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SUMMARY

In this thesis, maximizing or minimizing the distance spectral radius of graphs in
a given class or graphs with some given properties are investigated. Some important
studies about maximizing or minimizing problems in the literature are given. The unique
bicyclic graph that maximizes the distance spectral radius is investigated and given by
being motivated by the studies in the literature. Moreover, the distance spectral radius
of connected complements of bicyclic graphs are studied, but this study has not been
completed. Yet, a path to find the unique graph that maximizes the distance spectral
radius among connected complements of bicyclic graphs is given, and this problem is
left as an open problem. In these studies, Perron-Frobenius Theorem and Rayleigh’s

Principle are used.

Keywords : Distance Matrix, Distance Spectral Radius, Graph, Bicyclic Graphs,

Connected Complements of Bicyclic Graphs.



OZET

Bu tez calismasinda, belirli bir ¢izge sinifindaki veya belirli 6zelliklere sahip
cizgelerin mesafe spektral yarigaplarint maksimuma ¢ikarma veya minimuma indirme
problemleri incelenmistir. Bu problemler ile ilgili literatiirde bulunan bazi ¢calismalar
paylasilmistir. Literatiirdeki bu ¢alismalardan esinlenilerek c¢ift dongiilii ¢izgeler in-
celenmis ve mesafe spektral yaricapi en biiyiik olan essiz ¢ift dongiilii ¢izge bulun-
mustur. Ayrica bagh ¢ift dongiilii ¢izgelerin tiimleyenleri incelenmistir. Cift dongiilii
cizgelerin bagl tiimleyenleri arasinda mesafe spektral yaricapi en biiyiik olan ¢izge
bulunmaya ¢aligilmistir. Bu ¢aligma tamamlanamamasina ragmen sonuca gotiirecek
ipuclar1 verilmistir. Bu ¢alismalar esnasinda Perron-Frobenius teoremi ve Rayleigh

prensibi kullanilmistir.

Anahtar Kelimeler : Mesafe Martrisleri, Mesafe Spektral Yaricap, Cift Dongiilii
Cizgeler, Cift Dongiilii Cizgelerin Bagh Tiimleyenleri.
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1. INTRODUCTION

1.1. Overview of the Thesis

The main purpose of this thesis is to investigate the graph whose “distance spectral
radius” is the largest amongst bicyclic graphs. Researchers have already investigated
the unique graphs whose “distance spectral radius” is the largest among trees, trees
with some given properties, complements of trees, unicyclic graphs, unicyclic graphs
with some given properties, complements of unicyclic graphs, and some graphs with
given properties. In addition to these maximization studies, minimization problems
are begun to be studied recently. Some of these studies in the literature are given in
the next chapters. These studies on “distance spectral radius” gives a motivation to
find the unique bicyclic graph with the maximal “distance spectral radius” amongst
bicyclic graphs. In order to do that, the class of bicyclic graphs are seperated in two
subclasses. It is proven that if a graph is a bicyclic graph, then either it is a cactus with
two cycles or it includes a theta graph. The unique graphs with the largest “distance
spectral radius” amongst cacti and amongst graphs which include a theta graph have
already been investigated by some researchers. This gives a path to compare these two
graphs that maximizes the “distance spectral radius” in each class. After solving the
maximization problem in bicyclic graphs, the graph whose “distance spectral radius”
is the largest amongst complements of bicyclic graphs is investigated. There is an
open problem for complements of bicyclic graphs, and it is given as a conjecture with
the studies which are done in the Conclusion chapter. In these problems, an equation
that comes up from Perron-Frobenius Theorem and Rayleigh’s Principle is used with
distance matrices and perron vectors. In the following sections, a general information
about some definitions, useful theorems and lemmas that are used in the next chapters
about in the field of graph theory and in the field of linear algebra are given separately,
and also, it is explained that why these concepts are useful and how they are used to

solve the maximization and minimization problems on “distance spectral radius”.



1.2. General Graph Theory

A graph G consists of a vertex set V (), and an edge set F/(G), and a relation
where each edge is associated with two vertices. If a graph has finite number of
vertices, then the graph is called finite. Let S be a graph. S is called a subgraph if
V(S) € V(G) and E(S) C E(G). A subgraph S which is obtained from deleting
some of the vertices of G is called an induced subgraph of G. If the vertices © and
v are connected by an edge e, then these vertices are called the endvertices, and e is
denoted by uw. If the endvertices of an edge are the same, then it is called a loop. If
there is an edge e between the vertices u and v, then the vertices v and v are called
adjacent. If there is no edge that connects the vertices u and v, then they are called
non — adjacent vertices. A similar definition is used for edges, too. If any two edges
have one common endvertex, then these two edges are called adjacent. Otherwise,
they are called non — adjacent. The adjacent vertices are also called the neighbors.
For example, assume that v; 1s adjacent to v;, v, and v;. Then, v;, v;, and v; are called
the neighbors of v;. The number of adjacent vertices of a vertex v is called the degree
of the vertex v and denoted by deg(v). Neighbors of v are denoted by N (v). The
vertices which have the same neighbors are called twin vertices. If the twin vertices
are adjacent, then they are called true twins. If the twin vertices are not adjacent, then
they are called false twins. If v is not adjacent to any other vertices, then v is called
1solated. A pendant vertex is a vertex whose degree is 1. The connected graphs
with n vertices and k vertices of odd degree are denoted by G (n, k). GI* denotes the

class of graphs with n vertices and m pendant vertices. If all of the edges of a graph G

Figure 1.1: Sample graph.

are directed, then G is called a directed graph. A graph that is not directed is called
undirected. A directed graph is also called a digraph. For example, a uv edge in a
directed graph shows that the edge starts from the vertex u and moves to the vertex
v. The direction is shown by arrows. If a graph has no loops, no edges more than one

between any two vertices, then the graph is called a simple graph. All graphs in this



thesis are simple, finite, and undirected unless otherwise is stated. The following is a

sample of a directed graph.

Va

%% Vs

Vy

Figure 1.2: Directed Graph.

Example 1.1: The graph in the following figure is a simple graph. Let v1v5 = e,

U3 Ve

Uy

Figure 1.3: En example of a simple graph.

V19 = €3, V14 = €3, UgU3 = €4, UaU5 = €5, UsU5 = €4, UsUs = €7, UsUg = €3 be the

edges on the graph G.

A path is a graph where the vertices of the graph can be listed in a way that any
two vertices which are consecutive in the list are adjacent, and denoted by F,, where
n is the number of the vertices. For example, let P, be a path graph and v; € V(FP,)
where 2 = 1,--- ,n. Then, P, can be denoted by vivyvs - - - v,,. Also, if a path starts

with the vertex u and ends with the vertex v, then it is called a u — v path.

If any vertex of a graph GG can be connected by a path, then the graph G is called
connected. If a graph is not connected then it is called disconnected. If between every
pair of distinct vertices v;, v; of a directed graph G, there is a directed path with finite
length that begins at v; and ends at v;, then the directed graph G is called strongly

connected.

The distance between the vertices v; and v; of the graph G is the number of



edges of the shortest path between the vertices v; and v;, and it is denoted by d(v;, v;).

The diameter of a graph G is max,, v, cv (@) d(v;, v;).

If each vertex is adjacent with each other in a graph, then it is called a complete
graph, and denoted by K, where n is the order. Complete graph with n vertices has
(72‘) edges. Let G be a graph with the same vertices as G where u, v € G. G is called
the complement of G if for any edge uv € G, then uv ¢ G, and if for any edge
uv ¢ G, then uv € G (see Figures . A set of pairwise nonadjacent vertices

(%] (%3

(%1 Uy

Vg Us

Figure 1.4: An example of a graph G

(% U3

U1 Uy

Vg Us

Figure 1.5: The complement G of the graph G in Figure

in a graph G is called an independent set. If the vertex set of a graph G consists of 2
independent sets, then G is a bipartite graph. A complete bipartite graph with the
order m + n is a bipartite graph where each vertex in an independent set is adjacent to
every vertex in the other independent set, and denoted by £, , where m and n are the

orders of the independent sets.

