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ABSTRACT

Jacobi manifolds are integrable structures whose odd-dimensional leaves are contact
manifolds, while the even-dimensional leaves are locally conformal symplectic
manifolds. In this thesis, we focus on these geometric structures.

Within the locally conformal framework, we present both Hamiltonian and
Lagrangian dynamics. As a novel result, we derive the locally conformal Eu-
ler-Lagrange equations, which extend the classical Euler-Lagrange equations.
Furthermore we formulate kinetic dynamics in this setting and derive the locally
conformal momentum—Vlasov equations and the locally conformal Vlasov equa-
tions. In addition, we establish a geometric pathway from particle motion to
kinetic dynamics in the locally conformal framework, using the notions of lifts
and vertical representatives.

From the perspective of discrete dynamics, we derive the locally conformal La-
grangian formulation. We present the locally conformal discrete Euler-Lagrange
equations, which generalize the classical discrete Euler-Lagrange equations. By
applying the Legendre transformation, we obtain the locally conformal discrete
Hamiltonian equations. In addition, we develop higher-order locally conformal
discrete Lagrangian dynamics and derive the second- and third-order locally
conformal discrete Euler—Lagrange equations.

We also study another framework, known as conformal Hamiltonian dynamics. In
this setting, we consider conformal Hamiltonian vector fields, which have non-zero
divergence. We work with the Lie algebra of these vector fields and introduce
conformal kinetic dynamics in both momentum and density formulations. As a
result, we derive conformal kinetic equations for each formulation. In addition,
we present a geometric description of conformal kinetic dynamics in terms of
momenta, using vertical representatives.

In the contact framework, we present the Hamiltonian dynamics. This structure
includes a contact one-form and the associated Reeb vector field. Using the contact
one-form, we also define a bivector field. Together, the bivector and the Reeb
vector field make the contact manifold a Jacobi manifold. We then formulate
kinetic dynamics in terms of momenta and the density function. As a result, we
derive the contact momentum—Vlasov equation and the contact Vlasov equation.

Keywords: Jacobi Manifold, Kinetic Dynamics, Locally Conform-
ally Symplectic Manifold, Contact Manifold, Discrete Dynamics



OZET

Jacobi katmanlari, tek boyutlu altkatmanlar1 kontakt katmanlar, ¢ift boyutlu
altkatmanlar ise yerel konformal simplektik katmanlar olan integrallenebilir
yapilardir. Bu tez, kontakt ve yerel konformal simplektik katmanlar iizerine
odaklanmaktadir.

Yerel konformal gercevede, hem Hamilton hem de Lagrange dinamigi sunulmustur.
Yeni bir sonug olarak, klasik Euler-Lagrange denklemlerinin bir genellemesi olan
yerel konformal Euler-Lagrange denklemleri tiiretilmigtir. Bununla birlikte, kinetik
dinamik formiile edilmis ve yerel konformal momentum—Vlasov denklemleri ile yerel
konformal Vlasov denklemleri elde edilmistir. Ek olarak, parcacik hareketinden
kinetik dinamige uzanan geometrik bir gecis yolu kurulmustur; bu yapa, lift ve
dikey temsilci kavramlar: kullanilarak insa edilmistir.

Yerel konformal cercevede, kesikli Lagrange yapi elde edilmigtir. Klasik kesikli
Euler-Lagrange denklemlerinin bir genellemesi olan yerel konformal kesikli Eu-
ler-Lagrange denklemleri sunulmustur. Legendre dontisiimii uygulanarak yerel
konformal kesikli Hamilton denklemler elde edilmistir. Ayrica, daha yiiksek mer-
tebeden yerel konformal kesikli Lagrange dinamik geligtirilmis ve ikinci ile tigiincti
mertebeden yerel konformal kesikli Euler-Lagrange denklemleri tiiretilmistir.

Ayrica, konformal Hamilton dinamik olarak bilinen bagka bir ¢erceveyi de incele-
mekteyiz. Bu baglamda, diverjanslari sifirdan farkli konformal Hamilton vektor
alanlar1 ele alinmigtir. Bu vektor alanlarinin Lie cebiri ile ¢aligilmig, konformal
kinetik dinamik momentum ve yogunluk formiilasyonlarinda tanitilmigtir. Sonug
olarak, her bir formiilasyon i¢in konformal kinetik denklemler tiiretilmigtir. Ayrica,
momenta cinsinden konformal kinetik dinamik, dikey temsilciler kullanilarak
geometrik olarak da ifade edilmigtir.

Kontakt cercevesinde, Hamilton dinamigi sunulmustur. Kontakt katman bir
kontakt bir-formu ve iligkili Reeb vektor alanini igerir. Kontakt bir-formunu
kullanarak, ayrica bir bivektor alani tanimlanmigtir. Kontakt katman, bivektor
ve Reeb vektor alani birlikte bir Jacobi katmamdir. Ardindan kinetik dinamik,
momenta ve yogunluk fonksiyonu cinsinden formiile edilmistir. Sonug olarak
kontakt momentum—Vlasov denklemi ve kontakt Vlasov denklemi tiiretilmigtir.

Anahtar Kelimeler: Jacobi Katman, Kinetik Dinamik, Yerel Konfor-
mal Simplektik Katman, Kontakt Katman, Kesikli Dinamik

vi
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1. INTRODUCTION

In its most general form, we consider a continuum as a collection of particles, each

of which obeys Newton’s second law of motion:
mi = F(x), (1.1)

where m represents the mass of a particle and F' denotes the force acting on it,
[1, 2]. To study the dynamics of a continuum, kinetic theory employs statistical
methods instead of formulating the Newtonian equations of motion for individual
particles and accounting for all possible interactions. Kinetic theory focuses on
the evolution of a probability density function that describes the distribution
of particles in phase space. Before delving into the details of geometric kinetic
theory, let us first provide a brief overview of the contemporary understanding of

classical dynamics.

Reversible Hamiltonian Dynamics. A coordinate-free and elegant formulation
of Newton’s second law (1.1) is provided by symplectic geometry, a foundational
framework in classical mechanics that is central to both pure mathematical research
and its applications to physical problems via the Hamiltonian formulation. A
symplectic manifold is a pair (M, Q), where M is a manifold and (2 is a symplectic
two-form, which is closed and non-degenerate [3, 4]. In this context, Hamilton’s
equation is written as

LXHQ:dH, (12)

where H is the Hamiltonian function, X is the Hamiltonian vector field generating
the motion, and ¢x,, is the contraction operator. Applying the contraction operator
and taking the exterior derivative of both sides of Hamilton’s equation, we obtain

the conservation laws:
Lx,H =0, Lx, =0, (1.3)

respectively. Here, Ly, denotes the Lie derivative. The first equation in (1.3)
states that the Hamiltonian function, which corresponds to the particle energy,

is conserved. The second equation indicates that the symplectic two-form, and



consequently the symplectic volume, is conserved. This reflects the reversible

character of Hamiltonian dynamics in symplectic framework.

We note that cotangent bundles are naturally equipped with canonical symplectic
two-forms and serve as prototypical examples of symplectic manifolds. If the
symplectic manifold is identified as the momentum phase space, specifically the
cotangent bundle 7%(@) of the configuration space @), and the Hamiltonian function
is defined as the total mechanical energy of a single particle, then the Hamilton’s

equations (1.2) reduce to the Newton’s second law (1.1).

Due to the non-degeneracy condition, the dimension of a symplectic manifold must
always be even. Poisson geometry generalizes symplectic geometry by relaxing
the non-degeneracy condition, thereby making it applicable in any dimension. A

Poisson manifold M admits a skew-symmetric algebra, known as Poisson algebra,
{o,0}P): F(M) x F(M) — F(M) (1.4)

on the space of smooth functions on the manifold, [5]. The bracket is asked
to satisfy the Leibniz and Jacobi identities. In the Poisson setting, Hamilton’s

equation is written as

b= {z, H}\D), (1.5)

After a direct substitution in (1.5), it is immediate to see that the Hamiltonian

function is preserved:

H={H H}" =0, (1.6)

due to the skew-symmetry. This implies that the Hamiltonian dynamics is

reversible within the Poisson framework as well.

Reduction Under Symmetry. Although several dynamical systems can be
recast in Hamiltonian formulation, either in the symplectic picture as in (1.2) or
in the Poisson picture as in (1.5), there are physical systems that require more
detailed examination when performing their Hamiltonian analysis. One of the
tools for analyzing such systems, which do not fit the canonical pictures, is the

reduction method, specifically symplectic reduction [4] and Poisson reduction [3].

Reduction arises as a result of a symmetry possessed by system. This symmetry

is encoded in a Lie group action on configuration, momentum, or state spaces. In



geometric mechanics, the reduction method is used to derive the reduced dynamics

on the reduced (quotient) manifold.

For a given physical system, symmetry analysis is far from trivial. One exception
occurs if the configuration space of a physical system is a Lie group, and the
symmetry is due to the same Lie group. The configuration spaces of many physical
models in rigid body dynamics, fluid dynamics, and plasma dynamics are Lie
groups. Consequently, this reduction holds significant physical interpretations and

offers various applications. Let us examine this geometry in a bit more detail.

Lie-Poisson Formalism. Assume that the configuration space of a physical
system is a Lie group G. Then, one can compute the lifted actions of the group on
its tangent bundle T'G and cotangent bundle 7*G. The quotient spaces g ~ TG /G
and g* ~ T*G /G correspond to the Lie algebra and its dual space, respectively.
On the dual space g*, there exists a Poisson structure known as the Lie-Poisson
bracket [6-8]:

s )= +(n5.57]), 7
where A and B are two function(al)s on g*, and the bracket on the right hand
side is the Lie algebra bracket. Notice that A/dp denotes the Fréchet derivative
of the functional A, assuming reflexivity. Notice that there is a 4 in front of the
Lie-Poisson bracket in equation (1.7). If the symmetry is due to the right action
(as in, for example, plasma dynamics), the + bracket is used; on the other hand, if
the symmetry is due to the left action (as in, for example, rigid body dynamics),
the — bracket is used. Given a Hamiltonian function(al) H, the dynamics is

governed by the Lie-Poisson equations computed in terms of the coadjoint action

as
p = :FadgH/éppv (18>
where ad* is the coadjoint action of the Lie algebra on the dual space.

Geometric Plasma Motion. The dynamics of a non-relativistic and collisionless
plasma resting in @ C R3 is determined by the plasma density function f =

f(q",pi), defined on the momentum phase space T*Q with Darboux coordinates



(¢%, p;). Equation of motion then is a coupled integrodifferential system

of 1 of  000f
ot " mP 0q’ dq' Op;

Vior(q) = —6/f(q,p)d3p

(1.9)

which are known as the Vlasov—Poisson equations, where e is the charge and
¢ is the potential. Hamiltonian analysis of this system may be recalled from
[9, 10], wherein it is well established that the Vlasov—Poisson system (1.9) admits

Hamiltonian formulation.

In a series of papers [11, 12], while investigating Lie-Poisson formulation of
the Vlasov equation, an intermediate level of description is obtained on the
space of one-forms on 7T*(Q). Let us briefly recall this approach. We assume
the Vlasov plasma to be a continuum resting in  C R3. The momentum
phase space is the cotangent bundle 7@ which is canonically symplectic. The
dynamics is determined by the left action of the group Diff.,,(7T*Q) of canonical
diffeomorphisms on the cotangent bundle 7*@). The right action of Diff.., (7*@) on
T™*( defines the symmetry of the motion and is referred to as the particle relabeling.
This symmetry induces the symmetry on the tangent bundle TDiff,,(7*Q) and
cotangent bundle T*Diff.,,(T*Q). The reduction of the tangent bundle reads
the Lie algebra Xg_pam(7Q) of Hamiltonian vector fields equipped with minus
Jacobi-Lie bracket.

In [11, 12}, the dual space of the Hamiltonian vector fields Xg_pam (M) is computed
to be

X5 pam(M) = {T1® dp € T (M) ® Den(M) : divQ*(IT) £ 0} U {0} (1.10)
and the dual operation of the Lie algebra homomorphism D is
O 1 X5 (M) — Den(M), T @dp > fdp = (divQ*(I))du.  (1.11)
In this pure symplectic case, the coadjoint flow turns out to be
ady 11 = Lx, 11 (1.12)
while the Lie-Poisson dynamics becomes the momentum-Vlasov equations
IT=—Lx,IL (1.13)

4



In this case, the dynamics is represented by the evolution of a dual element, more

precisely a one-form II, governed by Hamiltonian vector field Xy through
I1=—Lx,II (1.14)

where Lx,, is the Lie derivative, whereas H = p*/2m + e¢ is assumed to be the
total energy of a single particle. The link between the Vlasov equation (the first
line in (1.9)) and the momentum-Vlasov equation (1.14) is determined through
the dual mapping of Lie algebra homomorphism H — Xy which is computed to
be

f = divQg,(IT). (1.15)

Here, Qg is the canonical symplectic two-from on 77, and Qgg is the induced
musical isomorphism, while div denotes the symplectic divergence. Since (1.15)
is determined as the dual of a Lie algebra homomorphism, it is both a Poisson
and a momentum map. In this geometrization, the Poisson equation (the second
line in (1.9)) is realized as the momentum map due to the gauge invariance of

Hamiltonian dynamics.

One of the interesting features of the momentum-Vlasov equation (1.14) is its pure
geometric derivation. More precisely, starting from a Hamiltonian vector field
Xy and then lifting it to the cotangent bundle and later taking to the vertical
representative, one arrives at a generalized vector field VX g which determines
the motion of IT as given in (1.14). Keeping the same line of thought, further
analysis has also been carried out on fluid dynamics [13, 14]. Additionally, rich
algebraic structure of momentum-Vlasov dynamics is examined in [15], inspired

from the moment algebra of Vlasov dynamics, see for instance [16-18].

The Thesis Goals and Content. Our interest in this thesis is to work on
the generalization of irreversible Hamiltonian dynamics. In the present thesis,
this is done in various ways, including locally conformal dynamics, conformal
Hamiltonian systems, and contact dynamics. Locally conformal dynamics and
contact dynamics are two aspects of Jacobi dynamics, which are not necessarily
reversible. Hence, this thesis generalizes geometric reversible kinetic motion to a

broader framework that also encompasses irreversible motions.

The thesis consists of six main chapters. The next chapter introduces fundamental



concepts in geometric mechanics, such as symplectic, Poisson, and Jacobi manifolds.
Chapter 3 covers the theory of locally conformal Hamiltonian and Lagrangian
dynamics. Chapter 4 presents the discretization of locally conformal dynamics. In
Chapter 5, we develop a kinetic theory for a system of particles within the locally
conformally symplectic framework. Chapter 6 discusses conformal Hamiltonian
dynamics (distinct from locally conformal dynamics) and provides a kinetic
theory for this setting. Finally, Chapter 7 formulates a kinetic theory within the

framework of contact geometry.



2. FUNDAMENTALS OF GEOMETRIC ME-
CHANICS

2.1. Symplectic and Poisson Manifolds

This subsection reviews the symplectic and Poisson geometries.

