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ABSTRACT

Given a commutative ring R with 1R, there are three structural non-directed graphs
associated to R, namely the zero-divisor graph denoted by Γ(R), the ideal based zero-
divisor graph associated to a given ideal I denoted by ΓI(R), and the weakly zero-divisor
graph denoted byWΓ(R). In this thesis, on one side, we investigate some combinatorial
properties of these three graphs and provide comprehensive proofs for the related results;

on the other side, we examine the algebraic structure of R by considering some special

properties for the associated graphs. As a particular case, we give a brief explanation

together with some results of the zero-divisor graph of the idealization ring. Finally, we

give some new results related to the weakly zero-divisor graph.

Keywords: Zero-divisor,Combinatorial Properties,Algebraic Structure,

Idealization Ring, Commutative ring.
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ÖZET

Verilen bir birim elemanı 1R olan değişmeli halka R için, R ile ilişkili üç yapısal çizge

vardır: sıfır-bölen çizge Γ(R), belirli bir ideal I ile ilişkili ideal tabanlı sıfır-bölen çizge
ΓI(R) ve zayıf sıfır-bölen çizge WΓ(R). Bu tezde, bir yandan bu üç çizgenin bazı
kombinatorik özelliklerini araştırıyor ve ilgili sonuçlar için kapsamlı kanıtlar sunuyoruz;

diğer yandan, ilişkili çizgeler için bazı özel özellikleri dikkate alarak R’nin cebirsel
yapısını inceliyoruz. Özel bir durum olarak, idealizasyon halkasının sıfır-bölen çizgesi

ile ilgili bazı sonuçlarla birlikte kısa bir açıklama veriyoruz. Son olarak, zayıf sıfır-bölen

çizge ile ilgili bazı yeni sonuçlar sunuyoruz.

Anahtar Kelimeler: Sıfır Bölen, Kombinatoryel Özellikler,Cebirsel Yapı,

İdealleştirme Halkası, Değişken Halka.
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1. INTRODUCTION

The interest in the connection between ring and graph theory is growing day by day.

One of the tools to describe such a connection is the zero-divisor graph, which was

introduced by Beck in 1988, see [1]. Given a commutative ring R with 1R, we let

Z(R)∗ = Z(R) \ {0} to be the set of zero-divisors of R. Then, associated with the

commutative ring R, the zero-divisor graph of R, denoted by Γ(R), is an undirected

graph with the vertex set Z(R)∗ where distinct vertices x and y are said to be adjacent

if and only if xy = 0. Considering this nice connection, many authors have studied

the zero-divisor graphs and their properties, as are [2], [3], [4], [5], and [6]. Moreover,

authors in [7] define the zero-divisor of idealization of a commutative ring, and they

look at the preservation of the diameter and girth number of the zero-divisor graph

of a ring when it is extended to idealization of the ring. The idealization of a module

over a ring is introduced by Nagata in 1955, see [8]. LetM be an R-module, where

R is a commutative ring. Then, the idealization of M in R, denoted by R(+)M , is

defined to be the commutative ring consisting of tuples (r,m), for r ∈ R andm ∈M ,

together with componentwise addition and the multiplication is defined as follows:

(r1,m1)(r2,m2) = (r1r2, r1m2 + r2m1), for r1, r2 ∈ R andm1,m2 ∈M . Concerning

the zero-divisor graphs, recently numerous types of graphs have been investigated in

relation with commutative rings, such as; ideal based zero-divisor graphs and weakly

zero-divisor graphs.

Redmond in [9], introduced the notion of the ideal based zero-divisor graphs, and denoted

it by ΓI(R). Let R be a commutative ring and I be an ideal of it. Then, the graph ΓI(R)

is defined to be the graph with vertex set {x ∈ R \ I | xy ∈ I for some y ∈ R \ I}

and two distinct vertices are adjacent if and only if xy ∈ I . So, in the case when I = 0

it appears that ΓI(R) = Γ(R), and in the case when I is a prime ideal of R, then the

zero-divisor graph Γ(R) is empty, see Proposition 4.1. On the other hand, the weakly

zero-divisor graph was first introduced by M. J. Nikmehr, A. Azadi, and R. Nikandish in

2021, see [10]. Let R be a commutative ring. The weakly zero-divisor graph, denoted

byWΓ(R), of a commutative ring R, is defined to be the graph with vertex set Z(R)∗,

1



where two distinct vertices x and y are adjacent if there exist a ∈ ann(x) and b ∈ ann(y)

such that ab = 0.

The contents of this thesis are outlined as follows: In Chapter 2, we give notations

and definitions from graph theory, ring theory, modulo theory, and field theory, which

will be used throughout this thesis. Chapter 3 is dedicated to the study of zero-divisor

graphs. In this chapter, we have two parts. In the first part, we give basic properties and

certain inductive results that will be used in the following chapters. We start the chapter

by showing that Γ(R) is a connected graph and the diameter does not exceed 3, see

Theorem 3.1. Moreover, in Theorem 3.2 we provide a necessary and sufficient condition

for R to ensure that Γ(R) is a finite graph. Both properties mentioned above will be of

fundamental importance in our thesis. Next, in Theorem 3.7, Theorem 3.8, Theorem 3.9

and Theorem 3.10, thanks to [3], [11] and [12], we answer one of the most important

questions in our thesis: If R and S are two commutative rings with Γ(R) ∼= Γ(S), then

do we have R ∼= S? Finally, in the second part of this chapter, in Subsection 3.1, we

give the definition and proofs of some preliminary properties of the zero-divisor graph

of idealization Γ(R(+)M) in relation to Γ(R), for some commutative ring R and an

R-module,M . We start the subsection by describing the set of vertices of Γ(R(+)M)

in Proposition 3.1. In the next part of it, we focus on the cases when M ∼= Z3 and

M ∼= Z2. In this context, the remaining part of this subsection is dedicated to some

results related to the girth number of R(+)M for both of the cases ofM mentioned

above. It is important to point out that all the results in this subsection are from [7].

In Chapter 4, we investigate ideal based zero-divisor graphs. This chapter is dedicated

to the work done in [9] and [13]. We partitioned this chapter into two parts. The first

part is devoted to the relationship of ΓI(R) with Γ(R/I). Among other things we show

that ΓI(R) contains |I| disjoint subgraphs isomorphic to Γ(R/I), see Corollary 4.1 .

We continue this part by showing that for any two commutative rings R and S, and

radical ideals I and J of them, respectively, if |I| = |J | and Γ(R/I) ∼= Γ(S/J), then

ΓI(R) ∼= ΓJ(S), see Theorem 4.4. Finally, we end the first part of this chapter by

examining the ΓI(R) in the case when I is the intersection of two prime ideals. The

second part of this chapter is the Subsection 4.1. Here we look into the girth and clique

number of ΓI(R) in the case when I is the intersection of prime ideals and when it is a

primary ideal.
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Finally, in Chapter 5, we study the weakly zero-divisor graphs of a commutative ring R.

Here we give detailed explanation of the work done by authors in [10] and prove two

new results. To do this, we split this chapter into three parts. The first part is devoted

to the investigation of properties of WΓ(R) and the relation with Γ(R). One of the

most important relations between them is the fact that Γ(R) is a connected subgraph of

WΓ(R), see Lemma 5.1. This will be essential in the proof of our main results given

in the last part of this chapter. Moreover, it appears that the graph WΓ(R) is also a

connected graph with diameter at most two, and if in addition, it contains a cycle, then

the girth number is at most four, see Theorem 5.1. In Theorem 5.4 and Theorem 5.5, we

give a full description of the case whenWΓ(R) is a star graph and a complete graph,

respectively. The next part of this chapter is the Subsection 5.1. Here we explore the

cases when Γ(R) andWΓ(R) are identical, where it shows up that the ring R being a

reduced or a non-reduced ring is essential. In the case when R is a non-reduced ring,

we give a full description of Γ(R) being identical to WΓ(R), see Theorem 5.7 and

Corollary 5.1. The last part of this chapter is dedicated to our new results. In Lemma

5.2, we categorize all rings R such thatWΓ(R) is a path of length at most two. In our

last result, we show that there is no commutative ring R such thatWΓ(R) is the graph

in Figure 5.4, see Lemma 5.3.

3



2. PRELIMINARIES

2.1. Graph Theory Preliminaries

First, we review some fundamental definitions and concepts related to graph theory.

Unless specified otherwise, all graphs discussed in this work will be finite undirected

graphs.

Let G be a finite undirected graph. The set of vertices of G is denoted by V (G), and

the set of edges is denoted by E(G). If V (G) = ∅, then we say that G is an empty

graph. Two vertices in G are considered adjacent if an edge connects them. If for some

x ∈ V (G) we have e = {x, y} ∈ E(G) for some y ∈ V (G), then we say that the edge e

is incident with the vertex x or x is an end vertex of e. The degree of a vertex x ∈ V (G),

denoted by δ(x), is defined to be the number of edges incident with x. We say that

e, f ∈ E(G) are incident if they share an end vertex.

Definition: Let G be a graph on n vertices. If there exists a vertex x with δ(x) = n− 1

and δ(y) = 1 for all y ∈ V (G) \ {x}, then G is called a star graph.

LetG andH be two graphs. We say thatG is isomorphic toH if there exists a bijection

φ : G → H such that two vertices x and y are adjacent in G if and only if φ(x) and

φ(y) are adjacent in H .

A graph permutation is a reordering of vertices of a graph G that maps the graph onto

itself, preserving its structure.

A subgraph H of G is a graph where V (H) ⊆ V (G) and E(H) ⊆ E(G). An induced

subgraph H of G is a subgraph such that for any pair of vertices x, y ∈ V (H), we have

{x, y} ∈ E(H) if and only if {x, y} ∈ E(G), and we write (V (H)) = H . We say

that two subgraphs H1 and H2 of a graph G are disjoint if V (H1) ∩ V (H2) = ∅ and

E(H1) ∩ E(H2) = ∅.

If for any pair of vertices x and y of a graph G there exists {x, y} ∈ E(G), then G

is called a complete graph. If in this case | V (G) |= n, then we denote G by Kn. A

complete subgraph within G is called a clique. The clique number denoted by ω(G) is

defined to be the size of the largest clique within G.
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A sequence of vertices x1, . . . , xn in a graph G with xi 6= xj for i 6= j such that

{xi, xi+1} ∈ E(G) for all i = 1, . . . , n − 1, is called a path of length n − 1. The

distance between two vertices x and y is the number of edges in the shortest path starting

at x and ending at y, and it is denoted by d(x, y). The integer diam(G) = max{d(x, y) |

x, y ∈ V (G)} is called the diameter of the graph G.

Two vertices x and y of a graph G are connected if there exists a path in G starting at

x and ending at y. If any pair of vertices of G are connected, then G is said to be a

connected graph, otherwise it is called disconnected.

A cycle in a graph G is a sequence of vertices x1, . . . , xm such that {xi, xi+1} ∈ E(G)

for all i = 1, . . . ,m− 1 and {x1, xm} ∈ E(G). The length of the shortest cycle within

a graph G is defined as the girth number of the graph G, denoted by girth(G).

A graph G is said to be bipartite if we have V (G) = A ∪B such that A ∩B = ∅ and

{x, y} ∈ E(G) only if x ∈ A and y ∈ B. If {x, y} ∈ E(G) for all x ∈ A and y ∈ B,

then the graph G is called a complete bipartite graph. Moreover, if G is a complete

bipartite graph with V (G) = A ∪B where |A| = n and |B| = m, then we denote it by

Kn,m.

Let G be a graph. A set of edgesM = {e1, . . . , em} of G is called a matching of G

if ei ∩ ej = ∅, for all i, j ∈ {1, . . . ,m} and i 6= j. Moreover, if every vertex of G is

incident with exactly one edge inM , thenM is called a perfect matching.

A graph G is called regular if each vertex of G has the same degree. We say that G

is r-regular if each vertex of G has degree r. Note that, a 1-regular graph is a graph

consisting of only disconnected edges.

2.2. Algebraic Preliminaries

In this section we recall some algebraic preliminaries from ring, modulo and field theory.

All definitions and theorems in this section are from [14].

Definition: A setR equipped with two binary operations, called addition, denoted by+,

and multiplication, denoted by ·, is called a ring if it satisfies the following properties:

(1) The set R form a group under addition +, that is:

(i) For all a, b ∈ R, we have a+ b = b+ a.

5



(ii) For all a, b, c ∈ R, we have a+ (b+ c) = (a+ b) + c.

(iii) In R, there is the zero element, written as 0, satisfying a+ 0 = 0 + a = a,

for all a ∈ R.

(iv) For all a ∈ R, there is the inverse of a in R, written as a−1 = −a, satisfying

a+ (−a) = (−a) + a = 0.

(2) The setR is transitive under multiplication: For all a, b, c ∈ R, we have a·(b·c) =

(a · b) · c.

(3) Multiplication is distributive with respect to addition in R:

(i) For all a, b, c ∈ R, we have a · (b+ c) = a · b+ a · c.

(ii) For all a, b, c ∈ R, we have (a+ b) · c = a · c+ b · c.

If in addition there is an element 1R ∈ R such that a · 1R = 1R · a = a, for all a ∈ R,

then 1R is called a unit of R and R is called a ring with unity. The set of all units in

R forms an abelian group under multiplication. Note that, in the following part the

multiplication of two elements a and b in R is written ab, instead of a · b.

All rings in this thesis are commutative, that is, for any a, b ∈ R we have ab = ba.

If R is a ring, then we define R∗ = R \ {0}. An element a ∈ R is called a zero-divisor

if there exists a non-zero b ∈ R such that ab = 0. The set of all zero-divisors is denoted

by Z(R) and we define Z(R)∗ = Z(R) \ {0}. An element that is not a zero-divisor

is called a regular element. The set of all regular elements is denoted by reg(R). A

non-zero ring with unity such that Z(R) = {0} is called an integral domain.

Let R be a ring and a ∈ R. We say that an element b ∈ R annihilates the element a if

ba = 0. The set of all annihilators of a is denoted by ann(a). It is clear that ann(x) is

a subset of Z(R), for all x ∈ R.

LetR be a ring. An element a ∈ R is called a nilpotent element if there exists a non-zero

n ∈ N such that an = 0. A ring which does not contain a non-zero nilpotent element is

called a reduced ring.

Remark 2.1: Let a ∈ R be a nilpotent element. Then, an = 0 for some n > 0. So,

aan−1 = 0, implying that a ∈ Z(R). Hence, every nilpotent element is a zero-divisor,

but the converse is not true in general.

Definition: LetR and S be two rings with a multiplicative unity 1R and 1S , respectively.

6



A map f : R → S is called a homomorphism if the followings hold:

(i) f(x+ y) = f(x) + f(y), for all x, y ∈ R,

(ii) f(xy) = f(x)f(y), for all x, y ∈ R, and

(iii) f(1R) = 1S .

Moreover, if f is an injective and surjective homomorphism, then it is called an isomor-

phism. In such a case, the ring R is said to be isomorphic to the ring S, and we write

R ∼= S.

The image of an element a ∈ R under the homomorphism f is the element f(a) ∈ S.

The image of f is the set Img(f) = {f(a) ∈ S | a ∈ R}. The Kernel of f is the set of

all elements of R which has image zero under f , and we denote it by Ker(f).

Definition: Let R be a ring and I ⊆ R. Then, I is called an ideal of R if it satisfies the

following:

(i) If a, b ∈ I , then a− b ∈ I ,

(ii) If a ∈ I and r ∈ R, then ar ∈ I .

An ideal I is said to be finitely generated if there exists a finite set A = {a1, . . . , an},

for n ∈ N, of R, such that

I = (A) = {r1a1 + · · ·+ rnan | ri ∈ R, ai ∈ A for all i = 1, . . . , n}.

In this case the set A is called the generating set of the ideal I , or we say that I is

generated by {a1, . . . , an} and we write I = (a1, . . . , an).

An ideal I of a ring R is called a principle ideal if it is generated by a single element

x ∈ R, that is, if I = (x) = {rx | for all r ∈ R}. A ring whose all ideals are principle

is called a principle ideal domain.

Remark 2.2: [14] The intersection of a family of ideals is an ideal.

Let R be a ring and I and J be two ideals. Then, the addition of I and J is defined as

follows:

I + J = {x+ y | x ∈ I, y ∈ J}.

Note that, the addition I + J is the smallest ideal of R containing I and J . In a similar

way we can define the addition of a family of ideals of R.