If a path is a closed path i.e., starts and ends with the same vertex, then it is
called a cycle. A cycle with n vertices is denoted by C,,. A cycle has the same number

of edges and vertices.

A graph that has no cycle in it is called an acyclic graph. If a graph is connected
and has no cycles, then it is called a tree. Removing an edge from a tree gives us a

disconnected graph, so trees are called minimally connected. If a tree is a graph which



transforms into P, after deleting all pendant vertices, then it is called a caterpillar.
P(n; a,b) denotes the tree by attaching a pendant vertex to v, and a path v,,v,,_; at the
terminal vertex v,,_; to v, where 2 < a < b <n —5and 8 < n. A dumbbell graph
with order n is a tree which is transformed by adding a pendant vertices to a vertex
with degree 1 and b pendant vertices to the other vertex with degree 1 of P,_,_;, and

it is denoted by D(n;a,b). T(n,k,1) denotes the tree which is formed from P, ;_;

Vn—b+1

Figure 1.6: The dumbbell graph D(n;a, b).

whose vertices are fig, ft1, - - , fln_k_;—1 by connecting k pendant vertices to the vertex

1y and [ vertices to the vertex y; where2 < --- < k<[ <---<n—k—1[l—1. As

M1 M2 M Hi+1 i Hi+1 Hn—k—1—1 Hn—k—1

Figure 1.7: T'(n, k,1).
an example, T'(n, 0, 0) is the path graph P,.

A star graph denoted by .S, is equal to K ,,_; (see Figure . A tree is called

Figure 1.8: Star graph with 9 vertices.

a starlike tree if the tree has at most one vertex with the degree at least three. If a tree



is not a starlike tree, then it is called non — starlike tree. For example, a path graph

P, is a starlike tree.

The broom graph with the order n and a maximum degree £ is a tree which is
formed by attaching a path graph P,_;_; to one of the pendant vertices of a star graph
Siy1 (see Figure . So, a broom graph is a starlike tree. 7, , denotes the tree graph

V3 Uy

(% (%

Figure 1.9: The sample of a broom graph with a maximum degree 6.

such that p pendant vertices attached to one vertex of /% and ¢ pendant vertices attached

to the other vertex of P, (see Figure(1.10), and the order of 7}, ; is p + ¢ + 2. A graph

Uy Us Up (25 (2 Uq
U v

Figure 1.10: 7}, ,.

G is called unicyclic if G has the same number of edges and vertices. Thus, unicyclic

graphs include only one cycle.

The following notations will be used for unicyclic graphs. Unicyclic graphs of
order a are denoted by U,. The set of all unicyclic graphs of order a and with a cycle of
length b are denoted by U, ;. The set of all unicyclic graphs of order a with a cycle of
length b and having c vertices on the cycle attached by pendant vertices are denoted by

Uap.c» and the degree of the other vertices is 2. A connected graph is called cactus if

any two cycles in it have at most one common vertex. C'(n, k) denotes the set of all
cacti of order n with number of cycles k. A cactus is called a saw graph with order n

and length [ if it is obtained by replacing [ cut vertices of P,_; with [ triangles, where



Vo Vy Vg

Vs
V7

%1 Vg
V3

Figure 1.11: U8?571.

0<I< L”T_IJ A saw graph is called a proper saw graph if its length is [ and order
is 21 + 1. A vertex of degree 2 in a proper saw graph with a neighbor of degree 2 is
called an end. Connecting an end of a proper saw graph with length a with an end of
a proper saw graph with length b via a path with length ¢ forms a saw graph, and it is

denoted by S(a, b; c). Ifa graph has p edges and ¢ vertices where p = ¢ + 1, then it

AA AT A

Qg Ogi1 Qgq2 Agtc Ogiet1l Ogtet2 CVa+c+b+1 Qgtctbt2

Figure 1.12: S(a, b; c).

is called a bicyclic graph. B, denotes all bicyclic graphs with n vertices. B} denotes
the bicyclic graph that is obtained by adding two non-adjacent edges to the star graph
S, where the endvertices of the edges are the pendant vertices of S,,. B2 denotes the
bicyclic graph which is obtained by adding two adjacent edges to the star graph S,
where the endvertices of the edges are the pendant vertices of S,, (see Figures[I.13|[T.14).

The graph obtained by identifying the initial vertices and terminal vertices of three

Hp—3 HAp—2

Figure 1.13: B}

paths of lengths p + 1, ¢ 4+ 1, ¢ + 1 whose vertices are disjoint is called a #—graph, and
it is denoted by 6(p; t; ¢). A 0-graph is an example of a bicyclic graph.



Figure 1.14: B2

Let G and F' be two graphs with vertex sets V' (G) and V (F') and edge sets
E(G) and E(F), respectively. If there exists a bijection g : V/(G) — V/(F') such that
wv € E(G) ifand only if g(u)g(v) € E(F) for all u,v € V(G), then G and I are
called :somorphic and denoted by G = F'. If graphs are not isomorphic, then they are
called non — isomorphic. If an isomorphism h is defined from a graph G to itself,

then it is called an automorphism.

Example 1.2: Let Gy be the graph in Figure and [ be a bijection on G defined in

the following.

a C

Figure 1.15: The graph GG; in Example

fVI(G) = V(Gh) (1.1)
a—d (1.2)
b—b (1.3)
c—e (1.4)
d—a (1.5)
e—c (1.6)



It can be checked

ab € E(G,) < dbe E(G,), (1.7)
ac € E(G,) < de € E(G)), (1.8)
ae € E(Gy) < dc € E(Gy), (1.9)
bd € E(Gy) <= ba € E(Gy), (1.10)
cd € E(G,) < ea € E(G)), (1.11)
ce € E(G)) < ec € E(Gy), (1.12)
de € E(G,) <= ac € E(Gy). (1.13)

Also, be ¢ E(G,) <= bc ¢ E(Gy)and ad ¢ E(G,) <= da ¢ E(G)).

So, f is an automorphism.

If two distinct edges of a graph G have no common end vertex, then these two
distinct edges are called independent. A matching of a graph G is a set of edges
where each edge is pairwise independent. The maximum number of the pairwise
independent edges of G is the mazimum matching of GG, and it is also called the
matching number of G. If a vertex is in V(M) then it is called saturated by M. A
matching is a per fect matching if V(M) = V(G).



1.3. Linear Algebra

In this chapter, some important linear algebraic structures of matrices which will

be useful for this thesis are given, and some of them are explained.

The notation M, ,, will be used as the notation of vector spaces of all n X m

matrices, and M, as the notation of vector space of all n X n matrices.

If A € M,, then A is a square matriz. If a;; = a;,;, then A is called a
symmetric matrix where a; ; are the entries of A. If the entries of a matrix are all
real, then the matrix is called a real matrix. Also, if A is a real symmetric matrix, then
all of the eigenvalues of A are real. If a matrix A does not have any negative entries,
then A is called a nonnegative matrix. If every entry a; of A is positive, then A
is called positive matriz, and we write A > 0. Roots of det(r] — A) = 0 are the

eigenvalues of A and denoted by r(A).

For a square matrix A, the spectral radius of A is defined by

p(A) = max{|r| : r € r(A)}. (1.14)

For a square matrix A and an eigenvalue r, if there is a vector Z # 0 that satisfies

the following equation
AZ =1rZ, (1.15)

then the nonzero vector 7 is called an ezgenvector of the matrix A corresponding r.

Let & = [x; o3 - - - x,] be a vector. The length of T is defined by

7] = /a3 + a3+ + 2k, (1.16)

Normalizing a vector means dividing a vector by its length, and the normalized

vector of Z is denoted by X.