Symplectic Manifolds. A two-form 2 on a manifold M is non-degenerate if

the following condition holds
QX,Y)=0, VX eX(M) (2.1)

implies that Y = 0. A two-form €2 on a manifold M is called almost symplectic
if it is non-degenerate, [4, 8, 19-22]. An almost symplectic two-form is called

symplectic if it is closed that is

dQ = 0. (2.2)
Then the couple (M, ) is called a symplectic manifold. The musical mapping
D x(M) —THM),  QX)Y)=(xQY):=9X,Y)  (23)
induced from the two-form €2 is an isomorphism with the inverse mapping
QFTHM) — X(M), Q= ()7L (2.4)
Given a one-form ~ and a vector field X, we shall represent by
(7, X) = QX (v), X) (2.5)

the relation between the symplectic two-form €2, and the musical mapping Qf. The
non-degeneracy of () suffices to define a non-vanishing top form on the manifold,

called the symplectic volume

(_1)n(n—1)/2
dp= QA A (2.6)

Cotangent bundles are generic examples of symplectic manifolds. On the cotangent
bundle T*() of a manifold () there exists the canonical one-form whose value on a

vector field X is defined to be
O (X) = (trq(X), Tmo(X)). (2.7)

7



Here, mg is the cotangent bundle projection while T'mg is the tangent mapping,
Tr-¢ is the tangent bundle projection from T7*(Q to T'QQ. The pairing on the
right-hand side of (2.7) is the natural pairing between 7*@ and T'Q). The minus
of the exterior derivative of the canonical one-form is closed and non-degenerate

so that it is a symplectic two-form
Qg = —dOg (2.8)

on T*Q). It is called canonical symplectic two-form.

In Darboux coordinates (g*, p;) on cotangent bundle 7T*@Q one can express canonical
one-form in (2.7) as

Oq = pidd (2.9)

and symplectic two-form in (2.8) as

Qg = dq' A dp;. (2.10)

Consider the manifold @) with dim() = n and the cotangent bundle T*@. The

volume form dyp defined in (2.6) on 7% can be express in Darboux coordinates
(qz>pz) as
dp=dg" A--- ANdg™ Ndpi A -+ A dpy. (2.11)

Taking the local coordinates on TT*Q as (q', pi, ¢*, p;) express the musical map in

(2.3) as

Assuming the Darboux coordinates on T*T*Q as (¢', p;, II;, IT'), the inverse of the

musical map f is computed to be

Poisson Manifolds. Let M be a manifold equipped with a bilinear operation

{e,0}(4P) on the smooth functions F (M) which is skew-symmetric that is,

{F,H}"P) = —{H,F}“P), (2.14)



and satisfying the Leibniz identities

{FE,HYA = {F, HY K + FUR, HYAY), (2.15)
2.15
{F,KH}AP) = K{F H}"D) 4 (F K}AP g
for all F, K and H € F(M). In this case, M is called an almost Poisson manifold,

and the bracket is called almost Poisson bracket. Consider an almost Poisson

manifold (M, {e, #}(4")) and define the following map, called as Jacobiator,

T F(M) x F(M) x F(M) = F(M), (F,H,K)w—0O {F{H,K}AD}AP)

(2.16)

where O denotes the cyclic sum that is

O {F, {H, K}y =(F {H, K}y 4 {1, (K, FYADLED
2.17
+{K {F,HYAD AP, -
If for an almost Poisson bracket {e, ®}(4") if the corresponding Jacobiator (2.17)
vanishes identically then, it is said to be that the bracket is satisfying the Jacobi
identity that is

O {F{H, K} <o, (2.18)

for all F, H and K in F(M). An almost Poisson bracket satisfying the Jacobi
identity is called a Poisson bracket and is denoted by {e, e}(). The manifold M

is then called a Poisson manifold, see [22, 23].

2.2. Hamiltonian Dynamics

This section reviews the Hamiltonian dynamics in symplectic and Poisson geome-

tries individually.

Hamiltonian Dynamics on Symplectic Manifolds. Consider a symplectic
manifold (M, ). Given Hamiltonian function H, the Hamiltonian vector field

Xy is defined through the Hamilton’s equation
tx, ! =dH. (2.19)

Taking the exterior derivative of (both sides of) the equality, we see that the

Lie derivative of the symplectic two-form vanishes. As such, the divergence of



a Hamiltonian vector field is zero concerning the symplectic volume (2.6). We
record these as

EXHQ = O, EXHd/L = 0, (220)

respectively. Next, the integration of (2.20) implies that the integral flows ¢
of the Hamiltonian vector field preserve both the symplectic two-form and the

symplectic volume
i) =Q,  ¢i(du) =dp, (2.21)
respectively. Furthermore, the calculations

Lxy(H) = Xu(H) =0, }(H) = H (2.22)

show us that the Hamiltonian function is constant along the motion. This
corresponds to the conservation of energy and determines the reversible character

of the symplectic Hamiltonian dynamics, see [3, 4, 19].
Using the symplectic two-form, we define the following bracket
{F,H}®) = Q(Xp, Xg). (2.23)

This bracket is skew-symmetric and satisfies the Leibniz identity and Jacobi
identity. Therefore, we refer to the bracket {e, #}(*) as the Poisson bracket. Since
the characteristic distribution is integrable, the space of Hamiltonian vector fields

is closed under the Jacobi-Lie bracket. More precisely we have
(X, Xu] = = Xp s (2.24)
In other words,
Xham (M) ={Xg e X(M) : 1x,Q2=dH} (2.25)

is a Lie algebra.

In Darboux coordinates (¢, p;), Hamiltonian vector field on M for a Hamiltonian

function H is computed to be

OH 0 O0H 0
Xy = - — —— (2.26)
Opi 9¢'  Oq' Op;
so that the dynamics prescribed by the Hamiltonian vector field is
. OH OH
= ) = ——. 2.27

10



We can express Poisson bracket defined in (2.23) in local coordinates

_OFOH OHOF

F HS — 2 T
Y = i o~ o o

(2.28)

Hamiltonian Dynamics on Poisson Manifolds. Consider a Poisson manifold
(M, {e,0}(")). The Hamiltonian vector field Xy associated with a function H is
defined, for all F' in F (M),

Xp(F):={F, H}?P. (2.29)

A function is called Casimir function if it commutes with all the other functions.

So that a function C' is a Casimir function if
{C,F}) =0 (2.30)

for all F'in F(M). Notice that, the Hamiltonian vector field for a Casimir function
is the zero field. The almost Hamiltonian dynamics generated by a Hamiltonian

function H is then computed to be
t={z, H}®) = Xy(2), (2.31)

where z = z(t) represents a curve in M. Hence, 2 represents the time derivative
of z. The skew-symmetry of the bracket manifests that the Hamiltonian function

H is conserved all along the motion. The calculation is as follows

H(z)=dH(2)-2=dH(z) - Xu(z)
— (X (=) Xn(2) (232

Bivector Field Notation. We define a bivector field associated with an almost

Poisson bracket {e, #}(4”) through the relation
A(dF,dH) := {F, H}P) (2.33)

for all F' and H in F(M). Here, dF' and dH are deRham exterior derivatives of
the smooth functions F' and H, respectively. So that we may represent an almost
Poisson manifold by a two-tuple (M, A) as well. This geometry enables us to
define a musical mapping Af induced by the bivector field A as

A THM) = X(M), (B, A (7)) = A(B,7) (2.34)
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where the pairing on the left-hand side is the one between the space I'' (M) of one-
form sections and the space X(M) of vector fields. In terms of A*, the Hamiltonian

vector field Xp in (2.29) can be defined as

A(dH) = Xp. (2.35)

Consider the bivector field obtained via the bracket defined in (2.23)

A(dF,dH) = {F,H}'9. (2.36)

In Darboux coordinates it is comptuted as

0 0
A

Mg, p) = o " opr

(2.37)

Jacobiator and Poisson Manifolds. Consider a Poisson manifold (M, {e, #}(").

Notice that, for a Poisson manifold, we have the identity that
[(X#, Xr] = —X(upye) (2.38)

where the bracket on the left-hand side is the Lie-Jacobi bracket of vector fields.
The identity (2.38) reads that the characteristic distribution, spanned by Hamil-
tonian vector fields, of a Poisson bracket is integrable since Jacobi-Lie bracket of
two Hamiltonian vector field is another Hamiltonian vector field. In the present

Poisson case the definition of the Hamilton’s equation (2.31) remains the same.

Recall bivector field defined in (2.33). A direct calculation proves the identity
that
;[A,A] (dF, dH, dK)
— (F{H, KYAPYAP) | (g (| FYAPYAP) | (g [ [} (AP)}(AP)
(2.39)

where the bracket on the left-hand side is the Schouten-Nijenhuis bracket of

multivector fields and it is defined as follows

X, V] =S (1) XL VIAX A AXGA - AX g AYi A AYj A AY,, (2.40)
i,J
where X = X A---AX,,andY = Y] A--- AY, are multivector fields of order

m, n respectively.
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It is immediate to see from (2.39) that {e, e}(4") is a Poisson bracket if and only
if the bivector field A commutes with itself under the Schouten-Nijenhuis bracket
that is

[A,A] =0. (2.41)

So that we can define a Poisson bracket by a two-tuple (M, A) with A is satisfying
the Jacobi identity (2.41). A bivector field satisfying (2.41) is called Poisson

bivector.

2.3. Lagrangian Dynamics

Consider the tangent bundle T'Q of a manifold @ with local coordinates (¢*). Then

(¢%, ¢*) becomes the induced coordinates on T'Q. Define a Lagrangian function
L:TQ—R, L=0L(q"). (2.42)

Consider a curve ¢(t) that joins two fixed points ¢(a) = ¢, and ¢(b) = ¢, in @ over

interval [a,b] . Using the Lagrangian function define action sum in the following

Sta) = [ Lta(t), () dr. (2.43)

To find an extreme value of this integral, we begin by introducing a family of
curves ¢ = q(t, €) that smoothly depend on a parameter €, connecting two fixed
points ¢, = ¢q(a) and ¢, = ¢(b) in Q. In this context, the variation is defined as
the derivative of ¢(t, €) with respect to €, specifically:

oq(t) : i

= — t,€).
de — q(t,€)

0

Since it is assumed that ¢, and ¢, are fixed, we have that

dq(a) = dq(b) = 0. (2.44)
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Calculate variation of the action integral in (2.43) as follows

5/abL (qi, qi) dt :/: (g;(sqi + g{;aq%) dt

b(OL_ .., OLd _,
= -0q" -—0q" | dt
/a (86]2 1 +8qzdt q)

b(OL_, d (0L_,\ d (0L .,

_/a (aqi(sq +dt<aqi5q>_dt(aqi> 5q>dt (2.45)
oL _.|" o (d (0L\ OL\ _,

oG _L<ﬁ<wJ_a¢»mﬁ

b(d (0L\ OL\ .,
__/a (dt <aqz‘> _aqi> Sqidt.

The fundamental theorem of calculus of variations provides the following equation

d (0L oL
— ] — — =0. 2.4
dt <8ql> aq’ 0 (2.46)

7

The equation in (2.46) is known as the Euler-Lagrange equation. When written

explicitly, it takes the following form:

PL . L, 0L
— ' —q' — — = 0. 2.4
ogoi! t agap? " og " (247)

To solve for ¢ explicitly, it is necessary to ensure that the determinant of the

following matrix is nonzero:

(2.48)

W:[Wij]:[ L ]

0idg

Here, W represents the Hessian matrix with respect to ¢*. If det(W) # 0, the
system is locally solvable for ¢*. Let W~ = [IW*¥] denote the inverse of the matrix

W. Equation (2.47) can be expressed as

L oL ., &L
i =W <8qj g E)qu)ql) | (2.49)

For the further information about Lagrangian dynamics, we refer to [4, 20]

Legendre Transformation. Let us define Legendre transformation between

tangent bundle T'() and cotangent bundle T*Q

o ; oL
FL:TQ —T°Q,  (¢,d)~ (¢'pi= an)' (2.50)
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We can define the Hamiltonian function on the cotangent bundle 7@ through
the Legendre transformation of the Lagrangian function L = L(¢',¢"). Assuming

determinant of the Hessian matrix is nonzero, that is

0?L
det(W) = det [86]"’8(]71 # 0. (2.51)

Then the Hamiltonian is given by

oL
o

where p; =

2.4. Presymplectic Formulation of Lagrange Dynamics

Poincaré-Cartan Forms. Let L be a Lagrangian function on 7'Q). Using the
Legendre transformation FL in (2.50) we can pull back the canonical one-form O
and the symplectic two-form €2y from the cotangent bundle 7@ to the tangent
bundle T'Q). We have the following expressions

HL == FL*@Q, Wy, = IFL*QQ, (253)
where 07, and wy, are referred to as the Poincaré-Cartan one-form and two-form,

respectively.

In local coordinates Poincaré-Cartan one-form is given by

oL
L a4 q (2.54)

Taking the minus exterior derivative of ; we get Poincaré-Cartan two-form as

follows
. L
wy, = —df; = dg' A d(a,i)
% (2.55)
_ 2L dg’ A dg’ + oL dq’ A dg’
“agog M T agag

Note that Poincaré-Cartan two-form in (2.55) is closed. Therefore (T'Q,wy) is
referred to as a presymplectic manifold, see [24]. If the determinant of the Hessian
matrix is nonzero, meaning that L is regular then w; becomes non-degenerate,

and (T'Q,wy) is called a symplectic manifold.
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Consider presymplectic manifold (7'Q),wr). Define a real-valued function on 7T'Q)
Ep - TQ — R, u— A(L)(u) — L(u), (2.56)

called as energy function. Here, A is Liouville vector field on T'Q), defined in local

coordinates as

0

Ag,4) = ¢ = 2.57
(¢,9) =4 o7 (2.57)
The energy function in local coordinates turns out to be
N GOL :
Er(q,4) =g afqi(q, q) — L(q,9). (2.58)
The following equation
lx, WL = dEL (259)

gives the presymplectic equations of motion on (7'Q,wr). If wy is non-degenerate
then we have explicit expression of the vector field X as follows

.0 . OL 0L 0
X; = ¢ — bl == —g—= — 2.
L={ o + W (8(]] q aq]aq.l> ¥ (2.60)

To see pre-symplectic structure in different frameworks, we refer to [25-27].

2.5. Lie Groups and Lie Algebras

Let G be a differentiable manifold equipped with a group structure. If group

operations of multiplication
m:GxG—G, (g,h)— gh (2.61)

and inversion

i:G—G, gr—gt (2.62)

are smooth maps, then G is called a Lie group. Let us give an example of the Lie
group.

Example 1: Let us consider M,, as the set of all n x n matrices, and GL(n) as
the set of invertible n x n matrices. This implies that the determinant of matrices

in GL(n) is nonzero, that is,
GL(n) ={A € M, : det(A) # 0}. (2.63)
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We define the following operations on GL(n). Multiplication is given by
m : GL(n) x GL(n) — GL(n), (A,B) — m(A,B) = AB, (2.64)
where AB denotes the standard matrix product. Inversion is

i: GL(n) — GL(n), A i(A)=A"1 (2.65)

The inverse of a matrix A is explicitly given by

A—l _ adJ (A)

~ det(A)’ (2.66)

where adj(A) denotes adjoint of A. With these operations, GL(n) forms a Lie
group. For more information on Lie groups, we refer to [28-31].

