepts, which
have many applications in computer science. In this thesis, we are mainly interested
in independence and domination related problems. In particular, this thesis covers
two topics: almost well-dominated graphs and paired domination. We introduce
almost well-dominated graphs as graphs with only two different sizes of minimal
dominating sets, where the difference between these two sizes is one. We obtain a
complete structural characterization for almost well-dominated graphs without
induced cycles of sizes 3, 4, 5, and 7. Next, we proceed with almost well-dominated
bipartite graphs. We initially establish an upper bound for the order of bipartite
graphs with domination gap k, where k > 1, and minimum degree at least two. We
then give a complete structural characterization of almost well-dominated bipartite
graphs with minimum degree at least two.

Paired domination is another topic of interest in this thesis. We particularly
focus on two graph parameters: upper domination number, which is denoted by
I'(G), and upper paired domination number, which is denoted by I,.(G). We specify
the relationship between these two parameters by proving that I,,.(¢) < 2I'(G) for

any graph G. As a first step, we determine the structure of bipartite and unicyclic

graphs with I5,.(G) = 2I'(G) by characterizing such graphs. Next, we obtain two
other characterization results: one for graphs with I,,.(¢) = 2I'(G) and girth at least

6 and the other for triangle-free cactus graphs with I,,.(G) = 2I'(G).

Key Words: Independence, Domination, Almost well-dominated graphs, Paired

domination, Upper domination number, Upper paired domination number.



OZET

Baskinlik ve bagimsizlik, ¢izge kuramimin bilgisayar bilimlerinde birgok
uygulamasi bulunan iki iligkili kavramidir. Bu tezde genel olarak baskinlik ve
bagimsizlikla ilgili problemleri ele aliyoruz. Bu baglamda, neredeyse iyi
baskinlanmis ¢izgeler ve esli baskinlik konularini 6zel olarak ele aldik. Neredeyse
lyi-baskinlanmis ¢izgeleri minimal baskin kiimelerinin biiyiikliiklerinin sadece iki
farkli deger alabildigi ve en biiyiik ile en kiigiik arasindaki farkin bir oldugu ¢izgeler
olarak tanimliyoruz. Bu tezde 3, 4, 5, ve 7 boyunda endiiklenmis dongtler icermeyen
neredyse iyi-baskinlanmis gizgeler icin yapisal bir karakterizasyon sunuyoruz. Daha
sonra iki parcali neredeyse iyi-baskinlanmis ¢izgelerle devam edip ilk once k > 1
olmak iizere baskinlik farki k ve minimum derecesi en az iki olan iki pargal
neredeyse iyi-baskinlanmis ¢izgelerin diigiim sayisi igin bir ist siir buluyoruz.
Ayrica, minimum derecesi iki olan iki-parcali neredyse iyi-baskinlanmis gizgeler i¢in
bir yapisal karakterizasyon elde ediyoruz.

Bu tez kapsaminda ilgilendigimiz bir diger konu ise esli baskinliktir. Bu
baglamda 6zellikle I'(G) ile gosterilen {ist baskinlik sayis1 ve I,,.(G) ile simgelenen
iist esli baskinlik sayis1 olarak ifade edilen iki ¢izge parametresini ele aliyoruz. Sozii
gecen iki gizge parametresi arasinda her G ¢izgesi icin I5,,.(G) < 2I'(G) seklinde bir
iliski oldugunu ispathyoruz. Baslangigta, I,.(G) = 2I'(G) Ozelligine sahip iki
parcali ve tek dongiilii ¢izgeleri karakterize ederek bu tlir cizgelerin yapilarini
belirliyoruz. Ek olarak, I5,,.(G) = 2I'(G) &zelligine sahip cizgelerle ilgili baska
karakterizasyon sonuglar: sunuyoruz. Bu sonuglar I5,,.(G) = 2I'(G) &zelligine sahip
beli en az 6 olan cizgeler ve I5,.(G) = 2I'(G) Ozelligine sahip Uggensiz kaktiis

cizgelerinin karakterizasyonlarini icermektedir.

Anahtar Kelimeler: Baskinhk, Bagimsizlik, Neredeyse iyi baskinlanmis ¢izgeler,

Esli baskinlik, Ust baskinlik sayisi, Ust esli baskinlik sayis.
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1. INTRODUCTION

Graph theory is a branch of mathematics that studies graphs, which are
structures used for modeling the relationship between objects. In this regard, a graph
is composed of vertices (objects) and edges (relationships) that connect some pairs of
vertices. In computer science, graphs are used to represent communication networks,
computer hardware design, resource allocation in operating systems, and social
media-related concepts.

The concept of independence is used for a group of objects no two of which
have a relationship with each other. An independent set in a graph is a set of pair-
wise non-adjacent vertices. The problem of finding an independent set of maximum
size, a.k.a. the maximum independent set problem, is one of the oldest problems in
graph theory. This problem arises in a variety of fields such as scheduling, time
allotment, and coding theory. The maximum independent set problem can be further
explained with an example regarding scheduling as follows: given a set of jobs that
has to be executed on a computer, the objective is to find a maximum set of jobs that
can be executed without interference between any two jobs. The jobs can be
represented by vertices and the interference between them by edges in a graph. Then
the objective corresponds to finding the largest set of non-adjacent vertices (non-
conflicting jobs) in the graph.

An independent set which is not properly contained in another one is called a
maximal independent set. A maximal independent set of the largest size in a graph G
is called a maximum independent set, and its cardinality is called the independence
number of G. While a maximal independent set can be easily found by a greedy
algorithm in a general graph, the problem of finding maximum independent set has
been proved to be NP-complete [1]. However, if all maximal independent sets of a
graph have the same size, that is, if every maximal independent set is a maximum
independent set, then the maximum independent set can be found in polynomial
time. Graphs having such property were first termed as well-covered graphs by
Plummer [2].

Many results have been found regarding well-coveredness property since the
concept was first introduced. Particularly, the survey paper by Plummer [3] has

provided a comprehensive investigation of the class of well-covered graphs. In



addition, in terms of computational complexity, Chavatal et al. [4] have shown that it
iIs NP-complete to determine whether a given graph is not well-covered; hence, the
problem of determining whether a given graph is well-covered is co-NP-complete.

Another concept of interest in this thesis is domination in graphs. A dominating
set in a graph G is a set S of vertices of G such that every vertex of G is either in S or
Is adjacent to a vertex in S. From an application perspective, domination concept can
be redefined in the following way. Suppose that there exist a number of objects
(customers) each with a certain location. Domination is about selecting minimum
number of locations to put facilities to serve all customers.

A dominating set is minimal if it does not contain another dominating set. A
minimal dominating set of the minimum size is a minimum dominating set. The
cardinality of a minimum dominating set is referred to as domination number and
denoted by y(G), whereas the maximum cardinality of a minimal dominating set is
called the upper domination number and denoted by I'(G). Furthermore, the
domination gap of a graph G, which is denoted by p,(G), is the difference between
rG) and y(G).

Domination is in close connection with independence concept since every
maximal independent set in a graph is a minimal dominating set. It is NP-complete to
determine the domination number of a general graph [1]. Finbow et al. [5] introduced
the concept of well-dominated graphs whose minimal dominating sets have the same
cardinality. It is easy to see that the domination number can be found polynomially
for well-dominated graphs. In addition, Finbow et al. [5] have shown that every well-
dominated graph is a well-covered graph, which implies that well-dominated graphs
are a subclass of well-covered graphs. Well-dominated graphs were further detailed
in a book by Hynes et al. [6]. From a computational point of view, Ananchuen et
al. [7] showed that the complexity of determining whether a given graph is well-
dominated is not known.

There exist several variants of domination concept in the literature. Paired
domination is one of these variants, which we inspect in this thesis. Note that a
matching M in a graph G is a set of pairwise non-adjacent edges. Furthermore, if a
matching M matches all vertices of a graph G, we call M a perfect matching. A
paired dominating set (PDS) of a graph G is a dominating set D of G with the
additional property that the subgraph induced by D has a perfect matching. In the



context of the customers-facilities example, paired domination can simply be
explained as a type of domination with an additional constraint that each facility
serving the customers has a unique backup. The paired domination number of a
graph G, denoted by ,,.(G), is the minimum cardinality of a PDS in G. In addition,
the upper paired domination number of a graph G, denoted by I,,.(G), is the
maximum cardinality of a minimal PDS in G.

In this thesis, we will mainly deal with independence and domination-related
topics with focus on well-covered graphs, well-dominated graphs, and paired
domination. The remainder of this thesis is organized as follows:

In Chapter 1, after explaining graph-theoretic definitions and notations, we
provide a comprehensive review of the known results in the literature regarding well-
covered graphs, well-dominated graphs, and paired domination.

In Chapter 2, we study the graphs whose domination gap is one. Inspired by the
work of Ekim et al. [8], which call the graphs with independence gap one almost
well-covered graphs, we term the graphs with domination gap one almost well-
dominated graphs. The most related work in the literature to our study in this chapter
is due to Finbow et al. [5], whose results have implications for almost well-
dominated graphs with girth at least 8. In this chapter we extend the results of
Finbow et al. [5] to almost well-dominated graphs without induced cycles of sizes
3,4,5, and 7 by giving a complete structural characterization for such graphs.

In Chapter 3, we investigate almost well-dominated bipartite graphs. The first
result of our study in this chapter provides an upper bound for the cardinality of
bipartite graphs with domination gap k, where k > 1, and minimum degree at least
two, that is, we prove that |V(G)| < 10k. This result implies that an almost well-
dominated bipartite graph (k = 1) with minimum degree at least two has at most 10
vertices. Another main result of this chapter is a complete structural characterization
of almost well-dominated bipartite graphs with minimum degree at least two. While
a 4-cycle is the only well-dominated bipartite graph with minimum degree at least
two due to Finbow et al. in [5], our results in this thesis show that there exist exactly
31 almost well-dominated bipartite graphs with minimum degree at least two.

Chapter 4 covers our study regarding paired domination with focus on two
graph parameters: upper paired domination number and upper domination number.

Our first result determines the relationship between these two parameters, that is, we



show that I5,,.(G) < 2I'(G) for any graph G. In addition, this chapter includes an
analysis of the graphs which hold the property I5,.(G) = 2I'(G). In particular, by
using the results of [9], we characterize two special graph classes: bipartite and
unicyclic graphs with I,,.(G) = 2I'(G). Next, we address the graphs with I,,.(G) =
2I'(G) from a restricted girth perspective. Our major result here includes two
characterizations: graphs with I,,.(¢) = 2I'(G) and girth at least 6, and C;-free
cactus graphs with I,,.(G) = 2I'(G). We conclude our study in this chapter by
leaving the characterization of the general case of C;-free graphs with I,,.(G) =
2T’ (G) as an open question.

Chapter 5 concludes the thesis by providing a summary of the main results

obtained throughout this thesis together with a discussion for possible future work.



2. LITERATURE RESEARCH

In this chapter, we first give definitions of some basic graph-theoretical terms
which we frequently use in this thesis. In addition, further definitions will be
provided wherever required throughout the thesis and the reader is referred to [10]
for the terms whose definitions are not included in this thesis. We then review the
available research works in the literature and compare the most related ones with our

work.

2.1. Preliminaries

A graph G is an ordered pair (V(G),E(G)), where V(G) is the set of vertices
and E(G) is the set of edges each connecting a pair of vertices. An undirected graph
IS a graph whose edges have no orientation. An edge with identical endpoint vertices
is called loop and edges having same endpoint vertices are named multiple edges.
Throughout this thesis, G is a simple graph, that is, a finite, undirected, and loopless
graph without multiple edges.

We abbreviate an edge {u,v} between two vertices u and v as uv. An edge uv
connecting two vertices u and v is said to be incident to u and v. If there exists an
edge uv between the vertices u and v, we say that u and v are adjacent. The
neighborhood of a vertex v, denoted by N (v), is the set of all vertices adjacent to the
vertex v. In addition, the closed neighborhood of a vertex v, denoted by N[v], is the
set N(v) U {v}.

The degree of a vertex v is the number of vertices adjacent to v, that is, |N(v)].
By 6(G) (resp. A(G)), we denote the minimum (resp. maximum) degree of G, that is,
the degree of the vertex with the smallest (resp. greatest) degree in G. A vertex of
degree zero in G is referred as an isolated vertex of G whereas a vertex of degree one
in G is called a pendant vertex (or a leaf) of G.

If all vertices of a graph are pairwise adjacent, it is called a complete graph. A
complete graph on n vertices is denoted by K,,. A path P in a graph is a sequence of
edges which connect a sequence of distinct vertices. A cycle is a sequence of
consecutively adjacent vertices starting and ending at the same vertex with no

repetitions of vertices and edges. We denote a path on n vertices by P, and we use C,



for a cycle on n vertices. The girth of a graph G is the length of a shortest cycle in G.
A graph G is said to be connected if any pair of vertices u and v in G can be joined
by a path in G; otherwise, G is said to be disconnected. If a graph does not contain
any cycles, then it is said to be acyclic. A tree is defined as a connected acyclic
graph.

A subgraph of a graph G = (V(G), E(G)) is a graph H such that V(H) € V(G)
and E(H) € E(G). Furthermore, a subgraph of G induced by a set S € V(G),
denoted by G[S], is a graph H such that V(H) =S and E(H) = {uv € E(G):u,v €
S}

A set I of vertices in a graph G is said to be an independent set if no two
vertices in I are adjacent. An independent set which is not properly contained in
another one is called a maximal independent set. A maximal independent set of the
largest size in a graph G is called a maximum independent set whose size is the
independence number of G denoted by a(G). On the other hand, by i(G), we denote
the cardinality of a minimum maximal independent set. The difference between a(G)
and i(G) is referred as the independence gap of G.

A dominating set in a graph G is a set S of vertices of G such that every vertex
of G is either in S or has a neighbor in S. A dominating set is minimal if it does not
contain another dominating set. A minimal dominating set of the minimum size is
called a minimum dominating set. While the cardinality of the minimum dominating
set is referred to as domination number denoted by y(G), the cardinality of a
maximum minimal dominating set is called upper domination number denoted by
I'(G). The domination gap of a graph G is the difference between I'(G) and y(G).

Since every maximal independent set is a minimal dominating set, mentioned
graph parameters are related by the following inequalities (domination chain). For

any graph G we have:

¥(6) <i(6) < a(G) <T'(G) 2.1)

A graph is said to be well-covered if all its maximal independent sets have the
same cardinality, i.e., i(G) = a(G). Similarly, a graph is defined to be well-

dominated if all its minimal dominating sets have the same size, i.e., y(G) = I'(G).



Notice that y(G) = I'(G) vyields i(G) = a(G), which in turn implies that a well-

dominated graph is a well-covered one, as well.

2.2. Related work

In this section, we give an overview of related work in the literature with an
emphasis on the research works about well-covered graphs, well-dominated graphs,
and paired domination.

2.2.1. Well-covered and well-dominated graphs

The concept of well-coveredness was first introduced by Plummer [2] from
vertex cover perspective. From this perspective, a graph is said to be well-covered if
every minimal vertex cover is a minimum vertex cover. The fact that a vertex cover
is the complement of an independent set implies that in a well-covered graph, all
maximal independent sets have the same cardinality. Throughout this thesis, we
consider the definition of well-covered graphs from independent set viewpoint.

While finding the independence number of a well-covered graph is easy, the
determination of the independence number of a general graph is in the class of NP-
complete problems [1]. Then it would be natural to ask the following question: Is it
NP-complete to determine whether a given graph is well-covered? Although there
exist many results regarding well-coveredness property in the literature, this question
remains unanswered. What is known so far is that Chvatal et al.[4] and
Sankaranarayana et al. [11] have independently shown that determining whether a
general graph G is not well-covered is an NP-complete problem, hence the problem
of determining well-coveredness for a graph falls into the class of co-NP-complete
problems.

It seems that giving a complete characterization of well-covered graphs is a
difficult problem since no structural characterization has been given for well-covered
graphs so far in the literature. This fact has led the researchers to investigate certain
subclasses of well-covered graphs. Campbell [12] characterized all cubic well-
covered graphs with connectivity at most two. Plummer [13] showed that 3-
connected cubic planar well-covered graphs contain only four graphs. Later, Royle
and Ellingham [14] characterized all cubic well-covered graphs. Prisner et al. [15]



characterized well-covered simplicial, chordal, and circular arc graphs. Randerath
and Volkmann [16] characterized well-covered block-cactus graphs.

Ravindra in[17] characterized bipartite well-covered graphs. Ravindra’s
characterization implies a polynomial-time recognition algorithm for bipartite well-
covered graphs. Moreover, there exist other examples in the literature where
checking well-coveredness property can be done in polynomial time for certain graph
classes. When restricted to line graphs, Lesk et al. [18] showed that there exists a
polynomial-time algorithm for checking well-coveredness using the fact that the line-
graph of a graph G is well-covered if and only if G is equimatchable. Later, Tarsi and
Tankus [19] came up with a stronger result showing that there is a polynomial-time
algorithm for checking well-coveredness property for claw-free graphs which is a
larger graph family including line graphs.

In the literature, it is observed that a number of special families of well-covered
graphs have been defined and studied by researchers since the concept of well-
coveredness was first introduced. It is known that the independence number is
bounded by half the graph order in a graph with no isolated vertices. A well-covered
graph whose independence number is exactly half the graph order is referred to as
very well-covered graph. Staples [20] and Ravindra [17] independently characterized
bipartite very well-covered graphs. Later, Favaron in [21] gave a characterization for
very well-covered graphs and showed some of their properties. Sankarayana et
al. [11] studied very well-covered graphs from an algorithmic viewpoint by focusing
on a number of problems which are NP-complete for general graphs. They showed
that a number of problems which are NP-complete for well-covered graphs have
polynomial time solutions in very well-covered graphs. Table 2.1 shows some of

their results.

On the other hand, there exist other subclasses of well-covered graphs defined
based on vertex/edge removal. Staples [20] defined W, well-covered graphs as
follows:

Definition 2.1: Let n be a positive integer. A graph G belongs to class W, if
|[V(G)| = n and every n disjoint independent sets in G are contained in n disjoint

maximum independent sets.



Table 2.1: Complexity results for well-covered and very well-covered graphs.

Problem well-covered very well-covered
Independent set P P
Vertex cover P P
Dominating set NP-c P
Independent dominating set P P
Dominating cycle NP-c NP-c
Hamiltonian cycle NP-c P
Hamiltonian path NP-c NP-c
Clique NP-c NP-c
Clique partition NP-c P
Chromatic number NP-c NP-c

By this definition, WW; is the class of well-covered graphs and the W, classes

form the following relation:
W, 2W,2W,2...2 W, (2.2)

Staples investigated the properties of W, graphs and gave a characterization for

these graphs stated in Theorem 2.1.:

Theorem 2.1: [20] Let n > 2. Then G € W, ifand only if a(G — v) = a(G) and G —
v € W,_, forall v € V(G).