(1.17)

10



A normalized vector is also called a unit vector. The length of the unit vector is

1.

Example 1.3: Let & = [1 2 3 4]. Then, ||Z|| = V12 + 22 + 32 + 42 = +/30. Normal-

izing T, gives the following

. i [1234] o s
4o 1z V30 (ﬁﬁﬁﬁ) (1.18)
In the previous example, it is clear to see that | |)Z' || = 1. For an eigenvalue r of

any square matrix A and a normalized eigenvector X corresponding to 7,

rX = AX (1.19)
XrX = X'AX (1.20)
rX'X = X'AX. Since X'X = ||X|]* = 1, (1.21)

r=X'AX. (1.22)

Positive matrices are assumed to be the simplest and most elegant form of non-
negative matrices. Oskar Perron is the one who studied positive matrices and published
some fundamental discoveries in 1907. The following theorem shows some important

properties of positive matrices in [[1] (page 667).

Theorem 1.1: (Perron Theorem)

“Let A be ann X n and a positive matrix. Let r be an eigenvalue of A and T be
an eigenvector corresponding to .

(i) p(A) is an eigenvalue of A.

(i) If |r| = p(A), then |Z| > 0 and A|Z| = p(A)|Z|.
(iii) p(A) > 0.

(iv) Algebraic multiplicity of p(A) is 1.

(v) There exists a unique positive eigenvector ¥ = [xy xo - - - x,| where all of the
components are positive and x| + xo + - - - + x,, = 1 corresponding to p(A). There
are no nonnegative eigenvectors for other eigenvalues.”

Frobenius studied on this Perron’s theorem, and saw the differences in terms of
reducibility. Then, Frobenius related these studies to spectral properties of nonnegative
and irreducible matrices. The following is Perron - Frobenius theorem which can be

found in [[1]] (page 673).

11



Theorem 1.2: (Perron - Frobenius theorem)

“If A is ann X n, nonnegative and irreducible matrix, then the followings are
true.

(i) p(A) > 0.
(ii) Algebraic multiplicity of p(A) is 1.

(iii) There exists a unique positive eigenvector ¥ = [x1 Ty -+ x,| where all of
the components are positive and x1 + xo+ -+ - - + x,, = 1 corresponding to p(A). There
are no nonnegative eigenvectors for other eigenvalues.”

The following theorem is a generalized version of Perron’s theorem to nonnegative

matrices which can be found in [2]] (page 529).

Theorem 1.3: [2] “ If A be an n X n nonnegative matrix, then p(A) is an eigenvalue of

A and there exists a nonzero nonnegative vector T such that AT = p(A)Z.

Definition 1.1: [2]“ The unique normalized positive eigenvector corresponding to the
spectral radius of A which is a nonnegative and irreducible n X n matrix is called the
perron vector of A.” (page 526).

The following definitions are important and useful to show that for a given matrix,

if the matrix is irreducible or not. The relation is explained in Theorem|1.5

Definition 1.2: The graph G with n vertices is called a directed graph of an n X n
matrix D if G is the directed graph with n vertices oy, g, - - - , (v, such that there is a
directed edge in the directed graph from «; to o if and only if d;; # 0. The directed
graph of D is denoted by T'(D).

Here is an example of an n X n matrix D and its directed graph I'(D) in the

following figure.

(1.23)

S O W Ot
S N N
_— o Ww O
o O =~ O

Definition 1.3: Let D be a square matrix with the entries d;;. The indicator matrix

OfD is M(D) = [Mij]; where Hij = 0 lf‘d” =0 and/uj =1 lf‘dw # 0.

Here is an example of an indicator matrix M (A) of a given matrix A:

12



%)

(031 4

O3

Figure 1.16: The directed graph I'( D) of the previous matrix D.

0 0

2 1
A=10 , M(A)=10 (1.24)

1 1

1 1

O e S Y S—
—_ = = O

— N Ot W
N W = O N

3
1
3
0
0

O = = O

o O R =
SO R R O

Definition 1.4: Let D be an n X n matrix with the entries d,;. If for every pair of distinct
integers r,s with 1 < r;s < n, 3 a sequence of distinct integers I, = r, ly, I3, - - -,
lyy = s where 1 < m < n such that the entries dy,;,, d,,, - -+, dy,,_,1,, of the matrix

D are nonzero, then D has a property SC.

Ann X n matrix is a permutation matrix if only one entry of a column and a
row is 1 and all of the other entries of the matrix are . Permutation matrices are obtained
from identity matrices by permuting the rows according to the given permutation. Each
permutation can be correlated with a unique permutation matrix. Therefore, there are n!
n X n permutation matrices. Let A be a permutation matrix, then AAT = I,,.,,, i.e.,

AT = A~

Let B and A be the following matrices.

1 2 01
B= L A= . (1.25)
3 4 10
Then,
4 3
ABA" = . (1.26)
2 1

It can be observed from above that permutation matrices permute the rows in the

same way with the columns. In order to get the permutation matrices that change the

13



© — th row with the 7 — th row and the columns with the same way of the matrix A,
the ¢ — th row of the identity matrix is changed with the 7 — th row, and call this new
matrix, obtained by changing the rows of the identity matrix, P. Now, multiply A with
the matrix P by the left hand side. This will change the rows of the matrix A. Then, in
order to do this for the columns, the same ¢ — th column with the 5 — th column of the
identity matrix is changed and call this new matrix, obtained by changing the columns
of the identity matrix, (). Then, multiply A with the permutation matrix () by the right
hand side. It can also be seen that () = P*. Thus, PAP" gives the new matrix obtained
from changing the ¢ — th row with the j — th row and the columns in the same way of

the matrix A.

Every permutation matrix can be written as multiplication of elementary matrices.

For elementary matrices, £ = E°, but for permutation matrices P # P' (see Example

1.4).

Example 1.4: Let E|, E5 be the elementary matrices as in the following, and P be the

permutation matrix such that P = E| F.

100 010

Er=100 1|.E2=[100 (1.27)
010 00 1
010 00 1

P=|oo0o 1|, PP=(10 0 (1.28)
100 010

It can be seen from the example that P # P’

Let D be a matrix. If there exists a matrix D’ such that ADA~' = D’ for some

permutation matrix A, then D and D’ are called similar.

Lemma is well-known.

Lemma 1.4: “Let D be a matrix and P be a permutation matrix. If X isan eigenvector
of D, then PX is an eigenvector of D' with the same eigenvalue where PDP~1 = D'.”

Proof: Let v be an eigenvalue of D and X be the corresponding eigenvector. Then,

DX =rX. Now, it suffices to show that D'PX =rPX.
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DX = rX. Multiply each side from the left with the permutation matrix P.
Then,

PDX = PrX. Sincerisa coefficient, Pr = rP. So,
PDX = rPX. Since PP = 1, the latter becomes
PDP'PX = rPX. Since PDP~! = D,

D'PX =rPX.
The following definition can be found in [1]].

Definition 1.5: A square matrix A, ., is said to be reducible if there exists a permutation

matrix H such that

. M N
HTAH = : (1.29)

0 @
where M and () are both square matrices, otherwise, A is said to be an irreducible

matrix.

There is an important theorem related to irreducibility which can be found in [2]]
(page 403).
Theorem 1.5: [2] “Let D be an n X n matrix. Then the followings are equivalent:

(i) D is irreducible;

(i) [I + M(D)]" ! > 0;

(iii) I'(D) is strongly connected;

(iv) D has property SC.”

The following lemma is important, and it will be related with the distance matrices

in the following chapters. It can be found in [3]].