Now e € (G denoting the identity element of G, the tangent space at the identity
element of the group G is called the Lie algebra g := T.G of G. The Lie algebra

structure on g is determined by a bilinear bracket
[0,0] :gxg—g (2.67)

that satisfies the following properties
o Skew-symmetry: [§,n] = —[n,],
« Jacobi identity: [[¢, 7], ¢] + [[n,],£] + [[e,€],n] = 0.

The operation [e, o] is called Lie bracket on g. We refer to [32-36] for the Lie
algebras.

Example 2: Let us consider the set of all n x n matrices, denoted by M,,. This
set forms the Lie algebra of the Lie group GL(n) and is denoted by gl(n). The

algebra is equipped with the following commutator:
[o,0] : gl(n) x gl(n) — gl(n), (A,B)— [A, B]=AB— BA. (2.68)

This bracket satisfies the properties of skew-symmetry and Jacobi identity. There-

fore, this commutator operation is a Lie bracket.

We define a bilinear map on g using the Lie bracket, given by

ad:gxg—g, (&,n) = aden = [, n). (2.69)
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This map, referred to as the adjoint action, can be interpreted as the left action
of g on itself. Let us denote g* as the dual space of the Lie algebra g. The action

of g on its dual g*, called the coadjoint action, is defined as follows
ad” g xg"—g",  (adip,n) = (p,aden). (2.70)
Let g and b be two Lie algebras and let ¢ : g — b be a Lie algebra homomorphism,
that is,
ol& 0] = [6(€), o), (2.71)
for any £ and 7 in g.

Example 3: Let us consider the set of all diffeomorphisms on M by Diff(M).
The Lie algebra of Diff (M) is the space of vector fields X(M). The Lie algebra

bracket is the opposite Jacobi-Lie bracket of vector fields, that is,
ade — [X, Y]%(M) == —[X, Y]JL = —LXy, (272)

with Lx being the Lie derivative operator.

We define the dual space X*(M) of the Lie algebra as the space of one-form
densities I'' (M) ® Den(M) on M, where the pairing between a vector field X and
a dual element [I®dp is defined to be the Lo-pairing (simply multiply-and-integrate

form)

(e,8)1, : T'(M) ® Den(M) x X(M) — R,  (I1®du, X) — / (IL, X )dy.
M
(2.73)
The pairing inside the integral is that between the one-form II and the vector field

X, and du is a density (a volume form) on M.

To compute the coadjoint action of the Lie algebra onto the dual space, we perform

the following calculation

(ad (L@ dp),Y) = (I @ dy, adx Y = — / (IL, LY )dp
M (2.74)
- /M (LT + div(X)TLY )du

where div(X) stands for the divergence of the vector field with respect to the
volume form du. To write the second line of this calculation, we have used

integration by parts. Hence,
ad (@ dp) = (Lx T+ div(X)IT) @ dp, (2.75)

18



where div(X) denotes the divergence of the vector field X with respect to the
volume form du. At this point, without loss of generalization, we fix the volume

form du, so that we particularly consider a dual element as a one-form II.

2.6. Lie-Poisson Dynamics and Coadjoint Flow

Let (g, [, ®]) be a Lie algebra. The dual space g* admits a Poisson bracket, called
the Lie-Poisson bracket, which is defined to be

(4.8)(0) = {p [‘f;;} f;f] ) (2.76)

see, for instance, [6-8|, where p is an element in the dual space g*, A and B are
two functionals on g*, and the pairing on the right-hand side is the natural pairing
between g* and g. Notice also that §A/dp stands for the Fréchet derivative of
the functional A. Assuming the reflexivity on vector spaces, we view JA/dp in
g, justifying thus the Lie bracket that appears on the right-hand side of (2.76).
We note further that the right-hand side of (2.76) with the opposite sign would
still define a Poisson algebra. We shall, however, prefer the above convention and

justify our choice in the following paragraph.

Given a Hamiltonian functional H, the dynamics is governed by the Lie-Poisson

equations computed in terms of the coadjoint action as
p = —adsy5,p- (2.77)

The dual spaces g* and h* are Lie-Poisson spaces and the dual mapping ¢* : h* —
g* of a Lie algebra homomorphism ¢ : g — b is a momentum and a Poisson

mapping [8]. The relation between the coadjoint actions is computed to be
¢* o adj = adg o ¢ (2.78)

for all ¢ in g.

Lie-Poisson Dynamics for Diffeomorphism Group. Now we consider a
particle that moves according to the dynamics generated by a vector field X
defined on the manifold M. This particle motion can be lifted to the evolution of

distribution functions as follows. Consider a linear Hamiltonian functional on the
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space of one-form densities T'' (M) ® Den(M) given by
H(I ® dp) :/ (I, X )dp, (2.79)
M

where dy is a volume form. Then § H /411 being the Fréchet derivative of H with

respect to the momenta, the Lie-Poisson equation turns out to be
I ® dp = —adsp (1 © dp) = —ady (11 ® dp). (2.80)

Now we fix the volume dyu and recall the coadjoint action given in (2.75), which

gives the Lie-Poisson equation
IT = —LxIT — div(X)II. (2.81)

If the dynamics is generated by a divergence-free vector field (for example, the
case of incompressible fluid flow, or Vlasov flow), then the second term on the

right-hand side of (2.81) drops, and we obtain

IT = —LxII. (2.82)

2.7. Jacobi Manifolds

Let M be a manifold, and consider a bivector field A and a vector field £ on M.
The triple (M, A, €) is called a Jacobi manifold if the following conditions are
satisfied:

[A,A] = —2E NA, A, €] =0, (2.83)

where the brackets denote the Schouten-Nijenhuis bracket in (2.40). For further
details on Jacobi manifolds, see [37-39).

On a Jacobi manifold, there is a bilinear operation, referred to as the Jacobi

bracket, which is defined as follows:
{F,H}\Y) = A(dF,dH) + FE(H) — HE(F), (2.84)

where F' and H are smooth functions on the manifold M. We observe the bracket
in (2.84) satisfies skew-symmetry and Jacobi identity, therefore it is a Lie bracket.
However, because of the presence of the last two terms FE(H) and —HE(F) it

does not satisfy the Leibniz rule. As a result, it is not a Poisson bracket.
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Notice that if the vector field vanishes identically that is if £ = 0, then the bracket
(2.84) simplifies to {F, H}Y) = A(dF,dH) therefore satisfies the Leibniz rule.
Under this condition, the structural equations of a Jacobi manifold, as given in

(2.83), simplify. Specifically, the first property in (2.83) reduces to:
[A,A] = 0. (2.85)

This vanishing condition implies that the bivector field A defines a Poisson
structure, and consequently, the manifold (M, A) turns out to be a Poisson

manifold.

If H is a real-valued function on the Jacobi manifold M, the Hamiltonian vector

field Xy associated with H is defined as:
Xy =AN(dH) - HE (2.86)

where Af is the musical mapping obtaining by the bivector A defined in (2.34).
The relationship between the Hamiltonian vector field and the Jacobi bracket is
computed to be

Xy(F)={F HYY — FE(H). (2.87)

The characteristic distribution of a Jacobi manifold is the image space spanned
by the Hamiltonian vector fields. We say a Jacobi manifold transitive if the
characteristic distribution is onto. The characteristic distribution of a Jacobi
manifold is completely integrable. Here, the even-dimensional leaves are locally
conformally symplectic while the odd-dimensional leaves are contact, [40, 41].

This observation determines the starting point of the thesis.

2.8. Complete Lift and Jet Decomposition of Vector
Fields

We introduce several definitions of lifts for a vector field X defined on M to
its cotangent bundle, along with the jet decomposition of a vertical field. We
used these definitions to construct irreversible kinetic dynamics, such as locally
conformal kinetic and conformal kinetic dynamics. For more information about

these geometric objects, we refer to [42-47].
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Complete lift. Let M be a manifold and X be a vector field on M. The complete
cotangent lift of X is a vector field X on the cotangent bundle 7*M and defined
through

Try o X = X omyy, (2.88)

where T'my; is the tangent mapping of the cotangent bundle projection 7y [3, 48,
49]. The complete cotangent lift X* is a Hamiltonian vector field associated to
the Hamiltonian (called also as momentum) function H* = (0, X') where 0, is
the canonical one-form on T*M. It is possible to see that the complete cotangent

lifts are closed under the Jacobi-Lie bracket:
(X, Y] = [X,Y]", (2.89)

for two vector fields X and Y on M. We record the space of complete cotangent

lifted vector fields on T*M as
XH(T"M) ={X“"eX(T"M): X e X(M)} C X(T"M). (2.90)

The identity (2.89) reads the following injective Lie algebra homomorphism taking

a vector field X on a manifold M to its complete cotangent lift X *:
CX(M) — X (T*M) X — X (2.91)

If a local coordinate system (z®) is chosen on M, and the Darboux coordinates
(2% y,) on T*M, then the complete cotangent lift of a vector field X = X*09/0z*

is computed to be
0 oxt 0
X" =X — . 2.92
oxe  Ox° Yo Ya ( )

Jet Decomposition of Vector Fields. The goal here is to determine the vertical
part of a vector field. Generally, this requires a connection. Instead, we refer to
the first jet bundle to achieve this. To be more precise about the construction, we

start with the holonomic lift of a vector field.

Holonomic Lift. Start with the cotangent bundle my; : T*M +— M and consider
the first jet bundle J'T*M with the induced coordinates:

(2,9, Y2) = (2%, Ya, Oyp/0x"). (2.93)
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We define the holonomic lift X" of a vector field X on M to the cotangent bundle
T*M according to the following equation defined in terms of an arbitrary function

f on T*M and a one-form v on M as [50, 51]

XM (f) oy =Lx(f o). (2.94)

In terms of the local coordinates, for X = X?0/0x®, the holonomic lift defined in
(2.94) is computed to be

) Oy O
ERRE T (2.95)

Xhol — X9
Notice that X" is a generalized vector field since the coefficient functions depend
on the first-order jet bundle variables. The algebra of generalized vector fields

is determined by the prolonged bracket [e, ®],,. In the following, we present the

expression for the prolonged bracket of generalized vector fields.

A generalized vector field on T*M, then, is of the form

0

X =x" () pyn

As such, the first order prolongation prly of x may is given by

Apy = Do (Xe —Xb(ﬁye/(?xb)) + (82ye/8x“8xb)xb,
(2.97)

1
prix =X+A8wmam s
0(0yp/0x)
where D,. is the total derivative operator with respect to 2%, and 9%y, /dz*0z® is
an element of the second order jet bundle. Furthermore, the Lie bracket of two
first-order generalized vector fields y and ) is the unique first-order generalized

vector field is given by

+ (pr'x (%) = pr'e (xa) (2.98)

0 0
_ 1 ay 1 a 7
U mo = (o () = pr'e (X)) 5 R
We cite [13, 14, 50-52] for generalized vector fields and their algebraic structures.
Proposition 2.1: The holonomic lift operator (2.94) respects prolongation struc-

ture that is

[X, Y]hol — [XhOI, Yh01]pr07 (299>

where [, ], is the prolonged bracket.
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Holonomic Part of a Projectable Vector Field. Consider a projectable
vector field W defined on the cotangent bundle 7% M, the holonomic part HW is

defined to be the holonomic lift of its projection:
AW = ((mar) W)L (2.100)

On the cotangent bundle T*M, a projectable vector field W has the following

expression
0 0
W =W*"z)=— + W, —. 2.101
(8) 5+ Wil ) (2.101)
According to (2.100), the holonomic part of this vector field is computed to be
0 dyp, O
W =w* we —. 2.102
9 (z) oz + oz Jyy ( )

The operation $) extracts the holonomic part of a projectable vector field:
H XPO(T*M) — X5(T*M), W H(W), (2.103)

where XP/(T*M) is the space of projectable vector fields whereas the space
xen(T*M) is the space of generalized vector fields of order one.

Proposition 2.2: The operation $ in (2.103) is a Lie algebra homomorphism
HW. U] = [HW, HU]pro (2.104)

for two arbitrary generalized vector fields W and U.

Proof. To prove the assertion, we compute
HIW, U] = ((mar)o[W, U]
= [(ma) W, (mar).U])™
= [((ma0) W)™ ((700) U)o
= [SW, HU] 0,

(2.105)

where we have used the commutativity of the push-forward operation and the

Jacobi-Lie bracket and Proposition 2.1. O

Vertical Representative. To read just the vertical dynamics for a projectable
vector field W on T*M, one needs to get rid of the holonomic part inside W [50].

We call this to be vertical representative of W and define

YW =W — HW = (Wb(x, y) — W“(a:)gz‘;);%, (2.106)
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where, for W, the local expression (2.101) is assumed. The vertical representative
W of a vector field W is a generalized vector field, as is the holonomic part $HW.
Notice that U lies in the kernel of the tangent mapping 77y, of the cotangent
bundle projection, so it is a vertical vector field. We consider two projectable
vector fields W and U on T*M. A straight forward calculation gives the prolonged

bracket of vertical representatives as

[SOW,0U] = G [W, U]

pro

9B (W,U), (2.107)

pro

where the curvature 8 is a vertical-vector valued two-form

B (W,U) = [HU,BW] ., + [BU, HW] (2.108)

pro *

Therefore, we can argue that taking vertical representative is not a Lie algebra

homomorphism for arbitrary projectable vector fields.
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3. LOCALLY CONFORMAL DYNAMICS

3.1. Locally Conformally Symplectic Manifolds

A manifold M is called a locally conformally symplectic (LCS) manifold if it

admits a non-degenerate two-form €2 so that
dQ=pNQ (3.1)

for a closed (called as Lee) one-form ¢, see [53-56]. We denote an LCS manifold
by (M, Q, ¢). In terms of the Lichnerowicz-deRham differential' we can write the
equality (3.1) as

d,Q2 = 0. (3.2)

If the dimension of an LCS manifold is 2n then we determine the LCS volume-form
as
(_1)n(n—1)/2

dv=~~—2——QAN---A. (3.3)
n!

The local picture for an LCS manifold is as follows. On every local chart of the
manifold M there exists local symplectic two-form. We record a symplectic chart
as (Ua, 2). On the intersection U, N Up of two local charts, the local symplectic

two-forms €2, and g are related with
e’ = e77Qg, (3.4)

where the family of real-valued functions {o,} are the conformal factors. It is
noteworthy to see that the conformal factors satisfy the cocycle condition. That

is the conformal relations determine scalars
Ago = €7 /€% = ¢ (9870a) (3.5)
satisfying the cocycle condition

Asoday = Mgy (3.6)

TFor a closed one-form B, the Lichnerowicz-deRham differential is defined to be dgQ =

dQ — B A, see [57].
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This allows us to assemble local symplectic two-forms €2, into a line bundle-valued
two-form on M. We define a real-valued global two-form €2 using the following
local characterization:

Qo = €79Q,, (3.7)
where )|, is the restriction of the global two-form to U,. The exterior derivative

of this two-form is computed to be
dQ|, = dog N Qa, (3.8)

which is the same as the LCS two-form condition in (3.1) with the Lee one-form

¢|a = do,, defined as the exterior derivative of the conformal factor.