Taking into account the above theorem, the subclass W,, known also as 1-well-
covered graphs, contains well-covered graphs G such that for every v in G, G — v is
also well-covered and has the same independence number. 1-well-covered graphs
were later studied in detail by Pinter [22]. Pinter determined 1-well-covered planar
regular graphs in [23] and 1-well-covered planar with girth four in [24], and later
extended his work to 1-well-covered graphs of girth four in [25]. Hartnel [26]
addressed 1-well-covered graphs without 4-cycles and provided a characterization
for these graphs. Let F be a graph on 3t vertices such that F has no 4-cycles and
such that the vertices can be partitioned into t subsets each of which includes a 3-

cycle in F (see Figure 2.1). Moreover, at least two of the three vertices on these 3-



cycles are of degree 2 in F. Let F represent the family of all such graphs. Then the

main result of Hartnell’s work is:

Theorem 2.2: [26] Let G be a connected graph without 4-cycles. Then G is 1-well-

covered if and only if it is isomorphic to K,, Cs or a member of the family F.

Figure 2.1: A graph in the family F.

If the removal of any edge from a well-covered graph leaves a graph which is
also well-covered, the graph is called strongly well-covered. For example, the only
complete graphs which are strongly well-covered are K; and K,, the only strongly
well-covered complete bipartite graphs are K; ; and K, ,, and C, is the only strongly
well-covered cycle. Pinter [27] characterized strongly well-covered graphs with
independence number two and showed that a strongly well-covered graph on at least
four vertices is 3-connected and has minimum degree at least four. Furthermore,
Pinter constructed infinite families of strongly well-covered graphs with arbitrarily
large (even) independence number in [22].

The literature about well-covered graphs includes some structural results for
well-covered graphs under restricted girth conditions. Finbow and Hartnell [28]
characterized well-covered graphs with girth at least 8. The main result of their work

is stated in Theorem 2.3.

Theorem 2.3: [28] If G is a graph in which all cycles have size 8 or greater, then G is

well-covered if and only if every interior vertex of G has exactly one leaf.
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Figure 2.2: The graph Tj,.

Finbow et al. in [29] characterized well-covered graphs with girth at least five.
Later, Finbow et al. came up with a stronger result in[30] providing a
characterization for well-covered graphs containing neither 4-nor 5-cycles. Before
stating their main result, we need to mention the following definition. We say that a
graph G is in the family F if there exists {x;, x,..., xx} S V(G) where for each i, x;
is simplicial, |N[x;]| <3 and {N[x]li=12,....,k} is a partition V(G).
Furthermore, a vertex v of a graph G is called a simplicial vertex if any two vertices
of N(v) are adjacent in G. The main result of Finbow et al. in [30] is stated in
Theorem 2.4.

Theorem 2.4: [30] A graph G containing neither 4-cycles nor 5-cycles is well-
covered if and only if G is isomorphic to C, (a 7-cycle), T;, (shown in Figure 2.2) or
GEF.

Note that checking membership of a graph in the family F can be done in
polynomial time [30]; therefore, the characterization in Theorem 2.4 provides a
polynomial-time recognition algorithm as well. For more details on subclasses and
properties of well-covered graphs, the reader is referred to a comprehensive survey
paper by Plummer [3].

Well-dominated graphs are closely connected to well-covered graphs since a
maximal independent set in a graph is a minimal dominating set. In fact, well-
dominated graphs are a subclass of well-covered graphs. Thus, the works related to
well-dominated graphs often contain results about well-coveredness property as well.

Finding a minimum dominating set in a general graph is an NP-complete
problem [1]. However, if the input is restricted to well-dominated graphs, then the

problem has a polynomial-time solution. Finbow et al. [5] introduced for the first
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time the concept of well-dominated graphs. A graph is said to be well-dominated if
all its minimal dominating sets have the same cardinality, i.e., y(G) = I'(G). The
computational complexity of determining whether a given graph is well-dominated is
not known to be in class NP [7]. Like well-covered property, no complete structural
characterization has been given for well-dominated graphs so far in the literature.
The literature about well-dominated graphs mainly contains results for special
subclasses of well-dominated graphs and well-dominated graphs with restricted girth.

Finbow et al. in[31] provide two characterization results: one for well-
dominated graphs of girth at least five and the other for well-dominated bipartite
graphs. Their characterization of well-dominated graphs of girth at least five is
mainly based on the result of their previous research work on well-covered graphs of

girth at least five in [29], whose main result is stated in Theorem 2.5.

Theorem 2.5: [29] Let G be a connected well-covered graph of girth > 5. Then G
belongs to the family PC or G is isomorphic to K, C;, P;o, P13, Q13, OF Py4.

Before explaining the family PC, we need the definition for a basic 5-cycle
(Cs). A 5-cycle in a graph G is called basic if it does not contain two adjacent
vertices of degree three or more in G. A graph G is in the family PC if its vertices
can be partitioned into two subsets: P which contains the vertices incident with the
pendant edges, where in addition the pendant edges form a perfect matching of P; C
which contains the vertices of the basic 5-cycles and the basic 5-cycles form a
partition of C. Moreover, K; is a complete graph on a single vertex, C, is a 7-cycle
and P;,, P;3, Q43, and P, are shown in Figure 2.3. Using the result in Theorem 2.5,
Finbow et al. [31] prove that the graphs in the family PC are well-dominated and
among the other well-covered graphs stated in Theorem 2.5, K,, C;, P;o, and P;, are
well-dominated. The main result of [31] regarding well-dominated graphs of girth at

least 5 is stated in Theorem 2.6.

Theorem 2.6: [31] Let G be a connected well-dominated graph of girth > 5. Then G

isin PC or G is isomorphic to K;, C5, Py, Or Py,.
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Figure 2.3: The graphs P;g, Py3, Qq3, and Py4.

Furthermore, Finbow et al. in [31] showed that a bipartite well-dominated
graph is either in the family P or is a 4-cycle. This characterization implies a
polynomial-time recognition algorithm for bipartite well-dominated graphs as well.
If the input is restricted to the graphs of girth at least 6, the following Corollary is
obtained from Theorem 2.5 which states that under girth at least 6 condition, the

classes of well-covered and well-dominated graphs coincide.

Corollary 2.1: Let G be a graph of girth at least 6. Then G is well-dominated if and
only if G is well-covered.
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Figure 2.4: The graphs G, and G,.

Topp and Volkmann [32] provided characterizations for well-dominated and
well-covered block graphs and unicyclic graphs. Zverovich et al.[33] gave
characterizations for locally well-dominated graphs and locally independent well-
dominated graphs. In addition, they showed that the domination number and the
independent domination number can be computed in polynomial time for a number
of graph classes such as locally well-dominated graphs. King [34] characterized
well-dominated graphs that are 3-connected, planar, and claw-free, and then
extended the results to a characterization of all well-covered graphs with mentioned
properties. Gionet et al. [35] characterized 4-connected, 4-regular, and claw-free
well-dominated graphs.

Building upon the result of Finbow et al. in [30], Levit and Tankus [36] show
that a well-dominated graph containing neither 4-cycles nor 5-cycles can be
recognized in polynomial time. Levit and Tankus gave a stronger result than that in
Corollary 2.1 in the following theorem:

Theorem 2.7: [36] Let G be a graph containing neither C, nor Cs. Then G is well-
dominated if and only if G is well-covered.

In terms of coincidence between well-covered and well-dominated graph
classes, the result stated in Theorem 2.7 is the strongest possible result since the

example graphs G, and G, (Figure 2.4) show that G;, which contains C, but not Cs, is
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a well-covered graph whose independent sets are all of size three; however, it is not
well-dominated since it has minimal dominating sets of sizes two and three. On the
other hand, the graph G, which contains Cg but not C,, is well-covered and all of its
independent sets have size 6; however, it is not well-dominated since it has minimal
dominating sets of sizes 6 and 7.

Thus far, we have reviewed results about well-covered and well-dominated
graphs. These graphs have independence and domination gap equal to zero,
respectively. While well-covered and well-dominated graphs are well-studied topics,
there exist few research works in the literature about the graphs whose independence
and domination gaps are not equal to zero.

Finbow et al. in [37] use the notation M,, to denote the graphs having exactly n
distinct sizes of maximal independent sets. With this notation, M, is the class of
graphs with two distinct sizes of maximal independent sets. Finbow et al. [37] gave a
characterization for the graphs in M, with girth at least 8. Hartnell and Rall [38]
studied the graphs with § > 2 and maximal independent sets with exactly t different
sizes for a positive integer t. The authors provided a characterization for graphs with
t cardinalities of maximal independent sets, minimum degree at least two, and girth
at least 6t — 6. In another research work, Barbosa et al. [39] showed that there exists
a finite number of connected graphs with § > 2, 4 < D, and girth at least 7 that have
maximal independent sets with r distinct sizes forr > 2 and D > 3.

Ekim et al. [8] investigated a subclass of graphs in M, where the difference
between the two distinct sizes of maximal independent sets is one. They used the
term almost well-covered to name these graphs whose independence gap is one.
Ekim et al. [8] characterized a subclass of almost well-covered graphs with girth at
least 6 and further gave an algorithm which recognizes {Cs, C,, Cs, C,}-free almost
well-covered graphs in polynomial time. They left the characterization of the general
case of almost well-covered graphs with girth at least 6 as an open question. The
same authors in another study [40] dealt with the independence gap from algorithmic
and structural perspective with an emphasis on perfect graphs.

In domination side, Dunbar et al. [41] used the notation D,, to denote graphs
with exactly n distinct sizes of minimal dominating sets. With this notation, D, is the
class of graphs having minimal dominating sets with exactly two different sizes.

Dunbar et al. in [41] characterized a subclass of bipartite graphs in D, having a
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vertex adjacent to more than one leaf. In this thesis, we study a subclass of graphs in
D, where the difference between the two sizes of minimal domination sets is one.
We call such graphs almost well-dominated graphs.

When restricted to girth at least 8, almost well-dominated graphs are a subclass
of M, graphs defined by Finbow et al. [37]. Thus, the results in [37] have
implications for almost well-dominated graphs with girth at least 8. Chapter 2 of
thesis is devoted for our study on almost well-dominated graphs with restricted girth.
In this study, we improve the results of Finbow et al. [37] by providing a complete
structural characterization for (Cs,C,4, Cs, C;)-free almost well-dominated graphs.
Besides, almost well-dominated graphs are a subclass of almost well-covered graphs
when restricted to girth at least 6. Hence by characterization of (Cs, C4, Cs, C,)-free
almost well-dominated graphs, we respond in part to the open question posed by
Ekim et al. in [8].

There exists a result due to Finbow et al. [5] in the literature that shows that
when restricted to domination gap zero and minimum degree at least two, there exists
a single bipartite graph, that is, a 4-cycle. In our study on almost well-dominated
bipartite graphs in Chapter 3, we have extended the result of Finbow et al. [5] to
include the case of domination gap one by showing that there exist precisely 31
almost well-dominated bipartite graphs with minimum degree at least two.

2.3. Paired domination

Paired domination is a well-studied subject in the literature. A number of
research works in the literature study paired domination number in special graph
classes such as trees [42], claw-free cubic graphs [43], and generalized claw-free
graphs [44]. Another group of research works provides upper bounds for paired
domination number such as Hynes an Slater [45] whose result is stated in Theorem
2.8.

Theorem 2.8: [45] Let G be a connected graph of order n > 3, then y,,,.(G) <n — 1.

In terms of characterization results, Hynes and Slater in [45] provide
characterizations for graphs with y,,.(G) =n and y,,(G) = n —1 where n is the

graph order. Ulatowski [46] extends these results by giving a characterization for
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graphs with y,,(G) = n — 2. Furthermore, there are several research works in the
literature that deal with the relationship between paired domination number and
different domination types such as total domination number e.g., [47][48].

In this thesis, we pay much more attention to the concept of upper paired
domination which is a gap in the literature on paired domination. Hening et al. in
[49] approach the concept of upper paired domination from an algorithmic point of
view. Note that the authors define Upper-PDS as the problem of finding a I',-set in a
graph G. One result in [49] shows that the decision version of Upper-PDS problem is
NP-complete for general graphs. The authors further show that Upper-PDS has a
polynomial-time solution for some special graph classes such as chain graphs,
threshold graphs, and proper interval graphs.

There are few research works in the literature putting forward structural results
about upper paired domination. Dorbec et al. in [50] investigated the relationship
between the upper paired domination number and the upper total domination number

of a graph. Their result is stated in Theorem 2.9.

Theorem 2.9: [50] Let G be a graph with no isolated vertex. Then I} > 1/2(Fpr +
2).

In the same research work, the authors provide a characterization for the trees
satisfying the equality in Theorem 2.9. Dorbec et al. in [51] come up with some

upper bounds for I},.(G) in terms of graph parameters such as minimum degree and

graph order. Theorem 2.10 expresses these upper bounds for I}, (G).

Theorem 2.10: [51] Let G be a connected claw-free graph with order n and

minimum degree §. Then

dn/5 ifd=landn = 3
L, (G) <{3n/4 ifé6=2andn= 6 (2.3)
2n/3 ifd =3

The most interesting work in the literature is due to Ulatowski [9]. Ulatowski

gives two characterization results: one for graphs with I, =n and the other for

graphs with I, = n — 1. We mention these results in Theorems 2.11 and 2.12.
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Theorem 2.11: [9] For a graph G of order n, I,, = n if and only if G is isomorphic

to mK,.

Note that mK, is a graph composed of m > 1 disjoint K,. The result in
Theorem 2.11 implies that K, is the only connected graph whose upper paired
domination number is equal to its order. Before mentioning the next reult of

Ulatowski in Theorem 2.12, we need to define two notations. The graph K7 ., which
is called a subdivided star, is obtained from a star K, , by subdividing every edge
once. If we attach 4 triangles to the central vertex of a K7 ., then we obtain the graph

family K74 for 4 > 0.

Theorem 2.12: [9] Let G be a connected graph of order n = 3. Then I,, = n — 1 if
and only if G € {C, Cs, K11}

In our study on paired domination, which is included in Chapter 4, we use the

result in Theorem 2.11 for characterization of bipartite graphs with I,.(G) = 2I'(G)
and that in Theorem 2.12 for characterization of unicyclic graphs with I,.(G) =

2r(G).
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3. ALMOST WELL-DOMINATED GRAPHS

In this chapter, we investigate almost well-dominated graphs. We start with
providing some results for the general case of almost well-dominated graphs and
then proceed with results for almost well-dominated graphs with restricted girth in
Sections 3.1 and 3.2.

Recall that the domination gap of a graph G, denoted by u,;(G), is defined as
the difference I'(G) — y(G). While well-dominated graphs are those graphs having
domination gap zero, almost well-dominated graphs are the ones having domination
gap one. The result in Lemma 3.1 prompts us to focus on connected graphs for the

remainder of this chapter.

Lemma 3.1. A graph is almost well-dominated if and only if all its components are

well-dominated, except one, which is almost well-dominated.

Proof. Let G be an almost well-dominated graph and let H;, H,,..., H; be the
components of G. By the definition of u,(G), we have uy(G) = XX_, ug (Hy,). Since
G is almost well-dominated, then u;(G) = 1. Thus, the domination gap is one for
only one of the components and it is zero for all the other components. The converse
is easy to verify. O

For a given integer k > 0, a vertex x in graph G is said to be of type-k if it is
adjacent to k leaves. Lemma 3.2 determines the types of vertices that can exist in a

graph with domination gap k.

Lemma 3.2. If u;(G) = k for any k = 0, then every internal vertex of G is adjacent

to at most k + 1 leaves.

Proof. Suppose to the contrary that there exists an internal vertex x with p > k + 2
leaves Iy, [,..., L,. Since the leaves of x are private neighbors of it, there exists a
minimal dominating set D including x. Consider the set D'=D —{x}u
{l1,15,...,1,}. Then, there exists a minimal dominating set D” in G with [D"| >
|ID'| = |D| + p — 1. This implies that u;(G) = k + 1, contradicting the assumption
1a(G) = k. O
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Corollary 3.1 states an implication of Lemma 3.2 for almost well-dominated
graphs.

Corollary 3.1. Let G be an almost well-dominated graph. Then every internal vertex

of G is adjacent to at most 2 leaves.

By Corollary 3.1, the internal vertices of an almost well-dominated graph are
of type-0, type-1, or type-2. In addition, we use the following lemma frequently in

our arguments.
Lemma 3.3. For every independent set I in G, uy(G — N[I]) < ugq(G).

Proof. Let H = G — N[I]. Suppose to the contrary that u;(H) > uy(G). Then there
exist two minimal dominating sets D; and D, in H such that |D,| — |D,| = uq(H).
Clearly, adding I to D, and D, results in two minimal dominating sets D; and D, in
G such that |D{| — |D;| > ugy(G), which is a contradiction. O

An immediate result of Lemma 3.3 for almost well-dominated graphs is stated

in the following corollary.

Corollary 3.2. Let G be an almost well-dominated graph. Then for every independent
set I in G, the graph G — NJI] is either an almost well-dominated or a well-

dominated graph.

Our first result on almost well-dominated graphs is stated in the following
lemma, which provides a basis for our characterization by restricting the number of

vertices of type-2 existing in an almost well-dominated graph.

Lemma 3.4. Let G be an almost well-dominated graph. Then G has at most one

vertex of type-2.

Proof. Suppose to the contrary that G has at least two vertices of type-2, say x and y
with leaves {l;,1,} and {l5,1,}, respectively. Since both of x and y have leaves
(private neighbors), then there exists a minimal dominating set D; containing x and
y. Consider the set D = D; — {x,y}U {l;,1,,15,14}. Then G has another minimal
dominating set D, with |D,| > |D| = |D,| + 2, which implies that u,;(G) = 2, a

contradiction. m|
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Based on the result of Lemma 3.4, we continue our characterization in the

following cases:

¢ almost well-dominated graphs containing a single vertex of type-2

¢ almost well-dominated graphs containing no vertex of type-2

3.1. Almost well-dominated graphs containing a single
vertex of type-2

Our result in this section on almost well-dominated graphs of girth at least 6
with a single vertex of type-2 is stated in Lemma 3.7, which follows from the results

in the following two lemmas.

Lemma 3.5. [41] If G € D, and G has a vertex x adjacent to a set of leaves L', where
|L'| = 2,then G — ({x} U L") must be in D;.

Lemma 3.6. [29] Let G be a connected well-dominated graph of girth at least 6. Then

G belongs to the family 2 or G is isomorphic to K; or C,.

However, before stating the main lemma, we need to define the following

graph family gG;.

Definition 3.1. A graph G with girth at least 6 is in the family G, if it has a single

vertex of type-2 and the rest of the internal vertices, if any, are of type-1.

Lemma 3.7. Let G be a connected graph of girth at least 6 with a single vertex of

type-2. Then G is almost well-dominated if and only if G € G;.

Proof. Let x be a vertex of type-2 in G with two leaves, say {#;,€,}. We first prove
that if G is almost well-dominated, then G € G,. Let G' = G — {x,#,,€,} and note
that G’ might have more than one component. By Lemma 3.5, we have G’ € D,. This
means that every component of G’ is well-dominated. In addition, by Lemma 3.6, the
graphs K;, C,, and the family P are the only possible candidates for the components
of G'. If there exists a component of G’ isomorphic to K;, then denote the single
vertex of K; by y. Then the vertex x is a vertex of type-3 in G, a contradiction by
Lemma 3.2. On the other hand, if there exists a component of G' isomorphic to a

C, = (abcdef g), then due to girth at least 6, x is adjacent to exactly one vertex, say

21



¢, on C,. Consider the independent set I = {a, e}. Then the vertex x is of type-3 in
G — NJI], a contradiction by Lemma 3.2. Now we turn our attention to the case
where a component of G’ belongs to the family . We show that x is adjacent to the
components of G' through the stems of these components. Suppose to the contrary
that x is adjacent to a leaf £ in a component H € P. Let s be the stem of £. The stem
s has at least one neighbor, say u, different from £ since otherwise it would not be a
stem. The vertex u is not adjacent to x since otherwise {x, [, s,u} forms a 4-cycle.
Consider the independent set I = {u}. The vertex x is of type-3 in G — N[I], a
contradiction by Lemma 3.2. Hence, x is adjacent to the components of G’ through
the stems of these components. Thus, G € G;.