7



Definition: Let R be a ring and I be an ideal of R. The nth power of I is defined to be:

In = {
∑
i

ai1 · · · ain | ai1 , . . . , ain ∈ I},

where
∑

j denotes a finite sum.

Definition: LetR be a ring and I be an ideal ofR. Then, the ringR/I = {r+I | r ∈ R}

together with operations:

(i) (r + I) + (s+ I) = (r + s) + I

(ii) (r + I)(s+ I) = rs+ I ,

for all r, s ∈ R, is called the quotient ring. The elements of R/I are the cosets of I in

R.

Among the fundamental theorems in algebra are the isomorphic theorems. Here we will

state the first isomorphism theorem of rings.

Theorem 2.1: [14] Let R and S be two rings, and f : R → S be a homomorphism of

rings. Then, R/Ker(f) ∼= Img(f).

Example 2.1: Let R = Z24 and I = (8̄) be an ideal of R. Then, by Theorem 2.1 we

have R/I ∼= Z8.

Let p be an ideal of the ring R. If for any ab ∈ p it implies that a ∈ p or b ∈ p, then p is

called a prime ideal. An idealm is called a maximal ideal if there is no ideal I such that

m ( I ( R. Note that, a maximal ideal is always a prime ideal, but the converse has

not to be true. The intersection of any two prime ideals need not be prime. For example,

we have (2)∩ (3) = (6) in Z, where (2) and (3) are prime ideals, while (6) is not. Also,

we call a ring R decomposable if we can write R = R1 ×R2, where R1 and R2 are two

rings. The following two results are well known in ring theory, see [14].

Lemma 2.1: If there exists an idempotent element (a2 = a) in R, then the ring R is

decomposable.

Lemma 2.2: If R is a decomposable ring, then Z(R) is not an ideal of R.

Definition: A ring R is said to be a semi-local ring if it has a finite number of maximal

ideals and it is called a local ring if it has a unique maximal ideal.

Example 2.2: The ring Zm is a semi-local ring for any positive integerm. In particular,

ifm is a prime power, then R is a local ring.

Proposition 2.1: [14, Proposition 1.7] LetR be a ring. The set of all nilpotent elements

8



ofR is an ideal. Moreover, if I is the set of nilpotent elements, then there is no non-zero

nilpotent element in R/I .

Let R be a ring andN be the set of all nilpotent elements. By Proposition 2.1 the setN

is an ideal and it is called the nilradical of the ring R. Moreover, N is the intersection

of all prime ideals of the ring R, as stated in the next theorem.

Proposition 2.2: [14, Proposition 1.8] The nilradical of a ring R is the intersection of

all the prime ideals of R.

Remark 2.3: Let I and J be two ideals of a ring R. Then, the ideal

(I : J) = {x ∈ R | xJ ⊆ I}

is called the colon ideal of I and J . In particular, the colon ideal (0 : I) = ann(I) is

called the annihilator of I .

If I is an ideal of a ring R, then the radical of I is defined as

√
I = {x ∈ R | xn ∈ I for some n∈N}.

Moreover, if I =
√
I , then the ideal I is called a radical ideal.

Let x, y ∈
√
I . Then, xn ∈ I and ym ∈ I for some n,m ∈ N. Then, by binomial

expansion (x− y)n+m ∈ I , which implies that x− y ∈
√
I . On the other hand, as I is

an ideal, it follows that rnxn, rmym ∈ I for all r ∈ R, implying that rx, ry ∈
√
I for

all r ∈ R. Hence,
√
I is ideal and we call it the radical ideal of I .

Example 2.3: Let R = Z24. Then, the ideal I = (8̄) is not a radical ideal, because as

4̄2 = 1̄6 ∈ I , it follows that 4̄ ∈
√
I and obviously 4̄ 6∈ I . On the other hand, the ideal

J = (2̄) is a radical ideal of Z24, because J =
√
J = {0̄, 2̄, 4̄, 6̄, 8̄, 1̄0, 1̄2, 1̄4, 1̄6, 1̄8,

2̄0, 2̄2}.

Definition: Let I be an ideal of a ring R. Then, we call I a primary ideal if I 6= R and

xy ∈ I implies that either x ∈ I or yn ∈ I for some n ∈ N.

Example 2.4: All primary ideals of the ring of integers Z are; the zero ideals (0) and

(pi), where p is a prime number. For instance, the ideal I = (12) is not a primary ideal

because 3 · 4 = 12 ∈ (12), but 4 6∈ (12) and 3 6∈
√
(12) = (6), because there does not

exist n such that 3n ∈ (12).

Let (Rλ)λ∈Λ be commutative rings, where Λ is the set of indices. The direct product∏
λ∈ΛRλ is the set {(a1, a2, a3, . . .) | aµ ∈ Rµ, µ ∈ Λ}, which forms a commutative
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ring under pointwise addition and multiplication. The direct sum
⊕

λ∈ΛRλ is the

set {(a1, a2, a3, . . .) | such that only finitely many ai’s are non-zero}, which forms a

commutative ring under pointwise addition and multiplication. Note that in the case

when Λ is a finite set, then
∏n

i=1Ri =
⊕n

i=1Ri. In our thesis, we use only the case

when Λ is a finite set. In this case, if each of R1, . . . , Rn is a commutative rings

with 1Ri
, for all i = 1, . . . , n, then

∏n
i=1Ri =

⊕n
i=1Ri is a commutative ring with

1R = (1R1 , . . . , 1Rn).

Definition: Let R be a ring with 1R. A non-empty setM is called a module over the

ring R if it is an abelian group under addition together with the following map

R×M →M, (r,m) → rm

satisfying the following axioms:

(i) 1R ·m = m, for allm ∈M ,

(ii) r1(r2m) = (r1r2)m, for all r1, r2 ∈ R andm ∈M ,

(iii) r(m1 +m2) = rm1 + rm2, for all r ∈ R andm1,m2 ∈M .

(iv) (r1 + r2)m = r1m+ r2m, for all r1, r2 ∈ R andm ∈M .

IfM is a module over R we say thatM is an R-module.

Example 2.5: (i) Let R be a ring. Then, any ideal I or R is an R-module, and in

particular, R itself is an R-module.

(ii) If R = Z, then every abelian group is an R-module.

(iii) If the positive integerm divides the positive integer n, then Zm is a Zn-module.

Let R be a ring. An ascending and descending chain of ideals of R is said to be the

chain

C1 : I1 ⊆ I2 ⊆ · · · ⊆ In · · ·

C2 : I1 ⊇ I2 ⊇ · · · ⊇ In ⊇ · · · ,

respectively, where Ii is an ideal ofR, for all i = 1, 2, 3, . . .. We say that C1(equivalenty

C2) is stationary if there existsm ∈ N such that Im = Im+1 = · · · .

Definition: A ring R is called a Noetherian Ring if one the following equivalent condi-

tions are satisfied:

(i) Every non-empty set of ideals in R has a maximal element.
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(ii) Every ascending chain of ideals in R is stationary.

(iii) Every ideal in R is finitely generated.

Definition: A ring R is said to be an Artinian ring if every descending chain of ideals

in R is stationary. If in addition, the ring R is a local ring, then we call it an Artinian

local ring.

In [14, Theorem 8.5] it is shown that any Artinian ring is Noetherian.

Example 2.6: The ring of integers Z is Noetherian, but not Artinian. Indeed, the

descending chain of ideals (2) ⊃ (4) ⊃ (8) ⊃ · · · ⊃ (2n) ⊃ (2n+1) ⊃ · · · in Z is

not stationary. An example of a non-Noetherian ring is a polynomial ring on infinite

variables over a field K, denoted by K[x1, x2, x3, . . .]. Indeed, the ascending chain of

ideals (x1) ⊂ (x1, x2) ⊂ (x1, x2, x3) ⊂ · · · ⊂ (x1, . . . , xn) ⊂ (x1, . . . , xn+1) ⊂ · · · of

K[x1, x2, x3, . . .] is not stationary.

The following theorem which is called the structure theorem for Artinian rings, plays

an important role in our discussion.

Theorem 2.2: [14, Theorem 8.7] An Artinian ring A is uniquely(up to isomorphism)

determined by a direct product of a finite number of Artinian local rings.

Proposition 2.3: [14, Proposition 8.1] If R is an Artinian ring, then every prime ideal

is maximal.

Proposition 2.4: [14, Proposition 8.3] If R is an Artinian ring, then it has a finite

number of maximal ideals.

Let R be a ring andM be an R-module. Then, a prime ideal P of the ring R is said to

be associated toM if there is an elementm ∈ M such that Pm = 0, or equivalently,

if P annihilatesm. The set of all such prime ideals of R is denoted by Ass(M). The

minimal elements, under inclusion, of the set Ass(M) are called minimal associated

primes ofM , and the set of all such primes is denoted byMin(M).

A prime ideal P is called a minimal prime ideal over an ideal I if P is the smallest

prime ideal containing I (i.e., there are no other prime ideals strictly between I and P ).

Note that if I is a prime ideal, then I itself is the only minimal prime over it. A prime

ideal is referred to as a minimal prime ideal if it is a minimal prime over the zero ideal,

and the set of all such prime ideals is denoted byMin(R).

In a Noetherian ring R, a minimal prime ideal over an ideal I is exactly a minimal
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associated prime of R/I , where R/I is considered as an R-module.

Recall that a reduced ring is a ring with no non-zero nilpotent elements. Such a ring has

the following property.

Theorem 2.3: [15, Corollary 2.4] In a reduced ring R, Z(R) = ∪P , where P varies

overMin(R).

Definition: A set F is called a field if it is a commutative ring with unity such that each

element of F \ {0} has a multiplicative inverse. If F is a finite set then we call it a finite

field. The characteristic of a field F is the smallest natural number n such that n · 1 = 0,

and we write char(F) = n. If such n does not exist, then the characteristic of F is said

to be zero.

In Field Theory, it is well known that for any prime number p and any positive integer

n, there exist fields of order pn. Moreover, any finite field has order pn, for some

positive prime integer p and positive integer n. So, with Fm we refer to the finite field

of order m = pn, for some positive prime integer p and positive integer n. Note that

char(Fpn) = p.

Example 2.7: Examples of fields with characteristic zero are: Q,R and C.

Definition: Let Fm1 , . . . ,Fmn be finite fields. Then, the direct product finite field

F =
n∏

i=1

Fmi

is defined to be the field consisting of sequences a = (a1, . . . , an) with ai ∈ Fmi
, and

equipped with componentwise addition and multiplication.

Proposition 2.5: [16] The following statements are equivalent:

(i) R is a finite reduced ring;

(ii) R is a direct product of fields.

Lemma 2.3: [7, Lemma 2.3] Let R ∼= Z2 × F, where F is a field. Then, any module

operation from R to Z2 is a canonical extension of a module operation either from Z2

to Z2, or from F to Z2 in the case where F is Z2.
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3. ZERO-DIVISOR GRAPH

Let R be a commutative ring with 1R 6= 0. The graph Γ(R) with the vertex set Z(R)∗

and the edge set {{x, y} | x, y ∈ Z(R)∗ such that xy = 0} is called the zero −

divisor graph of the ring R. We first show in the Theorem 3.1 that Γ(R) is always a

connected graph.

Theorem 3.1: [2, Theorem 2.3] If R is a commutative ring with 1R, then Γ(R) is

connected and diam(Γ(R)) ≤ 3.

Proof. We know that

V (Γ(R)) = Z(R)∗.

Let x, y ∈ V (Γ(R)) such that x 6= y. Consider the following cases:

1. If xy = 0, then d(x, y) = 1.

2. If x2 = y2 = 0, then x− xy − y is a path of length two.

3. Suppose x2 = 0 and y2 6= 0. As y ∈ Z(R)∗ and y2 6= 0 there is an element

b ∈ Z(R)∗ with b 6= y such that by = 0. If bx = 0 then x− b− y is a path and

d(x, y) = 2.

4. If y2 = 0 and x2 6= 0 then we have a similar case with case 3.

Thus wemay suppose that neither x2 nor y2 is zero. Then, there is a non-zero zero-divisor

a, b ∈ Z(R)∗ such that ax = by = 0. We have the following cases:

1. If a = b, then x− a− y is a path of length 2. So from here on we may assume

that a 6= b.

2. If ab = 0, then x− a− b− y is a path of length three and hence d(x, y) = 3.

3. If ab 6= 0, then x− ab− y is a path of length two.

In all of the above cases there is a path between x and y of length less than or equal to

three. Since x and y are arbitrary, it follows that the diameter of Γ(R) is less than or

equal to three. �

As the ring R may be an infinite ring, then it is obvious that the graph Γ(R) may also

be an infinite graph. Next, we give a necessary and sufficient condition on R such that

Γ(R) is a finite graph.
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Theorem 3.2: [2, Theorem 2.2] Let R be a commutative ring. Then Γ(R) is finite if

and only if either R is finite or an integral domain. In particular if 1 ≤ |Γ(R)| < ∞,

then R is finite and not a field.

Proof. Suppose that Γ(R) is finite and non-empty. Then, there exists 0 6= x, y ∈ R

with xy = 0. Let I = ann(x). Then I ⊆ Z(R) = V (Γ(R) ∪ {0}) is finite. Moreover,

as yx = 0, it follows that y ∈ I and ry ∈ I for all r ∈ R. Suppose R is infinite. For

i ∈ I define Ji = {r ∈ R : ry = i}. Suppose that Ji is finite for each i ∈ I . Then,

as R is infinite there is r′ ∈ R such that r′y 6= i for each i ∈ I . Therefore, r′y /∈ I ,

which is a contradiction. Hence, there exists an i ∈ I such that Ji is infinite. As for any

r, s ∈ Ji, (r− s)y = 0, we conclude that ann(y) is an infinite subset of Z(R), which is

a contradiction. Thus R must be finite.

On the other hand, suppose that R is a finite ring. Then, by the definition of Γ(R) we

conclude that the graph Γ(R) is a graph with finite number of vertices, which implies

that it is a finite graph. In the case when R is an integral domain, it is obvious that

V (Γ(R)) is an empty set, implying that Γ(R) is a finite graph.

Moreover, if 1 ≤ |Γ(R)| < ∞, then by the previous part of the proof we conclude

that R is a finite ring. Also, as in this case |Γ(R)| 6= ∅ we obviously have at least one

non-zero zero-divisor. Hence, R is not an integral domain, implying that it is not a field.

�

In the next theorem, in the case when Γ(R) contains a cycle, we give an upper bound

for the girth number of Γ(R).

Theorem 3.3: [6, Page 3541] If Γ(R) contains a cycle, then girth(Γ(R)) ≤ 4.

One of the fundamental questions in the study of zero-divisor graphs is as follows:

If A and B are two commutative rings where Γ(A) ∼= Γ(B), then do we have A ∼= B?

To answer this question we continue with the following theorem.

Theorem 3.4: [3, Theorem 3.7] Let R = R1 × · · · × Rn, where R1, ..., Rn are some

integral domains and (n ≥ 2). Then, w(Γ(R)) = n.

Proof. Let ei = (0, ..., 0, 1, 0, ..., 0) where 1 is the ith component of ei. Then, it is

clear that each ei is connected with each ej for i 6= j. So, there exists a clique with

length n, implying that ω(Γ(R)) ≤ n. To prove equality we use induction on n. Let

ω(Γ(R)) = m, and firstly consider the case wheren = 2whichmeans thatR = R1×R2,
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where R1,R2 are integral domains. If m = ω(Γ(R)) > 2 = n, then there exists a

clique of size l ≥ 3, which means that there exists a1, a2, ..., al ∈ R such that ai · aj = 0

whenever i 6= j. For each i ∈ {1, ...l}, let ai = (xi1, xi2). Consider a1, a2 and a3. In

each one, at least one coordinate is non-zero. Without loss of generality we assume

that a11 6= 0. Then, a21 = a31 = 0. In this case a22 6= 0 and a32 6= 0, but as a2a3 = 0 it

follows that a22a32 = 0. Hence, we have a contradiction with the fact that both R1 and

R2 are integral domains.

Now, let X = {x1, ..., xm} be a complete subgraph of Γ(R) with m ≥ 3 and each

xi = (xi1, ...., xin). We may assume that x11 6= 0, thus x21 = · · · = xm1 = 0. Therefore,

we may consider X \ x1 = {x2, ..., xm} as a complete subgraph of Γ(R1 × · · · ×Rn).