3.2. Cotangent Bundle and Coordinate Realizations

Assume a closed one-form ¢ on the base manifold ). We pull back this one-form
to the cotangent bundle using the cotangent bundle projection and obtain a closed
and semi-basic one-form

o = (mQ)". (3.9)
Then we take minus of LdR differential of the canonical one-form O defined in

(2.7) on the cotangent bundle 7%(Q) to arrive at the following two-form
ng = _dsﬁ@Q =—dOg+pANOg=Qg+pABqg (310)

which is an LCS two-form.
Proposition 3.1: The three-tuple (7*Q, €2, ¢) where ¢ is a closed and semi-basic
one-form, defined in (3.9), on 7%(Q) and €2, is a two-form defined as in (3.10) is an

LCS manifold.

Proof. For an open covering {U,} of the cotangent bundle T*Q, there exists a

family {o,} of local smooth functions which lead us to define local one-forms
On = € 770¢]a- (3.11)

Here, O, stands for the restriction of the canonical one-form O to the local
frame U,. In view of the identity ©¢gl|, = Oglp, the setting (3.11) reads the
equality

e’*0, = €774 (3.12)
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on the intersection U, N Ug. So, the set {O,} of local one-forms can only be
glued to a line bundle valued one-form on the cotangent bundle T*@. To show
that (3.12) is indeed resulting with the local relation (3.4), we take the exterior
derivative of both sides of (3.11). So, we have

dOg|a = d(e70,) = d(e7) A O, + €7*dO,,

(3.13)
=e7(dog N Oy — Qy),
where the local two-form €2, = —d®,. This calculation can be repeated for
another chart, say Usg, as follows
d@Q|5 = ¢%8 (dO’g N @ﬂ — Qﬂ) (314)

Accordingly, for a possible intersection of two local charts, one has the following
equality
e’ Q, = e7%Qg, (3.15)

which is the same as the locally conformal relation in (3.4). More directly, it is

also possible to validate that the exterior derivative of €2, is
dQl, = d(Q9 + @ AN Bg) = @ A Q, d,Q, = 0. (3.16)
O
The inverse of this assertion is also true. Every LCS manifold looks locally like
the one in Proposition 3.1, see [58, 59]. In this setting, since the Lee one-form
@ is defined using the cotangent bundle projection, it is determined only by the
variables on the base manifold ). So, in this geometry, one expects that the

conformal factors should be independent of the fiber (momentum) variables. This

observation will be helpful in upcoming calculations.

LCS Manifold in Coordinates. A local chart of the cotangent bundle 7@

can be determined as follows. Consider an open cover

Q=[1Va (3.17)

of the base manifold with dimension n. This local characterization can be lifted

to the tangent bundle T'(Q and the cotangent bundle 7@ as
TQ=||TVa=[|VaxR",  TQ=||TVa=|]Vax (®R",  (3.18)
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respectively. We can further identify the dual space (R™)* with R™ so that
TV, =V, x R". The Darboux coordinates (qi, pi) on T*V, reads the canonical

one-form and the symplectic two-form as
O¢la = pidd’, Qola = dq' A dpi, (3.19)

respectively. In this picture, the local one-form O, defined in (3.11) turns out to
be
Qo =1idg’,  Tii=e ;. (3.20)

As presented in (3.10), the Lee one-form is a semi-basic one-form on the cotangent
bundle framework. So, without a loss of generality, we can assume that the local
function depends only on the coordinates (¢°) of the base manifold Q). That is
0o = 04(q). In accordance, we take the minus of the exterior derivative of the

local one-form ©, in order to compute the local symplectic two-form €2, as
: ) 1 ) )
O = —dO, = dg' A dr; = e~ (dq’ Ndpi+ SAydg Adg). (321)

Here, we have defined a skew-symmetric tensor field

o
Ai' = YiP; — PjDis Pi = 0.4. 322)
J j j aq (

Later, we have a global real-valued two-form €2 whose restriction to the open chart

TV, is
) 1 . .
Qola = €7Q = Qgla + Ala = dq" N dp; + §Aijdq2 Adg’. (3.23)
See that the first term on the right-hand side is the canonical symplectic two-form

(2o whereas the second one is precisely ¢ A ©¢. Therefore, the local realization

fits very well with the global definition of €2 in (3.10).

In summary, we have two sets of coordinates on T*V,, (q¢’, p;) is the Darboux
coordinates for the canonical symplectic two-form Qg = dgq' A dp; and the other

is (¢*,r;) which is the Darboux coordinates for the local symplectic two-form
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Q. = dq' A dr;. The following diagram summarizes the situation in one picture:

QQ|O¢
(3.19)
_dT twist (3.10)

O¢la ~d, Qe la
(3.19) (3.23)
O —d Q.
(3.20) (3.20)

We cite [59] for Darboux-Weinstein theorem for LCS manifolds.

3.3. Locally Conformally Symplectic Hamiltonian Dy-

namics

Consider the LCS manifold (M, ,¢) admitting local symplectic structures
(Ua, Q24) with conformal factors (0,). For a local Hamiltonian function H, on U,,

we write local Hamilton’s equation as
tx,2 —dH, =0, (3.24)
where X, is the local Hamiltonian vector field. Assuming the local equality
e’“H, = e’ Hg (3.25)

on the intersection U, N Ug, we can glue local Hamiltonian functions to a section
of the line bundle over the LCS manifold. Instead of line-bundle valued functions,

we can glue the following local functions
H|, =¢€°"H, (3.26)

those constructing a real-valued function H on T*Q). Here, H|, is the restriction
of the global Hamiltonian function H to the local chart U,. This observation
permits us to glue the local Hamilton’s equation (3.24) to the LCS Hamilton’s
equation

L, = d H. (3.27)
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Here, the LCS Hamiltonian vector field £ is obtained by gluing together the local
Hamiltonian vector fields X, in (3.24), such that

ila = Xa- (3.28)

Notice that if the one-form ¢ encoding the local conformal structure is zero then
LCS Hamilton’s equation (3.24) reduces to Hamilton’s equation (2.19) in the

symplectic framework.

LCS Hamiltonian Dynamics in Coordinates. We start with the local
Hamiltonian dynamics X, in (3.24) generated by a local Hamilton function
H, = Hu(q¢",r;) in terms of (¢, r;) coordinates which is the Darboux frame for
the local symplectic two-form §2,. We shall glue the local systems to arrive at the
LCS Hamiltonian dynamics (3.27) in terms of (¢’, p;) coordinates.

Proposition 3.2: In terms of the Darboux coordinates (¢’,p;) of the canoni-
cal symplectic structure on the cotangent bundle T*(Q), for the LCS manifold
(T*Q, 2y, ¢), the LCS Hamilton’s equation (3.27) is expressed as:

dg'  0H|, dpi__aH]a_AHGH]a
dt  Op; at  Og Y Op,

+ Hla%’, (329)
where the covariant quantity A;; is as defined in (3.22).

Proof. Consider Hamilton’s equations on the cotangent bundle T*V,, computed

to be as
dq B 0H, % B _8Ha
dt — Or;’ dt  Og¢

Next, we write the dynamics in terms of the Darboux coordinates (¢*, p;). As the

(3.30)

first step, we recall the local realization of the global Hamiltonian function in

(3.26) and write this as
Hlo(d',pi) = €™ Ha(d',3),  rmi=e " (3.31)

Referring to this identification, the first system in the local Hamilton’s equation

in (3.30) reads

dqz 9 —0 1) —0 9 1)
— = (e Hlo(q",pi)) = e - Hlo(q', i)
o OHlaOpy __, 0Hla . _ 0H| '
apj dr; B Op; B opi
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For the latter equation in (3.30), we examine the left-hand and the right-hand
sides one by one. On the left-hand side, we get

dTZ‘ d —0a o —Ca
a a(e pi) = —e (@jpi

dg? dpz‘) — o 0a (% l% dpi) (3.33)

At dt Pop, Tt

whereas for the right-hand side we compute

0H, o (8H|a
=€

OH|.
o _ 2 piHla D). 3.34

Ip;
By collecting the calculations done for the right-hand side and the left-hand side,

we write the second equation in (3.30) as

dpl 8H|a 8H|a

4 Hlogr. (3.35)

Eventually, we arrive at (3.29) recording coordinate formulation of the LCS

Hamiltonian dynamics. O]

Gluing Up the Local Canonical Poisson Bracket. Consider the LCS manifold
(T*Q, %y, ) with a local space T*V, with coordinates (¢*,r;). In this realization,

we note the local canonical Poisson bracket as

_ OF,0H, OF,0H,

F,, H,} = —¢ — = 3.36
{ ) }a 8ql ari ari an ( )
Recalling the relationship between the global and local functions
F|a(qi7pi) = eaaFa<qia ri)a T, = e_aapi (337)
as well as the change of basis
0 0 0 0 0
7 pi—, = % 3.38
¢t Oq b Op; or; ¢ Op; ( )
we compute
OF|, OH| OF|, 0H| OF| OH|
e Fy, H WO =220 102 % 4 (2 Hl|o — ——2F|4
¢ J a¢ opi o o " ( Op; | Op; ) (3.39)
L 4 OFl. o, '
Y Op; Op; '

We define a global bracket whose restriction to the local chart is defined as
(F, H}FC9), := 7 F,, H,}'¥. (3.40)
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On the other hand, consider the LCS Hamiltonian vector field £ defined in (3.27).
Referring the LCS Hamiltonian dynamics (3.29), we can express the vector field

£y in the local coordinates (¢', p;) as

0H|, 0 0H |, 0H |, 0
We compute the LCS two-form 2 as
) 1 ) )
Qo = €70y = Qgla + Ala = dg' Ndp; + §Aijdq’ Adg’. (3.42)

For the LCS manifold (T7*Q, Q,, ¢), the induced Jacobi pair (A, Z,), given re-
spectively in (3.49) and (3.50), the coordinate characterizations are computed as

follows:

9qt " dp; 2 Yap; " op T 2 on;

Remark 1: An explicit example of locally but not globally Hamiltonian system

A (3.43)

was studied earlier in [60], see also [12] and [61]. Suppose a dynamical system in
three dimensions represented by a vector field v can be written in terms of some
one-forms a, 3,7 as

L(¥1) =da=~yANp. (3.44)

On an orientable three-manifold, this means that v is a curl vector with a non-
integrable potential «

aNda=aANBANy#0 (3.45)
because the right-hand side is a volume. This system is locally bi-Hamiltonian if
YANdy=FNdB =0 (3.46)

which are manifestations of Jacobi identity in three dimensions under the identifi-
cation

B = pida’, B = e A" (3.47)

of one-forms and Poisson tensors. The integrating factors that turn § and ~ into

Poisson structures can only be defined locally
die 2l eg)y =0, d(e/y) =0 (3.48)

by choosing the parametrized path to integrate the non-integrable potential o of

V.
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3.4. Locally Conformally Symplectic Manifold as a
Jacobi Manifold

Consider an LCS manifold (M, €2, ¢). Whether referring to the almost symplectic
two-form €2, or to the local symplectic two-forms €2, defined on the local charts,

it is possible to show that M is a Jacobi manifold.

Starting with the global definition of LCS manifolds and referring to the inverse

mapping €2 of the musical mapping, we introduce the Lee vector field as
Z, = Q(p). (3.49)

Next, we define a bivector A on M. For two elements ¢ and v of T''(M), we

construct the bivector field as follows
A(¢,v) = QQHC), X (v)). (3.50)

We cite [62] for the proof of the following proposition.

Proposition 3.3: An LCS manifold (M, 2, ¢) is a Jacobi manifold with the pair
(A, Z,) where A is in (3.50), and the vector field £ is the Lee vector field Z, in
(3.49).

Accordingly, an LCS manifold (M, €, ¢) admits a Jacobi bracket of two functions
determined through

{F, H}\*C9) = N(dF,dH) + FZ,(H) — HZ,(F). (3.51)
We can express the restriction of the Jacobi bracket on a local chart U, as
{F, H}"O9)|, = e7{F,, Ho} (3.52)

where the bracket on the right-hand side is the canonical local Poisson bracket

defined using the local symplectic two-form €2,,. It is possible to see that

Qér, En) = {F, H}OY. (3.53)

Local Reversible Motion to Global Irreversible Motion. Let us deduce

the LCS (Jacobi) bracket in (3.51) starting with the local canonical Poisson
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bracket. This may be a way to see how local reversible motion is related to the
global irreversible motion. Assume local symplectic space (U,, §2,). For two local

functions F, and H,, we write the local canonical Poisson bivector field as
{F,, H,}'Y) = Ay (dF,,dH.,). (3.54)

To have a global picture we further assume that there exits global functions, F

and H, and their local characterizations are in form
F|, =€’ F,, H|, =¢"H,, (3.55)
respectively. The definition in (3.54) brings out the direct calculation

{Fa, Ha}'?) = Ao(dFy, dHo) = Ao (d(e ™7 Fla), d(e ™" H|o))
= A, (e_”adF|a —e %F|odoy, e °*dH]|, — e_”aH|ad0a)
= e 2 Ao (dF|o = Fladoa, dH |, — H|adoy) (3.56)
= e 2 Ao (AP o, dH|o ) — € Ho Ao (dF o, dow)
— e 2 F| A, (daa, dH|a).
The bracket {F,, H,}®) on the left-hand side of the calculation reads a local
function, referring to the policy (3.55), we need to multiply the bracket with e

to make it a local function which can be glued up to a real-valued global function.

Accordingly, we rewrite the result of the calculation (3.56) as

e {Fo, Ho} (¥ = €77 Ao (dF o, dH|o) — €= H]o Mo (dF o, do,)

(3.57)
—e 7 FlaAs (daa, dH|a).
We introduce the following identifications
Ao i=€e77A,, Zsla = tagaNla- (3.58)

Substituting these identifications into (3.57) gives exactly the LCS bracket (3.51).
Note that the local-global bracket characterization in (3.52) holds true for the

present construction as well.