In order to prove the converse, assume that G € G; and x is the only vertex of
type-2. Note that from each internal vertex of type-1 and its respective leaf, only one
vertex is included in any minimal dominating set D in G. Further, D includes either x

and hence has cardinality |L;| —1 or D includes the leaves of x and hence has

cardinality |Ls|. Thus, ug(G) = 1. O

3.2. Almost well-dominated graphs containing no vertex of
type-2

In this section we focus on almost well-dominated graphs whose internal

vertices are of type-0 or type-1. Our starting point is the following proposition.

Proposition 3.1. Let G be an almost well-dominated graph. If G does not contain a

vertex of type-2, then it contains a vertex of type-0.

Proof. Suppose to the contrary that there exists no vertex of type-0 in G. Then all

internal vertices in G are of type-1, thus G € P and hence G is well-dominated, a
contradiction. O

Our next result restricts the number of type-0 neighbors of a type-0 vertex in

(C5, C4, Cs, C)-free almost well-dominated graphs.

Lemma 3.7. Let x be a vertex of type-0 in a (Cs,C,, Cs, C,)-free almost well-

dominated graph G. Then x has at most two neighbors of type-0.
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Figure 3.1: Type-0 vertex x with three type-0 neighbors.

Proof. Suppose to the contrary that x has at least three neighbors of type-0, say y, z,
and w in G (see Figure 3.1). Note that x may also have neighbors of type-1 as shown
in Figure 3.1. Let N,(x) and N5(x) denote the vertices at distance 2 and 3 from x,
respectively. Since G is a (Cs,Cs, C,)-free graph, both N,(x) and N;(x) are
independent sets. Let M,(x) be the leaves of type-1 neighbors of x. Note that I =
N5(x) U M,(x) is an independent set in G. Let H = G — N[I]. The graph H has a
vertex x with 3 leaves and hence u,;(H) = 2, a contradiction by Corollary 3.2. O

In the rest of the chapter, a component of the subgraph induced by the vertices
of type-0 is called type-0 component. Lemma 3.7 provides a tool to determine the
structure of type-0 components in a (Cs, C4, Cs, C,)-free almost well-dominated
graph.

Corollary 3.3. Let G be a (C3, C4, Cs, C,)-free almost well-dominated graph with no
vertex of type-2. Then the graph induced by the vertices of type-0 is composed of
components isomorphic to a path P; € {P,, P,, P3, P, Ps, Pg, P;, Pg, P1p} Or a cycle
C; € {Ce, Cg, Co, C19, C11, C13}-

Proof. Note that the graph induced by vertices of type-0 corresponds to G — N[L;]
and by Lemma 3.7, the vertices of G — N[L;] are of degrees 0, 1 or 2. The only
graph classes satisfying this degree restriction are the paths and the cycles. It follows
from Lemma 3.3 that every component of G — N[L;] has domination gap at most 1.
Note that y(B,) = [n/3] and y(C,) = [n/3], whereas I'(B,) = [n/2] and I'(C,) =
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[n/2]. Thus, P,, P, P,, Ps, P, P;, Pg, and Py, are the only paths having domination
gap at most 1. Similarly, Cs, C4, Cs, Cg, C;, Cg, Co, C1, C11, and C;5 are the only cycles
having domination gap at most 1. O

The following lemma shows that a (Cs, C,, Cs, C,)-free almost well-dominated

graph with no vertex of type-2 contains exactly one type-0 component.

Lemma 3.8. Let G be a (Cs, C4, Cs, C;)-free almost well-dominated graph with no

vertex of type-2. Then G has exactly one type-0 component.

Proof. Suppose to the contrary that G has at least two type-0 components and let
Hy, H,,..., H, represent the set of all type-0 components where k > 2. If k > 3,
choose a minimum dominating set S; of H; for 3 <i <k and let S =u¥_, S;. By
Corollary 3.3, a type-0 component in a (Cs, C4, Cs, C;)-free almost well-dominated
graph is either a path P;, where i € {1,2,3,4,5,6,7,8,10} or a cycle C;, where j €
{6,8,9,10,11,13}.

First suppose that both H; and H, are cycles, say H; = Cp,, and H, = Cp,,.
Recall that a cycle C, has a minimal dominating set of size [n/2]. Let Dy, and Dy,
be two minimal dominating sets of sizes |m,/2] and |m,/2] in H; and H,,
respectively. Observe that there exists a minimal dominating set D; in G such that
Dy =L;UDy UDy, US. Then we have |D;|=|Lg|+ |my/2]|+ |m,/2] + S|
Note that the number of vertices of type-1 is equal to the number of leaves in G and
further note that type-0 components have at least one neighbor of type-1. Let L’ be a
set which includes one of the vertices of type-1 adjacent to each of H; and H,, and
the leaves of other vertices of type-1. It is obvious that |[L'| = |L;|. Hence, by taking
the set L', at least one vertex from each of H; and H, is dominated. Furthermore, the
remaining vertices of H; and H,, which induce two paths P, _; and P,,_;, have
minimal dominating sets of sizes [(m, —1)/3] and [(m, — 1)/3], respectively.
Then, there exists a minimal dominating set D, such that |D,| <|Lg|+

[(m; —1)/3]+ [(m, — 1)/3] + |S|. However, 3.1 is a contradiction.

|D;| = |Dz| = [mq/2] = [(my — 1)/3] + Im/2] = [(m, — 1)/3] = 2 3.1)

Next assume that both H, and H, are paths, say H,; = B, and H, = B,,,. Note

that a path B, has minimal dominating sets of sizes [n/2] and [n/3]. Let Dy, and
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Dy, be two minimal dominating sets of sizes [m;/2] and [m,/2] in H; and H,,
respectively. Observe that the set D; = L U Dy, U Dy, U S is a minimal dominating
set of G. Thus, we have |D,| = |Lg| + [my/2] + [m,/2] + |S|. Note that the end
vertices of a type-0 path have at least one neighbor of type-1 in G. Let L' be a set
including the vertices of type-1 adjacent to the end vertices of H; and H, and the
leaves of other vertices of type-1. Hence, by taking the set L', at least the end vertices
of each of H; and H, are dominated. Moreover, the remaining vertices of H; and H,,
which induce two paths P, _, and P, _,, have minimal dominating sets of sizes
[(my —2)/2] and [(m, —2)/2], respectively. Thus, there exists a minimal

dominating set D, such that:

Dl < ol + [ 2 4 [F22 32)

It follows from (3.2) that |D,| < |Lg| + [%] + [%] — 2+ |S|. This in turn

implies that |D;| — |D,| = 2, which is a contradiction.

In the last case, we suppose that one of the components, say Hj, is a cycle Cy, ,
and the other, namely H,, is a path Py,,. Let Dy and Dy, be two minimal dominating
sets of sizes |m, /2| and [m,/2] in H; and H,, respectively. Similarly, the set D; =
Lg U Dy, U Dy, US is a minimal dominating set of G. Thus, we have [D;| = [Lg| +
lm,/2| + [m,/2] + |S|. Notice that H; has at least one neighbor of type-1 and the
end vertices of H, both have neighbors of type-1. Let L' be a set including the
vertices of type-1 adjacent to the type-0 components and the leaves of other vertices
of type-1. Hence, by taking the set L', at least one vertex from H; and two end
vertices of H, are dominated. Therefore, the remaining vertices of H;, which induce
a path Py, _; and the remaining vertices of H,, which induce a path P,,,_, have
minimal dominating sets of sizes [(m; —1)/3] and [(m, — 2)/2], respectively.

Hence, there exists a minimal dominating set D, such that:

Dl < ol + [ [P 3)
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It follows from (3.3) that |D,| < |Lg| + 2| + [mz/2] — 1+ [S]. This

implies that |D;| — |D,| = |m,/2] — [(m; — 1)/3] + 1 = 2, acontradiction. O
From here onwards, we denote the type-0 component of G by G,. Recall that
L denotes the set of leaves in a graph G. We will use the following proposition

frequently in our proofs.

Proposition 3.2. Let G be a graph with no vertex of type-k for k > 2. Then, I'(G) =
|Lg| + I'(Go).

Proof. Let G be a graph with no vertex of type-k for k > 2. Note that the set of
leaves of G together with a maximum minimal dominating set of G, is a minimal
dominating set of size |L;| + I'(Gy) in G. Furthermore, we show that there is no
minimal dominating set of size at least |L;| + I'(Gy) + 1 in G. First notice that any
minimal dominating set of G contains exactly one vertex from each stem-leaf pair
since otherwise it is not minimal. Now consider a dominating set D of size at least
|Lg|l + I'(Gy) + 1 in G. Then D contains either at least I'(G,) + 1 vertices from G,
or at least |L;| + 1 vertices from the stem-leaf pairs. Both cases imply that D is not
minimal. Thus, I'(G) = |Lg| + I'(Gy). O

In what follows, we focus on the cases where G, is isomorphic to one of the
paths or cycles mentioned in Corollary 3.3. Using the previous results and lemmas,
we show that some of these cases yield families of (Cs, C,, Cs, C,)-free almost well-

dominated graphs.
3.2.1. Type-0 component is a path

In this section, we analyze almost well-dominated graphs with a type-0
component isomorphic to a path B,. Recall that a path B, has y(B,) = [n/3] and
I'(B,) = [n/2]. First let G, = P,. We define the graph family G, and then state the

result for this case in Lemma 3.9.

Definition 3.1. A (Cs, C4, Cs, C,)-free graph G is in the family G, if it has a single
vertex of type-O with at least two neighbors of type-1 and the rest of the internal

vertices, if any exist, are of type-1.
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Lemma 3.9. Let G be a (Cs3, Cy, Cs, C;)-free graph without a vertex of type-2. Then G

is almost well-dominated with G, = P; ifand only if G € G,.

Proof. Let G be a (Cs, C,, Cs, C,)-free graph without a vertex of type-2. If G is almost
well-dominated with G, = P,, then G € G, by definition of G,.

To prove the converse, we assume that G € G, and let v be the vertex of type-0
in G. By Proposition 3.2, we have I'(G) = |Lg| + 1. Note further that every minimal
dominating set D includes exactly one vertex from each stem-leaf pair; thus, |D| =
|L¢|. If any stem adjacent to v is included in a minimal dominating set D,, then v &
D; and thus |D;| = |L¢|. On the other hand, if none of the stems adjacent to v are
included in a minimal dominating set D,, then v € D,, and thus |D,| = |Lg| + 1.
Hence, 114(G) = 1. =

Next suppose that G, = P,. In this case we obtain a graph family G5 which is
defined in Definition 3.2.

Definition 3.2. A (Cs3, C4, Cs, C;)-free graph G is in the family G5, if it has one type-0
component H = P, where the end vertices of H have at least one neighbor of type-1

in G and the rest of the internal vertices, if any, are of type-1.

Lemma 3.10. Let G be a (C5, C4, Cs, C;)-free graph without a vertex of type-2. Then G

is almost well-dominated with G, = P, if and only if G € G5.

Proof. Let G be a (C3, C,, Cs, C,)-free graph without a vertex of type-2. If G is almost
well-dominated with G, = P,, then each end vertex of P, has at least one neighbor of
type-1 in G and the rest of the internal vertices (if any) are of type-1. Hence, G € G5.
To prove the converse, let G € G5. Note that every minimal dominating set
includes exactly one vertex from each stem-leaf pair; thus, each minimal dominating
set is of size at least |Lg|. Furthermore, by Proposition 3.2, we have I'(G) = |Lg| +
1. Therefore, it remains to show that G has two minimal dominating sets of sizes |L;]|
and |Lg| + 1. If both stems adjacent to the end vertices of P, are included in a
minimal dominating set, then no vertex from P, can be added to this minimal
dominating set; hence, such a minimal dominating has size |L;|. However, if none of
the stems adjacent to the P, are included in a minimal dominating set, one vertex

from P, can be added to this minimal dominating set, which has size |L;| + 1. Thus,
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G is an almost well-dominated graph since all minimal dominating sets are of size
either |Lg| or |Lg| + 1. O
In the case of G, = P;, we define the graph family G, in Definition 3.3 and

state the result for this case in Lemma 3.11.

Definition 3.3. A (Cs, C4, Cs, C;)-free graph G is in the family G, if it has one type-0
component H = P;, where the end vertices of H have at least one neighbor of type-1
in G, the middle vertex in H has no neighbors of type-1 in G, and the rest of the

internal vertices, if any, are of type-1.

Lemma 3.11. Let G be a (C3, C4, Cs, C;)-free graph without a vertex of type-2. Then G

is almost well-dominated with G, = P; ifand only if G € G,.

Proof. Let G be a (C5, C4, Cs, C;)-free graph without a vertex of type-2. Suppose that
G is almost well-dominated with G, = P; and let P; = [abc]. Since a and c are of
type-0, they have at least one neighbor of type-1. Further, we claim that the middle
vertex of P;, namely b, does not have a neighbor of type-1. Suppose to the contrary
that b has at least one neighbor of type-1. Then, the set of leaves L, together with
{a,c} form a minimal dominating set D, of size |L;| + 2. On the other hand,
consider a minimal dominating set D, which includes the type-1 neighbors of a, b
and c. Such a minimal dominating set includes no vertices from {a, b, c} and is of
size |L¢|. Hence uy(G) = 2, a contradiction. Thus, ¢ has no neighbor of type-1 and
hence G € G,.

To prove the converse, suppose that G € G,. By Proposition 3.2, we have
r'(G) = |L¢g| + 2. Moreover, note that every minimal dominating set in a graph G €
G, includes |Lg| vertices from stem-leaf pairs and either one (the vertex b) or two
vertices (a and c) from P;. Thus, all minimal dominating sets are of size either
|Lg| + 1 or |Lg| + 2 and hence G is an almost well-dominated graph. O

We proceed with the case G, = P,. This case yields another family of almost

well-dominated graphs G defined in Definition 3.4.

Definition 3.4. A (Cs, C4, Cs, C,)-free graph G is in the family G5 if it has one type-0
component H = P, = [abcd] where the end vertices of H, namely a and d have at
least one neighbor of type-1 in G, at least one of the middle vertices of H, say b has

no neighbors of type-1 in G, and the rest of the internal vertices, if any, are of type-1.
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Lemma 3.12. Let G be a (C3, C4, Cs, C;)-free graph without a vertex of type-2. Then G

is almost well-dominated with G, = P, ifand only if G € Gs.

Proof. Let G be a (C5, C4, Cs, C;)-free graph without a vertex of type-2. Suppose that
G is almost well-dominated with G, = P, and let P, = [abcd]. Since the end vertices
a and d are of type-0, they have at least one neighbor of type-1 in G. Furthermore,
we show that since G is almost well-dominated, at least one of the middle vertices,
namely b or ¢, does not have a neighbor of type-1 in G. Suppose to the contrary that
both of b and ¢ have neighbors of type-1 in G. Then the set of leaves L; together
with two vertices from P,, say {a,c}, form a minimal dominating set D; of size
|Lg] + 2 in G. On the other hand, consider a minimal dominating set D, which
includes the type-1 neighbors of a, b, c and d. While such a minimal dominating set
includes no vertices from P,, it includes exactly one vertex from each stem-leaf pair
and has size |Lg|. Thus, us(G) = 2, a contradiction. Therefore, at least one of the
middle vertices of P, has no type-1 neighbors in G. Hence, G € Gs.

For the converse, assume that G € Gs. By Proposition 3.2, we have I'(G) =
|L;| + 2. Moreover, notice that every minimal dominating set in a graph G € G5
includes |Lg| vertices from stem-leaf pairs and either one or two vertices from P,.
Thus, all minimal dominating sets are of size either [L;| + 1 or |L;| + 2 and hence G
is almost well-dominated. O

The last case which we analyze in this section is the case of G, = P,. However,
we first deal with the cases where G, € {Ps, P;, Pg, P;o} and show that in these cases

G is not almost well-dominated.

Lemma 3.13. Let G be a (Cs, C4, Cs, C;)-free graph without a vertex of type-2 and
suppose that the graph induced by the vertices of type-0 in G is isomorphic to a B,

for m € {5,7,8,10}. Then G is not almost well-dominated.

Proof. Let G be a (C5, C4, Cs, C,)-free graph without a vertex of type-2 and let H be
the graph induced by the vertices of type-0 in G. Suppose that H = B,, where m €
{5,7,8,10}. Note that a path on m vertices has two minimal dominating sets of sizes
[m/2] and [m/3]. Consider a minimal dominating set of cardinality [m/2] in H, say
Dy. Then, the set of leaves L. together with Dy form a minimal dominating set D, of

size |Lg| + [m/2] in G. On the other hand, let S be the set of stems in G. Note that
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|S| = |Lg| and S definitely dominates the end vertices of H. Let further H' be the
graph induced by the internal vertices of H. Since H' = P,,,_,, a minimal dominating
set Dy, in H' together with S form a minimal dominating set D, of size at most
|Lg| + [(m —2)/3] in G. For m € {5,7,8,10}, we get |D;| — |D,| = 2, thus G is not
almost well-dominated. O

The case of G, = P, leads to a family of almost well-dominated graphs G
defined in Definition 3.5.

Definition 3.5. A (Cs, C4, Cs, C;)-free graph G is in the family G4 if it has one type-0
component H = Py = [abcdef] where the end vertices of H have at least one
neighbor of type-1 in G, the vertices adjacent to the end vertices of H, namely {b, e},
have no neighbors of type-1 in G, and the rest of the internal vertices, if any, are of
type-1.

Lemma 3.14. Let G be a (C5, C4, Cs, C,)-free graph without a vertex of type-2. Then G

is almost well-dominated with G, = P, if and only if G € G.

Proof. Let G be a (C5, C4, Cs, C;)-free graph without a vertex of type-2. Suppose that
G is almost well-dominated with G, = P, and let P, = [abcdef]. As the end vertices
a and f are of type-0, they have at least one neighbor of type-1 in G. Furthermore, it
IS easy to see that G has two minimal dominating sets D; = L; U {a,c,e} and D, =
L; U {b,e} of sizes |Lg| + 3 and |L¢| + 2, respectively. Thus, in order for G to be
almost well-dominated, the minimal dominating sets of size smaller than |L;| + 2
must be avoided. We show that the vertices b and e have no neighbors of type-1 in
G. Suppose for a contradiction that at least one of b and e, say b, has neighbors of
type-1in G. Then, consider a minimal dominating set D; which includes the vertex d
from Py and the type-1 neighbors of a, b, and f. Such a minimal dominating set
includes exactly one vertex from each stem-leaf pair and the vertex d. Hence, |D;| =
|Lg]l + 1. Thus, puy(G) = 2, a contradiction. Therefore, none of b and e have
neighbors of type-1in G. Thus, G € G,.