By induction, we havem− 1 = n− 1. Hence,m = n. �

It should be noted that there exist some distinct (non-isomorphic) commutative rings A

and B such that Γ(A) ∼= Γ(B), see Figure 4.2. However, our next theorem shows that

for finite reduced rings that are not fields, the ring R is determined by its zero-divisor

graph Γ(R).

Theorem 3.5: [2, Theorem 2.5] Let R be a commutative ring. Then, there is a vertex

of Γ(R) which is adjacent to every vertex if and only if either R ∼= Z2 × A, where A is

an integral domain or Z(R) is an annihilator ideal.

Next, we give a proficiency result for Γ(R) to be a complete graph, when R is a

commutative ring.

Theorem 3.6: [2, Theorem 2.8] Let R be a commutative ring. Then, Γ(R) is complete

if and only if R ∼= Z2 × Z2 or xy = 0 for all x, y ∈ Z(R).

Remark 3.1: [3] Given a commutative ring R, it is clear that, for a vertex x of the

zero-divisor graph Γ(R), we have

δ(x) = |ann(x) \ {0, x}|.

In special case, letR =
∏n

i=1KiwhereK1, . . . , Kn are finite fields. If x = (a1, . . . , an),

y = (b1, . . . , bn) ∈ R, then xy = (a1, . . . , an)(b1, . . . , bn) = (a1b1, . . . , anbn) =

(0, . . . , 0) implies that aibi = 0, for all i = 1, . . . , n, and as Ki is a field for each

i = 1, . . . , n, it follows that either ai = 0 or bi = 0. So, if x = (a1, . . . , an) ∈ Z(R)∗,

then at least one of ai’s is zero, for some i ∈ {1, . . . , n}. Moreover, if y = (b1, . . . , bn) ∈

ann(x) ⊆ Z(R)∗, then bi = 0 for all i ∈ {1, . . . , n} such that ai 6= 0. Thus, if we set
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Λ ⊂ {1, . . . , n} to be the set of all indices such that ai = 0, then |ann(x)| = |
∏

i∈ΛKi|.

Hence, the degree of x in Γ(R) is δ(x) = |
∏

i∈ΛKi| − 1.

Theorem 3.7: [3, Theorem 4.1] Let A and B be finite reduced commutative rings

which are not fields. Then, Γ(A) and Γ(B) are isomorphic graphs if and only if A and

B are isomorphic rings.

Proof. Suppose that Γ(A) ∼= Γ(B). So there exists a graph isomorphism

φ : Γ(A) −→ Γ(B).

We claim that A ∼= B. As both A and B are reduced rings, Proposition 2.5 implies that

A and B can be written as follows:

A = F1 × · · · × Fn, B = K1 × · · · ×Km

where Fi andKj are finite fields for each i ∈ {1, ..., n} and j ∈ {1, ...,m}, respectively.

Moreover,

|F1| ≤ · · · ≤ |Fn|, |K1| ≤ · · · ≤ |Km|

As A and B are not fields we have n,m ≥ 2. Also, from Theorem 3.4 we have

w(Γ(A)) = n and w(Γ(B)) = m. So, as Γ(A) ∼= Γ(B) we conclude that n = m.

By construction, it is clear that the minimum degree of a vertex in Γ(A) and Γ(B)

are |F1| − 1 and |K1| − 1, respectively. Thus, |F1| = |K1| and then F1
∼= K1. On

the other hand, the maximum degree of a vertex of Γ(A) is |F2| · · · |Fn| − 1 and for

Γ(B) is |K2| · · · |Kn| − 1. Thus, |F2| · · · |Fn| = |K2| · · · |Kn|, and then |F1| · · · |Fn| =

|K1| · · · |Kn|. If n = 2, then |F2| = |K2| and so F2
∼= K2. Thus A ∼= B. Hence, we

may assume that n ≥ 3. We progress by induction on n.

As, Γ(A) ∼= Γ(B) then |V (Γ(A))| = |V (Γ(B))|. Since |F1| · · · |Fn| = |K1| · · · |Kn|,

we have (|F1| − 1) · · · (|F1| − 1) = (|K1| − 1) · · · (|K1| − 1). If A′ = F2 × · · · × Fn

and B′ = K2 × · · · ×Kn, then since |F1| = |K1|, we have (|F2| − 1) · · · (|F1| − 1) =

(|K2| − 1) · · · (|K1| − 1). Thus, |V (Γ(A′))| = |V (Γ(B′))|.

If we show that Γ(A′) ∼= Γ(B′), then by induction on n and applying the inductive

hypothesis onA′ andB′, we conclude thatA′ ∼= B′. AsA = F1×A′ andB = K1×B′,

we conclude that A ∼= B. Hence it remains to prove that Γ(A′) ∼= Γ(B′).

By degree argument we may assume that φ(1, 0, ..., 0) = (a, 0, ..., 0) for some 0 6= a ∈

K1, and for 0 6= b ∈ F1 we have φ(b, 0, ..., 0) = (c, 0, ..., 0) for some 0 6= c ∈ K1.
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Given an arbitrary vertex of Γ(A′), say (a2, ..., an), we observe that (0, a2, ..., an) is a

vertex of Γ(A). Let (b1, b2, ..., bn) = φ((0, a2, ..., an)). Now degree argument implies

that b1 = 0. Hence, we can define σ as follows:

σ : Γ(A′) −→ Γ(B′), σ((a2, ..., an)) = (b2, ..., bn).

σ is Well-defined: Let (x2, ..., xn) = (y2, ..., yn) in K2 × · · · ×Kn. Then, xi = yi for

each i ∈ {2, 3, ..., n}. Let σ(x2, ..., xn) = (z2, ..., zn). Then by the above discussion

we see that φ(0, y2, ..., yn) = φ(0, x2, ..., xn) = (0, z2, ..., zn). Hence σ(y2, ..., yn) =

(z2, ..., zn) = σ(x2, ..., xn)

σ is injective: Let σ(x2, ..., xn) = σ(y2, ..., yn). Then, φ(0, x2, ..., xn) = φ(0, y2, ..., yn).

As φ is injective we have (0, x2, ..., xn) = (0, y2, ..., yn), so (x2, ..., xn) = (y2, ..., yn).

σ Preserves adjacency: As φ is a bijection and x, y ∈ V (Γ(A′)) are adjacent if and

only if φ(x) and φ(y) are adjacent in Γ(B). Now due to the structure of σ, we deduce

that σ(x) and σ(y) are adajacent in B′.

It is clear that (Im σ ⊆ Γ(B′)).

Since |Γ(A′)| = |Γ(B′)| which are finite, σ is a graph isomorphism from Γ(A′) to Γ(B′).

�

In order to understand Theorem 3.7 we give the following example, given in [3].

Example 3.1: a) The "finite" is needed in the theorem above: Let A = Z2 × Z and

B = Z2 ×Q. Then, the infinite star graph Γ(A) and Γ(B) are isomorphic, since

|Z| = |Q| as sets. But, A is not isomorphic to B, because Q is a field while Z is

not.

b) We may have |V (Γ(A))| = |V (Γ(B))| and w(Γ(A)) = w(Γ(B)), but A � B:

Let A = F25 × F52 and B = F23 × F72 . Then, w(Γ(A)) = 2 and w(Γ(B)) = 2.

Moreover; |V (Γ(F25 × F52))| = |F25||F52| − (|F25| − 1)(|F52| − 1) − 1 =

32 · 25 − (32 − 1)(25 − 1) − 1 = 55, and |V (Γ(F23 × F72))| = |F23 ||F72| −

(|F23 | − 1)(|F72| − 1)− 1 = 8 · 49− 7 · 48− 1 = 55. However, A and B have

different orders, and so they are not isomorphic as rings.

For a ring R, the graph Γ(R) of course may be an infinite graph. But, in the case when

R is finite or when R is an integral domain we always have |Γ(R)| <∞. The converse

of this is also true, as proved in the following theorem.
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Theorem 3.8: [11, Theorem 4] If R1, ..., Rn and S1, ..., Sm are finite local rings, then

the following hold:

(i) For n ≥ 2, Γ(R1×· · ·×Rn) ∼= Γ(S1) if and only if n = 2 and either R1×R2
∼=

Z2 × Z2 or R1 ×R2
∼= Z2 × Z3.

(ii) For n,m ≥ 2, Γ(R1 × · · · × Rn) ∼= Γ(S1 × · · · × Sm) if and only if n = m

and there exists a permutation σ over {1, ..., n} such that for any i, 1 ≤ i ≤ n,

|Ri| = |Sσ(i)| and Γ(Ri) ∼= Γ(Sσ(i)).

Theorem 3.9: [11, Theorem 5] Let R be a finite reduced ring and S be a ring such that

S is not an integral domain. If Γ(R) ∼= Γ(S), then R ∼= S, unless R ∼= Z2 ×Z2,Z6 and

S is a local ring.

Proof. Since,R is finite, obviously Γ(R) is finite. This implies that Γ(S) is finite. As S is

not an integral domain, Theorem 3.2 implies that S is a finite ring. As Γ(R) is not empty,

R is not a field. Since R and S are finite rings, they are both Artinian. So Theorem

2.2 implies that R ∼= F1 × · · · × Fn and S ∼= S1 × · · · × Sm, for n ≥ 2, and Fi is a

finite field for each i ∈ {1, ..., n} and Si is a finite local ring for each i ∈ {1, ...,m}. If

m = 1, Theorem 3.8 implies that n = 2 andR ∼= Z2×Z2 orR ∼= Z2×Z3. So, suppose

that n,m ≥ 2. Now by Theorem 3.8 we have n = m and there exists a permutation σ

over {1, ...,m} such that Γ(Si) ∼= Γ(Sσ(i)) and |Si| = |Fσ(i)|. Since the Fi’s are finite

fields, Si
∼= Fσ(i) for any i, 1 ≤ i ≤ n. Thus R ∼= S. �

Theorem 3.10: [12, Theorem 2.1] If R =
∏n

i=1 Fi and S =
∏n

j=1Gj , where Fi’s are

finite fields and Gj’s are integral domains and Γ(R) ∼= Γ(S), then R ∼= S.

Now, we categorize commutative rings R with 1R, such that diam(Γ(R)) = 3.

Theorem 3.11: [4, Theorem 2.6(4)] Let R be a commutative ring with 1R. Then,

diam(Γ(R)) = 3 if and only if there are distinct zero-divisors a 6= b such that

(0 : (a, b)) = (0) and either of the following cases occurs:

(i) R is reduced with more than two minimal primes, or

(ii) R is non-reduced.

In the next result, we classify all zero-divisor graphs with girth number four, for any

reduced ring R.

Theorem 3.12: [17, Theorem 2.2] The following statements are equivalent for any

reduced commutative ring R:
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1. girth(Γ(R)) = 4.

2. Γ(R) = Km,n withm,n ≥ 2.

Finally, we give a categorization of all zero-divisor graphs Γ(R) with girth number

infinity, for any reduced ring R.

Theorem 3.13: [17, Theorem 2.4] The following statements are equivalent for any

reduced commutative ring R:

1. Γ(R) is non-empty with girth(Γ(R)) = ∞.

2. Γ(R) = K1,n for some n ≥ 1.

3.1. Zero-Divisor Graphs of Idealizations

In this subsection, R stands for a commutative ring with identity 1R. By D we will

denote an integral domain and byM a unitary R or D module.

Definition: LetM be an R-module. Then, the idealization ofM in R is a commutative

ring with the following operations:

(i) (r1,m1) + (r2,m2) = (r1 + r2,m1 +m2), for r1, r2 ∈ R andm1,m2 ∈M ;

(ii) (r1,m1)(r2,m2) = (r1r2, r1m2 + r2m1), for r1, r2 ∈ R andm1,m2 ∈M ;

which is denoted by R(+)M .

Through this section we assume thatM and R are non-trivial. Let a, b ∈ Z∗(R) with

ab = 0. If bM = 0, then (a,m)(b, 0) = (ab, a · 0 + bm) = (0, 0). If bM 6= 0, then

there is an n ∈M such that bn 6= 0. So, (a,m)(0, bn) = (a · 0, abn+m · 0) = (0, 0).

Hence, if a ∈ Z∗(R), then (a,m) ∈ Z∗(R(+)M) for allm ∈M .

Proposition 3.1: [7, Proposition 1.1] Let R be a commutative ring and letM be an

R−module. Then, Z(R(+)M)∗ = {(0,m) | m ∈ M∗} ∪ {(a, n) | a ∈ R∗, n ∈

M and for some m ∈M∗, am = 0} ∪ {(a, n) | a ∈ Z∗(R), n ∈M}.

Proof. If m ∈ M∗, then (0,m) ∈ (R(+)M)∗. Also, (0,m)(0,m) = (0, 0), hence

(0,m) ∈ Z(R(+)M)∗. Let (a, n) ∈ (R(+)M)∗ such that for some m ∈ M∗ we have

am = 0. Then, (a, n)(0,m) = (a · 0, am + 0 · m) = (0, 0). Moreover, by above

explanation we obviously have {(a, n) | a ∈ Z(R)∗, n ∈M} ⊂ Z(R(+)M)∗. Hence,

in this case (a, n) ∈ Z(R(+)M)∗. �
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Now, we will study the girth number of the graph Γ(R(+)M). First, we look into the

case whenM ∼= Z3.

Theorem 3.14: [7, Theorem 2.1] Let R be a commutative ring with identity and

M ∼= Z3 an R−module. Then:

(i) girth(Γ(R(+)Z3)) = 3 if and only if ann(Z3) 6= {0}.

(ii) girth(Γ(R(+)Z3)) = ∞ if and only if ann(Z3) = {0}. This occurs precisely

when R ∼= Z3.

Proof. Let R be a commutative ring with identity andM ∼= Z3.

(i) Assume that ann(Z3) 6= {0}. Then, there exists 0 6= r ∈ ann(Z3). So, by

Proposition 3.1

(r, 0)− (0, 1)− (0, 2)− (r, 0)

form a cycle of length 3, and we are done.

Assume that girth(Γ(R(+)Z3)) = 3 and ann(Z3) = 0. Then, as girth(Γ(R(+)Z3)) =

3, there exists a 3−cycle in Γ(R(+)Z3), say

(a, b)− (c, d)− (e, f)− (a, b),

for some non-zero a, c, e ∈ R and b, d, f ∈ Z3. By Proposition 3.1 without loss

of generality we have b = c = e = 0, which gives

(a, 0)− (0, d)− (0, f)− (a, 0).

So, ad = af = 0 and d 6= f , which is a contradiction with the fact that ann(Z3) =

0. Hence, by a contrapositice proof we are done.

(ii) Assume that ann(Z3) = {0}. Then, there is no non-zero r ∈ R such that

rZ3 = {0}. Therefore, r · 1 6= 0 for all r ∈ R∗. So, we get ann((0, 1)) =

ann((0, 2)) = {(0, 0), (0, 1), (0, 2)}. Note that Γ(R(+)Z3) is connected. If there

exists r ∈ Z(R)∗, then (r, 0)(r′, 0) = (0, 0) for all r′ ∈ ann(r). Also, for any

r′ ∈ ann(r) we have: (r′, 0)(0, 1) 6= 0, (r′, 0)(0, 2) 6= 0, (r, 0)(0, 1) 6= 0 and

(r, 0)(0, 2) 6= 0. So, if ann(r) = {r1, . . . , rn}, then (r, 0)− (r1, 0)− · · · − (rn, 0)

is a path in Γ(R(+)Z3) disconnected from other part of the graph, which contra-

dicts the fact that Γ(R(+)Z3) is connected. Hence, Z(R) = {0} and so R is an
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integral domain. Now, suppose that R has more than three elements. Assume

that rZ3 6= {0} for all r ∈ R∗. Then, there exist distinct r1, r2 ∈ R∗ such that

r1 ·1 = r2 ·1, so (r1−r2)·1 = 0where r1−r2 6= 0, which is a contradiction. Thus,

rZ3 = {0}, which is again a contradiction. Hence, R has three elements and as

it is a finite integral domain, it follows that R is a field, implying that R ∼= Z3.

So, since Z(R(+)Z3)
∗ = {(0, 1), (0, 2)} we get girth(Γ(R(+)Z3)) = ∞.

Assume that girth(Γ(R(+)Z3)) = ∞ and ann(Z3) 6= {0}. Then, we get a contra-

diction with the implication proved in (i). �

Now, we investigate the girth number of Γ(R(+)M) in the case whenM ∼= Z2.