Divergence of LCS Hamiltonian vector field. In terms of the Lee vector

field, we can write the LCS Hamiltonian vector field as
¢y = QdH) — HZ,. (3.59)
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A constant Hamiltonian function determines non-trivial dynamics. For example,
for the Hamiltonian function H = —1, the LCS Hamiltonian vector field is precisely
Lee vector field {1 = Z, and it is far from being zero if ¢ is not zero. Further, a
non-constant Hamiltonian function H is not conserved along the locally conformal

Hamiltonian motion. One computes
én(H) = —HZ,(H). (3.60)

Additionally, it is important to note that the LCS two-form is not conserved along

the LCS Hamiltonian motion. To see this, we compute

Loy (9) = diey () + 16,02 = ddoH + 16, (2 A )
=—dH AN @+ (te; )2 — 0 A 1, Q
EH EH (3.61)
=—dHNp+ (te, ) — @ A (dH — Hyp)
= —dH N+ (1gy )2 — p NdH = (p,{m)Q

The non-degeneracy of LCS two-form 2 manifests the existence of a volume-form.
If the dimension of an LCS manifold is 2n then we determine the LCS volume-
form in (3.3). Concerning LCS volume-form (3.3), the divergence of the LCS

Hamiltonian vector field is computed to be

div(&n) = n{p, &u). (3.62)

3.5. Locally Conformal Lagrangian Dynamics

Let us present locally conformal Lagrangian dynamics. To accomplish this, we
begin by recalling the classical form of the Euler-Lagrange equations. Additionally,
we continue our investigation of the geometrical construction and coordinate
system introduced in the previous subsection. Accordingly, we operate within the

framework of the local trivialization T'V,, = V,, x R™ of the tangent bundle 7'Q).

Euler-Lagrange Equations. We consider a local Lagrangian function L, =
Lo(q", ") on the local tangent bundle TV,. We define the local fiber derivative
from TV, to T*V, given by

i 8L“). (3.63)

Flo: TVa —TVor  (d"d) > (0r) = (0 5
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Recall the local one-form O, = r;dg" defined in (3.11) on the trivial cotangent
bundle T*V,. We pull this one-form back to the local tangent bundle using the
local fiber derivative and then arrive at the local Poincaré-Cartan one-form

ot T g

0, =FL:O, (3.64)

Using this local one-form, we can define the local Poincaré-Cartan two-form
we =FL:Q, =—-FL dO, = —dFL’ 0, = —db, (3.65)

on T'V,. In coordinates we have

0?L , - 0L
= —"dq" Nd¢’ —
ogiag " " Bioq

dg' A dg. (3.66)

Wq

This local two-form is closed but not necessarily non-degenerate. It is non-
degenerate if and only if the rank of the Hessian matrix [0*L,/d¢'0¢] is the

maximum. In this case, w, turns out to be a local symplectic two-form on T'V,.

The local energy function Ej for a given local Lagrangian function L, is defined

by means of the Liouville vector field A as

.0
Ep, = A(Ly) — Ly, A=¢—. (3.67)
oLk
We introduce the following covariance relation
Ly, Wa = dELa (368)

on the tangent bundle T'V,,. This equation reads the local Euler-Lagrange equations

ddL, 0L,
dt 9¢ o

(3.69)

It is noteworthy that, to determine a local vector field that generates the local
Euler-Lagrange equations, the non-degeneracy of the local Lagrangian function

L, is necessary.

Locally Conformal Poincaré-Cartan Forms. As we have announced previ-
ously, the tangent bundle T'Q) is assumed to be covered by local charts T'V,,, and
on each local chart, we have local Lagrangian functions. We assume that, on
intersections, say 1V, NT'Vg, the local Lagrangian functions satisfy the following
conformal relation

e’ Lo =€ Lg (3.70)
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for a family of smooth functions {o,}. This construction reads that the local
Lagrangian functions { L, } cannot be glued up to a real-valued Lagrangian function
on the tangent bundle T'Q). Instead, these local functions define a line-bundle
valued function on 7'Q). On the other hand, it is immediate to see that multiplying
the local functions by conformal factors, the ones in (3.70), read a global real-valued

function L on T'Q). The restriction of L to an open chart TV, is

Llo = €% L. (3.71)

This local-to-global realization is also true for local Poincaré-Cartan forms. Notice
that local Poincaré-Cartan forms defined as (3.64) are related with conformal

factors on the intersection 7'V, NT'Vj. That is
e’*f, = e7%p. (3.72)

In light of this observation, we can argue that the local Poincaré-Cartan one-forms
can only be glued up to a line bundle valued one-form. Again, following the
same argument, we see that multiplying the local Poincaré-Cartan one-form with
conformal factors results in a global Poincaré-Cartan one-form 6y on T'Q). To see

this, we propose the following
Orla =FL|%(Ogla) = FL|(7°0,) = e?°FL|.(0,) = €70, (3.73)

where we denote exp(o,) o FL|, = exp(o,) by the abuse of notation. In other

words, we have the relation

0, OLlq
g’
where 0|, is the restriction of the one-form defined on T'Q) to the chart T'V,.

O, =e0rla=¢ dq’, (3.74)

Accordingly, we have that local Poincaré-Cartan two-forms are related as

e’*w, = e’Puwg, (3.75)
and we define local two-forms

Wyla = 7wy (3.76)

that can be glued up to a real-valued two-form. Note that the minus of the

exterior derivative of 0|, gives the following two-form

Wrla = —dlp|a = —d(e7%0,) = —€°“dog, N Oy — €7°dl, = —dog N €70, + 7w,
(3.77)

38



The global realizations of each term give that
we =wr + A0 (3.78)
while in terms of the Lichnerowicz-deRham differential we have
Wy = —d,0r. (3.79)

This two-form is locally conformal Poincaré-Cartan two-form. We present the

discussion in the following commutative diagram.

wL’a

(3.77)

4 twist (3.78)

0L|o¢ —dy wg0|oz

(3.73) (3.79)
0, —d We,

(3.64) (3.65)

Let us glue up the Euler-Lagrange equation (3.68). First, by gluing the local
energy function, we get

EL|a = GJO‘EL&. (380)

Using (3.76) and (3.80) in the local Euler-Lagrange equation (3.68) we arrive at
the locally conformal Euler-Lagrange (abbreviated as LCEL) equation

lg, Wy = deEL (381)

where the vector field &, is the global picture of the vector field Y,. In the
following proposition, we record the local characterization of the locally conformal

Euler-Lagrange equation, see also [63].
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Proposition 3.4: In the induced coordinates (¢*, ¢*) on the tangent bundle T'Q,
the locally conformal Euler-Lagrange equations (3.81) are

d 0Lla, OLl. Ll
i\ og ) "oy~ o )

Proof. Referring to the relation (3.71) and assuming that o, = 0,(g) we compute

OLo 0L, OLla 0Ll OLa
S T i =e 9 (3.83)

pi = €% = e

The (inverse) Legendre transformation reads the associated Lagrangian function

L], for a given Hamiltonian function H|, as

Lla(q',¢") = € La(q',¢") = ¢'e"ri(q,4) — Hlalq', e*1:(q, 4)) (3.84)

then we have the partial derivative as

6L|a o > (373- 8H] 8H\a( o ( ) L 87"1) aH’a
— =g e P et— ——F——— ——|e"*p;rlq, et—)=— —.

aq] q SOJ q 8(]‘7 aqj apl SOJ q q aq] aqj
(3.85)

These two equations give us that L|, is the (inverse) Legendre transformation of

the Hamiltonian function H|, by the relation

Lla(q,4) = 4'pi — Hlal(q,p). (3.86)

One way to obtain the equation of motion for the Lagrangian function is to use

the Euler-Lagrange equation (3.69) as

d 0Ly, 9L, d de L],

( ) ( B de 7L,
dt* 0gt d¢t  dt*  Og '

0q*
) Lo, d OL|a L.
— Oq _ A . —
e < 0id ( oq )+ dt( o )+ il o7 )

So we have the local realization of the locally conformal Euler-Lagrange (abbre-

)
(3.87)

viated as LCEL) equations as in (3.82). Another way is arrive at this system
of equations is to substitute the relations (3.83), (3.84) and (3.85) into the LCS
Hamilton’s equation (3.29). O

Variational Analysis of LCEL Dynamics. We elaborate the variational

foundations of LCEL dynamics. First, introduce the local action integral

Salq) = / b La(q,q)dt (3.88)
4
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referring to the local Lagrangian function L,. Then substitute the local-global
relation (3.71) into the integral. This turns the action as a functional defined on

the global function L. Accordingly, we compute the variation as

b
§ | La(g,q)dt =0 [ e ™9DL|,(q,q)dt

a a

b L N ]
_ <—e°’a( a"“m 8¢+ e o0 @ |C“5 i 4 eoal@) 8aq|i 5q">dt

b a0 _ ] o yOL|o I
— — Ja( UOé(q) @ Ua( ) a6 )
/< e 8’L|5 '+ e o0 5q>dt—|— Tqi qa
b 8L| Oo,, .. 7 8L| 4
- ~oale) T20a B0 j | —oule) £ T2y 5 ‘)dt
[ (- oi op T og )

N 80 OL|, dOL|a OL|a00q .\ ;
— (= o o« ¢04 o 990 i) 5 ’>dt.
/ ot o " diog T og og ?)

(3.89)

Then the fundamental theorem of calculus of variations gives that the variation of

the action integral is zero if

d 0Ll OL|y  OL|y00q g 0o,

dt 8¢  o¢ 0§ og Ll g

Ll (3.90)

which is precisely the locally conformal Euler-Lagrange equations in (3.82). See

that when the conformal factor is zero, we obtain the Euler-Lagrange equations

doL 0L
dt 0¢*  O¢*

— 0. (3.91)
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4. DISCRETE DYNAMICS ON LOCALLY CON-
FORMAL FRAMEWORK

4.1. Discrete Lagrangian and Discrete Hamiltonian

Dynamics

In continuous dynamics, Lagrangian function is defined on the tangent bundle 7'Q).
In this case, solving the Euler-Lagrange equations (2.46) involves determining a
smooth curve ¢ = ¢(t) in Q. This curve, along with its velocity (q(t),q(t)), is
substituted into the Lagrangian function to achieve an extremum of the action
integral. We cite [64—67] for more details on the discrete formulations presented

in this subsection.

To discretize the Lagrangian dynamics we replace the role of the smooth curve
with a finite sequence of points. For example, let a,b € R and a < b then define
the step h = (b — a)/N, where N is the number of divisions, that is the number

of elements in the finite sequence. We determine such a sequence by

[a] = (da =qo,-- -, q = qn). (4.1)

Here, the bold notation stands for ¢ = (¢*). In the discrete framework, the
Lagrangian function is substituted by a discrete Lagrangian function L% : Q x Q —

R which is an approximation to the exact discrete Lagrangian

I (anae) = [ Lia(), a(o)d, (4.2)

where q : [t, ty1] — @ is the solution of the continuous Euler-Lagrange equation
with boundary conditions q(¢,) = q. and q(tx+1) = Qey1- In the following
proposition we state discrete Euler-Lagrange equations, see, for example, [64].

Proposition 4.1: The discrete Euler-Lagrange (dEL) equation, arising from a

discrete Lagrangian function L9, is

Dy LH(qu—1,dx) + D1 L% (qr, qus1) = 0, (4.3)

where D; denotes the partial derivative with respect to the first argument whereas

D, is the partial derivative with respect to the second argument.
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Proof. Let us write action sum for discrete Lagrangian L? as the following finite

suin:

SY([a)) = i L (A, Ques1)- (4.4)

k=0

We take the variation of this action and endow the discrete variational principle
55%(q) = 0. This gives us the equality:
N-1
6Sd(q> = Z (DlLd(qm qn+1)6qn + D2Ld(qm qn+1)5qn+1) = 0. (45)
k=0
Considering that at the boundary the variations are identically zero that is
0qo = 0qy = 0, we have the following expression:
N—1 N—2
Z DlLd(qm qfﬁ—l)éqn + Z DQLd(qm qfﬁ-l)éqfﬁ-l =0. (46)
k=1 k=0

In the second term, we change x with x — 1 in order to take the whole expression

into the parenthesis of dq,. This reads

N-1
Z (DlLd(qf{a qn—i—l) G D2Ld(q/€—17 qﬁ))aqﬁ = 0 (47)
k=1

For each point in the sequence, we get the discrete Euler-Lagrange equation

(4.3). O

The Discrete Legendre Transformation. As in the case of continuous dynam-
ics, we employ the Legendre transformation to pass from the discrete Lagrangian
dynamics to the discrete Hamiltonian dynamics. In the discrete case, we have the

right and left Legendre transformations
FEL4:Q x Q — T*Q (4.8)
given respectively by

F+Ld(qm qff-‘rl) = (q/i—i—l; DZLd(qm qn—l—l))a
F_Ld(qm qn+1) - (qm _DlLd(qm qn—i—l))-

We determine the momenta as the second entry of the image space of the discrete

(4.9)

Legendre transformations. Accordingly, we have the right and the left momenta

as
+ d
Prx - D2L (qn7qﬁ+1)7
o (4.10)
Prsp1 = —D1LY(dx, Quta),
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respectively. See that from the discrete Euler-Lagrange equation (4.3) we can

define momenta depending on a single point as

Pr =Py 15 = Pri1- (4.11)
Accordingly, we can write

Px = _DlLd(qmqn 1)7
! (4.12)

Pr+1 = DQLd(qHJ Qt1)-
In the continuous case, the Legendre transformation is non-degenerate if the
Lagrangian function is regular, meaning that the rank of the Hessian of the
Lagrangian function is at its maximum. To analyze this phenomenon in the

discrete case, we introduce discrete (right and left) Poincaré-Cartan one-forms:

0+ = Dng(qK, qm+1)dqm+1>
0~ = —DlLd(qm qn—l—l)dqn-

The exterior derivatives of these one-forms coincide and determine the discrete

(4.13)

Poincaré-Cartan two-form as

wd(q/m qf{-ﬁ-l) — _dei =5 _DIDZLd(qm qn—s—l) dq,{ A dq,ﬁ_l. (414)

The discrete Legendre transformation (4.8) is a local diffeomorphism if the discrete
Poincaré-Cartan two-form is non-degenerate (hence symplectic). In this case,
the discrete Lagrangian function is called regular. We determine the discrete

Hamiltonian dynamics under this assumption.

For a regular discrete Lagrangian function L%, referring to the Darboux coordinates,
we define the right discrete Hamiltonian function as the difference between the

coupling function and the discrete Lagrangian function as

Hd+(qm pfﬁ-l) = Ps+1 " Qr+1 — Ld(qm qn-f—l)' (415)

On the other hand, we define the left discrete Hamiltonian function as the difference
between the minus of the coupling function and the discrete Lagrangian function
as

H* (Qus1,Px) = —Pr - Ax — L (A, Q1) (4.16)
The following proposition presents the discrete Hamiltonian dynamics for both

the left and right Hamiltonian functions.
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Proposition 4.2: The right discrete Hamilton’s equations generated by the right
Hamiltonian function (4.15) are

Qk+1 = DQHd+(qH7pR 1)7
’ ’ (4.17)

Px = DlHdJr(q/m pn—i—l)a
whereas the left discrete Hamilton’s equations generated by the left Hamiltonian

function (4.16) are

qH:_D Hd_ dr+1,Px)s
AH (G, ) (4.18)

Prt1 = —Di1H* (Quy1, Pr),

where D, denotes the partial derivative with respect to the a-th entry.

Proof. We consider the right Hamiltonian function (4.15), then take the partial
derivatives of it with respect to its first entry q, and its second entry p,y;. This

gives us

DlHd+<qm pH+1) = _DlLd(qm qn—i—l)
(4.19)

D2Hd+<qm pﬁ—i-l) = Qk+1-

Substituting the momentum definition from (4.12), we obtain the right discrete

Hamilton’s equations (4.17).