To prove the converse, suppose that G € G. By Proposition 3.2, we have
I'(G) = |Lg| + 3. Furthermore, note that every minimal dominating set in a graph

G € G¢ includes |L| vertices from stem-leaf pairs and either two or three vertices
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from Pg. Thus, all minimal dominating sets of G have size either |L;| + 2 or |Lg| +

3. Hence, G is almost well-dominated. m|

3.2.2. Type-0 component is a cycle

In this section we investigate the cases where the type-O component is
isomorphic to a cycle C,, where n € {6,8,9,10,11,13}. Recall that a cycle C, has
y(C,) = [n/3] and I'(C,) = |n/2]. Let us first assume that G, = C,. We will define

the following graph family in order to state our result in Lemma 3.15.

Definition 3.6. A (Cs, C4, Cs, C;)-free graph G is in the family G, if it has one type-0
component H = C, where no three consecutive vertices on H have neighbors of type-

1in G and the rest of the internal vertices, if any, are of type-1.

Lemma 3.15 Let G be a (C3, C4, Cs, C,)-free graph without a vertex of type-2. Then G

is almost well-dominated with G, = Cg ifand only if G € G,.

Proof. Let G be a (C5, C4, Cs, C;)-free graph without a vertex of type-2. Suppose that
G is almost well-dominated with G, = C4. Note that Cg has two minimal dominating
sets of sizes 2 and 3; thus, together with the set L., the graph G has minimal
dominating sets of sizes |L;| + 2 and |Lg| + 3. By Proposition 3.2, we have that
I'(G) = |L¢g| + 3. Now it remains to ensure that the cases which lead to minimal

dominating sets with size at most |L;| + 1 are avoided. These cases are as follows:

o If all vertices of C, are adjacent to stems, then the stems constitute a minimal
dominating set of size |L¢| in G.

o If the vertices of Cy which are not adjacent to stems induce a path P; where i €
{1,2,3}, then one vertex from P; together with the stems form a minimal

dominating set of size |L;| + 1inG.

In order to avoid the above cases, no three consecutive vertices on Cy must
have neighbors of type-1; therefore G € §G.

To prove the converse suppose that G € G,. By Proposition 3.2, we have
I'(G) = |L¢g| + 3. Furthermore, by the definition of G, no three consecutive vertices

on Cg have type-1 neighbors, which implies that all the minimal dominating sets of G
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include at least two vertices from C, and hence of size at least |L;| + 2. Hence, G is
almost well-dominated. O

Next we assume G, = Cg. In Definition 3.7, we define an almost well-

dominated graph family G5 which has a type-0 component isomorphic to Cg.

Definition 3.7. A (C3, C4, Cs, C,)-free graph G is in the family Gg if it has one type-0
component H = Cg = (abcdef gh) where neither two consecutive vertices nor two
vertices at distance 4 (say for example a and e) on H have type-1 neighbors in G,

and the rest of the vertices, if any, are of type-1.

Lemma 3.16. Let G be a (C5, C4, Cs, C,)-free graph without a vertex of type-2. Then G

is almost well-dominated with G, = Cg if and only if G € Gg.

Proof. Let G be a (Cs, Cy, Cs, C;)-free graph without a vertex of type-2. Suppose that
G is almost well-dominated with G, = Cg and let Cg = (abcdefgh). Note that Cg
has two minimal dominating sets of sizes 3 and 4; thus, together with the set L, the
graph G has minimal dominating sets of sizes |L;| + 3 and |L;| + 4. By Proposition
3.2, we have I'(G) = |Lg| + 4. Furthermore, since G is almost well-dominated, the
cases leading to minimal dominating sets of size at most |Lg;| + 2 must be avoided.
The cases which require that at most two vertices from Cg being included in a

minimal dominating set are as follows:

e If the vertices of Cg which are not adjacent to type-1 neighbors induce a
single path B,, where m < 6, then [m/3] vertices from PB,, together with the
stems constitute a minimal dominating set D of size |L;| + [m/3] in G. For
m < 6, we have that [m/3] < 2. Hence, |D| < |L¢| + 2.

e If two vertices of Cg with distance 4, say a and e, have neighbors of type-1,
then the stems together with two vertices from Cg, namely ¢ and g, form a
dominating set of size |L;| + 2, which in turn includes a minimal dominating

set of size at most |L;| + 2 in G.

In order to avoid the above cases, neither two consecutive vertices nor two
vertices at distance 4 on Cg have type-1 neighbors in G. Therefore, G € Gg.
To prove the converse suppose that G € Gg. By Proposition 3.2, I'(G) =

|Ls| + 4. Then, by definition of Gg, all the minimal dominating sets of G include at
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least three vertices from Cg and thus, have size at least |L;| + 3. Therefore, G is
almost well-dominated. O

We proceed with the case where G, = C,.

Definition 3.8. A (Cs, Cy4, Cs, C;)-free graph G is in the family G, if it has one type-0
component H = Cy = (abcdef ghi) with the following properties:

¢ No three consecutive vertices on H have type-1 neighbors in G.
e No two consecutive vertices on H, say {a, b}, together with a vertex at

distance 4 from both a and b on H, say f, have type-1 neighbors in G.

Lemma 3.17. Let G be a (C3, C4, Cs, C,)-free graph without a vertex of type-2. Then G

is almost well-dominated with G, = Cy if and only if G € G,.

Proof. Let G be a (C5, C4, Cs, C;)-free graph without a vertex of type-2. Suppose that
G is almost well-dominated with G, = Cy. Note that Cy has two minimal dominating
sets of sizes 3 and 4; thus, together with the set L., the graph G has minimal
dominating sets of sizes |L;| + 3 and |Lg| + 4. By Proposition 3.2, we have that
I'(G) = |Lg| + 4. Then, it suffices to guarantee that the cases which lead to minimal
dominating sets of size at most |L;| + 2 are prevented; since otherwise, the
domination gap becomes at least two. The cases which require that at most two

vertices from Cy are included in a minimal dominating set are as follows:

e If the vertices of Cy which do not have neighbors of type-1 in G induce a
single path B, for m < 6, then the stems together with [m/3] vertices from
B,, form a minimal dominating set D of size |L;| + [m/3]. Since m < 6, we
have that [m/3] < 2. Then |[D| < [Lg| + 2.

e If the vertices of Cy which are not adjacent to neighbors of type-1 in G induce

two disjoint paths P; and P; on Cy for i < 3 and j < 3, then the stems together
with [i/3] vertices from P; and [j/3] vertices from P; constitute a minimal
dominating set D of size |Lg;| + [i/3] + [j/3] in G. However, |D| < |L¢| + 2
since we have that [i/3] < 1and[j/3] < 1fori <3andj < 3.
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In order to avoid the first case, no three consecutive vertices on Co must have
type-1 neighbors in G. Furthermore, to prevent the second case, no two consecutive
vertices together with a vertex at distance 4 from these consecutive vertices on C,
must have type-1 neighbors in G. Hence, G € G,.

To prove the converse, suppose that G € G,. It follows from Proposition 3.2
that I'(G) = |L¢| + 4. Furthermore, by definition of G4, any minimal dominating set
of G includes at least three vertices from Cy and hence has size at least |L;| + 3.
Therefore, G is almost well-dominated. O

In the case of G, = C,, where m € {10,13}, we show that there exists a unique

almost well-dominated graph for each value of m.

Lemma 3.18. Let G be a (C5, C4, Cs, C;)-free graph without a vertex of type-2. Then G
is almost well-dominated with G, = C,, for m € {10,13} if and only if ¢ = C,, for
m € {10,13}.

Proof. Let G be a (C5, C4, Cs, C;)-free graph without a vertex of type-2. Suppose that
G is almost well-dominated with G, = C,, for m € {10,13}. Suppose to the contrary
that C,,, has at least one neighbor of type-1 in G, say u. Let [ be the leaf neighbor of u
in G. Note that C,,, has two minimal dominating sets of sizes |m/2] and [m/3]; thus,
together with the set L, G has two minimal dominating sets D; of size |L;| + |m/2]
and D, of size |L¢| + [m/3]. Note that the vertex u has at least one neighbor, say v,
on C,,. Observe that the set L; — {I} U {u}, which is of size |L;|, dominates at least
the vertex v from C,,. Hence, the vertices of C,, different from v, which induce a
path P,,_;, has a minimal dominating set of size [(m — 1)/3]. Thus, the set L; —
{1} U {u} together with [(m — 1)/3] vertices from P,,_, form a dominating set D of
size |Lg| + [(m — 1) /3], which implies a minimal dominating set D5 of size at most
|Lg| + [(m — 1)/3]. However, |D;| — |D3| = 2 for m € {10,13}, a contradiction.
The proof for the converse is straightforward since it is easy to verify that C;,
and C, 5 are almost well-dominated graphs. O
The last case we settle in this section is the case where G, = C;;. We obtain a

family of almost well-dominated graphs G,, defined in Definition 3.9.

Definition 3.9. A (Cs, C4, Cs, C,)-free graph G is in the family G,, if it has a type-0
component H = C;, = (abcdef ghijk) with the following properties:
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¢ No two consecutive vertices on H have type-1 neighbors in G

e No two vertices at distance 4 on H, say a and e, have type-1 neighbors in G

Lemma 3.19. Let G be a (C3, C4, Cs, C,)-free graph without a vertex of type-2. Then G

is almost well-dominated with G, = C,; ifand only if G € G4,.

Proof. Let G be a (C3, C,, Cs, C,)-free graph without a vertex of type-2. Suppose that
G is almost well-dominated with G, = C,; = (abcdef ghijk). Note that C;; has two
minimal dominating sets of sizes 4 and 5; thus, together with the set of leaves L, the
graph G has minimal dominating sets of sizes |L;| + 4 and |L;| + 5. Notice that
r'(G) =|Lg| +5 by Proposition 3.2. Therefore, the cases leading to a minimal
dominating set of size at most |L;| + 3 must be prevented since otherwise, the
domination gap becomes at least two. The cases which require that at most three

vertices from C;; be included in a minimal dominating set are as follows:

e If the vertices of C;; which do not have neighbors of type-1 in G induce a
single path B, for m < 9, then the stems together with [m/3] vertices from
P,, form a minimal dominating set D of size |L;| + [m/3]. Since m < 9, we
have that [m/3] < 3. Thus, |D| < |Lg| + 3.

e If the vertices of C;; which do not have neighbors of type-1 in G induce two
disjoint paths P; and Pg, say [abc] and [ef ghij], respectively, then the set L.
together with one vertex from P;, namely b, and two vertices from P,
namely f and i, form a dominating set D of size |L;| + 3, which implies a

minimal dominating set of size at most |L;| + 3in G.

In order to avoid the first case, no two consecutive vertices on C;; must have
type-1 neighbors in G. Furthermore, to prevent the second case, no two vertices at
distance 4 on C;; must have type-1 neighbors in G. Hence, G € G4,.

To prove the converse suppose that G € G,,. It follows from Proposition 3.2
that I'(G) = |Lg| + 5. Moreover, by the definition of G,,, all minimal dominating

sets in G include at least four vertices from C;; and thus, have size at least |L;| + 4.

Hence, G is almost well-dominated. O
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Our main result for (C3, Cy4, Cs, C;)-free almost well-dominated graphs is stated

in the following theorem.

Theorem 3.1. Let G be a (Cs,C,4, Cs, C;)-free graph. Then, G is an almost well-

dominated graph if and only if one of the following holds:

e (G has asingle vertex of type-2 and G € G;.
e (G hasnovertexoftype-2and G € G, UG53 UG, UGs UGg UG, UGg UGy
U G1o Y {Cyo, C13}-

Proof. It is first followed by Lemma 3.4 that a (C5, Cy4, Cs, C;)-free graph G has at
most one vertex of type-2. Then we proceed the proof in two cases: G has a single
vertex of type-2 and G has no vertex of type-2. While the first case follows from
Lemma 3.7, the latter follows from Lemmas 3.9, 3.10, 3.11, 3.12, 3.13, 3.14, 3.15,

3.16, 3.17, 3.18, and 3.19. O
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4. ALMOST WELL-DOMINATED BIPARTITE
GRAPHS

In this chapter, we focus on a special subclass of almost well-dominated
graphs, that is, bipartite graphs with domination gap one. We first provide an upper
bound for the order of bipartite graphs with domination gap k and then characterize
almost well-dominated bipartite graphs with minimum degree at least two.

Throughout this chapter, we denote by d, the degree of a vertex v in graph G.
We frequently use the following lemmas, which show that the domination number of
graphs with minimum degree at least 2 and 3 is restricted by an upper bound. Note

that in Lemma 4.1, A is the family of graphs shown in Figure 4.1.

Lemma 4.1: [52] Let G be a connected graph with §(G) =2 and G & A. Then
y(G) < |2n/5].

Among the graphs in the family A, the only bipartite graphs are As and As.
While As is a well-dominated graph, A, is an almost well-dominated bipartite graph
where the minimal dominating sets have size either three or four. The result [53] in
Lemma 4.2 establishes an upper bound for the domination number of connected

graphs with minimum degree at least three.
Lemma 4.2: [53] Let G be a connected graph with §(G) = 3. Then y(G) < |3n/8].

In Lemma 4.3, we state our result on bipartite graphs with u,(G) = k and
6(G) = 2.

Lemma 4.3: Let G be a bipartite graph with §(G) > 2 and u;(G) = k, where k > 1.
Then |V(G)| < 10k.

Proof. Let G be a bipartite graph with 6§(G) = 2 and u;(G) = k and let A and
B be the partite sets of G, where |A| = |B| and |V(G)| = n. By Lemma 4.1, G has a
minimal dominating set D, of size at most |2n/5]. Note that in a connected bipartite
graph every partite set is a minimal dominating set. Hence, since |A| + |B| = n and
|A| = |B|, we have that |[A| = n/2, implying that G has another minimal dominating
set D, of size at least n/2. Since the domination gap of G is k, |D,| — |D;| < k. On
the other hand, |D,| — |D;| = n/2 —|2n/5]. Thus, we have that n/2 — |2n/5| < k,
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which yields n < 10k. It remains to check the exceptional graphs in the family A,

where the only bipartite graph with u; > 1 is A. It is easy to see that u;(A¢)=1 and
its order is 7. Hence, |V (4¢)| < 10. O
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Figure 4.1: The graphs in family A.

An immediate implication of Lemma 4.3 for almost well-dominated graphs is

stated in the following corollary.

Corollary 4.1: Let G be an almost well-dominated bipartite graph with 6(G) > 2.
Then |V(G)| < 10.

While the result in Corollary 4.1 restricts the order of almost well-dominated
bipartite graphs with §(G) = 2 by 10, the following lemma establishes an upper
bound for the maximum degree of each vertex in almost well-dominated bipartite

graphs with minimum degree 2.

Lemma 4.4: Let G be an almost well-dominated bipartite graph with 6(G) = 2. Then
A(G) < 4.

Proof. Let G be an almost well-dominated bipartite graph with §(G) = 2. Assume to
the contrary that there exists a vertex x with degree at least 5 in G, i.e., |[N(x)| = 5.
Let N;(x) be the set of vertices at distance i from x. We first show that N;»5(x) = @.
Suppose to the contrary that N;(x) # @. Then N(x) U N5(x) is an independent set of
size at least 6, which implies a maximal independent (minimal dominating) set D, of

size at least 6. However, by Corollary 4.1, G has at most 10 vertices and thus, by
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Lemma 4.1, y(G) < 4. This contradicts with G being almost well-dominated since
|D;]| —y(G) = 2 and thus N;s3(x) = @.

1z ?( 1 ) 4\’72 (T)
Uy
m
Us ¢
/. U9
X Uy ¢
o 3
Uy @
) . e
\U.,_ﬂ/ ) ,:j/ | @

Figure 4.2: The graph G with a vertex x of degree 5.

Note that x U N,(x) and N(x) are two minimal dominating sets in G. If
IN(x)| = 6, then N(x) is a minimal dominating set of size at least 6, contradiction
with G being almost well-dominated. Therefore, N(x) is of size exactly 5 (see Figure
4.2). Since G is an almost well-dominated graph and |V (G)| < 10, the possible size
for x U N,(x) is either 5 or 4, i.e., the possible sizes of N,(x) are 3 and 4. If
IN,(x)| = 3, then |V (G)| = 9, which implies that y(G) < 3 and [IN(x)| — y(G) = 2,
contradiction.

Now consider the case where |N,(x)| = 4. Suppose for a contradiction that a
vertex u, in N(x) has three neighbors {v;, v,, v3} in N,(x). Then the set {x, u;, v}
forms a dominating set of size three; however, the domination gap becomes 2 since
N (x) is a minimal dominating set of size 5, contradiction. Therefore, in this case any
vertex in N(x) has at most two neighbors in N,(x). Furthermore, since each vertex
in N, (x) has degree at least two, there are at least 8 edges between N(x) and N, (x).
Since IN(x)| = 5, by pigeonhole principle, there exists a vertex in N(x), say ug, with
two neighbors in N, (x). Without loss of generality, let {v;,v,} be the two neighbors
of us in N, (x). Each of the vertices v, and v, have at least two neighbors in N(x).
The vertex ug is not among the possible neighbors for these vertices since it has its
own two neighbors {vs,v,} in N,(x). Here, two cases arise: neighborhoods of v, and

v, are either disjoint or not. In the first case, let {u;,u,} and {us, u,} be the disjoint
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neighborhoods of v, and v, in N(x), respectively. In this case, the set {ug, v;,Vv,}
forms a dominating set of size 3, contradiction. In the latter case, let u, be a common
neighbor for v; and v, in N(x). Then the set {x,us, u,} forms a dominating set of
size 3, contradiction. O
The following result determines the upper domination number of an almost

well-dominated bipartite graph.

Lemma 4.5: Let G be a connected almost well-dominated bipartite graph. Then G
has two partite sets A and B with |A| = |B| suchthat |[A| — |B| < 1and I'(G) = |A]|.

Proof. Let G be a connected bipartite graph with A and B as its partite sets. Observe
that each partite is a minimal dominating set. Hence |A| — |B| < 1. It remains to
prove that I'(G) = |A|. Suppose to the contrary that there exists a minimal
dominating set D of size at least |A| + 1. Let D' = V(G) — D. Every vertex in D has
at least one neighbor in D’ since D is a minimal dominating set; therefore, D’ is a

dominating set including a minimal dominating set D” of size at most |[D”| < |D'| =

n—|D|<n-—|Al—1<|A|—1.Thus, |D| — |D"| = 2, a contradiction. O

4.1. Almost well-dominated bipartite graphs with §(G) > 2

By the aid of the Corollary 4.1 and Lemma 4.4, we give a complete structural
characterization of almost well-dominated bipartite graphs with §(G) > 2. We first
focus on the case of almost well-dominated bipartite graphs with §(G) = 3 and then

proceed with the case 6(G) = 2.

4.1.1. Almost well-dominated bipartite graphs with §(G) = 3

In the case of §(G) =3, Lemma 4.2 provides an upper bound for the
domination number of graphs with §(G) = 3. Using this upper bound, we state the

result on almost well-dominated bipartite graphs with §(G) = 3 in Lemma 4.6.