Theorem 3.15: [7, Theorem 2.2] The girth of Γ(R(+)Z2) = 3 if and only if one of the

following hold:

(i) girth(Γ(R)) = 3

(ii) There exists an r ∈ R∗ such that r2 = 0

(iii) There exist distinct a, b ∈ Z(R)∗ such that ab = 0 = aZ2 = bZ2.

Proof. Let (i) hold. Then, for some x, y, z ∈ Γ(R) we have xy = yz = xz = 0, and

(x, 0)− (y, 0)− (z, 0)− (x, 0) form a cycle of length 3 in Γ(R(+)Z2), hence we are

done. If (ii) holds, then r(r · 1) = r · r = r2 = 0. Also, note that as Γ(R(+)Z2)

is connected we have that R is an integral domain. So, as r 6= 0 we get r · 1 = 0.

Then, (r, 0) − (r, 1) − (0, 1) − (r, 0) is a cycle of length three. On the other hand,

if (iii) holds then for distinct a, b ∈ Z(R)∗ we have ab = 0 = a · 1 = b · 1. So,

(a, 0)− (b, 0)− (0, 1)− (a, 0) is a cycle of length three, which finishes the proof of this

implication.

Assume that girth(Γ(R(+)Z2)) = 3. Then, we consider two cases:

Case 1: If (0, 1) is part of a cycle with minimal length, then (0, 1)−(a, i)−(b, j)−(0, 1)

is the form of that cycle. Note that if a 6= b, then it gives (iii), and if a = b then it gives

(ii).

Case 2: If (0, 1) is not part of a cycle with minimal length, then (a, i)− (b, j)− (c, k)−
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Figure 3.1: Zero-divisor graph of idealization (Z2 × Z2)(+)Z2.

(a, i) is the form of that cycle for non zero a, b, c ∈ R. If all a, b and c are distinct, then

ab = bc = ca = 0 and a− b− c− a is a cycle of length three in Γ(R), hence we get (i).

If not all a, b and c are distinct, then we have a2 = 0 or b2 = 0, which gives (ii). �

Using Lemma 2.3, we give the following example to illustrate the above theorems.

Example 3.2: Let R ∼= Z2 × Z2 and consider R(+)M , whereM = Z2. Note that, in

this case R(+)M ∼= Z2 × Z2[x]/(x
2). By Proposition 3.1, we have Z(R(+)M)∗ =

{((1, 0), 0), ((1, 0), 1), ((0, 1), 0), ((0, 0), 1), ((0, 1), 1)}. Moreover, The module op-

eration is, without loss of generality, defined by (0, 0) · 1 = (0, 1) · 1 = 0 and

(1, 0) · 1 = (1, 1) · 1 = 1. Then, by the zero-divisor graph in Figure 3.1, it follows that

girth(Γ(R(+)M)) = ∞.

Proposition 3.2: [7, Proposition 2.5] Let R ∼= Z2 × F, where F is a field and | F |≥ 3.

Then, girth(Γ(R(+)Z2)) = 4.

Proof. Since | F |≥ 3, it follows that there exists 1 6= a ∈ F∗. Also, by Lemma 2.3 we

know that the module operation from R to Z2 is the extension of the module operation

from Z2 to Z2. So, ((0, 0), 1)− ((0, 1)− 1)− ((1, 0), 1)− ((0, a), 0)− ((0, 0), 1) is a

cycle of length 4. By, Theorem 3.15 in this case Γ(R(+)Z2) can not have a cycle of

length 3. Hence, girth(Γ(R(+)Z2)) = 4. �

Lemma 3.1: [7, Lemma 2.6] If diam(Γ(R)) = 3, then girth(Γ(R(+)Z2)) is finite.

Proof. Let a, b, c, d ∈ R be distinct elements and a− b− c− d be a path in Γ(R), then

ab = bc = cd = 0. If b · 1 = 1 and c · 1 = 1 then (bc) · 1 = b · 1 · c · 1 = 1 · 1 = 1,
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which is a contradiction as bc = 0. So, either b · 1 = 0 or c · 1 = 0. Assume that

b · 1 = 0. If in this case c · 1 = 0, then (b, 0)− (c, 0)− (b, 1)− (c, 1)− (b, 0) is a cycle

of Γ(R(+)Z2). If c · 1 6= 0, then following from the argument above we have d · 1 = 0.

So, in this case (b, 0)− (c, 0)− (d, 0)− (c, 1)− (b, 0) is a cycle of Γ(R(+)Z2). Hence,

girth(Γ(R(+)Z2)) 6= ∞. �

Based on the results above we give the following remark, which is given in [7].

Remark 3.2: By the results above on R(+)Z2 we conclude that | R/ann(Z2) |= 2.

Proof. Suppose that | R/ann(Z2) |> 2. Then, there exists non-zero distinct r1, r2 ∈ R

such that r1 + ann(Z2) 6= 0 + ann(Z2) and r2 + ann(Z2) 6= 0 + ann(Z2). Then,

r1, r2 6∈ ann(Z2), implying that r1 · 1 = r2 · 1 = 1. Then, (r1 − r2) · 1 = 0 following

that r1 − r2 ∈ ann(Z2). Hence, r1 + ann(Z2) = r2 + ann(Z2). �

Theorem 3.16: [7, Theorem 2.7] The girth of Γ(R(+)Z2) is infinite if and only if

R ∼= Z2 × Z2 or R is an integral domain.

Proof. (⇐) If R ∼= Z2 × Z2, then we are done by Example 3.2. If on the other hand

R is an integral domain, then Γ(R(+)Z2) is a star graph centered at (0, 1). Hence, in

both cases girth(Γ(R(+)Z2)) = ∞.

(⇒) Assume that girth((R(+)Z2)) = ∞, Then, by Lemma 3.1 we have diam(Γ(R)) ≤ 2.

Note that if Z(R)∗ = ∅, then we are done.

Case 1: Suppose that diam(Γ(R)) = 0. Then, by [18, Theorem 3.2] we get R ∼= Z4

or R ∼= Z2[x]/(x
2). Note that as 2 and x are nilpotent elements of Z4 and Z2[x]/(x

2),

respectively, then R has a non-zero nilpotent element. Hence, by Theorem 3.15,

girth(Γ(R(+)Z2)) = 3, giving a contradiction.

Case 2: Suppose that diam(Γ(R)) = 1. Then, Γ(R) is a complete graph. So, by [2,

Theorem 2.8], if R 6= Z2 × Z2, then R contains a nilpotent element. Thus, by Theorem

3.15, girth(Γ(R(+)Z2)) = 3, which is a contradiction.

Case 3: Suppose that diam(Γ(R)) = 2 andΓ(R) is not a star graph. Then, girth(Γ(R)) <

∞ and hence girth(Γ(R(+)Z2)) <∞, which is a contradiction.

So, by [2, Theorem 2.5] we have only the following two possible cases: R ∼= Z2 ×D

whereD is an integral domain orZ(R) is an annihilator ideal. IfZ(R) is an annihilator

ideal, then R has a nilpotent element and by Theorem 3.15 we get a contradiction. So,
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let R ∼= Z2 × D where D is an integral domain. If D is finite, then it is a field

and bu Proposition 3.2 we get girth(Γ(R(+)Z2)) = 4, which is a contradiction. So,

suppose that D is an infinite integral domain. If we consider Z2 as an R−module,

then ann(Z2) is an ideal of R. Moreover, it has the following three possible forms:

Z2 × {0}, {0} × I or Z2 × I where I is a non-zero ideal ofD. If ann(Z2) = Z2 × {0},

then |R/ann(Z2)| = |D| > 2, which by Remark 3.2 we get a contradiction. Now,

suppose that ann(Z2) = {0} × I or ann(Z2) = Z2 × I for a non-zero ideal I of D. Let

(0, a), (0, b) ∈ ann(Z2). Then, ((1, 0), 0)−((0, a), 0)−((1, 0), 1)−((0, b), 0)−((1, 0), 0)

is a cycle of length four ofR(+)Z2, which is a contradiction. hence, the proof is complete.

�

When analyzing the zero-divisor graph of an idealization, it becomes evident that the

diameter of the graph for the ring may not remain constant. Moreover, if the diameter of

Γ(R) is greater than 1, then the diameter of Γ(R(+)M) is also greater than 1. However,

there exists a scenario where Γ(R) is complete and the diameter of Γ(R(+)M) is greater

than 1, alongside various other potential combinations between the diameters of Γ(R)

and Γ(R(+)M). The following examples are from [7, Example 3.1, Example 3.2].

Example 3.3: Let R = Z9. Then, Z(R)
∗ = {3, 6} and hence diam(R) = 1. Now,

let M = Z9 and consider R(+)M . Note that, for any non zero distinct m,n ∈ M

we have (0,m)(0, n) = (0, 0). Also, if r ∈ reg(R), then (r,m) 6∈ Z(R(+)M)∗.

Now, (0, 3)(r,m) = (0, 0) for all (r,m) ∈ R(+)M , but (3, 1)(3, 3) 6= (0, 0). Hence,

diam(R(+)M) = 2.

Example 3.4: LetR = Z[x]/(x2). Then, Z(R) = {ax : a ∈ Z∗}, hence diam(Γ(R)) =

1. LetM = Z6 and define (a + bx)m = am. Note that, (2, 1)(0, 3) = (3, 1)(0, 2) =

(3, 1)(0, 4) = (0, 0). Clearly, ann((2, 1)) = {(0, 0), (0, 3)} and ann((3, 1)) = {(0, 0)

, (0, 2), (0, 3)}. Hence, the distance between (2, 1) and (3, 1) is 3, and hence diam(R(+)M)

= 3.
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4. IDEAL BASED ZERO-DIVISOR GRAPH

In 2003 the author in [9] for the first time introduced the notion of an ideal based

zero-divisor graph. In the zero-divisor graph, we considered two vertices x and y to

be adjacent if and only if their multiplication is zero, but in the case of an ideal based

zero-divisor graph, we let x and y to be adjacent if and only if their multiplication is an

element of an ideal I .

Definition: Let I be an ideal of a commutative ring R. We denote by ΓI(R), the graph

with vertex set {x ∈ R \ I | xy ∈ I for some y ∈ R \ I}.Moreover, for x, y ∈ R \ I ,

we have xy ∈ I if and only if, in ΓI(R), x and y are adjacent.

The first question that comes to mind is; when Γ(R) and ΓI(R) are the same graphs?

The answer of this and more is given in the following proposition.

Proposition 4.1: [9, Proposition 2.2]

(i) Let R be a commutative ring and I its proper ideal. Then, ΓI(R) is empty if and

only if the ideal I is a prime ideal.

(ii) For I = (0) we have ΓI(R) = Γ(R).

Proof.

(i) First let I be a prime ideal of the ring R. Then, for any xy ∈ I we have x ∈ I or

y ∈ I . So, from the definition we obviously get ΓI(R) is an empty graph.

On the other hand, let ΓI(R) be an empty graph. Then, if there exsit x, y ∈ R \ I

such that xy ∈ I , it follows that x and y are adjacent vertices of ΓI(R), which is

a contradiction. Hence, I is a prime ideal.

(ii) Now, if I = (0), then we have R/I ∼= R. So, by the definition, two non-zero

elements x and y of R are adjacent in ΓI(R) if and only if xy = 0. Thus,

V (ΓI(R)) = Z(R)∗ = V (Γ(R)) and x and y are adjacent in ΓI(R) if and only

if they are adjacent in Γ(R). Therefore, we conclude that ΓI(R) = Γ(R). �

Let R and S be two commutative rings. Let also I be an ideal of R and J be an ideal of

S. Then, we want to answer the following question: If R/I ∼= S/J , then do we have

ΓI(R) ∼= ΓJ(S)? To answer this we first prove the following.
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Theorem 4.1: [9, Theorem 2.5] Let x, y ∈ R \ I where I is an ideal of a ring R. Then,

(i) If x+ I is adjacent to y + I in Γ(R/I), then x is adjacent to y in ΓI(R)

(ii) If x is adjacent to y in ΓI(R) and x+ I 6= y + I , then x+ I is adjacent to y + I

in Γ(R/I).

(iii) If x is adjacent to y in ΓI(R) and x+ I = y + I , then x2, y2 ∈ I .

Proof.

(i) Suppose that x+I−y+I is an edge in Γ(R\I). Then, xy+I = (x+I)(y+I) =

0 + I . Hence, x− y is an edge in ΓI(R).

(ii) Suppose that x − y is an edge in ΓI(R) and x + I 6= y + I . Then, as xy ∈ I ,

we have (x+ I)(y + I) = xy + I = 0 + I . Hence, x+ I − y + I is an edge in

Γ(R \ I).

(iii) Suppose that x − y is an edge in ΓI(R) and x + I = y + I . Then, x2 + I =

(x+I)(x+I) = (x+I)(y+I) = xy+I = 0+I and y2+I = (y+I)(y+I) =

(y + I)(x+ I) = xy + I = 0 + I . Hence, x2, y2 ∈ I . �

Corollary 4.1: [9, Corollary 2.7] Let I be an ideal of a ring R. Then ΓI(R) contains

|I| disjoint subgraphs isomorphic to Γ(R/I).

Proof. Consider the quotient ring R/I which contains cosets of I and Γ(R/I) with

vertex set

{aα + I | α ∈ Λ, aα ∈ R} = Z(R/I)− {0R/I}

It is clear that, if α 6= β, then aα + I 6= aβ + I . Now, for each i ∈ I , define a graph Gi

with vertex set V (Gi) = {aα + i | α ∈ Λ}, such that two vertices aα + i and aβ + i are

adjacent if and only if aα + I and aβ + I are adjacent in Γ(R/I). So, there is an edge

between aα + I and aβ + I in Gi if and only if aαaβ ∈ I . Then, by Theorem 4.1, Gi is

a subgraph of ΓI(R) and Gi
∼= Γ(R/I) for every i ∈ I . Additionally, if i 6= j then Gi

and Gj contain no common vertices. Since i ∈ I , there are |I| many disjoint subgraphs

isomorhpic to Γ(R/I). �

Corollary 4.2: [9, Remark 2.8] Let I be an ideal of a ring R. Then ΓI(R) is a graph on

a finite number of vertices if and only if eitherR is finite or I is a prime ideal. Moreover,

if Γ(R/I) is a graph on t vertices, then ΓI(R) is a graph on t|I| vertices.

Proof. If I is a prime ideal of R, by Proposition 4.1, it follows that V (ΓI(R)) = ∅. On
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the other hand, if R is a finite ring, then by definition of ΓI(R), V (ΓI(R)) is a finite set.

Suppose that V (ΓI(R)) is a finite set and I is not a prime ideal. Hence R/I is not an

integral domain. Recall,

V (ΓI(R)) = {aα ∈ R− I | aαaβ ∈ I for some aβ ∈ R− I},

and

V (Γ(R/I)) = {aα + I ∈ Z(R/I)∗ | α ∈ Λ, aα ∈ R}.

Then obviously V (Γ(R/I)) is finite. Now, suppose that I is not finite. Let r be an

arbitrary non-zero element of I . Then, for any two adjacent vertices a, b in V (ΓI(R)),

consider the elements of the form a+ r, b+ r. It is easy to observe that these elements

are in R \ I . Moreover, we have (a + r)(b + r) = ab + ar + br + r2 ∈ I, which

means that a + r and b + r are vertices of ΓI(R)), for each r ∈ I . As the number of

such vertices is infinite, we obtain a contradiction. Hence, I has to be finite. Then, by

Theorem 3.2 as Γ(R/I) is finite and R/I is not an integral domain, R/I is finite. So,

since R/I and I are both finite we conclude that R itself is finite.

As for the “moreover” part; it is clear from Redmond’s three-step construction of ΓI(R),

which is given below. �

Remark 4.1: The following steps are called Redmond’s Three Step Construction For

Building ΓI(R):

(i) Let {aα}α∈Λ be a set of coset representatives ofV (Γ(R/I)). Then (V (Gi), E(Gi))=

{the vertices {aα + i}α∈Λ, where aα + i is adjacent to aβ + i if and only if aα + I

is adjacent to aβ + I in Γ(R/I)}.

(ii) For distinct α, β ∈ Λ for each i, j ∈ I , aα + i is adjacent to aβ + j if and only if

aα + I is adjacent to aβ + I in Γ(R/I).

(iii) For each α and distinct i, j ∈ I , aα + i is adjacent to aα + j if and only if a2α ∈ I .

In this step, we are connecting columns as necessary. Such columns are called

connected columns.