On the other hand, in the left case, we compute the partial derivatives of the left
Hamiltonian function (4.16) with respect to its first entry q,41 and its second
entry pk, yielding:

DlHdi (qn+17 pn) = _D2Ld(qm qli‘i’l)

DQHd_ (qfﬂ+17 pH) = —Qk-

(4.20)
Substituting (4.12), we derive the left discrete Hamilton’s equations (4.18). [

4.2. Locally Conformal Discrete Lagrangian Dynamics

In this subsection, we generalize the discrete dynamics discussions presented in the
previous subsection to the locally conformal framework. In this novel construction,
we start with elaborating the discretization of the locally conformally Euler-

Lagrange (LCEL) dynamics given in Subsection 3.5.
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For a manifold @), we assume an open covering as in (3.17), consisting of local
charts {V,}. For each local chart V,,, we define the discrete local Lagrangian

function L2 on the product vector space V,, x V,, as follows
LYV, xV, —R. (4.21)

Referring to Proposition 4.1 and the dynamical equation (4.3), we express the

local discrete dynamics generated by this local discrete Lagrangian as
DL (a1, x) + D1 LE(s, Quy1) = 0. (4.22)

Recalling from the construction in Subsection 3.5, we assume locally conformal
character determined by the family of scalar functions {o,} so that the local

discrete Lagrangian functions are satisfying
e’ Le = e’ L (4.23)

on the intersection V,, N V. Following (3.71) in Subsection 3.5, we define a global
discrete Lagrangian function L? on the whole manifold @ whose local realization
Is

LY, = e~ L2 (4.24)
The following proposition establishes discrete dynamics in terms of the global dis-
crete Lagrangian function L¢, presenting the discretization of the locally conformal
Euler-Lagrange equations (3.82).
Proposition 4.3: The discrete dynamics generated by the global discrete La-
grangian function L defined in (4.24) is given by:

e (@) =001 D, 9| (qe1, Q) (4.25)

= D0a<qn) : Ld‘a(qm q/~:+1) - DlLd‘a(q/m qn+1>7

where D, denotes the partial derivative with respect to the a-th entry whereas

Do, is the partial derivative of the function o,.

Proof. We begin with the discrete action
N-1

SU([al) = > Li(ax, dur1) (4.26)

k=0
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where L¢ represents the local discrete Lagrangian function. To write the action
sum for the global discrete Lagrangian function, we substitute (4.24) into the
discrete action (4.26) yields

N-1
SUlal) = Y- eI LY (qu, Anra). (4.27)
k=0

See that the action sum takes different values for different sequences. The variation

of the action is computed to be

N-1

5Sd([q]) = Z (_e_ga(qm)Daa(qn)Ld|a(qm qn+1)5qm
k=0

_ 4.2
+e Ja(qN)DlLd|a(qm qm+1)5qf@ ( 8)

+ 6_0a(qN)D2Ld|a(qm qm+1)5qm+1)-
In order to extremize the action sum, we set 45%([q]) = 0 while fixing the boundary

conditions: dqg = 0 and dqy = 0. Accordingly, we obtain

N-1
> e @) (= Do () Lo (Aes Qes1) + D1L%a (A, Aur1))da
k=1

. (4.29)
+ Z eioa(qK)DQLd’a(qm qn+1)5q/€+1 = O
r=0
By relabeling x with x — 1 in the last term we write
N-1
Z <€_0a(qﬁ)<_D0a((ln)Ld’a<qm Qu1) + DlLd’a(qm Qst1))
k=1 (430)
+ e_ga(qm_l)DZLd|a<qnfly q/ﬁ)>5q/€ = 0.
Thus for arbitrary dqy, the equality holds if (4.25) is satisfied. ]

We call (4.25) as discrete locally conformally Euler-Lagrange (dLCEL) equations.
It is noteworthy that if there is no locally conformal character within the setting,
meaning L|, = L, then Proposition 4.3 aligns with Proposition 4.1, and the
discrete locally conformally Euler-Lagrange equation (4.25) reduces to the discrete

Euler-Lagrange equation (4.3). The following diagram summarizes this discussion.

LCEL o0 EL
(4.31)
(3.82) (2.46)
discretizationi discretizationi
dLCEL o0 dEL
(4.25) (4.3)
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The Discrete Legendre Transformation. For a local chart V,, we introduce

the local right and left Legendre Transformations as
FELE  V, x V, — T*V, (4.32)
given explicitly by

F+Li<qmqn 1) - (ql-i lar,—:,@ - DQLi(qqu 1))7
+ + ,k+1 + (433)

F~ L& (A, Qt1) = (Ao T = — D1 L8 (s Qer)),
respectively. Here, TZH +1 represents the right local momenta, while r_, ., denotes
the left local momenta. To express the discrete Legendre transformations in terms
of the global discrete Lagrangian function L¢, we utilize the identification (4.24)

and substitute it into the definitions of local momenta. Consequently, we obtain

I‘:K+1 e e_Ua(qﬁ)D2Ld‘a<qH’ q/@+1>, (4 34)

r;,{+1 = efaa(q,i) (Daa(chi> : Ld‘a(qu q/-chl) e DlLd|a(qm q/{Jrl))-
Under dLCEL equation (4.25), and after a parameter shift, the right and the left
momenta turn out to be the same and this results in the following definition

+
K

Ty =T, g, =T 00 (4.35)

Recall that in the continuous case, there exist two sets of momenta in a relation
given by r; = e %p,;. This is depicted in (3.20). Motivated by this, and following

the order in (4.34), we define two new sets of local momenta

+ — UQ(QN) + — D Ld
p,‘i K € r/{,/{ 2 ‘a(CIm qﬂ+1)'
o o (4.36)
pf:,/{-‘rl = eaa(qN)r;n+1 = Do—a(qn) : Ld|o¢(qm qfﬁ-l) - DlLd|o¢(qm q,‘{-‘rl)'

A naive shift of parameters is not enough to define a momenta p depending on a

single point. More precisely one has that
P = e"“(q”)f"“(qﬁ—l)piilﬁ = Prsil: (4.37)

It is immediate to see that r-momenta in (4.35) and p-momenta in (4.37) are
related as

r, = e 7@)p, (4.38)

as we expected.
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Poincaré-Cartan Forms. Referring to (4.13), we pull back the local canonical
one-form O, in (3.20), defined on the cotangent bundle T*V,,, to the product
space V,, x V,, via the right and left Legendre transformations (4.33). Then, in a
respective manner, we define the right and left local Poincaré-Cartan one-forms

for the local Lagrangian function L, as follows

Qi = ]FJrLg(@a) = D2Li<qm qn+1)dqn+1a
(4.39)
9; = F_Li(@a) = _DlLi(qmqfﬁ-l)dqm-

Exterior derivatives of these one-forms coincide and determine local Poincaré-

Cartan two-form

wh = —dbF (4.40)
This is a symplectic two-form if the local Lagrangian function is regular.

Let us use the discrete Legendre transformations to elucidate the locally conformal
character of Proposition 4.3 and the dLCEL equation presented in (4.25). We do
this for the right Poincaré-Cartan one-form the left case is more or less following the
same lines of calculation. Referring to (4.24), we write the right Poincaré-Cartan

one-form in terms of the global discrete Lagrangian function as

0F = Dg(e_”"(q’”‘)Ld|a(Qm drt1))dds i1

(4.41)
_ e*U“(q”)Dngh(CIm Aot 1)1

This one-form fails to be global as in the continuous case. To have a global one
we introduce a one-form #%* whose restriction to V, is

0|0 = €705 = Dy Lo (qlx, Qus1)dQlir1- (4.42)

Taking the negative exterior derivative of this one-form we obtain a global two-form

W = —d0™ |y = =7 df} — W do,(q,) A O]
(4.43)
= ¢%(ax) (w;L — doa(qx) A 9::)
We introduce discrete locally conformally Poincaré-Cartan two-form as
Wi+|a — eaa(QR)w;" (444.)

where w?" |, denotes the restriction of wl* to local chart T'V,,. Referring to (4.43),

it is a direct observation to see that
Wl = w|o + doa(ae) A0, (4.45)
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is satisfying the LCS two-form construction in (3.10).
Proposition 4.4: The discrete locally conformally Poincaré-Cartan two-form wfi*

defined in (4.45) is a LCS two-form with the Lee one-form is do,.

Proof. Let us now perform the following calculation to assure once more that
the discrete locally conformally Poincaré-Cartan two-form wi* is indeed an LCS

two-form:
wi+|a - _d<D2Ld|a(qm qn—i—l)dq;-c+1)

+ do—a(qn) A DQLd‘Oz(clm CIn+1>dqn+1

LY, : 02L4, ; : 4.46
= O g gy - e g ndg,
aqnaq/{+1 6qn+18q/{+1
Doy OLY, | :
S ——dq’. Ndq. 4.
oq;, aqug-i-l y
Then we take the exterior derivative of this explicit expression as
Do, O?LY ; ;
dwit|, = == ———"—dq., Addq’. A ddq]
1 G agaqr,, e
00o . . 0%L4, ;
7% dqt, A (—7|< da,, N dq) ) (4.47)

L 04,0},
= do,(qe) A wT]a.
reading that that the discrete locally conformally Poincaré-Cartan two-form

satisfies the LCS two-form condition in (3.8). O

4.3. Locally Conformal Discrete Hamiltonian Dynam-

ics

We have defined the discrete locally conformal Euler-Lagrange equations (4.25) in
Proposition 4.3. We have also determined the right and left Legendre transforma-
tions F£L2 in (4.33). In this subsection, our goal is to derive discrete versions of

the right and the left discrete Hamiltonian dynamics exhibited in Proposition 4.2.

Let us start with the local picture first by concentrating on the plus momenta.
Accordingly, we pass to the Hamiltonian picture applying the right discrete Legen-
dre transformation to the discrete locally conformally Euler-Lagrange equations

(4.25). At first, we introduce the Hamiltonian function for r-momenta as

+
H;i (%rml) =Tgr41 Q41 — Li(% q,{+1). (4-48)
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A direct computation reads the local right discrete Hamiltonian dynamics in terms
of the r-momenta as

Qr+1 = D2H2+<q/<;7 Tii1),

ry = Dng+<qn7 Tpt1)-
We assume the locally conformal character for the local discrete Hamiltonian

functions. Motivated by the continuous case depicted in (3.31), we take
e HIt = e’ HY" (4.49)

on the intersection of the tangent bundles TV, N T'V;. The equality determines
an obstruction to glue up local functions { H%} to a real-valued function on the
cotangent bundle T*(). However, the same identity determines a global discrete
Hamiltonian function H? whose local characterization is given by in terms of the
p-momenta as

O \dk +
Hd+|o¢(CImpn+1) =€ (a )Hd (qmrn—i-l)' (45())

Here the r-momenta and the p-momenta are related as shown in (4.38).
Proposition 4.5: The right discrete locally conformal Hamiltonian dynamics
generated by the right discrete Hamiltonian function H9* given in (4.50) is

— efa(rt1)—0alax) D Hd+| ( )
Art1 = € 2 a\Uk; Pr+1),
(4.51)

Px = DiH"|o(Ak, Pret1) — Doo(as) - H o (s Prt1)-

Proof. Referring to the global discrete Lagrangian function L? in (4.24), the

equation (4.48) can be written as

e_"“(q")Hdﬂa(qm Prt1) (4.52)

= e 7@,y gyt — € LY (G, Q)
Taking the partial derivative of this equation with respect to its first entry q,., we
arrive at

— G_Uo‘(q”)DO'a<qn)Hd+|oc(qm pli-‘rl) + e_ga(qN)DlHd+|a(qm p"f'f‘l))

(4.53)
— e—Ua(qﬁ) (Dga(qH)Ld|o¢(qf€’ q,{_;'_l) - DlLd|a(qf€7 ql‘i+1))

then use the definition p, in (4.37) we get the second line in (4.51). In a similar
manner, to obtain the first line in (4.51), we differentiate (4.52) with respect to

the second entry p,.1, and a direct calculation yields the result. O]
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Notice that if one assumes that the conformal functions o,(q,) are constant
functions, then the right discrete locally conformally symplectic Hamiltonian

dynamics in (4.51) reduce to the discrete Hamilton’s equation (4.17).

Equivalently, with the left Legendre transformation, we can obtain the local left

discrete Hamiltonian

Hg (qli—i-la rn) = —TxQqx — Li(qu qfi-‘rl) (454>

and the local left discrete Hamilton’s equations

A = —D2H (i1, Pr),
e = _Dngi(qn—‘rl)pn)-
We express the relation (3.31) for the left local discrete Hamiltonian function to

define the left global discrete Hamiltonian function H9~ with the following local

expression:

Hd7|a<qn+17 pn) = ega(qKJrl)Hgi(anrl’ rli)' (455)

This leads us to write (4.54) in terms of the global discrete Hamiltonian function

as

G_Ua(q“+l)Hd_|oz(qn+lv pn) = —e_aa(qﬁ)pn *Qx — e_aa(q'i)LdLX(qm q’i‘*‘l)‘ (456)

By performing similar calculations done for the case of the right Hamiltonian,
we obtain the left discrete LCS Hamilton’s equation stated in the following
proposition.

Proposition 4.6: The left discrete LCS Hamilton’s equation generated by the

left discrete Hamiltonian function H%~ in (4.55) is

Q. = —e7() 778 Dy HO | (Qey1, Pro),
Pri1 = €7@ =0a(@41) (Do (i) - HY |o(Qert, Pr) (4.57)

_DlHd_‘a(qn+17 pn))

The following diagram gives the hierarchy of discrete and continuous Hamiltonian
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dynamics discussed in this work:

LCS HE o0 HE
(4.58)
(3.29) (2.27)
discretizationl discretizationi
dLCS HE dHE
=0

right : (4.51) right : (4.17)
left: (4.57) left: (4.18)

where d refers to term discrete whereas H E stands for an abbreviation of Hamil-

ton’s equation.

4.4. Second-Order Discrete Locally Conformal Lag-

rangian Dynamics

In this subsection, we present the second-order discrete Euler-Lagrange equations
and the discrete locally conformal Euler-Lagrange equations. For more information
on higher-order discrete Lagrangian dynamics, see [68]. We follow a similar set of

steps to those used in the first-order case.