Lemma 4.6: Let G be a connected bipartite almost well-dominated graph with
6(G) = 3. Then G is isomorphic to G¢_, in Figure 4.4.
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Proof. Notice that, by Lemma 4.5, an almost well-dominated bipartite graph G of
even order n has two partite sets, each of size n/2, and that of odd order n has two
partite sets with size (n + 1)/2 and (n — 1) /2. Furthermore, by Lemma 4.2, G has a
minimal dominating set of size at most |3n/8]. In the case of odd n, (n + 1)/2 —
[3n/8] < 1 yields n < 3, implying that there is no almost well-dominated bipartite
graph with §(G) = 3 and odd order. On the other hand, for even n, n/2 — |3n/8] <
1 yields n < 8. Hence, we focus on the cases with |V (G)| = 6 and |V(G)| = 8.

Let [V(G)| = 6. Then G has two partites each of size three. Let A = {a, b, c}
and B = {d, e, f} be the two partites of G. Since §(G) = 3, each vertex has at least
three neighbors in the other partite. Since the size of each partite is three, each vertex
is adjacent to exactly three vertices in the other partite. The graph obtained in this
case is shown as G¢_4 in Figure 4.4.

Next assume that |[V(G)| = 8. Then G has two partites each of size four. Let
A ={a,b,c,d} and B ={e, f, g, h} be the two partites of G. Both A and B are
minimal dominating sets of size 4. We show that G has a minimal dominating set of
size two and hence G is not almost well-dominated. Note that, by Lemma 4.4, the
vertices in G have degrees either 3 or 4. Suppose that a vertex of G, say a, is of
degree 4. Then the total degree of the vertices in partite A is at least 13, implying that
there exists at least one vertex of degree 4 in the partite B, say e. Then {a, e} forms a
minimal dominating set of size two, contradiction. On the other hand, if a is of
degree three, it has three neighbors, say {e, f, g}, in partite B and since h has degree
at least 3, it is adjacent to {b, c,d}, implying that {a, h} is a minimal dominating set

of size two, contradiction. m|

4.1.2. Almost well-dominated bipartite graphs with §(G) = 2

Recall that an almost well-dominated bipartite graph G of even order n has two
partite sets, each of size n/2, and the one with odd order n has two partite sets with
sizes (n+1)/2 and (n— 1)/2. Furthermore, by Lemma 4.1, G has a minimal
dominating set of size at most [2n/5]. Note that in the case of odd n, we may
assume that G has two minimal dominating sets D, of size (n + 1)/2 and D, of size
at most [2n/5], respectively. Since we are interested in graphs with u; = 1, we have
that |D;| — |D,| < 1. In other words, (n + 1)/2 — |2n/5] < 1, implying that n < 5.
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Notice further that while for odd n > 7, |D;| — |D,| = 2, a bipartite graph with § =
2 has at least 4 vertices. Thus, for the case of almost well-dominated bipartite graphs
with § = 2 and odd order, we have to investigate graphs with order 5 together with
the only exceptional bipartite graph with odd order in the family A, namely A4 of
order 7 (see Figure 4.1) for which Lemma 2.1 does not hold. On the other hand, for
even n, we may assume that G has two minimal dominating sets D, of size n/2 and
D, of size at most |2n/5], respectively. Since u; = 1, it follows that |D;| — |D,| <
1, which in turn implies that n < 10. For |V (G)| = 4, there is a single bipartite graph
with §(G) = 2, that is C,, which is not almost well-dominated. Therefore, for the
case of almost well-dominated bipartite graphs with §(G) = 2 and even order, we
must check orders 6, 8, and 10. Hence, from now onwards, we will focus on orders 5,
6, 7, 8, and 10 separately and prove that there are precisely 30 almost well-dominated
bipartite graphs with §(G) = 2 (see Figure 4.4).

The case |V(G)| = 5 leads to a single almost well-dominated graph. This result

is stated in Lemma 4.7.

Lemma 4.7: Let G be a connected bipartite almost well-dominated graph with
6(G) =2 and |V(G)| = 5. Then G is isomorphic to Gs in Figure 4.4.

Proof. Let G be a connected bipartite almost well-dominated graph with §(G) = 2
and |V(G)| = 5. Then G has two partites A and B of sizes 3 and 2, respectively.
Since §(G) = 2, every vertex in A is adjacent to both vertices in B. This case results
in the graph G5 shown in Figure 4.4. O

We next assume that |V (G)| = 6. This case yields 3 almost well-dominated

bipartite graphs. Lemma 4.8 states the result of this case.

Lemma 4.8: Let G be a connected almost well-dominated bipartite graph with
6(G) =2and |[V(G)| = 6.Then G € {Gg¢_,, Gg_3, Gg_4} In Figure 4.4.

Proof. Here G has two partites each of size three. Let A = {a,b,c}and B = {d, e, f}
be the two partites of G. In this case, a vertex can be adjacent to at most three
vertices in the other partite; hence, A(G) < 3. Suppose first that A(G) = 2. Then all
vertices of G are of degree 2. Hence G is isomorphic to Cg, which is shown as G¢_,
in Figure 4.4. Now suppose that A(G) = 3. Note that there is at least one vertex of

degree two in G. Let a in the partite A be such a vertex. Then partite A has at least a
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vertex of degree 3 since otherwise all vertices of A would be of degree 2 implying
that all vertices in B are of degree two. Let d. = 3. Then b has degree either 2 or 3.
We consider these two possible degrees for b separately in the sequel.

Let d, =2, i.e., (dy dy,d.) = (2,2,3). This degree sequence for partite A
implies the same degree sequence for partite B, i.e., (a’d,de,df) = (2,2,3). Hence,
vertices ¢ and f are adjacent to all vertices in B and A, respectively. The vertex a is
adjacent to one of {d, e}, say d. Hence b is adjacent to e. The graph obtained here is
an almost well-dominated graph shown as G¢_5 in Figure 4.4.

Next suppose that d,, = 3, i.e., (d,, d},d.) = (2,3,3). This degree sequence for
partite A implies that (dg, d,, d;) = (2,3,3) for partite B. In this case, the vertices b
and c are adjacent to all vertices in partite B and the vertices e and f are adjacent to
all vertices in partite A. The graph obtained here is an almost well-dominated graph
shown as G¢_, in Figure 4.4. O

In the case |V(G)| = 7, we obtain a single almost well-dominated bipartite

graph. Lemma 4.9 states our result for |V (G)| = 7.

Lemma 4.9: Let G be a connected almost well-dominated bipartite graph with
6(G) =2 and |V(G)| = 7. Then G is isomorphic to G, shown in Figure 4.4.

Proof. Let G be a bipartite graph of order 7 such that G & A (shown in Figure 4.1).
Then by Lemma 4.1, y(G) < 2 for n = 7. Furthermore, G has two partites of sizes 4
and 3. Hence u;(G) = 2, a contradiction. Next we assume that G € A. Among the
graphs in the family A, the only bipartite graph on 7 vertices is Ag, Which is an
almost well-dominated graph shown as G- in Figure 4.4. O
Lemma 4.10 and Lemma 4.11 state the results for the case |V(G)| = 8.
Propositions 4.1 and 4.2 provide us tools to characterize almost well-dominated

bipartite graphs with §(G) = 2 and order 8.

Proposition 4.1: Let G be a connected almost well-dominated bipartite graph with
6(G) = 2 and |V(G)| = 8. Then any two vertices of degree 3 in different partites of

G are adjacent.

Proof. Note that G has two partites each of size 4. Let A= {a,b,c,d} and B =
{e,f,g,h} be the two partites of G. Suppose to the contrary that a and e are two

nonadjacent vertices of degree three in different partites. Then a is adjacent to the
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vertices in {f, g, h} and e is adjacent to the vertices in {b,c,d}. Then {a,e} is a
minimal dominating set of size two. However, each partite set of G is a minimal
dominating set of size 4 and hence u,(G) = 2, contradiction to G being almost well-

dominated. m|

Proposition 4.2: Let G be a connected almost well-dominated bipartite graph with
6(G) =2and |V(G)| = 8. Then

1) There exists no two vertices of degree 4 in different partites.

i) There exist at most two vertices of degree 4 in one partite.

Proof. Note that G has two partites each of size 4. For (i), it is easy to see that two
vertices of degree 4 in different partites form a minimal dominating set of size two, a
contradiction with G being almost well-dominated. For (ii), suppose to the contrary
that there exist at least three vertices of degree 4 in one partite, say partite A. Then
the sum of the degrees of the vertices in partite A is at least 14 which enforces the
existence of at least two vertices of degree 4 in the partite B, a contradiction to (i). O
From here onwards, we focus on the cases with 4(G) < 3 and A(G) = 4,
separately. For 4(G) < 3, Lemma 4.10 and for A(G) = 4, Lemma 4.11state the main
results for almost well-dominated bipartite graphs with §(G) = 2 and |V (G)| = 8.

Lemma 4.10: Let G be a connected almost well-dominated bipartite graph with
S(G) = 2, A(G) S 3, and |V(G)| = 8 Then G € {68—5' G8—6I 68_7, 68—8’ 68—9}
shown in Figure 4.4.

Proof. Note that each vertex of G has degree 2 or 3. If all vertices have degree two,
G = Cg, which is an almost well-dominated graph shown as Gg_c in Figure 4.4.
Hence, we proceed with A(G) = 3. Note that G has two partites each of size 4. Let
A={a,b,c,d} and B ={e, f,g,h} be the two partites of G. Observe that if all
vertices in one partite have degree 3 (or 2) then all vertices in the other partite have
degree 3 (or 2) as well, a contradiction with §(G) = 2 and 4(G) = 3. Hence, each
partite A and B has at least one vertex with degree 3 and one with degree 2. Let d, =
3 and d;, = 2 in A. Then the degrees of the remaining two vertices, namely (d.,d;)
is either (2,2), (2,3), or (3,3). We proceed with the proof by considering the

possible sequences for (d., d;) separately in the sequel.
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Assume first that (d., dy) = (2,2), i.e., (dgdy,d.,d;) = (3,2,2,2). This
degree sequence for partite A implies that (de,df,dg, dh) = (3,2,2,2). By Proposition
4.1, the vertices of degree 3 in different partites, namely a and e are adjacent.
Furthermore, a has two other neighbors in {f, g, h}, say {f,g}. Similarly, e is
adjacent to two other vertices in {b, ¢, d}, say {b, c}. We first assume that dh € E(G).
Then d is adjacent to one of {f, g}, say g. Similarly, h is adjacent to one of {b, c},
say c. Then f is adjacent to b. The graph obtained in this case is shown as Gg_¢ in
Figure 4.4. Next suppose that dh & E(G). Then d is adjacent to both f and g, and h
is adjacent to both b and c. The graph obtained here is shown as Gg_q in Figure 4.4.

Assume next that (d.dy) = (3,2), i.e., (d,dyd.d;) = (3,2,3,2). This
degree sequence for partite A implies that (de,df,dg, dh) = (3,2,3,2). By Proposition
4.1, vertices of degree three in partite A, namely a and c are adjacent to the vertices
of degree 3 in partite B, namely e and g. We proceed with the proof based on the
possible connections between vertices of degree two in the sequel.

Suppose first that there exists at least one vertex of degree two with two
neighbors of degree two. Let b in partite A be such a vertex adjacent to the vertices in
{f, h}. Then the vertices e and g are adjacent to d as their third neighbor. Further, a
is adjacent to one of {f, h}, say f. Hence, c is adjacent to h. This case results in Gg_g
depicted in Figure 4.4.

Suppose next that a vertex of degree two is adjacent to at most one vertex of
degree two. In this case, we first show that there exists at least one pair of adjacent
vertices of degree two. Suppose to the contrary that there exists no two adjacent
vertices of degree two. Then each vertex of degree 2 has two neighbors of degree 3.
Then the resulting graph is disconnected, contradiction. Thus, there is at least one
pair of adjacent vertices of degree two. Let b and f be such a pair. Since b is not
adjacent to another vertex of degree two, it is adjacent to one of the vertices of
degree three {e, g}, say e. Similarly d is not adjacent to f and hence it is adjacent to
both g and h. Further, f is adjacent to one of {a, c}, say a, and finally c is adjacent to
h. This case yields Gg_- depicted in Figure 4.4.

For the last case, we assume that (d.,d;) = (3,3), i.e., (d, dp,d. dy) =
(3,2,3,3). This degree sequence for partite 4 implies that (d,, d;, d,, dy) = (3,2,3,3).

By Proposition 4.1, each of the vertices a, c, and d are adjacent to each of the
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vertices e, g, and h. Hence, b and f remain disconnected. Thus, this case does not

lead to any connected almost well-dominated bipartite graph. O

Lemma 4.11: Let G be a connected almost well-dominated bipartite graph with
6(G) =2, A(G) =4, and |[V(G)| = 8. Then G € {Gg_1, Gg_3, Gg_3, Gg_,} shown in
Figure 4.4.

Proof. Let G be an almost well-dominated bipartite graph with §(G) = 2, 4(G) = 4,
and |V(G)| = 8. Let further A = {a,b,c,d} and B = {e, f, g, h} be the two partites
of G. By Proposition 4.2, there are at most two vertices of degree 4 in one partite and
no two vertices of degree 4 in different partites.

First suppose that G has two vertices of degree 4, say a and b. Then, by
Proposition 4.2, the vertices in partite B are of degree either 2 or 3. Note that the sum
of the degrees of the vertices in partite A is at least 12, while the corresponding sum
for partite B is at most 12. Thus, the only possible degrees for ¢ and d is 2, i.e.,
(dg, dy,d.,d;) = (4,4,2,2). This degree sequence for partite A implies that
(de,dy,dy, dy) = (3,3,3,3) for partite B. Note that the vertices of degree 4, namely a
and b, are both adjacent to all vertices in partite B. The vertex c is adjacent to any
two vertices in partite B, say {e, f}. Finally, d is adjacent to g and h. The graph
obtained here is shown as Gg_5 in Figure 4.4.

Next suppose that G has a single vertex of degree 4, say a in the partite A. Note
that the vertices in partite B are of degree either 2 or 3 by Proposition 4.2. Since the
sum of the degrees of the vertices in partite B is at most 12, the possible degree
sequences for partite A are (4,2,2,2), (4,3,2,2), and (4,3,3,2). We address these
cases separately in the sequel.

Suppose first that (d,, d,,d., d;) = (4,2,2,2). With this degree sequence for
partite A, the only possible degree sequence for the partite B is (2,2,3,3). Without
loss of generality suppose that (de, ds, dg,dh) = (2,2,3,3). Naturally, a is adjacent to
all vertices in partite B. Then h is adjacent to any two vertices from {b, c,d}, say
{c,d}. Now, b is adjacent to at least one of {e, f}, say e. Now consider the second
neighbor of b in partite B. Suppose first that bf € E(G). Then g is adjacent to ¢ and
d. Hence, G = Gg_, shown in Figure 4.4. Now assume that bg € E(G). Then g is
adjacent to one of c or d, say d. Then fc € E(G) and G = Gg_; shown in Figure 4.4.
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In the case of (d,,dy,d.,d;) = (4,3,2,2), partite B has the degree sequence
(de,df,dg,dh) = (2,3,3,3). Naturally, a is adjacent to all vertices in partite B. Then
b is is adjacent to all vertices of degree 3 in B, namely {f, g, h}, by Proposition 4.1.
Then e is adjacent to one of {c,d}, say c. Then c is adjacent to one vertex in
{f,g,h}, say f. Then d is adjacent to g and h. This case yields the almost well-
dominated graph Gg_, in Figure 4.4.

Assume next that (d,, d,,d; dy) = (4,3,3,2). In this case, partite B has the
degree sequence (de, dy, dg,dh) = (3,3,3,3). By Proposition 4.1, a vertex of degree 3
in one partite A, say b, has to be adjacent to all vertices of degree 3 in partite B;
however, there exist 4 vertices of degree 3 in B, contradiction. This case does not
lead to any almost well-dominated graph. O

Let us now focus on the case where |V(G)| = 10. In this case, G has two
partites each of size 5. By Lemma 4.4, A(G) < 4. We focus on the cases with

A(G) < 3 and A(G) = 4 separately in Lemma 4.12 and Lemma 4.13, respectively.

Lemma 4.12: Let G be a connected almost well-dominated bipartite graph with
6(6) - 2, A(G) S 3, and |V(G)| - 10 Then G € {GIO—II 610_2, 610_3, 610_7,

GlO—lOJ 610—12' GlO—l3i 610—141 610—151 610—16 }

Proof. Let A ={a,b,c,d,e} and B = {f, g, h,i,j} be the two partites of G. Notice
that each partite A or B is a minimal dominating set of size 5. Thus, a minimal
dominating set of size at most 3 contradicts with G being almost well-dominated.
Moreover, the degrees of the vertices of G are either 2 or 3. If all vertices have
degree two, then G is isomorphic to a C,,, which is an almost well-dominated
bipartite graph shown as G;,_; in Figure 4.4. Thus, we assume that there exists at
least one vertex with degree three in G. Note that if all vertices in one partite have
degree 2 (or 3), then the vertices in the other partite all have degree 2 (or 3). Since
6(G) = 2, we may suppose that there are two vertices of degree 3 and 2 in one
partite, say a and b, respectively, in partite A. Now, the degrees of the remaining
three vertices, namely (d., dy, d,), are either (2,2,2), (2,2,3), (2,3,3), or (3,3,3). In

what follows, we consider these cases separately.
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Claim 1. Let G be a connected almost well-dominated bipartite graph with
8(G) =2, A(G) = 3,and [V(G)| = 10. If (dy, dp,d., dg,d,) = (3,2,2,2,2), then G €
{G10-2, G10-14}-

Proof of Claim 1. Let (d,, d},d., d4,d.) = (3,2,2,2,2). This degree sequence
for partite A implies the same degree sequence for partite B. Without loss of
generality, assume that (dy, d,, dy, d;, d;) = (3,2,2,2,2).

First assume that af € E(G). Then a has three neighbors of degree 2 in the
partite B, say {g, h,i}. Similarly, f has three neighbors in {b,c,d, e}, say {b,c,d}.
Note that e is not adjacent to j since otherwise {a, f, e} forms a minimal dominating
set of size 3, a contradiction. Thus, e has two neighbors from {g, h, i}, say {h,i}.
Furthermore, j has two neighbors from {b, c,d}, say {c, d}. Finally, b is adjacent to
g This case results in Gy_14 in Figure 4.4.

Now suppose that af € E(G). Then a has two other neighbors from {g, h, i, j},
say {g, h}. Similarly, f has two other neighbors from {b, c,d, e}, say {b, c}. Since f
is adjacent to all vertices {a, b, c}, we show that d and e do not dominate all vertices
{g,h,i,j}. Suppose to the contrary that {d, e} dominates {g, h,i,j}. Then {f,d, e}
forms a minimal dominating set of size 3, contradiction. Thus, d and e have at least
one common neighbor from {g, h, i, j} which is either i or j. Let i be the common
neighbor of d and e. Similarly, since a is adjacent to the vertices {f, g, h}, the
vertices i and j must not dominate {b, c, d, e} in order to avoid a minimal dominating
set {a, i, j} of size 3. This implies that i and j have at least one common neighbor in
{b, c,d, e} which can be either d or e. Let e be the common neighbor of i and j. Note
that j is not adjacent to d since otherwise G is disconnected. Therefore, j is adjacent
to one of {b,c}, say c. Then d is adjacent to one of {g,h}, say h. Finally, b is
adjacent to g. This case yields G,,_, depicted in Figure 4.4.