Lemma 1.6: [3]“ Let A and B be two nonnegative, irreducible, n X n matrices and
let a; j and b; j be the entries of the matrices A and B, respectively. If A > B, i.e.,
a;; > b;j foralli,j — th entries of the matrices, then p(A) > p(B). p(A) = p(B)
ifand only if A = B (p.38).”
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2. DISTANCE MATRICES AND DISTANCE SPEC-
TRAL RADIUS

Distance matrices of graphs have been studied extensively since the 70’s because
some properties of distance matrices shed light on characterizing the molecular structures
(see [4] and [5]]), psychology (see [6]), phylogenetics (see [7]]), analysis of internet
infrastructures and modelling of traffic (see [8], [9]). In the consequences of these
studies and relations, researchers started to investigate the “distance spectral radius”
of graphs. The studies showed that there is an important relation between “distance
spectral radius” and molecules such as molecular description, inferring the extent of
branching and modelling boiling points of an alkane. In this thesis, the relation between
the “distance spectral radius” and others is not given, but the reader may look at the

following references if interested (see [10], [L1], [12], [[L3], [14]).

In this section, some important properties of the distance matrices will be intro-
duced. Cayley’s paper [15] is the origin of the distance matrices in 1841, but the distance
matrices are begun to be studied formally during the 20 — th century by Young and
Householder in [16] and Schoenberg in [17]]. The first problem which is studied by
the researchers was the realizability of the distance matrices. Hakimi and Yau were
the ones who posed this problem in [18]. D(G) is a distance matrix whose entries
d; ; = d(v;,v;) where v;, v; are vertices of graph G. Since d; ; = d;;, and d, ; is real,
D(G) is a real, symmetric matrix. All of the eigenvalues of a distance matrix are real

since a distance matrix is a real and a symmetric matrix.

Theorem 2.1: [18] “A square, real, symmetric, nonnegative and real matrix is the
distance matrix of a graph if and only if the given conditions hold.

(i) d;j =0ifi=j.
(ii) d; ; < d;, + dy j where d; ; is the entry of the matrix.”

Graham and Pollak studied the spectral properties of distance matrices in 1971 for
the first time. They determined in their first paper [[19] that there is a relation between
the addressing problem in data communication systems and the number of nonnegative
eigenvalues of the distance matrix. In the same paper, Graham and Pollack established

that the determinant of the distance matrix of a tree graph is a function of the order of
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the graph only.

The set of the distinct eigenvalues of the distance matrix of a graph G with
their multiplicities is called distance spectrum of G. Lety; > v, > - -+ > 7, be the
distinct eigenvalues of D(G), and m(7,), m(7z), - - -, m(7,) be their multiplicities.

Then, the distance spectrum is denoted by

SpecG = T 2 V3 T Tn . 2.1)

m(y1) m(y) mys) - m(m)

Assume v, is the greatest eigenvalue. Then, it is called the “distance spectral

radius” of G, and it is denoted by p(G).

Distance matrices are non-negative matrices since the distance between the vertices

is greater than or equal to 0.

Distance matrices have an important property which is irreducibility. It is ex-
plained below why a distance matrix is irreducible, by using the definitions in Theorem

L3

1. Property (i7): A distance matrix D(G) is irreducible if and only if

[+ M(D(G)]" " > 0. (2.2)

Let M (D(G)) be the indicator matrix of the distance matrix with the entries ;7.
[I + M(D(G))]* ! > 0 is wanted to be shown. Then, by the definition of indicator
matrices a;; = 1 when d;; # 0 and a;; = 0 when d;; = 0. So, the diagonal entries
of M (D(Q)) are equal to zero. Then, every entry of [I + M (D(G))] is greater than
zero. So, [[ + M (D(G))] > 0. Moreover, every entry of [/ + M (D(G))] is 1. Hence,
[I + M(D(G))]* !> 0.

Thus, D(G) is irreducible.
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Example 2.1: Let D(G) be the following.

013 2 0111
1 01 2 1 011
D(G) = . Then, M(D(G)) =
3101 1 101
2 210 1110
So,
1111
1111
[+ M(D(G))] = (2.3)
1111
1 111
n—1
1111
. 1111
I+ M(D(G)]" " = > 0 (2.4)
1111
1111

2. Property (i77): Let D(G) be a distance matrix and I'(D(G)) be the directed
graph of D(G). Since every entry d;; # 0 when i # j, there is a directed edge from a
vertex v; to another vertex v; in the directed graph I'(D(G)) by Definition[1.2] Then,
one can find a directed path of finite length between every distinct pair of vertices. So,

by the definition of being strongly connected, I'(D(()) is strongly connected.

Thus, D(QG) is irreducible.

Example 2.2: Let D(G) be the distance matrix in Example Then, the directed graph
of D(G) is the graph in the following figure. It can be seen in the figure that there

Figure 2.1: T'(D(G)).
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exists a directed path of finite length between every distinct pair of vertices.

3. Property (iv): A distance matrix has the property SC'.

Let p and ¢ be a pair of distinct integers with 1 < p, ¢ < n. So, for any sequence
of distinct integers 1 < m < nwith k; = p, ko, - - -, k,,, = ¢. Since all k;’s are distinct,

ki # k;, and so, dy, 5, # 0. Then, D(G) has the property SC.

Thus, D(G) is irreducible.

Example 2.3: Let D(G)) be the distance matrix in Example If one takes any pair of
distinct integers,for example 1 and 3, then one can find a sequence ky = 1, ky = 2 and

]{,’3 = 3 so that dl’g # O, d173 # 0 and d2’3 # 0.

Thus, D(G) has the property SC.

Now, the following shows that a distance matrix is irreducible by using the

definition of irreducibility. A distance matrix is symmetric and in this form

pey=|* " 2.5)
B C

where A, B and C' are all square matrices and only zero entries are the diagonals.

Multiplying D(G) with permutation matrices, changes the rows and columns in
the same way. For example, if multiplying with a permutation matrix P from the left
changes the first row with the second row, then multiplying with permutation matrix
P! from the right changes the first column with the second column. So, if one changes
the place of a 0 at entry a,;, by changing the rows, then one should put that 0 into the
another diagonal entry since this operation also changes the columns. Thus, it is not
possible to collect all zeros under the diagonals. Also, if the matrix is larger than 4 X 4,
then there are not enough 0's to get an upper triangular form. Hence, a distance matrix

is irreducible.

Rayleigh quotient is stated in [[1] (page 550) which is very important and useful

for distance matrices and calculating the “distance spectral radius” of graphs. Rayleigh
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principle is the following
2 Yn (2.6)

where ¥ # 0 is a vector.

Rayleigh quotient is used for distance matrices. Thus, by Rayleigh principle and

Perron-Frobenius Theorem,
p(G) > X'D(G)X 2.7)

where X € R" is a normalized nonzero vector.

The previous inequality is very useful, and it is used in the following chapters to

compare the “distance spectral radius” of graphs. Moreover,

p(@) = X'D()X (2.8)
1
03,0, €V (G)

where X = [x129 - - - 2,]" is the perron vector of the distance matrix D(G).

Also, let G be a simple connected graph and X = [x125 - - - z,]" be the perron

vector of D(G), then
PG = > diz;. (2.10)

v; EV(G)

Now, the following is an important and a well-known lemma which will be useful

for the proofs in the following chapters.

Lemma 2.2: [20]“ Let v; and v; be twin vertices. Then, the corresponding components
of the perron vector x; and x; are equal [Liu, 2010].”

Proof: By the perron equation,

p(G)x; = Z dirxy, (2.11)

UkGV(G)
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> dpa (2.12)

v eV (Q)
p(G)l’l - Z dixz) — Z d]kl’k (2.13)
v EV(G) eV (G)
p(G)(z; — xj) = Z (i, — djpxy) (2.14)
v eV(Q)
p(G) (i —x;) = > ai(dy, — djp). (2.15)
v eV(G)

Since x; and x; are twin vertices, all of their neighbors are the same. So, we can

say dix, = d;i. Then, d;; — dji, = 0. Thus, the latter becomes

p(G)(z; — x;) = Z x40 (2.16)
v €V (Q)
p(G)(x = > 0 (2.17)
v €V(Q)
p(G)(x; —x;) = 0. (2.18)

Since p(G) > 0, there is only one solution where x; — x; = 0. This yields that

T, = Tj.