To illustrate the Remark 4.1 we give the following example, see [9].

Example 4.1: ΓI(Z24) with I = (8). Note that Z24/I ∼= Z8. Also the columns have

height |I| = 3. We start by stacking |I| = 3 copies of Γ(Z8) creating edge set 1 of the
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Figure 4.1: Redmond’s Three Step Construction For Building ΓI(R).

redmond steps. Then we connect adjacent columns to create edge set 2. Finally we place

edges in the connected column 4 + (8) to create edge set 3. A graphical representation

is given in Figure 4.1.

Theorem 4.2: [9, Corollary 2.6] Let I be a radical ideal of a commutative ringR. Then,

ΓI(R) is a complete bipartite graph if and only if Γ(R/I) is a complete bipartite graph.

Proof. It is an obvious result of the Theorem 4.1. �

Let G be a simple graph. If H is a subgraph of G such that V (H) = V (G), then H

is called a spanning subgraph of G. Recall that G is called r-regular if each vertex

has degree r. A 1-regular spanning subgraph of G is called a 1-factor or a perfect

matching of G. If we can partition E(G) into 1-factors, then we call the graph G a

1-factorable graph. In [19, page 192], authors show that every r-regular bipartite graph

is 1-factorable. Suppose that the edges of G are partitioned into subgraphs H1, . . . , Hn.

Then, we write G ∼= H1 ⊕ · · · ⊕Hn. If in this case Hi
∼= Hj for all 1 ≤ i, j ≤ n, then

we write G ∼= nH , where H ∼= Hi for all i = 1, . . . , n.

Theorem 4.3: [13, Theorem 2.1] Let I be a finite ideal of R such that I =
√
I . Then

ΓI(R) ∼= |I|2Γ(R/I).

Proof. Let x and y be two adjacent vertices of Γ(R/I) and e = {x, y} ∈ Γ(R/I). By

Remark 4.1 we understand that every x+r is adjacent to every y+s inΓI(R), for r, s ∈ I .

Let us denote byH(e) the subgraph of ΓI(R)with vertex set {x+r, y+r | for all r ∈ I}

and edge set {{x+ r, y + s} | for all r, s ∈ I}. It is obvious that H(e) is isomorphic

toK|I|,|I|. Thus, the graph H
(e) is |I|-regular bipartite graph, and it follows from [19,

page 192] that H(e) ∼= K|I|,|I| ∼= M
(e)
1 ⊕ · · · ⊕M

(e)
|I| , whereM

(e)
i is a perfect matching,

for all i = 1, . . . , |I|. Let Hi :∼= ⊕e∈E(Γ(R/I))M
(e)
i and note that Hi is a subgraph of

ΓI(R), for all i = 1, . . . , |I|. As I =
√
I , it follows that ΓI(R) ∼= H1⊕· · ·⊕H|I|. Also,

by understanding of Remark 4.1 we haveM
(e)
i

∼= Γ(R/I), for all i = 1, . . . , |I|. So,
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for each i = 1, . . . , |I|, the subgraph Hi is partitioned into |I| edge-disjoint subgraph

isomorphic to Γ(R/I). Hence, by the explanation above this theorem, we conclude that

ΓI(R) ∼= |I|2Γ(R/I). �

Now we prove the following theorem, which shows that under some conditions if

Γ(R/I) ∼= Γ(S/J), then ΓI(R) ∼= ΓJ(S).

Theorem 4.4: [13, Theorem 2.2] Let I be a finite ideal of R and let J be a finite

ideal of S such that I =
√
I and J =

√
J . If |I| = |J | and Γ(R/I) ∼= Γ(S/J), then

ΓI(R) ∼= ΓJ(S), as desired.

Proof. Assume that |I| = |J | and Γ(R/I) ∼= Γ(S/J). Then, from Theorem 4.3 we have

the following: ΓI(R) ∼= |I|2Γ(R/I) ∼= |J |2Γ(S/J) ∼= ΓJ(S). �

The following example shows that in Theorem 4.4, the conditions I =
√
I and J =

√
J

and |I| = |J | are necessary, see [13] and [9].

Example 4.2: (i) Let R = Z3 ⊕ Z3 ⊕ Z3 ⊕ Z3 and S = Z3 ⊕ Z3 ⊕ Z3 ⊕ Z3 ⊕ Z3.

Also, let I = 0 ⊕ 0 ⊕ Z3 ⊕ Z3 and J = 0 ⊕ 0 ⊕ Z3 ⊕ Z3 ⊕ Z3 be ideals of R

and S, respectively. Note that R/I ∼= Z3 ⊕ Z3
∼= S/J and both I and J are

radical ideals. On the other hand, the number of edges of ΓI(R) is not equal to

the number of edges of ΓJ(S), and hence ΓI(R) � ΓJ(S).

(ii) Let R = Z6 × Z3 and S = Z24. Also, let I = 0× Z3 and J = (8) be ideals of R

and S, respectively. It is obvious that R/I ∼= Z6 and S/J ∼= Z8. From Figure

4.2 we have Γ(R/I) ∼= Γ(S/J), and from Figure 4.3 we have ΓI(R) � ΓJ(S).

Note that in this example neither I nor J are radical ideals.

Figure 4.2: Zero-divisor graph of Z6 and Z8, respectively.

Theorem 4.5: [13, Theorem 2.4] Let R be a commutative ring and I be a nonzero
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Figure 4.3: Ideal based zero-divisor graph of Z6 × Z3 and Z24, respectively.

ideal of R. If a ∈ ΓI(R) is adjacent to every vertex of ΓI(R), then (I : a) is a maximal

element (with respect to inclusion) of the set {(I : x) | x ∈ R}. Moreover, (I : a) is a

prime ideal.

Proof. Let V = V (ΓI(R)) and 0 6= x ∈ R. One can observe that as a is adjacent to

every element of V , it follows that (I : a) = {r ∈ R | ar ∈ I} = V ∪ I . Since x is

non-zero, it is clear that a and a+ x are two different vertices in ΓI(R). Moreover, by

the hypothesis these vertices are adjacent, which means that a(a+ x) ∈ I . As x ∈ I , it

follows that ax ∈ I . So, a2 + ax − ax = a2 ∈ I . Therefore, for any x ∈ R we have

(I : x) ⊆ V ∪ I = (I : a).

Let x and y be two elements of the ring R such that xy ∈ (I : a). Then, xya ∈ I , and

in particular, x ∈ (I : ya). Note that, the previous part implies that (I : ya) ⊆ (I : a).

Suppose that x, y /∈ (I : a). Then, ya /∈ I . Let z ∈ (I : a). As za ∈ I and z(ya) ∈ I ,

we have (I : a) ⊆ (I : ya). Therefore, (I : a) = (I : ya). So, x ∈ (I : ya) = (I : a),

which is a contradiction. Hence, (I : a) is a prime ideal. �

Theorem 4.6: [13, Theorem 2.5] Let R be a commutative ring and I be an ideal of R.

If S is a clique of maximal size in ΓI(R) such that x
2 = 0 for all x ∈ S, then S ∪ I is

an ideal of R.

Proof. Obviously, S ∪ I is non-empty. Let x, y ∈ S ∪ I be two arbitrary elements. If

both x and y are elements of I , then x− y ∈ I and so x− y ∈ S ∪ I .

Let x, y ∈ S and x− y /∈ I . Then, for any z ∈ S, since it is adjacent to both x and y in

ΓI(R), it follows that zx, zy ∈ I . So, z(x− y) = zx− zy ∈ I and S ∪ {x− y} is also
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a clique. Hence, as S is a clique of maximal size, x− y ∈ S and so x− y ∈ S ∪ I .

Let x ∈ I and y ∈ S. Since y is a vertex of ΓI(R), it follows that y ∈ R \ I and

x− y /∈ I . If z is an arbitrary element of S, then it is adjacent to y. Also, x ∈ I implies

that zx ∈ I . So, z(x− y) = zx− zy ∈ I . Hence, x− y ∈ S and so x− y ∈ S ∪ I .

Now, let x ∈ S∪ I and r ∈ R. If x ∈ I or r ∈ I , then xr ∈ I . So, suppose that x, r /∈ I

and x ∈ S. If rx ∈ I , then we are done. If rx /∈ I , then any element z of S is adjacent

to x in ΓI(R). So, xz ∈ I and so rxz ∈ I . Hence, rx is adjacent to z in ΓI(R) and so

rx ∈ S. �

Theorem 4.7: [13, Theorem 2.6] Let R be a commutative ring and I be an ideal of R.

If S =
√
I \ I is a nonempty set, then the subgraph spanned by S, denoted by (S) is

connected.

Proof. Let x, y ∈ S. If xy ∈ I , then x and y are adjacent in ΓI(R) and we are done.

So, suppose that xy /∈ I . Since x, y ∈
√
I , it follows that xn, xm ∈ I for some n,m ≥ 2

and xn−1 = ym−1 /∈ I . Hence, the path

x − xn−1 − xy − ym−1 − y

is a path connecting x and y. As x and y was arbitrary elements of S, the assertion

follows. �

Corollary 4.3: [13, Corollary 2.7] LetR be a commutative ring andN be the nilradical

of R or a nilpotent ideal of R. If N is nontrivial, then the graph spanned by (N \ {0})

is a connected subgraph of ΓI(R).

Proof. Let N be the nilradical of R or a nilpotent ideal of R. Then, for x, y ∈ N \ {0}

there are some integers n,m ≥ 1 such that xn = xm = 0. So, by Theorem 4.7 the

assertion follows. �

In the case when I is a prime ideal of a commutative ringR, we showed that ΓI(R) = ∅.

Now, we investigate ΓI(R), where I = p1 ∩ p2 for two prime ideals p1 and p2 of R.

Theorem 4.8: [13, Theorem 3.1] Let R be a commutative ring. Then,

(i) If p1 and p2 are prime ideals of R and I = p1 ∩ p2 6= 0, then ΓI(R) is a complete

bipartite graph.

(ii) If I is a nonzero ideal of R such that I =
√
I , then ΓI(R) is a complete bipartite

graph if and only if there exist prime ideals p1 and p2 of R such that I = p1 ∩ p2.
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Proof.

(i) Suppose 0 6= I = p1 ∩ p2 where p1 and p2 are prime ideals. First we prove

that ΓI(R) is a bipartite graph. To prove this, let x, y ∈ R \ I be two adjacent

vertices in ΓI(R). This means that xy ∈ I , so xy ∈ p1 and xy ∈ p2. As both

P1 and P2 are prime ideals, we have x ∈ p1 or y ∈ p1 and x ∈ p2 or y ∈ p2.

If x (respectively y) is an element of both p1 and p2, then x (respectively y) is

an element of I , which is a contradiction. If x ∈ p1 \ p2 and y ∈ p1 \ p2, then

xy ∈ p1 \ p2 or equivalently xy /∈ I , which is a contradiction. So, we suppose

without loss of generality that x ∈ p1 \ p2 and y ∈ p2 \ p1. Hence, ΓI(R) is

bipartite graph with V1 = p1 \ p2 and V2 = p2 \ p1.

Now, we claim that ΓI(R) is a complete bipartite graph. Let x ∈ p1 \ p2. As P1

is an ideal, it is closed under multiplication by all elements of R. In particular,

for each y ∈ p2 \ p1, we have xy ∈ p1. If for some y0 ∈ p2 \ p1, xy0 /∈ I , then

xy0 /∈ p2, which is not possible as p2 is an ideal.

(ii) The reverse direction is proved in part (i). Now, suppose that I =
√
I 6= 0 and

ΓI(R) is a complete bipartite graph with parts V1 and V2. Let p1 = V1 ∪ I and

p2 = V2∪I . Then, since V1∩V2 = ∅we obviously have p1∩p2 = I . So, it is left to

prove that both p1 and p2 are prime ideals. we firstly prove that p1 is an ideal ofR.

Let x, y ∈ p1. If both x, y ∈ I , then x − y ∈ I and so x − y ∈ p1. If x, y ∈ V1,

then there is a vertex z ∈ V2 adjacent to both x and y in ΓI(R). Then, zx, zy ∈ I .

So, z(x − y) = zx − zy ∈ I . Thus, as z ∈ V2 either x − y ∈ I or x − y ∈ V1.

Both cases imply that x− y ∈ p1.

Now, if x ∈ V1 and y ∈ I , then there exists z ∈ V2 such that zx ∈ I . As y ∈ I

and I is an ideal, we have (x− y)z ∈ I . As z ∈ V2, we have x− y ∈ I , and so

x− y ∈ p1.

Let x ∈ p1 and r ∈ R. If x ∈ I , then ra ∈ I . If x ∈ V1, then there exists a vertex

z ∈ V2 adjacent to x in ΓI(R), or equivalently zx ∈ I . Consequently, we have

zrx ∈ I . If rx ∈ I , then rx ∈ p1. On the other hand, if rx /∈ I then rx ∈ V1, so

it is in p1. From both cases we conclude that rx ∈ p1. Hence, p1 is an ideal of R.
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Similarly, we can observe that p2 is an ideal of R.

We claim that p1 is a prime ideal; Let x, y ∈ R \ p1 such that xy ∈ p1. Then,

either xy ∈ I or xy ∈ V1. In both cases there exists z ∈ V2 such that zxy ∈ I .

If zy ∈ I , then since y /∈ I , by definition of ΓI(R) it follows that z and y are

adjacent in ΓI(R). So, we have y ∈ V1, which is contradiction. Thus, zy /∈ I and

so zy ∈ V1. Moreover, we have z2y ∈ I and since I =
√
I, z2 /∈ I . So, again by

definition we have z2 ∈ V1. As z is an element of V2 and the graph is complete

bipartite, we have z3 ∈ I . Now the equality I =
√
I implies that z ∈ I , which is

a contradiction. Hence, p1 is a prime ideal of R. �

The converse of Theorem 4.8 part (i) is not true. As a counter example we consider

R = Z8 and I = (4), where ΓI(R) is bipartite, but we can not write I as the intersection

of two prime ideals.

4.1. Girth and Clique Number of ΓI(R)

Now we investigate the girth and clique number of ΓI(R), where I is equal to the

intersection of prime ideals. First, we look into the case when I = p1 ∩ p2, for p1 and

p2 as prime ideals of the ring R.

Theorem 4.9: [13, Theorem 4.1] Let p1 and p2 be distinct prime ideals of R and

I = p1 ∩ p2. Then, either gr(ΓI(R)) = 4 or R/I = Z2 ⊕ Z2.

Proof. We claim that either | p2 \ p1 |≥ 2 and| p1 \ p2 |≥ 2; or both have one element.

First consıder the case that | p1 \ p2 |= 1 and | p2 \ p1 |≥ 2. Assume that p1 \ p2 = {x},

then xy ∈ p1 ∩ p2 = I for all y ∈ p2 \ p1. So, ΓI(R) is a star graph. In particular, x is

a cut vertex which is a contradiction due to [9, Theorem 3.2]. A similar explanation

follows in the case when | p2 \ p1 |= 1 and | p1 \ p2 |≥ 2.

Hence | p1 \ p2 |≥ 2 and | p2 \ p1 |≥ 2. Now Theorem 4.8 implies that ΓI(R) is a

complete bipartite graph, so gr(ΓI(R)) = 4.

Now, suppose that | p1 \ p2 |= 1 and | p2 \ p1 |= 1. Then, p1 \ p2 = {x} for some
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x ∈ R. As I = p1 ∩ p2, it follows that p1 = {x} ∪ I . If r ∈ R \ p2, then rx ∈ p1.

If also rx ∈ I , then as x, r ∈ R \ I it follows that x − r is a vertex in ΓI(R). Then,

r ∈ p2 which is a contradiction. So, rx ∈ p1 \ I for all r ∈ R \ p2, and then rx = x.

Therefore, x− rx = x(1− r) = 0 ∈ p2 and as p2 is a prime ideal we have 1− r ∈ p2,

for all r ∈ R \ p2. Then, as 1− r ∈ p2, it follows that 1 + p2 = r + p2 in R/p2, for all

r ∈ R \ p2. Hence we have two different cases for the elements of this quotient ring:

• For r ∈ p2 and r + p2 = p2 = 0 + p2;

• r ∈ R \ p2 and r + p2 = 1 + p2.