Claim 2. Let G be a connected almost well-dominated bipartite graph with
8(G) =2, A(G) = 3, and [V(G)| = 10. If (d,, dy,d,,dy,ds) = (3,2,2,2,3) then G €
{610—3' GlO—7r GlO—lZ' 610—13}'

Proof of Claim 2. Let (d,,dy,d;,d4,d.) = (3,2,2,2,3). This degree sequence
for partite A implies that (d;,d,, dp,d;,d;) = (3,2,2,2,3). Let further H; be the
subgraph induced by the vertices of degree 3, namely {a,e, f,j}. Figure 4.3 shows
the six possible cases for H;. We proceed the proof by analyzing each of these six

cases separately in the sequel.
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If H; = J;, the vertices of degree 3 are adjacent to all three vertices of degree 2
in the other partite. The resulting graph is disconnected, contradiction. Next assume
that H; = J,. In this case, each of a and f is adjacent to all three vertices of degree 2

in the other partite. Then, {a, f, e} is minimal dominating set of size 3, contradiction.

ae ef a® Of a0—Of

co @] cO—@j cO—0 ]

Jl e]2 Jﬂ
a of aZf aXf
ekj e j e J
J_} J’) J()

Figure 4.3: The graph H; induced by the vertices of degree three.

We then suppose that H; = /5. In this case, a has two neighbors from {g, h, i},
say {g, h}. Similarly, f has two neighbors from {b, c,d}, say {b,c}. Now we claim
that i and j do not dominate {b, c, d, e}. Suppose to the contrary that i and j dominate
{b,c,d,e}. Then {a,i,j} forms a minimal dominating set of size three, contradiction.
Note that the neighbors of i and j are from the set {b, ¢, d, e} which has size 4. Since
j has degree 3, the vertex i has two common neighbors with j, since otherwise i and j
dominate {b, c, d, e}. The common neighbors of i and j are d and e. Now, as its third
neighbor, e is adjacent to one of {g, h}, say h. Similarly, j is adjacent to one of {c, b},
say c. Finally, g is adjacent to b and the graph obtained in this case is G;¢_3 shown
in Figure 4.4.

In the case of H; = J,, the vertex f is adjacent to {b, c, d}. We will now show
that a and e do not dominate {g, h,i,j}. Suppose to the contrary that a and e
dominate {g,h,i,j}. Then {f,a,e} forms a minimal dominating set of size 3, a
contradiction. Observe that the candidate neighbors of a and e are from the set
{g,h,i,j}. Since a and e are both of degree 3, they must have three common
neighbors, since otherwise they dominate the set {g, h, i, j}. Moreover, note that one

of these common neighbors is j and the other two must be selected from {g, h, i}, say
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{h,i}. Then g has two neighbors from {b, c, d}, say {b, c}. Finally, d is adjacent to j.
The graph obtained in this case is G;,_13 depicted in Figure 4.4.

Next suppose that H; = Js. First, a is adjacent to two vertices from {g, h, i},
say {g,h}. Similarly, j is adjacent to two vertices from {b,c,d}, say {c,d}. The
vertex b is not adjacent to i since otherwise {a, j, b} forms a minimal dominating set
of size 3, contradiction. Then b has at least one neighbor from {g, h}, say g.
Similarly, i has at least one neighbor from {c,d}, say d. At this point, as its third
neighbor, f has two candidates, namely {b, c}. If fc € E(G), then b is adjacent to h
and {f,b,d} is a minimal dominating set of size 3, contradiction. Hence, f is
adjacent to b as its third neighbor. In addition, e is not adjacent to h since otherwise i
is adjacent to ¢ and {e, i, g} is a minimal dominating set of size 3, contradiction.
Thus, e is adjacent to i as its third neighbor. Finally, c is adjacent to h. This case
leads to almost well-dominated graph G,,_- in Figure 4.4.

Finally, in the case of H; = J,, the vertex f is adjacent to one of {b, c,d}, say
b, as its third neighbor. Similarly, e is adjacent to one of {g, h, i}, say i, as its third
neighbor. We now show that the vertices ¢ and d do not dominate {g,h,i,j}.
Suppose to the contrary that ¢ and d do not dominate {g, h,i,j}. Then {f,c,d} is a
minimal dominating set of size 3, contradiction. Thus, ¢ and d do not dominate
{g,h,i,j}. As c and d are both of degree two, they have at least one common
neighbor in order not to dominate {g, h, i, j}, where the only candidates are g and h.
Let h be the common neighbor of ¢ and d. At this point, notice that g is not adjacent
to both a and b, since otherwise {g, h, e} forms a minimal dominating set of size 3,
contradiction. Therefore, g has at least one neighbor from {c,d}. Let ¢ be the
neighbor of g. The vertices d and g are not adjacent since otherwise the graph is
disconnected. Observe that if bg € E(G) and id € E(G), then jand a remain
without a third neighbor, contradiction. Hence, at least one of bg ¢ E(G) and id ¢
E(G) must hold. By symmetry, suppose that bg ¢ E(G). Recall that g is not
adjacent to d. Therefore, g is adjacent to a. Now we show that i is not adjacent to b,
because otherwise {a, h, i} is a minimal dominating set of size 3, contradiction. Thus,
i is adjacent to d. Finally, j is adjacent to b. The graph obtained in this case is G;-12
in Figure 4.4.
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Claim 3. Let G be a connected almost well-dominated bipartite graph with

§(G) =2,4(G) = 3,and |V(G)| = 10. If (d,, ay, d_, dy, d;) = (3,2,2,3,3) then G €
{G10-10, G10-15}-
Proof of Claim 3. Let (d,, 4, d;, d;, d.) = (3,2,2,3,3). This degree sequence for
partite A implies that (d, dj, dy, d;, d;) = (3,2,2,3,3). In this case, we first claim
that a vertex of degree two is adjacent to at most one vertex of degree two in the
other partite. Suppose to the contrary that b is adjacent to two vertices of degree two
in partite B, namely g and h. We now show that c is adjacent to at least one of g or
h. Suppose to the contrary that c is adjacent to two vertices of degree 3, say {i, j}.
Then f is adjacent to all vertices {a, d, e} and {f, b, c} is a minimal dominating set of
size 3, contradiction. Therefore, c is adjacent to at least one of g or h, say g. At this
point, we show that any two vertices of degree 3 in different partites are adjacent.
Suppose to the contrary that two vertices of degree 3 in different partites, say a and
f, are nonadjacent. Then a is adjacent to each of {h,i,j} and f is adjacent to each of
{c,d,e} and hence {a, f,b} is a minimal dominating set of size 3, contradiction.
Therefore, each vertex of degree 3 in partite A, namely {a, d, e}, is adjacent to each
vertex of degree 3 in partite B, namely {f, i,j}. Then, c is adjacent to h and the graph
is disconnected, contradiction. Therefore, a vertex of degree two is adjacent to at
most one vertex of degree two in the other partite. We proceed with the proof of this
case based on the connection between vertices of degree two in the sequel.

Suppose first that no two vertices of degree two are adjacent. In this case ¢ has
two neighbors from vertices of degree 3 {f,i,j}, say {i,j}. Similarly, h has two
neighbors from {a, d, e}, say {d, e}. In addition, g has at least one neighbor from
{d, e}, say d. Similarly, b has at least one neighbor from {i, j}, say i. The vertex d is
adjacent to one of {i, j, f} as its third neighbor. If di € E(G), then f is adjacent to the
vertices {a,b,e} and hence {d,f,j} is a minimal dominating set of size 3,
contradiction. Thus, di € E(G). If dj € E(G), then f is adjacent to the vertices
{a,b,e} and hence {c,d, f} is a minimal dominating set of size 3, contradiction.
Thus, dj € E(G) as well. Therefore, d is adjacent to f. If the vertices i and j
dominate {a,b,c,e}, then {d,i,j} is a minimal dominating set of size 3,
contradiction. Thus, i and j must have 3 common neighbors (same neighborhood) in
order not to dominate {a, b, c, e}. Since i is adjacent to b, then j is also adjacent to b.

On the other hand, vertex a has 3 neighbors in {f, g, i, j}, where at least one of these
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neighbors is either i or j. However, since i and j have the same neighborhood, both i
and j are adjacent to a. Furthermore, e is adjacent to both f and g and hence a is
adjacent to f. This case results in G;o_15 shown in Figure 4.4.

Next assume that at least a pair of vertices of degree two, say b and g, are
adjacent. Then b and g have their second neighbor from vertices of degree 3, say
bf € E(G) and ga € E(G). Note that if two vertices of degree 3, one from {d, e} and
the other from {i, j}, say d and i, are not adjacent, then d is adjacent to the vertices
{f,h,j} and i is adjacent to the vertices {a,c,e}. Then {d,i,b} is a minimal
dominating set of size 3, contradiction. Thus, both vertices d and e are adjacent to
both vertices i and j. At this point, suppose that the vertices {d, e} are both adjacent
to h and the vertices {i,j} are both adjacent to c. Then the graph is disconnected,
contradiction. Therefore, we may suppose that one of the conditions does not hold; in
other words, at least one of d or e is not adjacent to h, say dh & E(G). Hence d is
adjacent to f. Notice further that since d dominates {f,i,;}, the vertices g and h
must not dominate {a, b, c, e} since otherwise {d, g, h} is a minimal dominating set of
size 3, contradiction. Therefore, g and h have at least one common neighbor, where
the only candidate is a and hence ha € E(G). The vertices {a, c} are the candidates
for the third neighbors of i and j. Since a can be adjacent to only one of i and j, then
at least one of i and j is adjacent to c, say jc € E(G). Now, if ai € E(G), then
{a,j, b} is a minimal dominating set of size 3, contradiction. Hence ai ¢ E(G) and a
is adjacent to f as its third neighbor. Finally, i is adjacent to ¢ and further h is
adjacent to e. The graph obtained in this case is G;¢_1, Shown in Figure 4.4.

Claim 4. Let G be a connected almost well-dominated bipartite graph with
8(6) =2, A(G) = 3, and |V(G)| = 10. If (dj, dy, d;, dy, d,) = (3,2,3,3,3), then G
is isomorphic to G;¢-1-

Proof of Claim 4. Let (d,, 4, d;, d;, d.) = (3,2,3,3,3). This degree sequence for
partite A implies that (d, d, dy, d;, d;) = (3,2,3,3,3). In this case, we first show that
the vertices of degree two, namely b and g, are not adjacent. Suppose to the contrary,
that bg € E(G). The vertices b and g have a neighbor from vertices of degree three.
Let b be adjacent to f and g be adjacent to a. Notice that if two vertices of degree 3,
one from {c, d, e} and the other from {h, i, j}, say c and h, are not adjacent, then c is
adjacent to {f,i,j} and h is adjacent to {a,d, e} and hence {c, h, b} is a minimal

dominating set of size 3, contradiction. Then each vertex in {c,d, e} is adjacent to
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each vertex in {h, i, j} and the graph is disconnected, contradiction. Thus, the vertices
b and g are nonadjacent. Therefore, we may suppose that b is adjacent to two
vertices of degree 3, say {f, h}, and g is adjacent to two vertices in {a,c, d, e}, say
{a, c}. The vertex e has at least one neighbor in {i, j}, say j and at least one neighbor
in {h, f}, say h. In addition, j has at least one neighbor in {c, a}, say c. We now show
that c is not adjacent to h. Suppose for a contradiction that c is adjacent to h. Then d
is adjacent to all vertices {f,i,j} and {d, h, a} is a minimal dominating set of size 3,
contradiction. Thus, ch & E(G). Suppose further that cf € E(G) and ha € E(G).
Then d is adjacent to i and {c,h,d} is a minimal dominating set of size 3,
contradiction. Thus, at least one of c¢f € E(G) and ha € E(G) does not hold. By
symmetry, we may assume that ha ¢ E(G) and hence hd € E(G). Now if a is
adjacent to both f and i, then {h,a,c} is a minimal dominating set of size 3,
contradiction. Hence, a has at least one neighbor different from f and i, namely aj €
E(G). Furthermore, d is adjacent to both f and i. At this point, we show that a is not
adjacent to f. Suppose to the contrary that a is adjacent to f. Then c is adjacent to i
and then {c, h,a} is a minimal dominating set of size 3, contradiction. Thus af ¢
E(G) and in turn a is adjacent to i as its third neighbor. If f is adjacent to c, then
{a, h, f} is a minimal dominating set of size 3, contradiction. Hence fc ¢ E(G) and
f is adjacent to e. Finally, c is adjacent to i. This case results in G;¢_1¢ Shown in
Figure 4.4.

In summary, if A(G) = 2, then G is isomorphic to G,,_; and in the case of
A(G) = 3, the proof of Lemma 4.12 follows from Claims 1, 2, 3, and 4. O
Lemma 4./3: Let G be a connected almost well-dominated bipartite graph with
5(G) =2, A(G) =4, and |V(G)| =10. Then G € { G4, G1o—5, G10—6 G10—8»
G10-9, G1o-11}-

Proof. Let A ={a,b,c,d,e}and B = {f,g,h,i,j} be the two partites of G. Since
A(G) = 4, there exists at least one vertex of degree 4, say e, in G. Let further the
vertices {g, h,i,j} be the neighbors of e in partite B. Note that if dr = 4, then f is
adjacent to all vertices in {a, b, c,d} and {e, f} is a minimal dominating set of size 2,
contradiction. Furthermore, if dr =3, then f is adjacent to three vertices in
{a,b,c,d}, say {b,c,d}. Then, {e, f,a} is a minimal dominating set of size 3,
contradiction. Thus, dr = 2. Let a and b be the neighbors of f in the partite A. Note

that since e dominates the vertices {g, h, i, j} and f dominates the vertices {a, b}, if ¢
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and d have a common neighbor, say h, then {e, f, h} is a minimal dominating set of
size 3, contradiction. Thus, c and d have disjoint neighborhoods in {g, h, i, j}, which
implies that ¢ and d are both of degree 2. Thus far, it is known that (dc, dd,de,df) =
(2,2,4,2), the vertex e is adjacent to the vertices in {g, h, i, j}, and f is adjacent to the
vertices in {a, b}. We proceed with the proof by focusing on the possible degrees for
the remaining vertices a and b in partite A in the sequel.

Suppose first that there exist more than one vertex of degree 4 in one partite.
Then at least one of a or b, say a, is of degree 4. Since ¢ and d have disjoint
neighborhoods, we suppose that c is adjacent to two vertices in {g, h, i, j}, say g and
h. Then d is adjacent to i and j. Note that a is adjacent to f and further has 3
neighbors in {g, h,i,j}, say {h,i,j}. Now observe that a dominates {f, h,i,j} and g
has two neighbors ¢ and e in A. If g is further adjacent to b, then {a, g,d} is a
minimal dominating set of size 3, contradiction. Therefore, g is not adjacent to b.
Hence, d, = 2. If the vertex b has a neighbor in {i,}, say i, then {a, g,i} is a
minimal dominating set of size 3, contradiction. Therefore, b has no neighbor in {i, j}
and hence is adjacent to h. Therefore, d;, = 2 and d,, = 4. The graph obtained in this
case, where (dg, dp,d.,dg,d) = (4,2,2,2,4) and (dy,dy, dp, d;, d;) = (2,2,4,3,3), is
shown as G,4_g in Figure 4.4,

Next suppose that there is only one vertex of degree 4 in one partite, i.e., d, #
4 and d, # 4. In this case, the possible options for (d,,d,) are (2,2), (3,2), and
(3,3). We proceed with analyzing each possible degree sequence separately in the
following.

Suppose first that (d,, d,) = (2,2), ie., (d,, d, d., d; d,) = (22,2,2,4),
which implies two possible degree sequences (2,2,2,2,4) and (2,2,2,3,3) for the
partite B. Let first (d;, dj, dy, d;, d;) = (2,2,2,2,4). Notice that at least one of ¢ or d,
say d is adjacent to j. Then d is adjacent to one vertex in {g, h, i}, say i. In addition,
c is adjacent to g and h since it has a disjoint neighborhood from d. Finally, j is
adjacent to a and b as its third and fourth neighbors. The graph obtained here is
G19—¢ Shown in Figure 4.4.

In the case of (df, dj, dy, d;, d;) = (2,2,2,3,3), since ¢ and d have no common
neighbor, j has exactly one neighbor from {c, d}, say d. Then, the third neighbor of j

is from {a, b}, say b. Similarly, i has exactly one neighbor from {c, d} and its third
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neighbor is different from c and d, i.e., it is adjacent to a. Now, if i is adjacent to d,
then c is adjacent to the vertices in {g, h} and {i, b, c} is a minimal dominating set of
size 3, contradiction. Therefore, id € E(G) and i is adjacent to ¢ as its third
neighbor. Then c is adjacent to one of g or h, say g. Then d is adjacent to h. The
graph obtained here is G,,_, depicted in Figure 4.4.

Next let (d,, d,) = (3,2), in other words, (d,, 4, d., d;, d.) = (3,2,2,2,4).
With this degree sequence for partite A, there are two possible degree sequences
(2,2,2,3,4) and (2,2,3,3,3) for the partite B.

First suppose that (df,d,,dp,d;,d;) = (2,2,2,3,4). Since ¢ and d have no
common neighbor, j is adjacent to only one of ¢ or d, say d. Furthermore, j is
adjacent to a and b as its third and fourth neighbors. Observe that if ic € E(G), then
i is adjacent to the vertices {d,a} and c is adjacent to the vertices {g, h}. Then,
{i,c, b} is a minimal dominating set of size 3, contradiction. Therefore, ic € E(G)
and further i is adjacent to a as its third neighbor. Now c is adjacent to one of g or h,
say g, as its second neighbor and finally, d is adjacent to h. The graph obtained here
is G19—s Shown in Figure 4.4.

We then suppose that (df,dy, dy, d;,d;) = (2,2,3,3,3). One of c or d, say c is
adjacent to g. The vertex a is adjacent to two vertices in {h, i, j}, say h and i. Notice
that since j is adjacent to only one of c or d, the other neighbor of j is b. Note further
that if j is adjacent to d, then {a,c,j} is a minimal dominating set of size 3,
contradiction. Therefore, jd ¢ E(G) and hence j is adjacent to c. Finally, d is
adjacent to both h and i. The graph obtained in this case is G;,—1; Shown in Figure
4.4,

The last option for (d,, d,) is (3,3). When (d,, 4, d., dy, d,) = (3,3,2,2,4),
there are two possible degree sequences (2,2,3,3,4) and (2,3,3,3,3) for the partite B.
Note that the degree sequence (2,2,2,4,4) for the partite B is covered in the case
where there exist more than one vertex of degree 4 in one partite, where the resulting
graph is G,y_g in Figure 4.4.