The following is a result of Lemma
Lemma 2.3: The “distance spectral radius” does not depend on the ordering.

Proof: Let B be the distance matrix of a graph H with a given ordering and )\ be the
“distance spectral radius” of the graph H. Now, assume that B’ be the distance matrix

obtained from changing the ordering of the graph H and R be the permutation matrix
such that RBR' = B'. It suffices to show that

det(\ — B') = det(\ — RBR'). (2.19)
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det(M\ — B') = det(\ — B')det(R)det(R") (2.20)
det(\ — B') = det(R)det(\ — B')det(R") (2.21)
det(\ — B') = det(R(\ — B')R") (2.22)
det(\] — B') = det(RA\R' — RB'R") (2.23)
det(\ — B') = det(ARIR' — RB'R") (2.24)
det(\] — B') = det(\[RR' — RB'R") (2.25)
det(\ — B') = det(\ — RB'R") (2.26)
This finishes the proof.

Permutation matrices can be used for forming the distance matrix of the graph
which is reordered from another graph. The following examples will help to understand

that better.

Example 2.4: Let G and G’ be the following graphs with the given orderings.

w3 Ws

Wa Wy

Figure 2.2: The graph G and the ordering for G: w; ws w3 wy ws we.

We w1

Ws w3

Figure 2.3: The graph GG' and the ordering for G': wy ws wg w3 Wy wy.

So, the distance matrices D(G) and D(G") are the followings.
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0112 23 0 21121
10112 3 20 2 311
1 102 1 2 , 1 20 2 1 2

D(G) = ,D(G") = 2.27)
21201 2 1 320 3 2
221101 2113 01
33 2 210 112210

Now, the proof will move on step by step.

Step 1: Change the places of w, and ws. Now, the ordering becomes ws wy w3
wy Wy We. So, the first row of gy is changed with the fifth row, and this gives A,. The
first step ends with A, D(G)AT.

=
I

(2.28)

S = O O O O
o o O o = O
o o o = O O
o O = O O O
o o o o o =
o O O o O

Step 2: Change the places of wy and ws. Now, the ordering becomes ws ws W3

wy Wy wg. So, the second row of Igye is changed with the fifth row, and this gives As,.

This step ends with Ay A, D(G)AT AL,

A,

(2.29)

SO =, O O O O
o O = O O O
_ o O o O O

o O O o o =
o O O = O O
o O O O = O

Step 3: Change the places of w3 and wy. Now, the ordering becomes Wy Ws Wy

ws wy Weg. So, the third row of Igyg is changed with the fourth row, and this gives As.
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This step ends with A3 A, A, D(G)AT AL AT

o O O o O =
o O O o = O
o O = O O O
o O O = O O
S = O O O O

_ o O o o o

(2.30)

Step 4. Change the places of w, and wg. Now, the ordering becomes ws W5 Wg

ws wy Wy. So, the fourth row of gy is changed with the sixth row, and this gives A,.

This step ends with AyA3 Ay A, D(G) AT AT AT AT

Ay

o o o o o =
o O O O = O
o o o = O O
= o O O O O
o = O O O O

Applying the previous steps gives that

- o = O O O

2.31)

(2.32)

So, it is clear that D(G) and D(G'") are similar. By Lemma the ordering

does not change the “distance spectral radius”.

Uy
V2

(%]
U1

Figure 2.4: C}.
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Example 2.5: Let Cy be a cycle graph with the order 4 (see Figure[2.4). The distance
matrix of C,, distance eigenvalues (A1, Ao, \3, \y), and corresponding eigenvectors

X1, Xo, X3, Xy are given below.

(2.33)

o = = O
e =
_ O N =
O = =N

A\ = 4 with multiplicity = 1 and X, = [1/2 1/2 1/2 1/2]".

Ao = 0 with multiplicity = 1 and X, = 1/2 —1/2 1/2 —1/2]~

A3 = —2 with multiplicity = 2 and X}, = [1/\/5 0 — 1/\/5 0]" and )51 =
[0 1/v/2 0 —1/v/2]%. Since \s has multiplicity 2, \s = A\, and X, is an eigenvector
Of)\g.

From above, it can be seen that A\ = 4 is the “distance spectral radius”, and
X1 =1[1/2 1/2 1/2 1/2]" is the perron vector. Entries of X, are equal to each other
i.e, T1 = Xy = X3 = X4. This is the only eigenvector whose all of the entries are equal

to each other. There exist some automorphisms on C}, and the followings are some of

them.

Let k be an automorphism such that k(vy) = vy, k(ve) = w3, k(v3) = vy,

k(vy) = vy.

Let j be an automorphism such that j(vy) = wvs, j(v3) = vy, j(v2) = vy,
j(U4) = Va.

Let h be an automorphism such that h(vy) = vy, h(vy) = v, h(vz) = vy,

h(vq) = 1.

As it is seen above, there is a relation between automorphisms on the graph and

the entries of the eigenvectors of the graph.

The following is a good example to see the relation between an automorphism on

a graph and the entries of the eigenvectors of the graph.

Example 2.6: The following graph is shown in the first section as an example for
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automorphism, and it is given in the following figure as a reminder. Let the ordering
beabcde. Also, distance matrix D(G,), distance eigenvalues 11, 19, T3, T4, T,
and corresponding eigenvectors are given. The distance matrix and the eigenvectors,

X, =[xy xp x4 ) Wwhere X; denotes the eigenvector corresponding to the eigenvalue

T4, are given according to the ordering.

a C

Figure 2.5: The graph (G in Example

01121
10212

DGy)=11 2011 (2.34)
2 1101
12110

71 A 5.224 with multiplicity = 1 and X, ~ [0.43 0.5 0.44 0.43 0.44]",

1o ~ 0.160 with multiplicity = 1 and X, ~ [(0.56 —0.44 —0.3 0.56 —0.3]".
rs = —1 with multiplicity = 1 and X5 = [0 0 1/v/2 0 —1/y/2]".

14 = —2 with multiplicity = 1 and X, = [1/v/2 0 0 —1//2 0]

rs ~ —2.384 with multiplicity = 1 and X5 ~ [0.04 0.75 —0.47 0.04 —0.47]",

Since the distance eigenvalues 11, T and r3 are not integers, some of the compo-
nents of the corresponding eigenvectors are given approximately. The main idea is to
show that some of the components of the eigenvectors are equal i.e., the first components
are equal to the fourth components, and the third components are equal to the fifth
components. It is shown in the first chapter that there is an automorphism h for the
graph G| where h(a) = d, h(d) = a, h(b) = b, h(c) = ¢, h(e) = c. So, for the
eigenvectors )Zl, )?z and )55, it can be seen that v, = v4, T. = ¥. and x;, equals to

itself.
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Lemma 2.4: [21] “ Let u and v be the vertices of a graph G. If there exists an auto-
morphism [ such that f(u) = v, then the corresponding components ., and x,, of the

perron vector X are equal.”

Proof: Let P be a permutation matrix with p;; = 1if f(v;) = v; and p;; = 0
otherwise where v;,v; € V(G). Let p(G) be the “distance spectral radius” of G.
Also, D(G) = PD(G)P? since the distance d(i, j) = d(f(i), f(j)), and multiplying
D(QG) with the permutation matrices interchanges the rows and columns in the same
way according to the automorphism, and this does not change D(G). It is given earlier
that P* = P~'. By the Lemma PX is also an eigenvector of D(G) for the same
eigenvalue. Since p(Q) is the “distance spectral radius”, it has a unique normalized

positive eigenvector.

|IPX|| = (X'P'PX)? = (X'X)/? = | X]|| = 1. (2.35)

So, PX is also a normalized positive eigenvector of p(G). Then, PX = X. The

permutation matrix P interchanges the rows of X. So, this proves the lemma.