So, R/p2 = {0+ p2, 1+ p2} ∼= Z2. On the other hand, using the fact that | p2 \ p1 |= 1

and following the same argument as above we get R/p1 ∼= Z2. As Z2 is a field, it

follows that p1 and p2 are maximal ideals of R. Obviously x ∈ p1 \ p2 implies that

x ∈ p1 ( p1 + p2. Since p1 is a maximal ideal of R, we get p1 + p2 = R. Hence,

R/I ∼= R/(p1 ∩ p2) ∼= R/p1 ×R/p2 ∼= Z2

⊕
Z2. �

In the case when I is the intersection of finite prime ideals of R, the clique number of

ΓI(R) is given in the next theorem.

Theorem 4.10: [13, Theorem 4.2] Let I be an ideal of R such that I =
⋂

1≤i≤n pi

and for each 1 ≤ j ≤ n, I 6=
⋂

1≤i≤n, i 6=j pi where pi’s are prime ideals of R. Then,

w(ΓI(R)) = n.

Proof. Let xj ∈
⋂

1≤i≤n, i 6=j pi \ pj . Then, x /∈ I implying that x ∈ R \ I . Note that

xj ∈ (p1 \ pj)∩ · · · ∩ (pj−1 \ pj)∩ (pj+1 \ pj)∩ · · · ∩ (pn \ pj). So, as all pi’s are prime

ideals we have xjxk ∈ pi for all 1 ≤ j, k ≤ n such that j 6= k and all 1 ≤ i ≤ n. Thus,

xjxk ∈ I =
⋂

1≤i≤n pi for all 1 ≤ j, k ≤ n such that j 6= k. Hence, {x1, . . . , xn} is a

clique in ΓI(R), following that w(ΓI(R)) ≥ n. So, we claim that w(ΓI(R)) ≤ n. To

prove the claim we use induction on n. Let n = 2. By Theorem 4.8, ΓI(R) is a bipartite

graph and so w(ΓI(R)) = 2.

Now, suppose that n > 2 and the result follows for all integers less than n. Let

{x1, . . . , xm} be a clique in ΓI(R). Then, x1xj ∈
⋂

1≤i≤n pi = I for all 2 ≤ j ≤

m. Suppose without loss of generality that x1 /∈ p1. Then, x2, . . . , xm ∈ p1 and

x2, . . . , xm /∈
⋂

2≤i≤n pi. If we let J =
⋂

2≤i≤n pi, then {x2, . . . , xm} is a clique in

ΓJ(R). Therefore, by induction step we havem− 1 = n− 1, implying thatm = n. �

Next, we collect some conclusions from the above theorems.

34



Corollary 4.4: [13, Corollary 4.3] The following hold:

(a) If I =
⋂

1≤i ≤n pi 6= 0 and J =
⋂

1≤j≤m qj where pi’s and qj’s are prime ideals

such that ΓI(R) = ΓJ(R), then n = m.

(b) If for any p ∈ Min(R), p is a finitely generated ideal, then w(Γnil(R)(R)) =

|Min(R)|(which is finite by [20]).

(c) If R is a semi-local ring and not local, then w(ΓJ(R)(R)) =|Max(R)|.

(d) If n is a square-free integer, then w(ΓnZ(Z)) = k, where k is the number of

primes in the decomposition of n into primes.

Lastly, we show that in the case when I is a primary ideal that is not prime with at least

three elements or when ass(R/I) contains at least tree elements, the girth number of

ΓI(R) is always three.

Theorem 4.11: [13, Theorem 4.4] Let I be an ideal of R. Suppose either I is a primary

ideal of R that is not prime and | I |≥ 3, or | ass(R/I) |≥ 3. Then, gr(ΓI(R)) = 3.

Proof. Firstly suppose that I is a primary ideal which is not prime and | I |≥ 3.

Let a, b ∈ R/I such that ab ∈ I . Then, bn ∈ I and bn−1 /∈ I for some n ∈ N. So,

a, bn−1 /∈ I . Hence, a - b - bn−1 - a is a cycle in ΓI(R). Therefore, gr(ΓI(R)) = 3.

Now, suppose that | Ass(R \ I) |≥ 3. Then, by [21, Corollary 2.2] it follows that

gr(Γ(R/I)) = 3. Hence, gr(ΓI(R)) = 3. �

Note that one of two conditions in the Theorem 4.11 is necessary. For example, if

R = Z8 and I = (4), then | Ass(R/I) |= 1 and gr(Γ(R/I)) = ∞.
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5. WEAKLY ZERO-DIVISOR GRAPHS

The concept of weakly zero-divisor graphs, denoted byWΓ(R), is firstly given in 2021

in [10], where authors investigate the properties ofWΓ(R) and relations with Γ(R).

Definition: Let R be a commutative ring. Then, the weakly zero-divisor graph of R,

denoted byWΓ(R), is the graph with vertex set Z(R)∗, where two vertices x and y are

adjacent if and only if there exist r ∈ ann(x) and s ∈ ann(y) such that rs = 0.

An example of a weakly zero divisor graph is as follows.

Example 5.1: LetR = Z3×Z3. Then, the vertex set ofWΓ(R) isZ(R)∗ = {(1, 0), (0, 1),

(2, 0), (0, 2)}. So, the graph WΓ(R) is given in Figure 5.1. Note that in this case

Γ(R) = WΓ(R), but in general this is not the case.

One of the fundamental properties of WΓ(R) in relation to Γ(R) is that Γ(R) is a

connected subgraph ofWΓ(R). This property plays a crucial role throughout this thesis.

Lemma 5.1: [10, Lemma 2.1] If R is a ring then the following hold:

(i) Let x, y ∈ Z(R)∗. If x− y is an edge of Γ(R), then x− y is an edge ofWΓ(R).

(ii) If x ∈ Nil(R)∗, then x is adjacent to all the other vertices inWΓ(R).

(iii) The vertices in Nil(R)∗ generates a clique inWΓ(R).

Proof.

(i) Let x, y ∈ Z(R)∗ such that x− y is an edge of Γ(R). It means that xy = 0, so

Figure 5.1: Weakly zero-divisor graph of Z3 × Z3.
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x ∈ ann(y) and y ∈ ann(x). Hence, x− y is an edge ofWΓ(R).

(ii) Let x ∈ Nil(R)∗ , y ∈ Z(R)∗ and r ∈ ann(y). So, ∃n ∈ N such that xn = 0 and

xi 6= 0, for 1 ≤ i ≤ n− 1. Therefore, xn = xn−1x = 0 implies xn−1 ∈ ann(x).

Now we have two cases:

1. If xn−1r = 0, then by the definition ofWΓ(R), x− y is an edge ofWΓ(R).

2. If xn−1r 6= 0, then by xxn−1r = 0 we get xn−1r ∈ ann(x). Also, we

know that yr = 0, and then yrxn−1 = 0. So, xn−1r ∈ ann(y). There-

fore, xn−1r ∈ ann(x) ∩ ann(y). So, we have xn−1rxn−1r = x2n−2r2 =

xnr2xn−2 = 0. Hence, x− y is an edge ofWΓ(R).

As y is an arbitrary vertex, we are done.

(iii) From (ii) every element of Nil(R)∗ is adjacent to all the other vertices, and in

particular to all the other elements of Nil(R)∗. Hence, as Nil(R)∗ ⊆ Z(R)∗, it

is a complete subgraph ofWΓ(R). �

Now, we give the following example to illustrate the graph structure of Γ(R) as a

connected subgraph ofWΓ(R).

Example 5.2: If R = Z12, then Z(R)
∗ = {2, 3, 4, 6, 8, 9, 10}. Then, the zero-divisor

and weakly zero-divisor graphs of R are given in Figure 5.2. It is obvious that Γ(R) is

a connected subgraph ofWΓ(R). Moreover, as 6 is a nilpotent element of Z12 then it

is adjacent to all other vertices ofWΓ(R). Note that, the converse of the second part

of the Lemma 5.1 is obviously not true, because 2, 4, 8 and 10 are adjacent to all other

vertices ofWΓ(R), but none of them is nilpotent.

Figure 5.2: Zero-divisor and weakly zero-divisor graphs of Z12, respectively.
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Next, we show that, for any commutative ring R, the diameter of WΓ(R) does not

exceed 2, and in the case when it contains a cycle the girth number is at most 4. This

will be another fundamental property of the graphWΓ(R), which is very useful in our

thesis.

Theorem 5.1: [10, Theorem 2.2] IfR is a commutative ring, thenWΓ(R) is connected

and diam(WΓ(R)) ≤ 2. Moreover, ifWΓ(R) contains a cycle, then girth(WΓ(R)) ≤

4.

Proof. Lemma 5.1 implies that every edge of Γ(R) is an edge ofWΓ(R). Hence, from

Theorem 3.1 it follows thatWΓ(R) is connected. Suppose thatWΓ(R) contains a cycle,

then by Theorem 3.3 girth(WΓ(R)) ≤ 4. Now we need to prove diam(WΓ(R)) ≤ 2.

Let x, y be two distinct vertices ofWΓ(R). Suppose that x−y is not an edge ofWΓ(R).

Which means that rs 6= 0, for every r ∈ ann(x) and s ∈ ann(y). Let r ∈ ann(x) and

s ∈ ann(y). Then, rx = 0 and sy = 0. Since rxs = rys = 0, we have the following

path inWΓ(R);

x− rs− y.

Hence diam(WΓ(R)) ≤ 2. �

As an example for Theorem 5.1, one can consider the graph in Figure 5.2. To have the

girth number equal to four it is necessary and sufficient for R to be a reduced ring with

exactly two minimal prime ideals.

Theorem 5.2: [10, Theorem 2.3] Let R be a ring andWΓ(R) contain a cycle. Then

girth(WΓ(R)) = 4 if and only if R is reduced with |Min(R)| = 2.

Proof. Suppose that girth(WΓ(R)) = 4. IfNil(R) 6= 0, then by Lemma 5.1 girth(WΓ(R)) =

3, which is a contradiction. So, Nil(R) = 0 and hence R is reduced. We claim that

WΓ(R) = Γ(R);

If not, then there are distinct elements x, y ∈ Z(R)∗ such that x − y is an edge of

WΓ(R) and it is not edge of Γ(R), that is xy 6= 0. So, there are r ∈ ann(x) and

s ∈ ann(y) such that rs = 0. As Nil(R) = (0) and xy 6= 0, we have r 6= x 6= y and

s 6= y 6= x. We now consider the following two cases:

Case 1: If there exists some 0 6= b ∈ ann(x) ∩ ann(y), then b− x− y − b is a cycle in

WΓ(R) of length three, which contradicts the assumption.

Case 2: Suppose ann(x) ∩ ann(y) = 0, then we have x 6= y. As ann(x) ⊆ ann(xy),
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and ann(x) ∩ ann(y) = 0 we conclude that xy 6= x, y. So, x, y, xy are pairwise

distinct. Since r ∈ ann(x) ⊆ ann(xy) and rs = 0, we deduce that xy − y is an edge

ofWΓ(R). In the same way we can see that xy − x is also an edge ofWΓ(R). Hence,

xy − x− y − xy is a cycle inWΓ(R) of length three, which is a contradiction. Hence

WΓ(R) = Γ(R).

So girth(WΓ(R)) =girth(Γ(R)) = 4. Now Theorem 3.12 implies that WΓ(R) =

Γ(R) = Km,n. Hence, there are two prime ideals P1 and P2 of R such that |P1
∗| = m

and |P2
∗| = n, and {P1, P2} =Min(R).

Suppose that R is reduced and Min(R) = {P1, P2}. Since R is reduced we have

Z(R) = P1 ∪ P2 by Corollary 2.3 and P1 ∩ P2 = (0), if not then P1 ∩ P2 /∈Min(R),

which is not true. Now, we claim that P1 and P2 are independent sets ofWΓ(R):

Ifma = 0 then,m(a+b) = 0 impliesmb = 0. Hence, (a+b)−a is an edge ofWΓ(R).

Let x, y ∈ P1 and 0 6= r ∈ ann(x), 0 6= s ∈ ann(y). Obviously r, s ∈ Z(R) = P1∪P2

where P1 ∩ P2 = (0). So, sy = 0 ∈ P2 implies s ∈ P2 or y ∈ P2, but as y ∈ P1 and

P1 ∩ P2 = 0 we get y /∈ P2 and so s ∈ P2. Similarly, rx = 0 ∈ P2 implies r ∈ P2

or x ∈ P2, but as x ∈ P1 and P1 ∩ P2 = 0 we get x /∈ P2 and r ∈ P2. Moreover, if

rs = 0 ∈ P1 then r ∈ P1 or s ∈ P1, which contradicts P1 ∩ P2 = 0. Hence, r, s ∈ P2

and rs 6= 0. So, similarly for P2 and we showed that P1 and P2 are independent.

Then, we get WΓ(R) = K|P1
∗|,|P2

∗|. By hyporhtesis WΓ(R) contains a cycle and so

girth(WΓ(R)) = 4. �

An example for the Theorem 5.2 is the graph ofWΓ(R) in Figure 5.1, where the girth

number is 4 and R = Z3 ×Z3 is a reduced ring with only two prime ideals P1 = 0×Z3

and P2 = Z3 × 0.

Theorem 5.3: [10, Theorem 2.4] If R is a reduced ring where Z(R)∗ is an ideal of R,

thenWΓ(R) 6= Γ(R) and girth(WΓ(R)) = 3.

Proof. Let a ∈ Z(R)∗ and b ∈ ann(a) \ {0}. Then, also b ∈ Z(R)∗ as ab = 0. So, by

the fact that Z(R)∗ is an ideal of R we have a + b ∈ Z(R)∗ and a + b 6= 0 because

a 6= 0. Also, note that a(b + a) = ab + a2 = a2 6= 0 because R is a reduced ring.

Hence, a − (a + b) is not an edge of Γ(R). If for some c ∈ R we have (a + b)c = 0,

then a(a + b)c = 0, which is ann(a + b) ⊆ ann(a(a + b)) = ann(a2). Hence,
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ann(a+ b) ⊆ ann(a2). Letm ∈ ann(a+ b), thenm ∈ ann(a2). We have two cases:

Case 1: If ma 6= 0 then, m(a + b) = 0 implies that ma(a + b) = 0, implying

ma ∈ ann(a + b), and ma2 = 0 implies that (ma)a = 0, implying ma ∈ ann(a).

So, (ma)(ma) = m2a2 = m(ma2) = 0, which is impossible as R is supposed to be

reduced. Hence, (a+ b)− a is an edge ofWΓ(R).

Case2: If ma = 0 then, m(a + b) = 0 implies mb = 0. Since b is in ann(a), m is in

ann(a+ b) and bm = 0 we conclude that (a+ b)− a is an edge ofWΓ(R).

Hence,WΓ(R) 6= Γ(R).

Now, we claim that girth(WΓ(R)) = 3: Firstly, note that none of a+ b, (a+ b)a, a is

zero. So, we claim that a+ b 6= (a+ b)a 6= a:

Suppose that (a + b)a = a. Then, we have a2 = a, and so a is an idempontent. By

Lemma 2.1 and Lemma 2.2 we have Z(R) is not an ideal of R, which contradicts the

hypothesis.

Suppose that a + b = (a + b)a. Then, a2 = a + b and hence a2 6= a, because b 6= 0.

This implies that; a2 = a2 + ab = a(a+ b) = a · a2 = a2. Again we get contradiction.

Now, due to the previous parts we know that a+ b− a is an edge ofWΓ(R). From the

fact that ann(a+ b) ⊆ ann((a+ b)a) we get that (a+ b)a− a is an edge ofWΓ(R).

Also, as ann(a) ⊆ ann(a2) ⊆ ann(a(a+ b)) we have a+ b− a(a+ b) as an edge of

WΓ(R). Thus, (a+ b)− a− a(a+ b)− (a+ b) is a 3−cycle ofWΓ(R), and we are

done. �

Theorem 5.4: [10, Theorem 2.5] Let R be a ring. ThenWΓ(R) is a star graph if and

only if one of the following holds:

1. R ∼= Z2 ×D, where D is an integral domain.

2. |Nil(R)| = |Z(R)| = 3.

Proof. (⇐) If |Nil(R)| = |Z(R)| = 3, then we have only two non-zero zero-divisors.

Let Z(R) = {0, a, b} and assume that ab is non-zero.

As a ∈ Z(R)∗ there exists 0 6= r ∈ R such that ar = 0, so r ∈ Z(R)∗ = {a, b}. If
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ab 6= 0, then r 6= b and so a2 = 0. Hence, a ∈ Nil(R). Similarly, as b ∈ Z(R)∗ there

exists 0 6= s ∈ R such that bs = 0 and so s ∈ Z(R)∗, Since ab 6= 0 we have s = b and

so b2 = 0. Hence, b ∈ Nil(R).