In the case of (d, dy, dy, d;, d) =(22,33,4), the vertex j is adjacent to
exactly one of ¢ or d, say d. In addition, j is adjacent to a and b. The vertex h is
adjacent to at most one of ¢ and d, thus its other neighbor is in {a, b}, say a.
Similarly, i has exactly one neighbor in {c,d}; thus, i is also adjacent to b. Notice

that if i is adjacent to d, then c is adjacent to g and h and {a,i,c} is a minimal
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dominating set of size 3, contradiction. Therefore, id € E(G) and i is adjacent to c.
Note that if d is adjacent to g, then {a,i,d} is a minimal dominating set of size 3,
contradiction. Thus, d is adjacent to h and g is adjacent to c. However, {b, h,c} is a
minimal dominating set of size 3, contradiction. This case does not lead to any
almost well-dominated graph.
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Figure 4.4: Almost well-dominated bipartite graphs with §(G) = 2.
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We then suppose that (d, dy, dy, d;, d;) = (2,3,3,3,3). In this case, d is
adjacent to any two vertices in {g, h,i,j}, say i and j. Then c is adjacent to g and h.
The vertex j is adjacent to one of a or b, say b. Moreover, a has at least one
neighbor in {g, h}, say g. Now observe that a is not adjacent to i, since otherwise
{a, c,j} is a minimal dominating set of size 3, contradiction. Hence, a is adjacent to h
and b is adjacent to i. The graph obtained here is shown as G;,_ in Figure 4.4. O

Our main result in this section for almost well-dominated bipartite graphs with

6(G) = 2 is stated in the following theorem.

Theorem 4.1. Let G be a bipartite graph with 6(G) = 2. Then G is almost well-

dominated if and only if G is isomorphic to one of the following:

e If|V(G)| =5,then G = Gs.

o If|V(G)| =6,then G € {Gg_1,Go—2 Go—3, Go—4}.

o If|V(G)| =7,thenG = G,.

o If|V(G)| =8, thenG € {Gg_q,Gg—s,...,Gg—o).

e If|V(6)| =10,then G € {Gyo-1,G1o-2,-- -, G1o-16}-

Proof. Let G be a bipartite graph with §(G) = 2. We proceed the proof in two cases:
6(G) =3 and 6§(G) = 2. The first case follows from Lemma 4.6 where G = G4_;.
For the second case, first note that the smallest order of an almost well-dominated
bipartite graph with §(G) = 2 is 5 and further it is shown by Corollary 4.1 that
|[V(G)| < 10. Then the result follows for each possible value of |V (G)|, separately,
from Lemmas 4.7, 4.8, 4.9, 4.10, 4.11, 4.12, and 4.13.

For the converse direction (<), the property of being almost well-dominated

can be easily verified for the 31 graphs in Theorem 4.1. O
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5. UPPER PAIRED DOMINATION

In this chapter we study a different variant of domination concept, that is,
paired domination. We particularly pay attention to upper paired domination, which
Is a relatively uncovered topic in the literature on paired domination.

Recall that upper paired domination number of a graph G, denoted by I,,-(G),
Is the maximum cardinality of a minimal paired dominating set in G. Recall further
that upper domination number of a graph G, denoted by I'(G), is the largest
cardinality of a minimal dominating set in G. We begin this chapter by determining
the relationship between these two graph parameters. In what follows, we provide
some lemmas and known results from the literature which assist us in achieving this
goal.

One of the arguments which we will frequently use in our forthcoming proofs
is that any independent set S in a graph G can be extended to a maximal independent
set I in G. The other argument, which is stated in Lemma 5.1, is that every maximal

independent set is a minimal dominating set.

Lemma 5.1: Every maximal independent set is @ minimal dominating set.

Proof. Let I be any maximal independent set in G. Due to the maximality of I, any
vertex in V\I has a neighbor in I. Hence, I is a dominating set. Furthermore, if we
remove any vertex v € I, the set I — {v} does not dominate v. Hence, I is a minimal
dominating set. O
The most related results in the literature which provide useful tools for our
work in this chapter is due to Ulatowski [9]. We state the first result of Ulatowski in
Lemma 5.2, which describes the graphs with upper domination number equal to their

order.

Lemma 5.2: [9] For a graph G of order n, I,,.(G) = n if and only if G is isomorphic

to mK,.

Here, mK, denotes a graph with m > 1 disjoint K,s. The result in Lemma 5.2
implies that K, is the only connected graph satisfying I5,.(G) = n. The next result

establishes an upper bound for the upper domination number of a connected graph.
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Figure 5.1: A graph in the family K;7.
Lemma 5.3: [9] If G is a connected graph of order n = 3, then I,,.(G) < n — 1.

In the same work, Ulatowski characterized the graphs satisfying the equality in
the bound of Lemma 5.3. However, before stating this result, we recall some
definitions and notations. The subdivided star K7, is the graph obtained from a star
Ky, by subdividing every edge once. Let K7 for 4 >0 be a family of graphs
obtained by attaching 4 triangles to the central vertex of a K7, (see Figure 5.1).

Lemma 5.4 states the second result of Ulatowski regarding the graphs with

upper domination number equal to one less than their order.

Lemma 5.4: [9] Let G be a connected graph of order n = 3. Then I,.(¢) =n — 1 if
and only if G € {C;, Cs, K11}

The following two lemmas give necessary conditions for the minimality of a
paired dominating set. Notice that the notation epn(u, v; S) which is used by [51] is

defined as follows:

vu,v € S,epn(u, v;S) = {w € N(w) U NW)\S | N(w) n S{u, v}} (5.1)

In other words, for a vertex w € epn(u,v;S) it holds that either w e

epn(u, S), or w € epn(v,S), or w is adjacent to both u and v and no other vertex in

S\{u, v}.

Lemma 5.5: [51] Let S be a minimal PDS in a connected graph G of order at least 3
and let {u,v} c S and S’ = S\{w,v}. If S’ dominates both u and v and G[S']

contains a perfect matching, then |epn(u, v; S)| = 1.
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Lemma 5.6: [51] Let S be a minimal PDS in a connected graph G of order at least 3
and let M be a perfect matching in G[S]. If uv € M and both u and v have degree at
least 2 in G[S], then |epn(u, v; S)| = 1.

Our first observation which is stated in Lemma 5.7 is useful in determining the
relationship between the upper domination number and the upper paired domination

number.

Lemma 5.7: Every minimal paired dominating set P in G contains a minimal
dominating set S such that |S| > |P|/2.

Proof. Let P be a minimal paired dominating set of G. The set P has a perfect
matching M which includes pairs of matched vertices (u;,v;) for 1 <i < |P|/2.
Notice that P is not necessarily a minimal dominating set. Thus, we may assume that
S = P\T is a minimal dominating set, where T is the set of vertices that are needed
to be removed from P to obtain a minimal dominating set. We claim that from each
pair of matched vertices (u;, v;) in P at most one vertex can be removed to attain a
minimal dominating set. We prove our claim by contradiction. Let (u,, v;) be a pair
of matched vertices in P. Suppose to the contrary that S = P\{uy, v} is a minimal
dominating set in G. Notice that S has a perfect matching M’ including pairs of
matched vertices (u;, v;) for 2 <i < |P|/2. Hence, S is a paired dominating set in
G, a contradiction to the minimality of P which completes the proof of our claim.
Therefore, from each pair of matched vertices (u;, v;) for1 <i <|P|/2 in P, at
most one vertex can be removed to obtain a minimal dominating set S; that is, T <
|P|/2. This in turn implies that |S| = |P|/2. O

Here we state the relationship between the upper domination number and the
upper paired domination number in Corollary 5.1, which is an immediate result of
Lemma 5.7.

Corollary 5.1: For any graph G, I, (G) < 2I'(G).

Proof. Let P be a I},,-set of G. By Lemma 5.7, P contains a minimal dominating set
S with |S| = |P|/2 = I,,(G)/2. In addition, we know that S is a minimal
dominating set and therefore |S| < I'(G). Hence, I'(G) = |S| = I,,-(G) /2. Thus, we

have I,.(G) < 2I'(G). O
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In the remainder of this section, we will investigate the properties of the graphs
satisfying I5,,-(G) = 2I' (G).

5.1. Graphs with I'p-(G) = 2I'(G)

The following result for the graphs with the property I,.(G) = 2I'(G) is

obtained from Lemma 5.7.

Lemma 5.8: Let G be a graph with the property I5,,.(G) = 2I'(G). Then every I},,.-set

of G contains an independent I"-set (see Figure 5.2).

Proof. Let P be a I,,-set of ¢ with a perfect matching M. By Lemma 5.7, P contains
a minimal dominating set D such that |D| = I5,,/2. Since I,.(G) = 2I'(G), it
follows that [D| = I'(G). Thus, D is a I'-set. Now it suffices to prove that D is an
independent set. Suppose to the contrary that D has two adjacent vertices v; and v,.
Suppose further that w,v,,u,v, € M. Let M' = M\{u vy, u,v,} + v,v, and P' =
P\{u,, u,}. Notice that P'is a dominating set in G since it contains D. Furthermore,
it has a perfect matching M’; therefore, P’ is a paired dominating set, a contradiction
to the minimality of P. Thus, D is an independent set. O
In the following, we first state our results for two special graph classes with the
property I,.(G) = 2I'(G), namely bipartite and unicyclic graphs. We then
investigate special graph classes with I,,.(G) = 2I'(G) and restricted girth.

I',-set(P)
I-set(D)
U O e—— ) ] |

U3 ( ——) U

Uy O e——) 1),

Figure 5.2: A I,,-set P in a graph with I,,.(G) = 2I'(G)
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5.1.1. Bipartite graphs with I'y,.(G) = 2I'(G)

In this section, we characterize bipartite graphs with I,,.(G) = 2I'(G). We state
our obtained result for bipartite graphs with I5,,.(G) = 2I'(G) in Theorem 5.1.

Theorem 5.1: Let G be a connected bipartite graph. Then I5,,.(G) = 2I'(G) if and

only if G is isomorphic to K,.

Proof. Let G be a connected bipartite graph with I,,.(G) = 2I'(¢) and order n. Note
that G has at least one partite of size at least n/2, which implies a minimal
dominating set of size at least n/2. Hence I'(G) = n/2. Then we have I,,.(G) = n
which implies that I,,.(G) = n. By Lemma 5.2, ¢ is isomorphic to mK,. Since G is
connected, it is isomorphic to K.

For the converse direction, it is easy to see that I'(K,) = 1 and I,,.(K;) = 2

and hence I, (K;) = 2I'(K3). O
5.1.2. Unicyclic graphs with I',,,.(G) = 2I'(G)

The aim of this section is to describe unicyclic graphs with I,,.(G) = 2I'(G).
Before stating our result on unicyclic graphs with the property I,,.(G) = 2I'(G) in

Theorem 5.2, we mention the following lemma which establishes lower bounds for

upper domination number in unicyclic graphs:

Lemma 5.9: Let G be a connected unicyclic graph of order n. Then the following
hold:

e Forevenn, I'(G) =n/2
e Foroddn, I'(G)=(n—-—1)/2

Proof. Let G be a connected unicyclic graph of order n. Note that G has a single
cycle, say C. Let x and y be two adjacent vertices of G on C. Let further G’ be a
graph obtained by removing the edge between x and y; that is, V(G") = V(G) and

E(G") = E(G) — xy. Since G' has no cycles, it is a tree and consequently a bipartite
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graph. If n is even, then G’ has either two partites of size n/2 or at least one partite,
say A’ of size at least n/2+1. In the former case, at least one of the partites of size
n/2in G' is also an independent set in G and hence I'(G) = n/2. In the latter case,
one possibility is that x and y reside in different partites, in which case A’ is also an
independent set in G of size at least n/2+1. However, the other possibility is that x
and y reside in the same partite A, in which case A" — x is an independent set of size
at least n/2 in G. Both possibilities imply that I'(G) = n/2 for even n.

On the other hand, if n is odd, then G' has a partite, say A’, of size at least
(n + 1)/2. Here two possibilities exist. One is that x and y are in different partites,
in which case A’ is also an independent set in G and thus, I'(G) = (n+ 1)/2. The
other possibility is that x and y reside in A’, in which case A" — x is an independent
set of size at least (n+1)/2—1=(n—1)/2 in G and hence, I'(G) = (n — 1) /2.
Both possibilities yield I'(G) = (n — 1) /2 for odd n. O

Now we are ready to state the main result of this section in Theorem 5.2.

Theorem 5.2: Let G be a connected unicylic graph. Then I,.(¢) = 2I'(G) if and only
if G € {C5,Cs, K71}

Proof. Let G be a connected unicylic graph with I5,,.(G) = 2I'(G) and order n. In the
case of even n, by Lemma 5.9, we have I'(G) = n/2, which yields I,.(G) = n.
Then, by Lemma 5.2, G is isomorphic to mK, which is not unicyclic, contradiction.
Thus, the case of even n does not lead to a unicyclic graph with I,,.(G) = 2I'(G).
However, for odd n, it follows from Lemma 5.9 that I'(G) = (n — 1)/2. This, in
turn, leads to I,.(G) = (n — 1). Since n is odd we have I},,.(G) = (n — 1). Then, it
follows from Lemma 5.4 that G is isomorphic to {C3, Cs, K{¢}. Obviously, C; and Cs
are unicyclic graphs and K;; (for 4 = 1) is the only unicyclic graph in the family
K:i4. Therefore, G € {C3, Cs, K{1}.

For the converse direction, we show that if G € {C3, Cs, Ky}, then I,.(G) =
2I'(G). For the case of C; and Cs, it is easy to verify that I'(C3) = 1, I,,.(C3) = 2
and I'(Cs) =2, I,,(Cs) =4. Furthermore, I'(K;i)=t+1 and I, (Kjf) =

2(t + 1). O
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5.1.3. Graphs with I, (G) = 2I'(G) and restricted girth

In this section, we address the problem of describing graphs with I,,.(G) =
2I'(G) from a girth point of view. We begin with the case of graphs with I,,.(G) =
2T’ (G) and girth at least 6.

We first give some definitions and notations that we frequently use in the
forthcoming proofs. Let P be any I,.-set of a graph G with I5,.(G) = 2I'(G). By
G[P], we refer to the subgraph induced by the set P. Furthermore, if a vertex in P is

only adjacent to a single vertex in P, we name it a leaf in G[P].

Theorem 5.3: Let G be a graph of girth at least 6. Then I5,,.(G) = 2I'(G) if and only

if G is isomorphic to mK, (form > 1).

Proof. Let G be a graph of girth at least 6 with I,,.(G) = 2I'(G). If L,.(G) = n, by
Lemma 5.2, G is isomorphic to mK, (for m > 1) and we are done.

We will now show that the case I,.(G) < (n — 1) does not lead to a graph
with I,,.(G) = 2I'(G) and complete the proof. Suppose that I5,,.(G) < (n — 1). By
Lemma 5.8, G has a I,,-set P, which has an independent I'-set B inside it. We
further define set A = P\B as the set of partners of the vertices in B. Let A = {a;}
and B = {b;} for 1 <i < I'(G). Note that P has a perfect matching including pairs
of matched vertices (a;, b;) for a; € A, b; € B, and 1 < i < I'(G). Since I,,(G) <
(n — 1), it implies that there exists at least one vertex x in V(G)\P.

We first show that G[P] #= mK, where m = I'(G). Suppose to the contrary that
G[P] = I'(G)K,. Note that the vertex x is adjacent to at most one vertex of each pair
of matched vertices (a;, b;) since the girth is at least 6. Let Z be a set including one
vertex from each pair of vertices (a;, b;) in P which is not adjacent to x. Since
G[P] = I'(G)K,, the set Z is an independent set. Thus, Z U x forms an independent
set of size I'(G) + 1, a contradiction to B being a I'-set. Therefore, G[P] # mK, and
without loss of generality, we assume that there exist at least two pairs of matched
vertices, say (aq,b;) and (a,, b,), which have two adjacent endpoints, say a,a, €
E(G). Now by Lemma 5.5, it holds that |epn(b,, by; P)| = 1. Let y be a vertex in
epn(bq, b,; P). Due to the girth restriction, y is not adjacent to both of b; and b,.
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Thus, y is adjacent to exactly one of b, and b,, say b;. Notice that for each pair of

matched vertices (a;, b;) for 2 < i < I'(G), one of the following three cases holds:

e Casel:ba, € E(G)
e Case 2: b;a, € E(G) and a; is a leaf in G[P]
e Case 3: b;a; € E(G) and q; is not a leaf in G[P]

Note that in Case 3 a vertex b; for 2 < i < I'(G) has a neighbor a, which is
different from its partner a;. Hence b; has degree at least two in G[P]. Besides, the
partner of b;, namely a;, has degree at least two in G[P] since it is not a leaf in G[P].
Therefore, it follows by Lemma 5.6 that |epn(a;, b;; P)| = 1. This in turn implies
that there exists at least one vertex c; in V(G)\P which is a private neighbor of a;
and b;. Due to girth at least 6 restriction, c; is adjacent to exactly one of a; and b;.
Since b; is a vertex in the I'-set B, c; is only adjacent to b; (see Figure 5.3).

Now let us define the three sets A’, B’, and C as follows: for each pair of
matched vertices (a;, b;) for 2 < i < I'(G) if Case 1 holds, then put b; in B'; if Case
2 holds, then put a; in A’, and if Case 3 holds, then put ¢; in C. It is easy to see that
B' is an independent set since B’ < B. Furthermore, I =A"UC U {y}is an
independent set since I € N,(a,) and the girth of G is at least 6. The vertices in A’
are leaves in G[P]; that is, they are only adjacent to their partners b; in B\B'. Thus,
no vertex in A’ is adjacent to a vertex in B'. Besides, the vertices in C are private
neighbors which are only adjacent to a vertex b; in B\B'. Hence, no vertex in C is
adjacent to a vertex in B'. By definition no vertex in B’ is adjacent to a, and the
vertex y is adjacent only to b;. Hence we have that {y,a;}JUA"UB'UC is an
independent set. Note that the sets A’, B, and C are mutually disjoint sets since for
each pair of matched vertices (a;, b;) for 2 <i < TI'(G), exactly one of the three
aforementioned cases holds. Thus, |[A'UB'UC|=T(G)—1. Hence, the set
{y,a;}UA"UB"UC is an independent set of size I'(G) + 1, a contradiction to B
being a I'-set. Therefore, there exists no graph G with I,.(G) < (n — 1), [,,,(G) =
2T’ (G), and girth at least 6. Hence, G is isomorphic to mK, (for m > 1) and we are

done.
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a by oY
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O Cg
O Cr

Figure 5.3: The sets A’, B, and C.

For the converse direction, it can easily be verified that I'(mK,)= m and
I, (mK;)=2m. Therefore, I, (mK;)=I"(mK3). O

In what follows, we proceed to the graphs with I,.(G¢) = 2I'(G) and girth
smaller than 6. We focus on graphs with I,.(G) = 2I'(G) and girth at least 4 and
provide a characterization for a special family of graphs with the mentioned
properties, that is, C5-free cactus graphs with I,,.(G) = 2I'(G).

From here onward, we assume that G is a C3-free cactus graph with I,.(G) =
2I'(G). Furthermore, recall that by Lemma 5.8, G has a [,.-set P with an
independent I'-set inside it. Let further P = A U B, where B is an independent I"-set
and A is the set of partners of the vertices in B. Let A = {a;} and B = {b;} for 1 <
i <T'(G). Note that P has a perfect matching including pairs of matched vertices
(a;, b;) for a; € A, b; € B, and 1 < i < I'(G). We now continue with presenting a
number of lemmas which provide essential tools for the characterization of C;-free
cactus graphs with I,,.(G) = 2I'(G).
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Lemma 5.10: Let G be C;-free cactus graph with I,,.(G) = 2I'(G). Let further P be
any I,-set of G. Then, for 1 < i < I'(G), at least one vertex of each pair of matched

vertices (a;, b;) is a leaf in G[P].