Some important properties of the distance matrices are introduced. In the following
chapters, some special graphs that maximizes and minimizes the “distance spectral
radius” amongst some graph classes or graphs with some given properties will be
introduced. Before passing to the following chapters, there is an important theorem that
helps to understand the graphs that maximizes and minimizes the “distance spectral

radius” better.

Theorem 2.5: “Adding an edge ¢ = uv to a graph G where uwv ¢ E(G), decreases the
distance spectral radius of the graph G. Let G' be the graph obtained by adding and
edge e = uv to graph G. Then, p(G) > p(G').”

Proof: Adding a uv edge directly decreases the distance especially between some
vertices whose shortest path between the vertices passes through the vertices u and v.

This edge addition decreases some entries of the distance matrix of the graph G, but

does not increase. Thus, D(G) > D(G'). By Lemmal|l.6| p(G') < p(G).
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2.1. Distance Spectral Radius in Graph Classes

Extremal problems on “distance spectral radius” of graphs have been studied
extensively. There are a lot of results of maximizing and minimizing the “distance
spectral radius” problems on some graphs with given properties. In this section, some
extremal graphs that maximizes and minimizes the “distance spectral radius” amongst
trees, complements of trees, unicyclic graphs, complements of unicyclic graphs, and
also, some special graphs with given properties are introduced. Moreover, every graph
in this section and the sections following this section is connected since whenever the

case is distance matrices, every graph has to be connected.

Let F be a family of graphs of order n. The following notations are given for

defining the family of graphs easier.

maxg{F} = max{p(G) : G € F} and maxpn{F} = {G € F : p(G) >
p(H)for all H € F}.

Also, min,{F} = min{p(G) : G € F} and miny {F} = {G € F :
p(G) < p(H)forall H e F}.

Ruzieh and Powers in [22]] discovered the graphs in maxg,,{F } and ming, {F},

and they are given below.
Theorem 2.6: [22] “Let G € F. Then, p(G) < p(P,).”
Theorem 2.7: [22] “Let G € F. Then, p(G) > p(K,).”

Proof: Let G be a connected graph. Adding a uv edge to the graph G where u and v are
not adjacent decreases the “distance spectral radius” of G by Theorem Applying
the same procedure until there are no non-adjacent vertices, decreases the “distance
spectral radius” in each step. This application ends when the graph G turns into the
complete graph since all of the vertices are adjacent with each other in a complete
graph. Therefore,

§(G) > pl(K,). (236)
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2.1.1. Trees and Complements of Trees

In this section, some extremal graphs in maxg,,{F} and in ming,,,{ 7} where F
consists of trees and complements of trees will be given. Also, some special graphs in
maxgy,{F } and in ming,,{F} where F consists of trees with some properties will be
shown. It is given in Theorem [2.6|that { P, } = maxg,{F}. Since P, is also a tree,
{P,} = maxp,{F} if F consists of trees. Stevanovic and Ilic in [23]] shows the graph
whose “distance spectral radius” is the minimum where the graph is compared with the

other graphs in the family of trees.

Theorem 2.8: [23] Let F consist of trees. Then,

ming, {F} = {S,.}. (2.37)

Stevanovic and Ilic also determined the unique tree that has the largest “distance
spectral radius” among trees with a fixed maximum degree k where 3 < k <n — 2 in
[23]]. For k = 1, there exists only one tree which is P,. For k = 2, there exists only
one tree which is P, and for k = n — 1, there is only one tree which is star graph .5,,.

Theorem 2.9: [23]“ The broom graph (see Figure with n vertices and a fixed
maximum degree k is the unique graph that maximizes the distance spectral radius
among all trees with a fixed maximum degree k where 3 < k <n —2.”

It is given that { P, } = maxg,{F }. After that, it is interesting to find the unique
graph that has the second largest “distance spectral radius” amongst trees, and this
problem is solved by Lin and Zhang in [24].

Theorem 2.10: [24] ©“ The graph G where 2 pendant vertices attached to one end of a
path P,_5 has the second maximum distance spectral radius among all trees.” (See

Figure[2.6).

The graph in maxg,,{F } where F consists of trees which are non-starlike and the
graph in maxg,, { F } where F consists of trees which are non-caterpillar are determined
by Zhou et al. in [23]]. They posed a conjecture about finding the graph in maxg,, { F}
where F consists of trees which are non-caterpillar non-starlike. This conjecture was
proved later by Wang et al in [26]].

Theorem 2.11: [26] “ If F consists of non-caterpillar non-starlike trees of order n > 8,
then maxpm{F} = {P(n;2,n — 5)} (see Figure[2.7).”
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Pn—1

@ @ @ o @ @
P1 2] ©3 ®n-3 Pn—2 ©®n

Figure 2.6: The graph G in Theoremm

Pn
Spn—Q
Spn—l
Y I .. o o
¥1 ©2 Pn—5 Pn—1a Pn—3

Figure 2.7: P(n;2,n — 5).

Ilic [27] conjectured that the dumbbell graph {D(n, [%4] — 1, [ ] — 1)} =
maxg,y,{F} if the graphs in F are trees and their matching number is [ (see Figure
for D(n; a,b)). This conjecture is proved later by Nath and Paul [28]] in 2013.

Yuetal. in [29] posed the following conjecture for finding the graph in max g, { F }

where the graphs in F have m pendant vertices.

Conjecture 2.12: [29] {D(n, [3], %))} = maxgn{F} where F has m pendant

vertices.

Nath and Paul found the unique graph in maxg,,{F } where F consists of trees

with m pendant vertices in [28§]].

Theorem 2.13: [28] The dumbbell graph {D(n, [%], |}])} = maxe,{F} where F

consists of trees with m pendant vertices.

It is known that the “distance spectral radius” of graphs attains its maximum if

the graph is a tree.

Lin and Zhou in [30] posed the following theorem which shows the graph in
maxgy,{F } if the graphs in F has the fixed number of vertices with maximum degree

3.
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Theorem 2.14: [30]“ T'(n, | 5], [£]) is the unique graph that maximizes the distance
spectral radius among trees with the order n and with k vertices of maximum degree 3,
where 1 < k < |"52|.” (see Figure|1.7/for T'(n, 1, j)).

Lin and Zhou also determined in [31]] that the graph in maxg,,{ F} if F consists

of trees, and the vertices with degree 2 of the graphs in JF are given.

Theorem 2.15: [31]“If n—mis even, then {T'(n, [ *=2=" ], [*=2=])} = maxgn{F}

where I consists of trees with m vertices of degree 2 where ) < m <n — 4.

Lin et al. in [32]] showed the graphs with the maximum and the minimum “distance
spectral radius” in a graph family of connected complements of trees. Theorems [2.16|

and show these graphs.

Theorem 2.16: [32] If F consists of connected complements of trees, then 11 ,,_5 =
maxg,{F} (see Figure or T, ). In other words,

p(Tin-s3) > p(T) (2.38)

where T € FT 2% Ky ,_1.

Theorem 2.17: [32] If F consists of connected complements of trees, then P, =
ming, {F}.

For trees with n = 4, there are 2 non-isomorphic graphs which are P, and S,
with the distance spectral radii p(Py) ~ 5.1623 and p(S,) ~ 4.6457. The complement
of P,, P,, is againa Py 1.e., P, =~ P,. The complement of a star graph is not connected
since there is a vertex v € S,, which is attached to every other vertices in S,,. So, v is
not adjacent to any other vertices in S.,. Thus, v becomes isolated, and this yields that
S, is disconnected. Thus, .S,, will not be compared.