So, (ab)2 = a2b2 = 0 implies ab ∈ Nil(R). Now we have two cases:

1. If ab = a we have a(b − 1) = 0 which implies b − 1 ∈ Z(R). But as Z(R) =

Nil(R) is an ideal ofR, we get b− (b−1) = 1 ∈ Z(R), which is a contradiction.

2. If ab = b, in the same way we get a contradiction.

So, ab = 0 and we have only one edge inWΓ(R), henceWΓ(R) is a star.

If R ∼= Z2 ×D, where D is an integral domain, then the vertex (1, 0) is adjacent to all

other vertices of the form (0, a) as a changes in F , indeed, (1, 0) is the center of the

star graphWΓ(R).

(⇒) Suppose thatWΓ(R) is a star graph. By Lemma 5.1 it follows that Nil(R)∗ is a

complete subgraph ofWΓ(R). As a star graph is acyclic, we deduce that Nil(R) has

at most three distinct elements. So, we have the following three cases:

Case 1: If |Nil(R)| = 1, then Nil(R) = {0}, and so R is reduced ring. Suppose that

a ∈ V (WΓ(R)) is adjacent to all other vertices. Then we claim that a is an idempotent.

Assume that a 6= a2. Then, as ann(a) ⊆ ann(a2), let x ∈ ann(a2), then we have

xa2 = 0, but as R is reduced we have a2 6= 0 which gives xa ∈ ann(a). If xa 6= 0,

then (xa)2 = x2a2 = xxa2 = 0, and so 0 6= xa ∈ Nil(R),which gives a contradiction

because |Nil(R)| = 1. So, xa = 0 and x ∈ ann(a). Hence, ann(a) = ann(a2), and

so a and a2 are adjacent to all other vertives. So Z(R) = {0, a, a2}, for if not, then we

have a triangle inWΓ(R). As R is reduced then any power of a cannot be zero. So,

either a3 = a or a3 = a2.

If a3 = a then a(a2 − 1) = 0, and (a2 − 1) ∈ Z(R). Therefore, we have the following

subcases:

1. a2 − 1 = 0 which is not possible as a2 = 1 /∈ Z(R).
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2. a2 − 1 = a2 which is not possible as −1 6= 0.

3. a2 − 1 = a which gives a2 = 0 and it is not possible as R is reduced.

If a3 = a2 then a2(a− 1) = 0, and (a− 1) ∈ Z(R). Therefore, we have the following

subcases:

1. a− 1 = 0 which is impossible as a = 1 /∈ Z(R).

2. a− 1 = a which is impossible as −1 6= 0.

3. a− 1 = a2 which gives a4 = 0 and it is not possible as R is reduced.

So a is an idempotent element.

Now, as R has an idempotent element it can be written as R ∼= R1 ×R2 where R1 and

R2 are two rings. So, we claim that R1
∼= Z2 and R2

∼= D, where D is an integral

domain.

If R1
∼= Z2 and R2

∼= Z2, then we are done as Z2 is an integral domain.

Suppose that |R2
∗| ≥ 2. Then, there is 1 6= b ∈ R2

∗. If 1 6= r ∈ R1, then (r, 0) is

a zero divisor in R. So, (r, 0) − (0, 1) − (1, 0) − (0, b) − (r, 0) is a cycle inWΓ(R),

which is a contradiction with the fact thatWΓ(R) is a star graph. Hence, r = 0 and

R1
∼= Z2. Now, let x ∈ Z(R2

∗) and a ∈ ann(x). then, (1, 0)− (0, x)− (0, a)− (1, 0)

is a triangle inWΓ(R), which is a contradiction, which gives x = 0. So, Z(R2) = (0),

and hence R2
∼= D where D is an integral domain.

Suppose that |Nil(R)| = 2. AsWΓ(R) is a star graph, it has a central vertex say x.

Now Lemma 5.1(1), verifies that 0 6= x ∈ Nil(R), and so Nil(R) = {0, x}. Moreover,

as Γ(R) is a connected subgraph ofWΓ(R) we deduce that Γ(R) is a star graph with

center x. We claim thatWΓ(R) is complete which means ann(x) = Z(R).

Let z, y ∈ V (WΓ(R)) such that x 6= y 6= z. We know that xy = 0 and xz = 0. As x is

a nilpotent element, there exists some positive integer as small as possible, say n, such

that xn = 0. Let l and t be those integers for which we have n = l + t. Then obviously

(xly = 0 and xtz = 0 and xlxt = xn = 0. Thus y − z is an edge ofWΓ(R). As z and

y are arbitrary, we conclude thatWΓ(R) is complete.

So, we have WΓ(R) = K2 and then Z(R) = {0, x, b}. We know that |Nil(R)| = 2,
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Figure 5.3: Weakly zero-divisor graph of Z10.

so Nil(R) = {0, x} where x2 = 0. Since Z(R) is an ideal of R we get x+ b ∈ Z(R),

since x 6= 0 we get x+ b 6= b and since b 6= 0 we get x+ b 6= x. So, Z(R) = {0, x,−x}

which implies x + b = 0 ⇒ b = −x. Therefore, b2 = (−x)2 = 0 and so b ∈ Nil(R),

which implies b = x and it is a contradiction.

Case 2: Suppose |Nil(R)| = 3. So we have only to prove that |Nil(R)| = |Z(R)| = 3.

By Lemma 5.1 we know that if x ∈ Nil(R)∗, then x is adjacent to all other vertices

inWΓ(R). Let x be not the center of the starWΓ(R). Then, by Lemma 5.1 we have

WΓ(R) ∼= K2. So, we have only two non-zero zero-divisors and we are done. �

Example 5.3: Consider R = Z10. Then, R ∼= Z2 ×D, where D = Z5 is an integral

domain. Thus, the weakly zero-divisor graphs of R is a star graph given in Figure 5.3.

Finally, we give a necessary and sufficient condition forWΓ(R) to be a complete graph,

when R is an Artinian ring.

Theorem 5.5: [10, Theorem 2.6] LetR be an Artinian ring. ThenWΓ(R) is a complete

graph if and only if one of the following hold:

1. R ∼= Z2 × · · · × Z2

2. R ∼= R1 × · · · × Rm, where Ri is a non-reduced Artinian local ring, for every

1 ≤ i ≤ m.

Proof. (⇒) Suppose thatWΓ(R) is complete. Then, due to Theorem 2.2 we know that

R ∼= R1 × · · · × Rm, where Ri’s are Artinian local ring for every 1 ≤ i ≤ m. If all

Ri’s are non-reduced then part 2 holds and we are done. So, suppose that at least one

of Ri’s is reduced. Without loss of generality, assume that R1 is a reduced Artinian
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ring. Hence, R1 is a field. Now, we consider the following two cases.

Case 1: Suppose that Ri
∼= Z2, for every i 6= 1. Now we claim that R ∼= Z2 × · · · × Z2.

By the contrary suppose that the claim is not correct and assume that R1 � Z2. Let 1 6=

u ∈ R1
∗. Consider x = (u, 1, ..., 1, 0) and y = (1, 1, ..., 1, 0) where both are vertices

of WΓ(R). If r = (r1, r2, ..., rm) ∈ ann(x) then (r1u, r2, r3, ..., rm−1, 0) = (0, ..., 0).

So, we get r2 = r3 = · · · = rm−1 = 0 and r1u = 0. As R1 is a field u−1 ∈ R1 we have

r1uu
−1 = 0 which gives r1 = 0. Therefore, r = (0, ..., 0, rm), where rm ∈ Rm

∼= Z2.

Hence, r = (0, ..., 0) or r = (0, ..., 0, 1) and so ann(x) = {(0, ..., 0), (0, ..., 0, 1)}.

Similarly we can see that ann(y) = {(0, ..., 0), (0, ..., 0, 1)}. Since (0, ..., 0, 1) is the

only non-zero element of ann(x) and ann(y), and (0, ..., 0, 1)(0, ..., 0, 1) 6= (0, ..., 0)

we conclude that x and y are not adjacent inWΓ(R), which is a contradiction.

Case 2: Suppose that Ri � Z2, for some i 6= 1. Now we claim that this is impossible.

Without lose of generality suppose that Rm � Z2. Let 1 6= u ∈ Rm − Z(R). Consider

x = (0, 1, ..., 1, u) and y = (0, 1, ..., 1, 1) both in V (WΓ(R)). Let r = (r1, r2, ..., rm) ∈

ann(x). Then rx = (r1, ..., rm)(0, 1, ..., 1, u) = (0, r2, ..., rm−1, rmu) = (0, ..., 0). So,

r2 = · · · = rm−1 = 0 and rmu = 0. As Rm is a field we get rmuu
−1 = 0, which means

rm = 0. Hence, as r1 ∈ R1 we get ann(x) = {(0, ..., 0), (1, 0, ..., 0)}. Similarly we

have ann(y) = {(0, ..., 0), (1, 0, ..., 0)}. As (1, 0, ..., 0) is the only non-zero element of

ann(x) and ann(y), and (1, 0, ..., 0)(1, 0, ..., 0) 6= (0, ..., 0) we conclude that x and y

are not adjacent inWΓ(R), which is a contradiction.

(⇐) Now firstly suppose that R ∼= Z2 × · · · × Z2. If x = (1, ..., 1) then for any non-

zero r = (r1, ..., rm) ∈ ann(x) we have xr = (1, ..., 1)(r1, ..., rm) = (r1, ..., rm) 6=

(0, ..., 0). Hence, V (WΓ(R)) = {(x1, ..., xm) : xi = 0 for some i}. Let x =

(x1, ..., xm) and y = (y1, ..., ym) be two arbitrary different vertices of WΓ(R). De-

fine ei = (0, ..., 0, 1, 0, ..., 0) for all 1 ≤ i ≤ m where i stands for the ith non-zero entry

of the vector ei. Note that there has to be i 6= j such that xi = 0 and yj = 0 because

x 6= y. Then, x · ei = 0, y · ej = 0 and ei · ej = 0. Hence, x and y are adjacent in

WΓ(R). As x and y was arbitrary we conclude thatWΓ(R) is complete.
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Now suppose that R ∼= R1 × · · · ×Rm, where Ri is a non-reduced Artinian local ring

for every 1 ≤ i ≤ m. Let

A = {(x1, ..., xm) ∈ R : xi ∈ Nil(Ri)
∗ for some 1 ≤ i ≤ m}

and

B = {(x1, ..., xm) ∈ R : xi /∈ Nil(Ri)
∗, for all 1 ≤ i ≤ mandxi = 0 for some 1 ≤ i ≤ m}.

By construction of A and B obviously A ∩B = ∅. We also claim that V (WΓ(R)) =

A ∪B.

Firstly, let x = (x1, ..., xm) ∈ V (WΓ(R)), then there is y = (y1, ..., ym) ∈ R∗ such

that xy = 0. So, xy = (xiyi, ..., xmym) = (0, ..., 0), which gives that xiyi = 0 for all i.

Look at the coordinates of x; if there exists r ∈ {1, ...,m} such that xr ∈ Nil(Rr)
∗
, then

by the definition x ∈ A, and so x ∈ A ∪B. So, suppose that there is no r ∈ {1, ...,m}

such that xr ∈ Nil(Rr)
∗
. Then, for each i ∈ {1, ...,m}, xi /∈ Nil(R)∗, so x ∈ B and

hence x ∈ A ∪ B. Conversely, if x ∈ A or x ∈ B, then obviously x is a zero-divisor

and x is a vertex ofWΓ(R). So, now we separate this part of the proof into three cases.

Case 1: Here we claim that any two elements of A are adjacent in WΓ(R). Let

x = (x1, ..., xm), y = (y1, ..., ym) ∈ A. Then, xi ∈ Nil(Ri)
∗
and yj ∈ Nil(Ri)

∗
for

some 1 ≤ j ≤ m. Let n and k be the least positive integers for which xi
n = 0 and

yj
k = 0. Now we have two subcases:

Subcase a: If i 6= j. Then, xi · xin−1 · ei = 0 and yj · yjk−1 · ej = 0, which gives

xi
n−1 · ei · yjk−1 · ej = 0. Hence, x− y is adjacent inWΓ(R).

Subcase b: If i = j. Then, if xi
n−1 · yik−1 = 0 we have xi

n−1 · ei · yjk−1 · ej = 0 and

so x − y are adjacent. If xi
n−1 · yik−1 6= 0, we consider r = xi

n−1 · yik−1 · ei, then

r ∈ ann(x) and r ∈ ann(y) and also r2 = 0. Hence, x− y is adjacent.

Case 2: Here we claim that any two elements ofB are adjacent inWΓ(R). Let x, y ∈ B.

Similarly, suppose that xi = 0 and yj = 0, and then we have two subcases:

Subcase a: If i 6= j. Then, xei = 0, yej = 0 and eiej = 0. Hence, x− y are adjacent.

Subcase b: If i = j. AsRi is non-reduced for all 1 ≤ i ≤ m, then there exists a non-zero
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nilpotent element ri in Ri. Let, ni be the smallest natural number such that ri
ni = 0,

for all 1 ≤ i ≤ m. Then, if r = (r1, ..., rm) we have y · r · ei = 0, x · rn−1 · ei = 0, and

rn−1 · ei · r · ej = 0. Hence, x− y are adjacent.

Case 3: Here we claim that if x ∈ A and y ∈ B, then x − y is adjacent in WΓ(R).

Suppose that xi = 0 and yj = 0. Again we have two subcases:

Subcase a: If i 6= j then we have xi
n−1 · ei · ej = 0, xi · xin−1 · ei = 0, and y · ej = 0.

Hence, x− y are adjacent.

Subcase b: If i = j, then set r = xi
n−1 · ei. Then, xr = 0, yxiei = 0, and rxiei = 0.

Hence, x− y are adjacent.

Hence,WΓ(R) is complete. �

5.1. The Relationship Between the Γ(R) and theWΓ(R)

As we already know that Γ(R) is a connected subgraph ofWΓ(R), a natural question

would be as follows: When the graphWΓ(R) and the graph Γ(R) are identical? We

first answer this question in the case when R is a reduced ring and not an integral

domain.

Theorem 5.6: [10, Theorem 3.1] If R is a reduced ring that is not an integral domain,

thenWΓ(R) = Γ(R) if and only if |Min(R)| = 2.

Proof. (⇒) If WΓ(R) = Γ(R) and R is reduced, we claim that if there are distinct

a and b in Z(R)∗, then ann((a, b)) = (0). Let 0 6= r ∈ ann((a, b)), then ra = 0 and

rb = 0, but r 6= a and r 6= b. So in Γ(R) we have the star a − r − b with center r,

but inWΓ(R), a and b are adjacent, which implies thatWΓ(R) 6= Γ(R), and hence

a contradiction. Therefore, we can apply Theorem 3.11. If |Min(R)| ≥ 3, then by

Theorem 3.11 we get diam(Γ(R)) = diam(WΓ(R)) = 3, which contradicts Theorem

5.1. We now claim that |Min(R)| 6= 1. If not, then Min(R) = {(0)}, where (0)

states for zero ideal. Then, R/(0) = R is an integral domain, which contradicts the

assumption.
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(⇐) LetR be a reduced ring which is not an integral domain. Assume that |Min(R)| =

2.

Case (1): IfWΓ(R) contains a cycle, then as we discussed in the proof of Theorem 5.2,

we can observe thatWΓ(R) = Γ(R).

Case (2): Assume that girth(WΓ(R)) = ∞. As Γ(R) is a subgraph of WΓ(R), we

conclude that girth(Γ(R)) = ∞. As R is a reduced ring which is not an integral

domain and girth(Γ(R)) = ∞ Theorem 3.13 implies that Γ(R) = K1,n, for some n≥1.

On the other hand, dim(WΓ(R)) ≤ 2 which implies thatWΓ(R) = Γ(R) = K1,n. �

Note that an example when Γ(R) andWΓ(R) are identical is the Example 5.3, where

one can check that the zero-divisor and weakly zero-divisor graphs of R = Z10 are

both star graphs on 5 vertices, as in Figure 5.3. Also, note that Z10 is a reduced ring

because 10 is a squarefree integer. Moreover, the only minimal prime ideals of Z10 are

I = {0̄, 5̄} and J = {0̄, 2̄, 4̄, 6̄, 8̄}. Finally, we answer our main question in the case

when R is not a reduced ring.