{17 -\Z’ )bz 15 (o
‘ (e — — /), : : b :
P\Z ' _ % — O 1

are Sy

Figure 5.4: The sets P, Z, P\Z and X in G and the subgraph G[Z U X].

Proof. Suppose to the contrary that there exist k pairs of matched vertices (a;, b;) in
P such that both a; and b; have degree at least 2 in G[P] for 1 < k < I'(G). We first
look at the case k = 1, where there exists a single pair of matched vertices, say
(a4, by), in P such that both a, and b, have degree at least 2 in G[P]. By Lemma 5.6,
lepn(aq, by; P)| = 1, which implies that a; and b, have a private neighbor x; in
V(G)\P. Since G is a C5-free graph, x, is not adjacent to both a; and b,. Thus, x; is
adjacent to exactly one of a; and b,. Since B is a I'-set, x; is adjacent to b;. We
define I, as a set containing one leaf in G[P] from each pair of matched vertices
(aj, by) for 2 < i < I'(G) in. Itis clear that I; is an independent set. Thus, {x;,a;} U
I, is an independent set of size I'(G) + 1, which implies a minimal dominating set of
size at least I'(G) + 1, a contradiction to B being a I'-set of G. Hence, we are done
with the case k = 1.

Then we proceed to the case with k pairs of matched vertices (a;, b;) in P such
that both a; and b; have degree at least 2 in G[P] for 2 < k < I'(G). Let Z be the set
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containing pairs of matched vertices (a;, b;) in P such that both a; and b; have
degree at least 2 in G[P]. We further assume that Z = A, U B, where A, < A and
B, € B (see Figure 5.4). By Lemma 5.6, for each pair of (a;, b;) in Z, we have that
lepn(a;, b;; P)| = 1for 1 < i < k. This implies that each pair of vertices a; and b;
in Z have a private neighbor x; in V(G)\P. The vertex x; is not adjacent to both q;
and b; since G is a Cs-free graph. Thus, each x; is adjacent to exactly one of a; and
b;. Since B is a I'-set, x; is adjacent only to b;. We define X as a set containing x; for
1 < i < k (see Figure 5.4). Notice that from each pair of matched vertices (a;, b;) in
P\Z at least one vertex is a leaf in G[P]. The leaves in G[P] are shown with filled
circles in Figure 5.4. Let I; be a set containing one vertex from each pair of matched
vertices (a;, b;) in P\Z which is a leaf in G[P]. Therefore, |I,| = I'(G) — |Z|. We
continue with the following claims.

Claim 1: Each a; € A, has at least one neighbor in B, different from its partner
b;.

Proof of Claim 1: Suppose to the contrary that a vertex a; € A,, say a4, IS
adjacent only to its partner b; in G[Z]. Then {ay,x;}U (B,\{b;})UI, is an
independent set of size 2+ I'(G) — 1 =I'(G) + 1, a contradiction to B being a I'-
set. O

Claim 2: For any a; € Ay, it holds that at least two vertices in N,(a;) N X are
adjacent.

Proof of Claim 2: Suppose to the contrary that there exists a vertex in A, say
a;, such that (N,(a;) N X) is an independent set (see Figure 5.5). Then, a; U
(Ny,(a;)NnX)U (BZ\N(al)) U, is an independent set of size I'(G)+1, a
contradiction to B being a I'-set. Thus, at least two vertices in N,(a;) N X are
adjacent. O

The argument in Claim 2 implies that for each vertex a; € A, there is at least
one pair of adjacent vertices (xi, x;) in X. Since |A,| = k, there must exist at least k
pairs of adjacent vertices in X. However, since |X| = k, there exist at most k/2 pairs
with disjoint vertices in X. Therefore, there exist at least two vertices in A4,, say a,
and a,, whose corresponding pairs of adjacent vertices in X are not disjoint; that is,
these pairs have either one or two vertices in common. Recall that each vertex x; € X
is a private neighbor of a vertex b; € B,; that is, each x; is adjacent to a single vertex

b; in B,. Now let x; and x, be the corresponding pair of adjacent vertices for a, in X.
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This implies that b, is also adjacent to a, and we have a 5-cycle C; =
(a4, b1, x4, x5, b,). Note that if x; and x, are also the corresponding pair of adjacent
vertices for a,, then b; is also adjacent to a, and we have a 5-cycle C, =
(a,, by, x4, x4, b,). However, C; and C, are two cycles with a common edge x;x,, a
contradiction to G being a cactus graph. In the other case, if the corresponding pair of
adjacent vertices for a, has only one vertex, say x,, in common with that of a,, then
X, IS adjacent to another vertex in X, say x5. This in turn implies that b5 is also
adjacent to a, and we have a 5-cycle C; = (a,, b,, x5, x5, b3). In this case, we have
two cycles C; and C5; with a common edge b,x,, a contradiction to G being a cactus

graph. Therefore, there are no pairs of matched vertices (a;, b;) in P such that both

a; and b; have degree at least 2 in G[P] for 1 < k < I'(G). |
Z
Ag By X
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Figure 5.5: The sets N(a,) N B, and N,(a,) N X in G[Z U X].

Lemma 5.10 implies that at least one vertex of each pair of matched vertices
(a;, by) in P is a leaf in G[P]. We define the set L, as a set containing one leaf from

each pair of matched vertices (a;, b;) in G[P] for 1 <i < I'(G). It is clear that Ly, is
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an independent set in G[P] and |L,| = I'(G). In the following lemmas, we obtain
some other properties of C3-free cactus graphs with I,,.(G) = 2I'(G).

Lemma 5.11: Let G be a C3-free cactus graph with I,,.(G) = 2I'(G). Let further P be
any I,,-set of G. If there exists a vertex x in V(G)\P, it has exactly two neighbors in
P.

Proof. We first prove that if there exists a vertex x in V(G)\P, it has at least two
neighbors in P.

Claim 1. Every vertex x in V(G)\P has at least two neighbors in P.

Proof of Claim 1: Suppose to the contrary that there exists a vertex x in
V' (G)\P which has exactly one neighbor in P, say b;. By Lemma 5.10, one vertex
from each pair of matched vertices (a;, b;) in P is a leaf in G[P]. Let further L', be a
set containing one leaf in G[P] from each pair of matched vertices (a;, b;) for 2 <
i <T(G). Thus, |L',| = I'(G) — 1. Then, {a;,x} U L', is a minimal dominating set
of size 2+I'(G)—1=r(G)+ 1, a contradiction to B being a I'-set of G.
Therefore, each vertex x in V(G)\P has at least two neighbors in P.

Now we proceed by showing that the case of a vertex x in V(G)\P with at least
three neighbors in P leads to a contradiction and complete the proof of Lemma 5.11.
Suppose to the contrary that x is a vertex in V(G)\P with at least three neighbors in
P. We define a set Z as follows: for each pair of matched vertices (a;, b;) in P, if
a; € N(x), put b; in Z; otherwise, if b; € N(x), put a; in Z.

We first show that Z is an independent set. Suppose to the contrary that two
vertices in Z, say a; and a, are adjacent. By definition of Z, the partners of these
vertices, namely b; and b, are neighbors of x. Moreover, since a; and a, are
adjacent, by Lemma 5.5, the vertices b, and b, have a private neighbor, say y, in
V(G)\P. Definitely, the vertex y is different from x since x has at least three
neighbors in P and cannot be a private neighbor for b; and b,. However, y is
adjacent to exactly one of b, or b, since otherwise we have two cycles (yb,a,a,b,)
and (xb,a,a,b,) with a common edge a;a,, a contradiction to G being a cactus
graph. Thus, y is adjacent to one of b; or b,, say b;. Then, y is a vertex in V(G)\P
with exactly one neighbor b, in P, a contradiction to Claim 1. Therefore, Z is an

independent set.
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Let L', be a set containing one leaf in G[P] from each pair of matched vertices
(a;, by) in P such that neither a; nor b; is adjacent to x. It is obvious that |L',| =
rG)—1z|. Then, {x}UZ UL’, is an independent set of size I'(G) + 1, which
implies a minimal dominating set of size at least I'(G) + 1, a contradiction to B
being a I'-set. Therefore, any vertex x in V(G)\P has exactly two neighbors inside

P. O

Lemma 5.12: Let G be C5-free cactus graph with I,,.(G) = 2I'(G). Let further P be
any I,-set of G. If there exists a vertex x in V(G)\P, then the partners of the two

neighbors of x in P are adjacent.

Proof. Let x be a vertex in V(G)\P. By Lemma 5.11, the vertex x has exactly two
neighbors in P, say b; and b,. Suppose to the contrary that the partners of b, and b,
namely a; and a,, are non-adjacent. By Lemma 5.10, we know that at least one
vertex from each pair of matched vertices (a;, b;) in P is a leaf in G[P]. Let L), be
the set containing one leaf in G[P] from each pair of matched vertices (a;, b;) for
3<i<T(G). Note that |L',| = I'(G) —2. Thus, {x,a;,a,}UL", is a minimal
dominating set of size I'(G) + 1, a contradiction to B being a I'-set. Therefore, the

partners of the neighbors of x in P, namely a; and a,, are adjacent. O

Lemma 5.13: Let G be a C3-free cactus graph with I,.(G) = 2I'(G). Let further P be
any I,,-set of G. If there exist two vertices x; and x, in V(G)\P, then they have no

common neighbor in P.

Proof. Suppose to the contrary that x; and x, are two vertices in V(G)\P, which
have common neighbors in P. By Lemma 5.11, each of x; and x, has exactly two
neighbors in P. Let a; and a, be the two neighbors of x; in P. By Lemma 5.12, the
partners of a; and a,, namely b, and b,, are adjacent. If x; and x, have two common
neighbors in P, that is, if x, is also adjacent to a, and a,, then we have two cycles
(x;a,b1b,a,) and (x,a,b,b,a,) with a common edge b,b,, a contradiction to G
being a cactus graph. On the other hand, if x; and x, have only one common
neighbor, say a,, then x, has another neighbor in P, say a;. By Lemma 5.12, the

partners of a, and a3, namely b, and bs, are adjacent. Then we have two cycles
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(x1a1b1bya;) and (x,a,b,bszas) with a common edge a,b,, a contradiction to G

being a cactus graph. Hence, x; and x, have no common neighbor in P. O

Lemma 5.14: Let G be a C3-free cactus graph with I5,,.(G) = 2I'(G). Let further P
be any I,,-set of G. Then, A(G[P]) < 2.

Proof. Let G be a Cs-free cactus graph with I,,.(G) = 2I'(G). Let further P be any
I,-set of G which includes pairs of matched vertices (a; b;) for 1 <i < I'(G).
Suppose to the contrary that a vertex in P, say a4, has at least three neighbors in P.
One of these three neighbors is the partner of a;, namely b;. Without loss of
generality, let b, and b5 be the other two neighbors of a, in P. Since a, is adjacent to
b,, by Lemma 5.5, we have |epn(a,, b;; P)| = 1, which implies that a, and b, have
a private neighbor x in V(G)\P. By Lemma 5.11, x is adjacent to both a, and b;. In
addition, since a, is adjacent to b5, by Lemma 5.5, we have |epn(as, by; P)| = 1.
This implies that a; and b; have a private neighbor y in V(G)\P. By Lemma 5.11, y
is adjacent to both a; and b;. However, x and y are two vertices in V(G)\P with a
common neighbor b, in P, a contradiction to Lemma 5.13. Thus, a vertex in P has at

most two neighbors in P; that is, A(G[P]) < 2. O

Lemma 5.15: Let G be a C3-free cactus graph with I5,,.(G) = 2I'(G). Let further P
be any I,,,-set of G. At most one vertex from each pair of matched vertices (a;, b;) in

P has a neighbor in V(G)\P.

Proof. Suppose to the contrary that there exists a pair of matched vertices in P, say
(a4, by), such that both a; and b; have neighbors in V(G)\P. Let further x; be the
neighbor of b, and x, be the neighbor of a, in V(G)\P. It is clear that x; # x, since
G is a Cs-free graph. By Lemma 5.11, x; has two neighbors in P. Hence, we may
assume that x; is adjacent to another vertex in P, say b,. Similarly, x, has two
neighbors in P; however, by Lemma 5.13, x, has no common neighbor with x; in P.
Thus, we may assume that x, is adjacent to b;. By Lemma 5.12, a, is adjacent to a,
and b, is adjacent to a;. Then, (a4, b;) is a pair of matched vertices both of which

have degree at least two in G[P], a contradiction to Lemma 5.10. Thus, at most one

vertex from each pair of matched vertices (a;, b;) in P has a neighbor in V(G)\P. O
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Lemma 5.16: Let G be a C3-free cactus graph with I,.(G) = 2I'(G). Let further P be

any I,,-set of G. Then any two vertices x; and x, in V(G)\P are non-adjacent.

Proof. Let G be a Cs-free cactus graph with I,,.(G) = 2I'(G). Let further P be any
L,-set of G which includes pairs of matched vertices (a;, b;) for 1 <i < I'(G).
Suppose to the contrary that x; and x, are two adjacent vertices in V(G)\P. We
know that by Lemma 5.11 and Lemma 5.13, x; is adjacent to exactly two vertices in
P, say {b4,b,}, and x, is adjacent to two different vertices, say {bs, b,}. By Lemma
5.12, the partners of b; and b,, namely a; and a,, and the partners of b; and b,,
namely a; and a,, are adjacent. By Lemma 5.14, a4, a,, a3, and a, have no other
neighbors in G[P]. Then there exists an independent set I = B\{b,, by, b3, b,} in
G[P] such that |I| = I' — 4. Then {x;, by, b,, as,a,} U I is a minimal dominating set
of size 5+ |I|=5+T(G)—4=T(G)+ 1, a contradiction to B being a I'-set.

Therefore, any two vertices x; and x, in V(G)\P are non-adjacent. O

Now we are ready to give our main result in this section in Theorem 5.4, which
describes the structure of C3-free cactus graphs with I,,.(G) = 2I'(G). Notice that
the graph m, Cs + m,K,, which is stated in Theorem 5.4, is a graph composed of m,

copies of disjoint Css and m, copies of disjoint K;S.

Theorem 5.4: Let G be a C;-free cactus graph. Then I,,.(G) = 2I'(G) if and only if G

is isomorphic to my K, + m,Cs for my + m, > 1.

Proof. Let G be a C5-free cactus graph with I,,.(G) = 2I'(G). By Lemma 5.8, G has
a I,,-set P with an independent I"-set B inside it. Let further A be the set of partners
of the vertices in B. Hence, P = AU B. Moreover, P has a perfect matching
including pairs of matched vertices (a;, b;) for 1 < i < I'(G). We start with the case
where there exist no vertices in V(G)\P, that is, I5,.(G) = n. By Lemma 5.2, G is
isomorphic to m, K, for my = 1, which is a cactus graph and we are done with this
case.

Next, we proceed with the case where there exists at least one vertex x; in
V(G)\P, that is, I,,.(G) < n — 1. By Lemma 5.11, x, has two neighbors in P, say b,
and b,. By Lemma 5.12, the partners of b, and b,, namely a, and a,, are adjacent.

Since a,; and a, each has two neighbors in P, by Lemma 5.14, they have no other
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neighbors in P. By Lemma 5.15, a; and a, have no neighbors in V(G)\P since their
partners, namely b, and b,, have a neighbor x; in V(G)\P. As a, and a, each has
two neighbors in G[P], by Lemma 5.10, their partners, namely b, and b,, are only
adjacent to their partners and have no other neighbors in G[P]. Moreover, b; and b,
have no neighbors in V(G)\P other than x; by Lemma 5.13. The vertex x; has two
neighbors b; and b, in P and has no other neighbors in V(G)\P by Lemma 5.16.
Hence, the vertices {x,, b,, a4, a,, b,} form a disjoint 5-cycle in G. We can make the
previous arguments for any vertex in V(G)\P; that is, any vertex in V(G)\P together
with four vertices from P form a disjoint 5-cycle in G. Therefore, G is composed of
components which are either K, or Cs.

For the converse direction, it can easily be verified that if G is isomorphic to
my K, + m,Cs for my + m, = 1, then we have that I'(m,K, + m,Cs) = m; + 2m,,
and [ (mK, + myCs) = 2my +4m, and hence I,.(mK; + myCs) =
2I'(my K, + myCs). ]

An immediate result of Theorem 5.4 for connected graphs is stated in Corollary
5.2.

Corollary 5.2: Let G be a connected C3-free cactus graph. Then I,,.(¢) = 2I'(G) if

and only if G is either Cs or K.

Note that some of the arguments used in Lemmas 5.11- 5.16 are not restricted
to cactus graphs and can be used for the general case of Cs;-free graphs. Then the
question that arises here is whether all lemmas mentioned above can be extended for
the general case of C3-free graphs with I5,,.(G) = 2I'(G). Hence, we pose the

following as an open question:

Question: Does Theorem 5.4 hold for C5-free graphs?
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6. CONCLUSION

In this thesis we deal with two interrelated graph theory concepts:
independence and domination. We particularly pay attention to three topics: well-
covered graphs, well-dominated graphs, and paired domination. We first give a
detailed review of the known results in the literature with an emphasis on the
aforementioned topics. The literature on this area is mostly dominated by the
research works which focus on the scenarios where the independence or domination
gap is zero. In Chapters 2 and 3, we turn our attention to the graphs whose
domination gap is one. We name such graphs almost well-dominated graphs.

In Chapter 2, we determine the structure of (Cs, C4, Cs, C;)-free almost well-
dominated graphs by presenting a complete structural characterization of such
graphs. This result is an extension of the previous work by Finbow et al., which has
implications for almost well-dominated graphs with girth at least 8. In this direction,
studying the general case of almost well-dominated graphs with girth at least 6 or
special classes of almost well-dominated graphs with girth at least 6 are possible
options for future study.

In Chapter 3, we investigate almost well-dominated bipartite graphs. The first
result of our study in this chapter provides an upper bound for the cardinality of
bipartite graphs with domination gap k, where k > 1, and minimum degree at least
two, that is, we prove that |V(G)| < 10k. The main result of this chapter is a
complete structural characterization of almost well-dominated bipartite graphs with
minimum degree at least two. While a 4-cycle is the only well-dominated bipartite
graph with minimum degree at least two due to Finbow et al. in [5], our results in this
thesis show that there exist exactly 31 almost well-dominated bipartite graphs with
minimum degree at least two. In line with this study, investigating the structure of
almost well-dominated bipartite graphs with domination gap at least two is a possible
direction for future research.

In Chapter 4 we focus on paired domination by concentrating on two
parameters: upper paired domination number and upper domination number. As a
first step, we specify the relationship between these two parameters by showing that

I, (G) < 2I'(G) for any graph G. We then focus on the graphs achieving equality in
the mentioned relationship, that is, graphs with I5,.(G) = 2I'(G). Our study in
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Chapter 4 has two directions. In one direction, by using the results of Ulatowski [9],
we determine the structure of bipartite and unicyclic graphs with I5,,.(G) = 2I'(G). In
the other direction, we approach the problem of graphs with I5,,.(G) = 2I'(G) by
restricting the graph girth, where we obtain two results: one is the characterization of
graphs with I,,.(G) = 2I'(G) and girth at least 6 and the other is the characterization
of C3-free cactus graphs with I,,.(G) = 2I'(G). As a future research, we conclude
Chapter 4 by leaving the characterization of the general case of C;-free graphs with

I, (G) = 2I'(G) as an open question.
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