For trees with n = 5, there are 3 non-isomorphic graphs which are S5, Ps and T’

in Figure Since the complement of S5 is not connected, S; is not compared. Thus,

comparing the complements of P and T, p(T') > p(Ps).
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Figure 2.9: The complement 7 of the graph in Figure

2.1.2. Unicyclic Graphs

In this section, some extremal graphs that maximize and minimize the “distance
spectral radius” among unicyclic graphs and their complements will be given.

Theorem 2.18: [33]“ Let G € C(n,l) be a graph. G has the maximum distance
spectral radius if G = S(a,b;c), wherea +b=1landc=n—20 —1.”

C(n,1) € U,. Thus, according to Theorem putting [ = 1 gives that
eithera = 1and b = 0 ora = 0 and b = 1. This yields that {S(1,0;n — 3)} =
maxgn{C(n, 1)}. Thus, {S(1,0;n—3)} = maxgy,{F } if the graphs in F are unicyclic
graphs.

Qinetal. in [34] studied the “distance spectral radius” of complements of unicyclic
graphs, and posed the following.

Theorem 2.19: [34]“ Let G € U, where n > 5. If G is connected, then p(G) <
p(UnA,l)'

p(G) = p(Upa,) if and only if G 2 U, 4, (see Figure . 7

Yu et al. in [33] showed the graphs in ming,,{F } where F consists of U,,.
Theorem 2.20: [35)] Let G € U, where 4 < n.
(i) For n = 4,5, C,, = ming,{F } where F consists of U,,.
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(ii) For n > 6, G = ming,{F } where G is the graph that an edge e attached to

any two leaves of the star graph S,, if F consists of unicyclic graphs.

1)
Vs

%1
V3

Vy

Figure 2.10: U, 4 1.
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3. BICYCLIC GRAPHS

In this chapter, the unique graph in maxg,,{B, } is investigated. Also, the unique
graphs with minimum and second minimum “distance spectral radius” are given. Firstly,
to understand the class of bicyclic graphs, it is necessary to identify the bicyclic graphs.

The following lemma shows that bicyclic graphs can be divided into two subclasses.

Lemma 3.1: If a graph is bicyclic, then it is either a cactus graph with two cycles or it

contains a theta graph.

Proof: Let G be a bicyclic graph. Every bicyclic graph is obtained from a unicyclic
graph by adding a new edge. Let G be obtained from a unicyclic graph H by adding a
new edge e ¢ E(H ) with endvertices u and v. Let C' be the unique cycle in H. Now,

the proof continues with several cases.

Casel:u,v € V(C). Let P! and P? be two shortest u,v paths in H. Now, the
paths P!, P? and the edge e form a theta graph 0(1;|E(P')|; |E(P?)|) (see Figure
B.1). Case2:ueV(C)andv ¢ V(C).

Figure 3.1: Theta Graph for Case 1.

Let V' be a vertex of C which is closest to the vertex v € H. Now, this case is

considered in two subcases. The first is when v' = u, and the second is when v’ # u.

Subcase 2.1 : v = u. Let P' be the unique path between vertex u and vertex v.
Adding a new edge e ¢ E(H) with endvertices u and v forms a cycle C' including P,
So, this gives that two cycles C and C'. Sinceuw € C and v € C', then C N C" = u.
Thus, G is a cactus (see Figure[3.2). Subcase 2.2 : v # . There exist two paths in

C from vertex u to v' which are P! = up,p,v’ and P? = uq,q.v'.
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Figure 3.2: Cactus Graph for Case 2.1.

Since there exists a path between vertices v and V', adding a new edge e ¢ E(H)
with the endvertices u and v forms another path, P3, from vertex u to vertex v'. Now, the
paths P', P* and P? form a theta graph 0(|E(P")|; |E(P?)|; |E(P?|)) (see Figure
B3). Case3:u¢ V(C), v ¢ V(C). Let P be a shortest u — v path in H. This case

q1 q2

Figure 3.3: Graph in Subcase 2.2.

is considered in three subcases. The first is when P contains only one vertex of C, the
second is when P contains more than one vertex of C, and the third is when P does not

contain any vertices of C.

Subcase 3.1 : Let P contain only one vertex of C, and call it v'. Adding a new
edge e ¢ E(H) with the endvertices u and v forms a new cycle C" which includes v'.
Then, since C' N C' = v/, it can be said that G includes two cycles with one common

vertex. Thus, G is a cactus.

Subcase 3.2 : If P contains more than one vertex of C, then P is passing
through some part of cycle C. Let u' and v’ be the vertices contained in C, and let
P pass through these vertices. Also, let u' be the closest to the vertex u and v' be the

closest vertex to the vertex v. Since u',v' € V(C), there exist two paths P' and P*
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connecting u' and v'. Also, since u,u’',v,v" € V(P), there exist u — u' and v — V'
paths. Adding a new edge e ¢ F/(H ) with the endvertices u and v forms another path
P? between the vertices u' and v'. Thus, the paths P, P? and P? form a theta graph
O E(P); | (P | E(PY)

Subcase 3.3 : If P does not contain any vertices of C, then it is clear that adding
a new edge e ¢ E(H ) with the endvertices u and v forms another cycle C' which has

no common vertex with the cycle C. Thus, G is a cactus.

3.1. Maximal Distance Spectral Radius

In this section, the unique graph that maximizes the “distance spectral radius” is
given. It is given earlier that if a graph is a bicyclic graph, then it is either a cactus with
two cycles or a graph which includes a theta graph in Lemma[3.1] If the graph is a cactus
with two cycles, then either {S(1, 1;n — 5)} = maxp,{F} or {S(2,0;n —5)} =
maxgn{F } where F consists of cactus graphs with two cycles by Theorem Paul
in [36] determined the bicyclic graph that maximizes the “distance spectral radius”

amongst B,, which includes a §—graph as an induced subgraph.

Theorem 3.2: [36] “ The graph which contains a 0(2; 1; 2) graph as an induced subgraph
and a path graph P, _,4 attached one of the vertices of 0(2; 1; 2) with degree 2 is the
graph that maximizes the distance spectral radius among all bicyclic graphs with n
vertices which contain a 0-graph as an induced subgraph.”

Figure 3.4: G1.

Since comparing the “distance spectral radii” of the graphs S(1, 1;n — 5) and
S(2,0;n — 5) is difficult, the “distance spectral radius” of the graph in Theorem
is compared with the “distance spectral radii” of the saw graphs S(1,1;n — 5) and

S(2,0;n — 5) separately.
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Lemma 3.3: Let G be the graph in Figure([3.4, and G5 be the saw graph S(1,1;n — 5)
(see Figure[3.3). Then p(Gy) > p(Gs).

Proof: Let XtZ[xl Xy X3 ... X,,] be the perron vector of the graph G4. So,

p(G1) — p(Gs) > X'(D(G) — D(G,))X (3.1)
o 0o o0 o0 --- 0 0 1
o 0o 0 -1 --- —-1 -1 0
o o o0 0 --- 0 0 1
- o -10 0 --- 0 0 1 3 (3.2)
O -10 0 --- 0 0 1
o -10 0 --- 0 0 0
1 0o 1 1 --- 1 0 O

=2z (i + 23+ ...+ xp o) —To(Ts+ x5+ .. + T, 1)]. (3.3)

vy and vy in Gy are twin vertices since all of their neighbors are the same. So, the
corresponding components of perron vector x| and xo are the same by Lemma/|2.2)1.e.,
T, = Xy. Also, v,_1 and v, are twin vertices, so T, = x,. In G, there exists an
automorphism f such that f(V1) = ¥, f(¥2) = 01, f(¥3) = Vo, (V) = D0z,
oo, f(Ony2)) = Opyay, oo f(0n) = 01 By Lemma r1 = X,. Thus, 11, To,

Tp_1, T are all equal.