Theorem 5.7: [10, Theorem 3.2] Let R be a non-reduced ring. Then the followings

are equivalent:

1. WΓ(R) = Γ(R).

2. Z(R)2 = 0.

3. Γ(R) is a complete graph.

Proof. (1) ⇒ (2) AsR is non-reduced,Nil(R) is non zero, so there exists x ∈ Nil(R)∗.

ASWΓ(R) = Γ(R), we deduce that x is adjacent to all other vertices by Lemma 5.1.

We have one of the following cases: R is isomorphic with Z2×A, whereA is an integral

domain, or Z(R) is an annihilator ideal. Note that the first case does not occure as

a ring with such structure is a reduced ring. Hence, Z(R) is an annihilator ideal.

Now, we claim that Z(R) = ann(x). It is clear that ann(x) ⊆ Z(R). If there exists

y ∈ Z(R) \ ann(x), then y is a vertex of Γ(R)(so WΓ(R)) and xy = 0. Therefore,

y ∈ ann(x), which is a contradiction. Hence, ann(x) = Z(R).

Firstly suppose that |Z(R)∗| = 2. Then, Z(R)∗ = {x, r}, and we have Γ(R) = K2.

Now, let |Z(R)∗| ≥ 3. Then, there exists non-equal y, z ∈ Z(R)∗ \ {x}. Also, we have

ann(y) ⊆ Z(R) = ann(x). So, for each α ∈ ann(y) we have αx = 0. If α = x, then

x2 = 0. So, suppose α 6= x, then we have the following cases:
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• (i) if α = y, then y ∈ Nil(R)∗. So, y is a complete vertex and yz = 0.

• (ii) if α 6= y and α = z, then zy = 0.

• (iii) Let α 6= y and α 6= z. Then, from x ∈ ann(z), α ∈ ann(y), and xα = 0 we

get y is adjacent with z.

Hence, y − z is an edge inWΓ(R). As y and z are arbitrary vertices ofWΓ(R) we

conclude thatWΓ(R) is complete. Then, also Γ(R) is complete as subgraph of Γ(R).

Now as Z2 × Z2 is a reduced ring Theorem 3.6. verifies that Z(R)2 = {xy : x, y ∈

Z(R)} = 0.

(2) ⇒ (3) Let Z(R)2 = 0. Then, all elements of Z(R)∗ are adjacent in Γ(R), conclud-

ing that Γ(R) is complete.

(3) ⇒ (1)Assume thatΓ(R) is complete graph. We know thatV (Γ(R)) = V (WΓ(R)) =

Z(R)∗. Hence,WΓ(R) is complete and so Γ(R) = WΓ(R). �

Corollary 5.1: [10, Corollary 3.3] If R is a non-reduced ring, then the following

conditions are equivalent:

1. WΓ(R) is a star graph.

2. girth(WΓ(R)) = ∞.

3. WΓ(R) = Γ(R) and girth(Γ(R)) = ∞.

4. |Z(R)∗| = |Nil(R)∗| = 2.

5. WΓ(R) = Γ(R) = K1,1.

Proof. (1) ⇒ (2) It is clear that a star graph has no cycle.

(2) ⇒ (3) Let girth(WΓ(R)) = ∞. Then, there is no cycle inWΓ(R). Let a ∈ Nil(R)∗.

By Lemma 5.1 it follows that a is adjacent to all other vertices ofWΓ(R). SinceWΓ(R)

has no cycle and Γ(R) is a connected subgraph ofWΓ(R) we getWΓ(R) = Γ(R).

(3) ⇒ (4) By Theorem 5.7, the fact thatWΓ(R) = Γ(R) implies that they are complete.

Since girth(Γ(R)) = ∞ and R is non-reduced we conclude that the graph Γ(R) is just
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an edge. So we are done.

(4) ⇒ (5) We suppose that R is non-reduced and |Z(R)∗| = |Nil(R)∗| = 2. Let

Z(R)∗ = {x, y}, we know that Γ(R) is connected. So, in Γ(R) there is an edge between

x and y. There exists a non-zero nilpotent element say r such that rk = 0 for some

k ≥ 1. This implies that r is a non-zero zero-divisor, hence it is either x or y. Say,

without loss of generality x is a non-zero zero-divisor. Then, for some positive integer

n, xn = 0 and x is adjacent to all the other vertices ofWΓ(R) by Lemma 1.1.. Hence,

we conclude thatWΓ(R) = Γ(R) = K1,1.

(5) ⇒ (1) It is obvious. �

5.2. New Results

Our first result classifies all rings R such thatWΓ(R) is a path of length at most 2, up

to isomorphism.

Lemma 5.2: Suppose R is a commutative ring with 1 6= 0. Suppose also thatWΓ(R)

is a path of length at most 2. Then, one of the following cases holds:

1. WΓ(R) is a singleton if and only if R ∼= Z4 or Z2[x]/(x
2),

2. WΓ(R) is P1 = K2 if and only if |Nil(R)| = |Z(R)| = 3 or R ∼= Z2 × Z2,

3. WΓ(R) is P2 if and only if R ∼= Z2 × Z3.

Proof.

1. (⇒) Suppose WΓ(R) is a singletone. Hence, both graphs Γ(R) and WΓ(R)

have Z(R) as the vertex set, so we conclude that Γ(R) is a singletone. Let

0 6= x ∈ Z(R)∗. Then, there exists y ∈ R such that xy = 0, but if y 6= x, then

0 6= y ∈ Z(R)∗, which is a contradiction because Z(R) has a unique non-zero

element. Hence, x2 = 0. Claim that (x) = {0, x}. Let z ∈ (x) such that z 6= 0

and z 6= x. Then, there exists 0 6= y ∈ R such that xy = z, and so 0 = x2y = xz.

So, z ∈ Z(R)∗, which is a contradiction. Hence, (x) = {0, x}.
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Consider the following sequence:

0 −→ ann(x) −→ R −→ (x) −→ 0,

defined by the maps φ : ann(x) → R; φ(a) = a for each a ∈ ann(x), and

ψ : R → (x); ψ(a) = ax for each a ∈ R. We claim that this sequence is exact.

By the definition we have:

Ker(φ) = {a ∈ ann(x) : a = 0 in R} = {0},

and

Im(φ) = {b ∈ R : φ(a) = b, for each a ∈ ann(x)} = {0, x}.

Also, we have

Ker(ψ) = {a ∈ R : ψ(a) = 0 in (x)} = {0, x},

and

Im(φ) = {b ∈ (x) : ψ(a) = b for each a ∈ R}.

So, Im(φ) = Ker(ψ). Moreover, obviously φ is injective and ψ is surjective.

Hence, the sequence is exact. Then, by the properties of exact sequences we get

R = ann(x)⊕ (x) = {(0, 0), (0, x), (x, 0), (x, x)}.

So, as |R| = 4 and we know that char(R) | |R|, we conclude that char(R) ∈

{2, 4}. If char(R) = 4 we have R ∼= Z4
∼= {0, 1, 2, 3}, and if char(R) = 2 we

have R ∼= Z2[x]/(x
2) = {0, 1, x, x+ 1}.

(⇐) Now suppose that R ∼= Z4 = {0, 1, 2, 3}, then Z(R)∗ = {2} andWΓ(R) is

a singletone. On the other hand, if R ∼= Z2[x]/(x
2) = {0, 1, x, x+ 1} we have:

• 1 · x 6= 0

• 1(1 + x) = 1 + x 6= 0

• x(1 + x) = x 6= 0

• (1 + x)(1 + x) = 1 6= 0.

• x · x = x2 = 0

So, Z(R)∗ = {x}. Hence,WΓ(R) is a singletone.
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2. (⇒) SupposeWΓ(R) is P1 = K2 = K1,1. Then, asWΓ(R) is a connected graph

and Z(R)∗ is its vertex set, we have |Z(R)| = 3. AsWΓ(R) is a star graph, by

Theorem 5.4 we have either |Nil(R)| = |Z(R)| = 3 or R ∼= Z2 ×D, where D

is an integral domain. If the first one holds, then we are done. Suppose that the

latter one holds. Furthermore, suppose that |D| > 2. Then, there are at least

two non-zero elements of D, say a and b. So, we have at least three non-zero

zero-divisors in R, namely (0, a), (0, b) and (1, 0). This contradicts the fact that

|Z(R)| = 3. Hence, |D| = 2 and since it is an integral domain, it is a field,

implying that D ∼= Z2.

(⇐)Suppose that R ∼= Z2 × Z2. Then, obviouslyWΓ(R) = P1.

3. (⇐) This part is clear.

(⇒) LetWΓ(R) = P2. Then, as P2 = K1,2 is a star graph, we can use Theorem

5.4. Moreover, asWΓ(R) is a connected graph with vertex set Z(R)∗, we have

|Z(R)| = 4. So, by Theorem 5.4 it follows that R ∼= Z2 × D, where D is an

integral domain. By Part 2 we know that D 6∼= Z2. Suppose that |D| > 3. Then,

the ring D contains at least three non-zero zero-divisors. By following a similar

argument to Part 2, we get a contradiction. Hence, we have D ∼= Z3, as desired.

�

Now, we finally prove the last result of this thesis.

Lemma 5.3: There is no commutative ringR with 1 6= 0 such thatWΓ(R) is the graphs

in Figure 5.4.

Figure 5.4: WΓ(R) in Lemma 5.3.

Proof. Firstly note that by Lemma 5.1 we know that Γ(R) is a connected subgraph
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Figure 5.5: All possible connected subgraphs of from Figure 5.4.

ofWΓ(R). Now, we assume thatWΓ(R) = G and get a contradiction in each of the

following steps:

Step (1): Suppose that Γ(R) is a star graph. ThenWΓ(R) 6= Γ(R) and we note that

V (WΓ(R)) = V (Γ(R)) = Z(R)∗ = {a, b, c, d}. Hence, the graphΓ(R) is a connected

subgraph ofWΓ(R) with vertices {a, b, c, d}, and it is supposed to be a star graph. So,

the graph Γ(R) is the graph G1 in Figure 5.5. Therefore, we have ab = ac = ad = 0.

As Z(R)∗ = {a, b, c, d}, ann(b) = ann(c) = {a} and b − c is an edge ofWΓ(R), it

follows that a2 = 0. So, the fact that ab = ad = a2 = 0 implies that b− d is an edge in

WΓ(R), which is a contradiction.

Step (2): As Γ(R) is not a star graph, then a− d and b− c are edges of Γ(R), otherwise

it is not a connected graph, which is a contradiction.

Step (3): By the previous two steps we conclude that Γ(R) is the graph G or one of G2

or G3 in Figure 5.5.

Step (4): Suppose that Γ(R) = G2. Then ad = ab = bc = 0, and do d− c is an edge in

WΓ(R), which is a contradiction.

Step (5): Suppose that Γ(R) = G3. Then, we have ad = ac = bc = 0, and so d− b is

an edge inWΓ(R), which is a contradiction.

Step (6): Suppose that Γ(R) = G. If R is a non-reduced ring, then by Theorem 5.7, it
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Figure 5.6: The graph H = WΓ(R) in Remark 5.1.

follows that Γ(R) is a complete graph, which is a contradiction. On the other hand,

if R is a reduced ring, then by Theorem 5.6, we have girth(WΓ(R)) = 4, which is a

contradiction. Hence, the assertion follows. �

Remark 5.1: Note that there is no commutative ring R with 1 6= 0 such thatWΓ(R) =

H in Figure 5.6 and Γ(R) is one of the graphs in Table 5.1. To show this we follow a

similar way as in Lemma 5.3. Assume that it is not true. Note that, by Lemma 5.1, if

the ring R is a non-reduced ring, then there is a vertex adjacent to all other vertices in

WΓ(R), which is a contradiction. So, we assume that the ring R is a reduced ring. If

Γ(R) is one ofH2, H3, H4, orH5 in Table 5.1, then the girth number of Γ(R) is∞. So,

by Theorem 3.13 it follows that Γ(R) = K1,n, which is a contradiction. On the other

hand, if Γ(R) = H3 in Table 5.1, then the girth number of Γ(R) is 4. So, by Theorem

3.12 we have Γ(R) = Kn,m, hence a contradiction.
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Table 5.1: Γ(R), as a subgraph of H .

diam(Hi) girth(Hi)

H1 3 4

H2 4 ∞

H3 3 ∞

H4 4 ∞

H5 3 ∞

54



REFERENCES

[1] Beck I., (1988), “Coloring of commutative rings”, J. Algebra, 116, 208–226.

[2] D. F. Anderson P. S. L., (1999), “The zero-divisor graph of a commutative ring”,

Journal of Algebra, 217, 434–447.

[3] D. F. Anderson A. Frazier A. L. P. S. L., (2001), “The zero-divisor graph of a

commutative ring ii”, Lecture Notes in Pure and Appl. Math., 220, 61–72.

[4] Lucas T. G., (2006), “The diameter of a zero divisor graph”, J. Algebra,

301, 174–193.

[5] R. Levy J. S., (2002), “The zero-divisor graph of von neumann regular rings”,

Comm. Algebra, 30, 745–750.

[6] Mulay S. B., (2002), “Cycles and symmetries of zero-divisors”, Comm. Algebra,

30, 3533–3558.

[7] M. Axtell J. S., (2006), “Zero-divisor graphs of idealizations”, Journal of Pure and

Applied Algebra, 204, 235–243.

[8] Nagata M., (1956), “The theory of multiplicity in general local rings”, Proc.

International Symp. Tokyo-Nikko, (1955), Sci Council of Japan, 191–226.

[9] Redmond S. P., (2003), “An ideal-based zero-divisor graph of a commutative

ring”, Comm. Algebra, 31, 4425–4443.

[10] Mohammad Javad Nikmehr A. A., Nikandish R., (2021), “The weakly zero-

divisor graph of a commutative ring”, Revista de la Unión Matemática Argentina,

62, 105–116.

[11] S. Akbari A. M., (2004), “On the zero-divisor graph of a commutative ring”,

Journal of Algebra, 274, 847–855.

[12] D. F. Anderson R. Levy J. S., (2003), “Zero-divisor graphs, von neumann regular

rings, and boolean algebras”, J. Pure Appl., 180, 221–241.

[13] H. R. Maimani M. R. Pournaki S. Y., (2006), “Zero-divisor graph with respect to

an ideal”, Communications in Algebra, 34, 923–929.

[14] Atiyah M. F., Macdonald I. G., (1969), “Introduction to commutative algebra”,

Addison-Wesley.

[15] Huckaba J. A., (1988), “Commutative rings with zero divisors, monographs and

textbooks”, Pure and Applied Mathematics.

[16] de Morais R. J. F., (2000), “On some commutativity theorems for finite rings

andfinite groups”, Czechoslovak Mathematical Journal, 50, 245–247.

[17] D. F. Anderson S. B. M., (2007), “On the diameter and girth of a zero-divisor

graph”, J. Pure Appl. Algebra, 210, 543–550.

[18] D. F. Anderson A. Frazier A. L. P. S. L., (2001), “The zero-divisor graph of a

commutative ring ii”, Lecture Notes in Pure and Appl. Math.

55



[19] G. Chartrand O. R. O., (1993), “Applied and algorithmic graph theory”, McGraw-

Hill.

[20] Anderson D. D., (1994), “A note on minimal prime ideals”, Proc. Amer. Math.

Soc., 122, 13–14.

[21] S. Akbari H. R. Maimani S. Y., (2003), “When a zero-divisor graph is planar or a

complete r-partite graph”, Journal of Algebra, 270, 169–180.

56



BIOGRAPHY

Özlem KAMBERI graduated with a Bachelor’s degree in Mathematics from Gebze

Technical University in 2019. Demonstrating her commitment to furthering her edu-

cation, she was accepted into the graduate program at Gebze Technical University in

2022.

57


	ABSTRACT
	ÖZET
	ACKNOWLEDGEMENT
	TABLE OF CONTENTS
	LIST OF ABBREVIATIONS AND ACRONYMS
	LIST OF TABLES
	INTRODUCTION
	PRELIMINARIES
	Graph Theory Preliminaries
	Algebraic Preliminaries

	ZERO-DIVISOR GRAPH
	Zero-Divisor Graphs of Idealizations

	IDEAL BASED ZERO-DIVISOR GRAPH
	Girth and Clique Number of I(R)

	WEAKLY ZERO-DIVISOR GRAPHS
	The Relationship Between the (R) and the W(R)
	New Results

	REFERENCES
	BIOGRAPHY