Second-Order Discrete Euler-Lagrange Equations. We consider 3 times
Cartesian product of manifold @ that is Q% = Q x Q x Q. We determine two end
points qo = 0 and g = 0 in @ and a sequence [q] given in (4.1) connecting these

two points. Consider the discrete Lagrangian function
Ld = Q X Q X Q — R? Ld = Ld (q/m Ak+1, q/{+2) (459>

where & is from 0 to N — 2. We write action sum for L¢ as

N-2

SU([al) = > LU(dw, Ant1, Anta)- (4.60)

k=0

We compute the variation of the action sum
55%([q]) = 0 (4.61)

under fixed boundary conditions, which impose dqg = 0 and dq = 0. This yields

the following equation for the coefficients of dq:

Dy L% (qu,q2,93) + DoL® (qo, q1,q2) = 0. (4.62)
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For 2 < k < N — 2, the equations for the coefficients of dq, are obtained as

follows:

DiLY(Qp, Qus 1, Arsa) + Dol (A1, A, Qrer1)

(4.63)
+ D3 L*(Qp—2, ds—1,95) = 0.
Finally, for dqy_1, we obtain:
Dy L (qn 2, dn—1,9n) + D3L*(qn_3,qn_2,qn_1) = 0. (4.64)

The equations (4.62), (4.63), and (4.64) are known as the second-order discrete
Euler-Lagrange equations. The following proposition formalizes this.
Proposition 4.7: The discrete dynamics generated by the global discrete La-
grangian function L defined in (4.59), is given by:

DlLd(OH,Ch, qs) + DQLd(q(b qi,q2) = 0,

DlLd(qu Qr+1, qﬁ+2) i D2Ld(qn717 Uk, qﬂ+1>
(4.65)

+ D3Ld(qf€—2aqﬁ—1aqﬁ) = 0, 2 S K S N — 2,

Dy L (qn_2,qn_1,qdn) + DsLY(qn_3,9n_2,9n-1) = 0

where D, denotes the partial derivative with respect to the a-th entry.

Second-Order Discrete Locally Conformal Euler-Lagrange Equations.
To derive discrete locally conformal Lagrangian dynamics, we begin by modifying
the classical discrete Lagrangian framework with the introduction of a conformal
factor. First, this is applied to the second-order discrete locally conformal Euler-
Lagrange equations. Utilizing the equality (4.68), we express the local discrete
Lagrangian in terms of a global discrete Lagrangian function. By mimicking
the processes of discrete Lagrangian dynamics for second-order, we derive the
second-order discrete locally conformal Euler-Lagrange equations. The following

process illustrates this.

We assume a local chart V,, in an open covering of manifold (), then take the
Cartesian product space V2 =V, x V,, x V, of V. Recall a sequence (4.1) of
points [q] joining two end points qo and qy. On such sequences we determine a

local Lagrangian function as

LYV, x Vo x V, — R, LY = L (qy, det1, Qeg2) (4.66)

«
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for x runs from 0 to N — 2. Then we write the discrete local action as
N—2

Sd([q]) = Z Li(Qm qn+17qn+2)- (467)

k=0

We define a global discrete Lagrangian function L? on the local chart as follows

Ld|a<qm Ak+1, qn+2) = eaa(qn)Li(qm qQr+1, q/{+2) (468)

and calculate the variation of the action

N-2
SUa) = 3 e 7 LA (q, Qort, Gos)- (4.69)
k=0

55%([q]) = 0 while fixing the boundary conditions dqy = 0 and dqy = 0. As
seen in the action sum (4.69), we have a conformal factor. When we calculate
the variation of (4.69), we obtain equations similar to those in (4.65), with the
difference arising from the conformal factor. Now, we express these equations

explicitly. From the coefficients dq; we have

e (= Doy () Lo (a1, g2, a3) + D1L%a (a1, @, a3))

(4.70)
+ e_aa(qO)DQLd|a(q07 1, qZ) = 0.
From the coefficients dq, where 2 < kK < N — 2, we obtain
e=7() (= Doy () Lo (s Qo1 Gerz) + D1 Lo (e, Qg Aera)) )
+ e_a(qN71)D2Ld|a(qm—la Ak, qn—i—l) + e_U(qK72)D3Ld|a(qn—27 Qr—1, qn) = 0.
Lastly, we have an equation from the coefficients dqy_1
e 7 W-2)D, L% (dn—2. An—1. dN)
(4.72)

+ e 73 Dy L% (qn—s, 2, qv—1) = 0.
We called (4.70), (4.71) and (4.72) second-order discrete locally conformal Euler-
Lagrange equations, which we present in the following proposition.
Proposition 4.8: The discrete dynamics generated by the global discrete La-
grangian function L? defined in (4.68) is given by:
e (Do (A1) L a(a1: 2, as) + Di L a(an, a2, as) )
+e 7O Dy L (qo, a1, q2) = 0,
o—a(ax) (_Dga(qH)Lﬂa(qm Qs 1, Aet2) + D1 Lo (Qr, Qs 1, q1€+2))
+ e 7 Dy L (it Uy Q1) + €72 D3 L% (A2, A1, i) = O,

e*Ua(QN—Q)DQLd‘a(qN,Q, qnN-1, QN)

+ e—aa(QN—B)DSLd|a(qN_3, aqN -2, qN—l) =0,
(4.73)
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for2<xk <N -—2.

4.5. Third-Order Discrete Locally Conformal Lagran-

gian Dynamics

In this subsection, we construct the discrete Euler-Lagrange equations and the
discrete locally conformal Euler-Lagrange equations associated with the third

order.

Third-Order Discrete Euler-Lagrange Equations. We can calculate similarly
third-order discrete Euler Lagrange equations. Let us take the discrete Lagrangian

function as

Ld = Q X Q X Q X Q — R, Ld = Ld (qu Ark+15 Ar+2; q;-ﬁ-‘,-?)) (474>

where k is from 0 to N — 3. We take the variation of action sum

N-3

Sd([qD = Z Ld(qm qQr+1,9x+2, qn+3) (475)

k=0
§5%([q]) = 0 while fixing the boundary conditions: dqo = 0 and dqy = 0. Then
we get the set equations in (4.76). Notice that the first two equations arise from
the coefficients dq; and dqs. The third set of equations arises from the coefficients
0q, for 3 < k < N — 3. The final two equations come from the coefficients dqn_»
and dqy_1. We give the third-order discrete Euler-Lagrange equations in the
following proposition.

Proposition 4.9: The discrete dynamics generated by the global discrete La-
grangian function L? defined in (4.74), is given by:

Dy L%(q1, 92, 93, d4) + D2L%(qo, a1, G2, q3) = 0,
D1 L% (qs, 93,94, 95) + D2 L (a1, 92, 93, 94) + D3L%(qo, q1, 92, q3) = 0,
DL (G, Qo1 o2y Ar3) + Do L Qi1 s Qi1 Acr2)
+ D3 L (-2, Qu—1, Urs A1) + DaL¥ (A3, An—2, Ai—1,9x) =0,  (4.76)
Dy L*(qn—3, An—2,An—1,AN) + D3 L (dn—4, An—3, AN—2, AN—1)

+ Dy L (qn_5, 9N 4, AN_3,qN_2) = 0,

D3L*(qn_3,qn_2,qn-1,9dn) + DsL(qn_4,95 3,982, dn—1) = O.

for3<k <N —3.
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The equations in (4.76) are called third-order discrete Euler-Lagrange equations.

Third-Order Discrete Locally Conformal Euler-Lagrange Equations.
Next, we derive the discrete locally conformal Euler-Lagrange equations for the
third-order. Here, the local discrete Lagrangian function is expressed in terms
of a global Lagrangian function using (4.79). By performing calculations similar
to those in third-order discrete Euler-Lagrange equations, we obtain third-order
discrete locally conformal Euler-Lagrange equations. The calculations are as

follows:

Consider the Cartesian product V,, x V,, x V,, x V,, of the local chart V. To obtain
third-order discrete locally conformal Euler-Lagrange equations consider the local

Lagrangian function

LV, x Vyx V, xV, — R, LY = L, Qest, Qrras Qers)- (4.77)

o

For this Lagrangian discrete action can be written as

N-3
Sd([q]) = Z Li(qm Qr+15 Ar+2; qﬁ+3)' (478)
xk=0

We define a global discrete Lagrangian function L¢ on the local chart as follows

Ld’a(‘lm Ar+15 Ar+2; qn+3) = ega(qn)Li(qm Ar+15 Ar+2, qn+3) (479)

and calculate the variation of the action

Ze (@) 4| (e, Qe 1, Ut 2, Arets) (4.80)

55%([q]) = 0 when dq¢ = 0 and dqy = 0. After some calculations, we obtain
similar equations third-order discrete Euler Lagrange equations in (4.76) with the
difference of the terms arising from conformal factor. We have first two equations
obtained from the coefficients dq; and dqs. A set of equations arises from the
coefficients dq, for 3 < k < N — 3. The final two equations come from the
coefficients dqy_2 and dqy_1. We now present these equations explicitly. The
following equations from coefficients dq; and dqs, respectively.

el <—D0a(Q1)Ld\a(Q1> Q2,43,94) + D1L% (a1, q2, s, Q4))

+ e Dy L (o, a1, G2, ds) = 0,

(4.81)
+ 6_Ua(q2) <_D0'a(q2>Ld|a(q27 q3, 94, q5) + -DlLd|Oé(q27 d3, 94, q5))

+ e WD, LY (a1, g2, 43, q4) + €77 D3 LY o (qo, 1, @2, q3) = 0.
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From coefficients dq, when 3 < k < N — 3, we have the equations as follows

e (ax) (—Daa(qn)Ld|a(qm Qo 1, D2y Dets) T D1 L0, At Ao, qﬁ+3))
+ 77D Dy L (A1, Qs D15 Dt2)

+ e 7D DL (w2, A1, Ay Ay 1)

+e77 3 Dy L) (Q-3y Ai-2, A1, ds) = 0.

(4.82)

Lastly, we get the equations from the coefficients dqy_» and dqy_; as follows

efaa(qzv—s)DQLd’a(qN,g, qN-2,q9N -1, (IN>
+ e—Ja(QN—4)D3Ld|a(qN_4, qnv-3,9N-2,9N-1)
+ e =)Dy L, (dn—5, AN—1, AN—3, Av—2) = O (4.83)

e—aa(QNfs)D3Ld|a(qN_37 qN-—2,9dN -1, qN)

+e WDy L, (an-1, AN -3, AN—2, An-1) = 0.

The equations (4.81), (4.82) and (4.83) are called the third-order discrete locally
conformal Fuler-Lagrange equations.

Proposition 4.10: The third-order discrete locally conformal Euler-Lagrange

equations generated by the Lagrangian function defined in (4.79) are given by the
following sets of equations (4.81), (4.82) and (4.83).
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5. LOCALLY CONFORMAL KINETIC DY-
NAMICS

In this section, we describe a geometric derivation of the locally conformal kinetic
dynamics that governs the collective behaviour of particles under LCS Hamiltonian
flow. These dynamics is expressed in terms of both momentum and density

variables.

5.1. Kinetic Lift of LCS Hamiltonian Dynamics in

Momentum Variables

Consider a locally conformally symplectic manifold (M, €2, ). We denote the set

of Hamiltonian vector fields on LCS as
%LCtham(M> = {gH € %(M) . L£HQ e de} (51)

Note that the space X1 cs_nam(M) is a Lie subalgebra of the space X(M) of all

vector fields by the isomorphism

€ry &l = =& pmyeos), (5.2)

where the bracket on the right-hand side is the LCS Jacobi bracket in (3.51).
In light of (5.2), and assuming the Lie algebra bracket on Xpcs_nam(M) being
minus of the Jacobi-Lie bracket of vector fields, we determine a one-to-one Lie
algebra homomorphism from the space of smooth functions to the space of LCS

Hamiltonian vector fields as
®: F(M) — X008 nam(M), Hw &y = QdH) — HZ,, (5.3)

where Z, is the Lee vector field defined in (3.49).

The dual space of X1cs_nam(M) is consisting of one-form densities in T''(M) ®

Den(M), along with the Lo-pairing

(0,0), : T (M) ® Den(M) X Xrcs_pam — R, (I ®dv,&g) — /M<H, Emr)dv
(5.4)
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where dv is the LCS volume-form in (3.3). The following proposition concretely
determines the dual space as well as the dual map of the Lie algebra isomorphism
(5.3).

Proposition 5.1: The dual space of LCS Hamiltonian vector fields Xpcs_nam (M)

is

X} o5 nam(M) = {IT@ dv € T (M) @ Den(M) : div*(IT) + (ip, Q4(IT)) # 0} U{0}
(5.5)
and the dual operation of the Lie algebra mapping & is

O X} o pam (M) — THM) @ Den(M), 56)
M&do s fdo = (divRH(II) + (i, Q(ID) ) du. ‘

Proof. Let us perform the following calculation to arrive at the precise definition

of the dual space:

(@ dv, &), = /M<H,§H>du - /M (I, Q¥ (dH) — HZ,)dv

/M<H, OHdH))dv — /M H(IL Z,)dv

:_/ (QF(IT), dH) dv—/ H(IL, Q%)) dv

_ _/ - dev+/ dv

:_/ vorcny (AH A do) —/ dH A 1z (dv)
+/ {0, Q}(1T

:_/ dH A 1z (dv) +/ (o, (I

= — [ d(Hipmdv) + | H digyydv + /MH<¢,Qﬁ<H>>dv

— | H Lomdv+ [ H(p, 041

:/ H divQ*(10) dv+/MH (i, Y (I0))dv

= [ H(dvQH() + (p, (1)) )do

= /M Hfdv,

(5.7)

where div stands for the divergence with respect to the LCS volume-form dv. If

we assume the non-degeneracy of the Lo-pairing we arrive at the definition of the
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dual space of LCS Hamiltonian vector fields in (5.5). We record here the density

function in terms of the momenta as

f = divQ*(IT) + (p, Q¥(I1)). (5.8)

The calculation (5.7) also leads us to determine the dual operation of the Lie
algebra mapping (5.3). So we arrive at the dual map ®* given in (5.6). Since ®*

is dual to a Lie algebra mapping, it is a momentum and a Jacobi mapping. [

According to the identity (5.2), the space Xp,cs—nam(M) of LCS Hamiltonian vector
fields, in (5.1), on an LCS manifold (M, 2, ) is a Lie algebra. The Lie algebra
structure on Xp,cs_pam (M), on the other hand, is given by the minus Jacobi-Lie
bracket of vector fields. This leads us to define the adjoint action of X1,cs_pam(M)
on itself as

adﬁHé-F = [fHagF]x = _[é-HagF]JL = —Egng, (59)

where L¢,, denotes the Lie derivative along the vector field {g.
Proposition 5.2: The coadjoint action of the Lie algebra Xpcs_nam(M) of LCS

Hamiltonian vector fields on its dual space X{ g _pam (M) is

adg,, I1 = (ﬁgH + n(%&z))ﬂ, (5.10)

where the dimension of M is assumed to be 2n.