Since x1, Ty, T,_1, T, are equal,

X'(D(Gy) — D(Go))X = 2[wa(21 + 25 — Tpp1)] (3.4)
192 1971—1
c/.\ ® e e ° a/.\
191 03 194 195 ﬁn—4 1971—3 ﬁn—? 1971

Figure 3.5: G, = S(1,1,n — 5).
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Uy o

191 193 195 196 ﬁn—S ﬁn—? ﬁn—l Q971

Figure 3.6: G3 = S(2,0;n — 5).

Lemma 3.4: Let G, be the graph (see Figure[3.4), and G5 be the saw graph S (2, 0;n—5)
(see Figure[3.6). Then p(G:) > p(Gs).

Proof: This lemma is investigated in 3 cases. It is better to start with when n = 5 since
|G3| > 5. In this case, G3 = S(2,0;0) (see Figure[3.7). Then, the proof continues
with cases for n = 6, and for n > 7. The distance spectral radii of the graphs for

n = 5 and n = 6 are easy to find by using a computer.

Casel : Forn =25,

(% Uy

AVAN

(%1 (%] Us

Figure 3.7: G3 = S(2,0;0).

01122
10122
D(S(2,0;0))=11 1 0 1 1 (3.6)
2 2101
2 2110

Based on computer results,
p(S(2,0;0)) ~ 5,7016, and p(G1) ~ 6,2161 when |G| = 5.
So, p(G1) > p(S(2,0;0)).

Case 2 : Forn =6, Gz = 5(2,0;1).
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011223
101223
110112
D(5(2,0;1)) = (3.7
22101 2
221101
332210

By using a computer, calculating the eigenvalues of the distance matrix D(S(2,0;1))
gives that p(S(2,0; 1)) ~ 8,5936. When |G1| = 6, p(G1) ~ 9,6964. It is clear that
o(G) > p(S(2,0:1).

Case 3 : Forn > 1,

Let Xt=[x1 Xy X3 ... T,,] be the perron vector of the graph G3. So,

p(Gy) — p(Gs) > X{(D(Gy) — D(Gs)) X (3.8)
O 0 0O 0 11 1 1 1
0O 0 0 -1 00 0O 00
0O 0 0 0 11 1 1 1
0O -1 0 0 00O 0 00
_’t101000 00 01 <
=X X (3.9)
1 0 1 0 00 0 00

1 01 0 0O 000
1 01 0 0O 000
1 01 0 00 000
= 2[(zy + x3) (x5 + ... + T,) — Toy]. (3.10)

Since v, = V), are twin vertices, x| = o by Lemma Thus, the latter becomes

2[(z1 + z3) (=24 + 5 + T6 + ... + x,) + X324). (3.11)

1t suffices to show that —x4 + x5 + v + x7 > 0 because x;’s are all positive.
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Using the eigenequation p(G3)x; = Zﬁjev(cg) di ;¥ ;, the proof'is formed as follows

G3)ry = 201 4 229 + T3 + T5 + 226 + - - + (n — 4)z,,
Gs3)rs =201 + 209+ w3+ x4+ 26+ -+ (n—5H)x,

(Gs)
(Gs)

p(G3)xe = 3xy + 329 + 203+ 204 + 25+ 27+ - + (n — 6)x,,
(Gs)

p(Gs)xy = 4xy + 4wg + 313 + 324 + 225 + w6 + - -+ + (n — Ty

Adding the latter equations side by side gives the following

(1) If n =17, then

p(G3)(—x4 + x5 + x6 + T7) = Tx1 + Txe + b3 + 624 + 25.

(ii) Ifn > 7,

p(Gs) (=24 + 75 + 26 + T7) = Ty + T2y + 533 + 624 + 275
+3z5+ -+ (2n — 14)z, > 0.

This yields that

p(G3)(—xy + x5 + 26 + ... + 1) > 0.

Hence, in each case, it is proven that p(G1) > p(GS3).

Theorem 3.5: {G1} = maxpn{B,}.

(3.12)
(3.13)
(3.14)
(3.15)

(3.16)

(3.17)

(3.18)

Proof: Let G € B,,. Then, G is either cactus with two cycles i.e., G € C(n,2) or
G contains a theta graph by Lemma So, {S(1,1;n — 5)} = maxp,{C(n,2)}
or {S(2,0;n — 5)} = maxpm{C(n,2)} by Theorem[2.18} Let Gy = S(1,1;n — 5)
(see Figure and Gz = S(2,0;n — b5) (see Figure . Comparing these two
graphs Gy and G5 with Gy (see Figure[3.4) will give a result since it is known that

{G} = maxpn{F} where F consists of B,, containing a 0-graph as an induced
subgraph by Theorem In Lemmas [3.3|and 3.4} the graph G, is compared with the

graphs Gy and G3. By the results of these lemmas, it is shown that { G} = maxgn{B,}.
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3.2. Minimal Distance Spectral Radius

In this part, an interesting result that is done by Xing and Zhou in [21]] is introduced.
Their result gives the graph in ming,,{B,} and the graph that has the second smallest
“distance spectral radius” in 53,,.

Theorem 3.6: [21] Let G € B,, where 5 < n.

(i) Forn = 5, 6(1;2;3) < p(B2) < p(B2) < p(G) where G % (B3) %
(B2) 2 6(1;2;3).

(it) Forn = 6, 0(2;2;3) < p(Bs) < p(B;) < p(G) where G 2 (Bg) 2
(Bg) 2 60(2;2;3).

(ii1) Forn > 7, < p(B}) < p(B2) < p(G) where G 2 (B}) 2 (B2).
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4. CONCLUSION

In the section of bicyclic graphs, the graph in maxg,,{B,} is determined. Also,
the graph in ming,,,{B,} and the graph that has the second smallest “distance spectral
radius” among bicyclic graphs are given. In this section, the graph in maxg,,{B,} is
investigated . Since graphs in ,, have n + 1 edges, their complements have (g) —n—1
edges. Some results for complements of bicyclic graphs with 6, 7 and 8 vertices are
found based on computer calculations. There are 22 non-isomorphic graphs for 6
vertices and 8 edges, and 95 non-isomorphic graphs with 7 vertices and 13 edges. There

are 234 non-isomorphic graphs for 8 vertices. For the graphs {G;} = maxg,{Bs},
{G,} = maxpm{B7}, {G3} = maxp,{Bs}, see Figures respectively.

Taking the complements of G, G, and G5, gives G, G5 and G5, respectively.

For n = 6 and m = 8: It is found that G; which has 8 edges, and {G,} =

maxgm{Be} (see Figures .1} 4.2).

Figure 4.1: G.

ceo
e

Figure 4.2: The graph G, and p(G;) = 8.6279.

Forn = 7 and m = 13 edges: It is found that {G,} = maxg,{B;} (see Figures
BA4).
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Figure 4.3: Gs.

—B

Figure 4.4: The graph G5 and p(G,) = 9.5415.

For n = 8 and m = 19: Comparing the complements of bicyclic graphs with

the order 8, {Gs} = maxgm{Bs} (see Figures . Now, see the graphs G,

>

Figure 4.5: The graph Gj.

=<

Figure 4.6: The graph G5 and p(G3) = 10.4726.

GG, and G5 in Figures respectively. It can be seen that for n = 6, 7, 8, the
complements of connected bicyclic graphs which include a 6(2;2;2) as an induced
subgraph and n — 5 pendant vertices attached to one of the vertices with degree 3 of

0(2;2;2) maximize the “distance spectral radius” in By, By, Bs, respectively.

Conjecture 4.1: {Gy} = maxgn{B,} where Gy has a K,,_, and a vertex v which is

attached to n — 5 vertices of the K,_, and a pendant vertex u attached to v.
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