Proof. The coadjoint action of the Lie algebra onto its dual is obtained along the

lines of

(ad, (T ® dv), &) = (1@ dv, ade, ) = — /Mm, Lo, Ep)dv

(5.11)
_ /M (Le, T+ div(Ep)IL, Ep )dv

where div(£y) stands for the divergence of the vector field £y with respect to
the LCS volume-form dv. Then, fixing the LCS volume dv, we compute the
coadjoint action of the Hamiltonian vector fields Xpcs—pam(M) onto the dual
space X} s pam(M) as in (5.10) where we have employed the explicit expression

of the divergence in (3.62). O

Lie-Poisson Dynamics in Momentum Variables. The dual space X} ¢g_am (M)

of the Lie algebra X1cs_pam(M) admits Lie-Poisson bracket. For two functionals
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§ and $ on the dual space, the Lie-Poisson bracket is given by

oF o
{%”ﬁ}xics—ham(M) (II) = <H, [(Sg’ (5?[] >, (5.12)

where the pairing on the right-hand side is the natural pairing between the dual
space X] cg_pam(M) and the Lie algebra Xpcs—nam(M). Note that 0F/0Il and
0% /611 stand for the Fréchet derivatives. Assuming the reflexivity, we shall view
both 6F /611 and 69 /011 in X1,cs—nam(M), justifying the existence of the Lie bracket
on the right-hand side of (5.12). We cite [3, 6, 7] for the Lie-Poisson formalism in
a general context. Accordingly, given a Hamiltonian functional §), the Lie-Poisson
dynamics is governed by the Lie-Poisson equations which can expressed in terms
of the coadjoint action as

11 = —adjy, /syl (5.13)
Let $ be a linear Hamiltonian, on the dual space such that
(IT) = /M<H,£H>dv. (5.14)

Then, the Fréchet derivative 6£)/dI1 of §) with respect to the momenta IT is the
LCS Hamiltonian vector field {g. So, referring to the coadjoint action (5.10), the

Lie-Poisson equations on X} g_pam (M) is computed to be
1= —Lc, 11— n{p, &)1 (5.15)

We call this dynamics as locally conformal momentum-Vlasov equations.

Symplectic Case. A particular instance of the previous assertion is the case
where the conformal factor ¢ = 0. This reads global symplectic geometry in its
very classical sense. In this time, we have a symplectic manifold (M, 2) and the

space of Hamiltonian vector fields given by
Xs—ham (M) ={Xg € X(M) : 1x,Q2=dH}. (5.16)
The identity (5.2) still holds and written in form
(X, Xul; = —Xipme), (5.17)

where the bracket on the right-hand side is the canonical Poisson bracket on

the symplectic manifold (M, ). In the present case, we write the following Lie
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algebra homomorphism

®: F(M) — Xg_pam(M),  H— Xy := QHdH). (5.18)

By choosing ¢ is identically zero, the calculation (5.7) becomes
(& dyt, X}y, = [ H divei (M. (5.19)
M

Based on this result, we can derive the following corollary [11, 12].

Corollary 5.3: The dual space of the Hamiltonian vector fields Xg_pam (M) is
X5 (M) = {T1® dp € T (M) ® Den(M) : divQ*(IT) # 0} U {0} (5.20)

and the dual operation of the Lie algebra homomorphism d is

~

O X5y (M) — Den(M), T @du— fdp = (divQi(IT))dp.  (5.21)

In this pure symplectic case, the coadjoint flow turns out to be
ady, 1T = Lx, 11 (5.22)
while the Lie-Poisson dynamics becomes the momentum-Vlasov equations
I1=—Ly,II (5.23)
In the following subsection, we will provide a more concrete explanation of how the
intermediate level of equations, namely the locally conformal momentum-Vlasov

equation (5.15) and the momentum-Vlasov equation (5.22), are related to the

Vlasov dynamics.
5.2. Kinetic Lift of LCS Hamiltonian Dynamics in
Densities

We consider an LCS manifold (M, 2, ¢). The space of smooth functions, F(M),
possesses a Lie algebra structure attributed to the LCS Jacobi bracket (3.51).

Accordingly we write the adjoint action of F(M) on itself as
adgF = {H, F}“°%. (5.24)
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The dual space F*(M) of F(M) is the space of densities Den(M) consisting of

top forms along with Ly-pairing

(o,0), : Den(M) x F(M) — R,  (f dv, H) v /M Hfdv.  (5.25)

We fix the LCS volume form dv defined in (3.3). This permits us to identify the
dual space with the space of smooth functions. In order to determine the coadjoint
action of F(M) onto its dual space F*(M), we need the following proposition.
Proposition 5.4: For a 2n-dimensional LCS manifold (M, Q, ¢) equipped with
the LCS Jacobi bracket (3.51), the following identity holds:

/ FLH, FYEOS) gy — / (f, HYOS) Py + / (n+2)(p, &a) fPdv,  (5.26)
M M

where £ is the LCS Hamiltonian vector field.

Proof. We start with the left-hand side of (5.26) by employing the explicit expres-
sion of the LCS Jacobi bracket (3.51) as

/ FLH, FYECS) gy — / FA(dH, dF)dv + / FHZ,(F)dv — / FFZ,(H)dv.
M M M M
(5.27)

To obtain the right-hand side of (5.26), we need to single out the function F' in
(5.27). We do this for each term one by one. This is immediate for the third
integral in the last line of (5.27). For the first integral, we perform the following

calculation
/ FA(dH, dF)dv — — / FUAF, AY(dH))do = — / Finscam (dF)dv
M M M
= —/ de/\ LAﬁ(dH)dU
M
— / Fdf A tysgarydv + / F fduns arnydv
M M

_ / F(df A asqay + fdiv(A¥(dH))) dv.
M

(5.28)

For the second integral term in (5.27) we have the following
/ FHZ,(F)dv = / fHuiz dFdv = / FHAF A 17, dv
M M M
== | FHAf nigdv— [ FfaH ngdo— [ PP,
M M M
. /M F(HZ,(f) + fZ,(H) + fHdiv(Z,))dv.
(5.29)
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We collect all the terms in (5.28) and (5.29) with the third integral in (5.27). This
gives
/ FA(dH, dF)dv = / ({£. HYO9) 4 fdiv(A¥(dH)) — 31 Z,(H)
M M
— fHAiv(Z,)) Fdv
/M ({f, HYHD + fdiv(en) — 2 Z,(H))Fdv
= [ (U HYOS) + (n+2)(,€u) ) P

(5.30)

where, in the second line, we have substituted the divergence of the Hamiltonian
vector field referring to the the decomposition (3.59) whereas, in the fourth line,

we have used the equality
(p.8n) = —Z,(H). (5.31)
O
Now, we are ready to compute the coadjoint action of the Lie algebra F (M) on
the dual space.
Proposition 5.5: Given a 2n-dimensional LCS manifold (M, €2, ¢) equipped with

the LCS Jacobi bracket (3.51) as the Lie algebra bracket on F (M), the coadjoint
action on its dual space F*(M) is given by

ady f = {f, H} + (n+2){(p, &u) f, (5.32)

where £ is the LCS Hamiltonian vector field.

Proof. We examine the coadjoint action referring to the Lo-pairing in (5.25) as

follows:
(adjy f, F)pe = /M(ad;, f) Fdv = /M Flady F)dv
M
= [ (15 HY) & (0 + 2, ) ) P,

where we have used Proposition 5.4 in the third line. A direct observation reveals

the assertion in (5.32). O

Lie-Poisson Dynamics in Densities. Once more we recall the Lie algebra

F (M) of smooth functions equipped with the LCS Jacobi bracket (3.51). As the
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dual space of this Lie algebra, F*(M) admits a Lie-Poisson bracket. For two
functionals § and $) defined on the dual space F*(M) the Lie-Poisson bracket is

55 0§ (LCS)
—, } dv
of of

where §F/0f and 6$/df stand for the Fréchet derivatives, and assuming the

F.9) 0 (= [ A (534

reflexivity, we consider them as elements of the Lie algebra. Given a Hamiltonian
functional $, the Lie-Poisson dynamics is governed by the Lie-Poisson equations
which can expressed in terms of the coadjoint action as

of

We take a linear Hamiltonian functional on the dual space as

H(f) = /M Hfdv. (5.36)
By employing the coadjoint action (5.32) into (5.35) we arrive at the Lie-Poisson
dynamics
0
L HYO) = — (4 2) () (5.37)

We call this system as locally conformal Vlasov equation. In the local coordinates

(¢*, pi), the locally conformal Vlasov equation (5.37) is computed to be

% 8f8H_8f8H__Of B ﬁéi[
ot " oq op; Opiog " op; “ Op: Op;

9
(et 1)%6)5]?. (5.38)

In terms of the Darboux coordinates (¢', p;), we take the Hamiltonian function

1

(5
2m5 pip; + e9(q) (5.39)

H(q,p) =

as the total energy of the single particle. Here, m is the mass and e is the electrical
charge while ¢ is the electric potential. Under this choice, the locally conformal

Vlasov equation (5.38) takes the following form

of  Of _ 000f __ 0]

. _ Of pe  (n+1)
ot “Pag " ogom - Yiop,

dp; m m

The left-hand side describes the reversible motion, as we shall illustrate in the
following paragraph, while the right-hand side consists of dissipative terms. If ¢
vanishes identically then the LCS Jacobi bracket on the left-hand side of (5.37)
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reduces to the canonical Poisson bracket and the term on the right-hand side

drops and we arrive at the Vlasov dynamics in its very classical form
0
8{ +{f, H}® =o. (5.41)

In the coordinates (¢', p;), the Vlasov equations (5.41) turn out to be

of | of _ 000f
ot Pag  “aqop

(5.42)

governing the collisionless non-relativistic plasma motion. This system gives the

reversible motion by protecting the energy and the symplectic volume.

From Momentum Formulation to Density Formulation. One of the
manifestations of the calculation (5.7) is the equality of the Hamiltonian functionals
(5.14) and (5.36). Since the dual mapping ®* in (5.6) relating the momentum
variable IT and the density f is a Jacobi mapping, the locally conformal momentum-
Vlasov equation (5.15) and the locally conformal Vlasov equation (5.37) are
equivalent.

Proposition 5.6: The locally conformal momentum-Vlasov equation (5.15) and
the locally conformal Vlasov equation (5.37) are related with the Jacobi mapping

®* in (5.6).

Proof. We start with the definition (5.8) of the density function and take the time

derivative of this identity:

‘2{ = divQ¥(IT) + (i, QH(IT))

= —divQ*(Le, TT+ n{p, En)TT) — (0, D(Le, I+ np, E)IT))
= —divQ*(Le, IT) — n{p, E)divF(IT) — nQF (M)grad((p, Eu)) — (p, (L, 1))
— (e, &) (w, Q(ID)).
(5.43)

67



Let us examine the first and the fourth terms as follows
— [ (VO3 (L, 1) + (0, QH(Ley D) Ko = — [ (L, L€}
M M
= [ (L Loy gx)do + [ {1 €xc)div(6n)do
_ / (L, €. sy s Yo + / (div(E)TL, Ex)dv
M M
_ / FLH, KYEC9)qy 4 / div (div(&)(ID)) K do
M M
+ [ (o Q¥ div(g)D) K
= — [ (£ YOO Kdv— [ (n+2){p. &) fKdv
M M
+ /M div (&) div (QF(IT) ) K do + /M O (I grad (div(ex ) K dv
n /M div(€x){p, QH(ID)) K dv
= — [ Y O Kdv — [ (n+2)(p.6u) fKdv+ [ nle, &) fKdv
+ /M O} (M) grad(div(¢y)) K dv

_ /M{ £, HYECS) Ky — 2 /M@, ) fKdv + /M O (M) grad (div(€x)) K do.
(5.44)
So that we arrive at
— (divQH(L QL
(divQ*(Le, 1) + (g, O (Le, 11))) (5.45)
= —{f, H}O9) —2(p, &) f + QF (M) grad(n{p, Eu)).-

Collecting all terms in (5.43) and using the definition of density function f in
(5.8) we have

O — (Y09~ 2, ) f i, € f
ot (5.46)
This completes the proof. n

Symplectic Case. To establish the symplectic case, we set ¢ = 0. For the

symplectic structure, (5.26) reveals

/M{F, HYS Kdy = /M F{H, K}®du (5.47)

for all smooth functions F', H, and K defined on M with symplectic volume

dp. Assuming the adjoint action on the space of smooth functions F (M) is the
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canonical Poisson bracket {e, 8}(%) the coadjoint action of the Lie algebra JF (M)
on its dual space Den(M) can be found, with reference to the calculation (5.47),

as

(ady (fdp), K) = (fdp, adu(K)) = /M{H, K} fdu = /M{ fHYS Kdp.
(5.48)
After we fix the symplectic volume as the top form and then identify Den(M)

with the space of smooth functions F (M), it is immediate to conclude that
ady f = {f, H}®). (5.49)
Let us examine the coadjoint flow in the light of the dual mapping (5.21)

| fadse, M@ du, Xic) = [ (T, adsc, Xic)dpu = = [ (11, [Xir, Xicl )
_ /M<H, X 11,50y djt = /M divOHI{H, K} du (5.50)
— /M{dinﬁ(H),H}“)Kdu,

where we employed the identity (5.17) in the second line and we used (5.47) in
the last line. On the other hand, one has that

/ (ads, 1, Xi)dp = / divQ¥(ads, TN Kdj. (5.51)
M M

Accordingly, we have that

(5)

div(Q4(Lx, 1)) = {divQ(I1), H } (5.52)

This equality is a particular instance of (5.45) exhibiting the relationship between

the locally conformal Vlasov equation (5.37) and the Vlasov equation (5.41) as

9 _ giver(im) — —div(QF(Lx, D))

ot (5.53)

— {H.diver(m)}” = {H, 1)),
5.3. A Geometric Pathway to Locally Conformal Ki-
netic Motion

In this section, we introduce divergence and collective lifts. After providing

these definitions, we determine the holonomic and vertical parts of these lifts.
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Then, we provide a proposition that reveals the relationship between the vertical
representative of the collective lift of the LCS Hamiltonian vector field and the

locally conformal momentum-Vlasov dynamics.

Divergence Lift. Consider a volume manifold (M, du) and determine vector

fields whose divergence is in form
div(X) = (¢, X) (5.54)

for a fixed closed one-form . We refer to these types of vector fields as vector

fields with linear divergence. The computation
div([X, Y]) = X(div(Y)) = Y(div(X)) = X((,Y)) = Y ({¢, X))
=Lxowp—Lyoixp=Lxowyt)—iy oLxt) (5.55)
= L[X,Y]w = <w7 [X> Y]>7
shows that the space

XUM) ={X € X(M) : div(X) = (1, X), dp =0} C X(M) (5.56)

of vector fields with linear divergence (5.54) is a Lie subalgebra of the space of

vector fields on M.

One can lift such vector fields to the cotangent bundle. To see this, we first recall

the symplectic dilation vector field & on the cotangent bundle T*M defined as
S =04 (0y) (5.57)

where ng is the musical mapping induced from the canonical symplectic two-form

on T*M [69]. The symplectic dilation vector field S is the unique field satisfying
LsOy = —0)y. (5.58)

Note that the divergence of the symplectic dilation vector field with respect to

the symplectic volume-form on the cotangent bundle is computed to be
div(S) = —dim(M). (5.59)

We define the lift from the space X¥(M) of vector fields with linear divergence to

the space of vector fields on T*M as
SXY(M) — X(TM), X X°=({,X)S. (5.60)
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It is noteworthy that since the divergence of the symplectic dilation vector field is

dim(M), the divergence of the vector field X* is computed to be
div(X?®) = —dim(M ) (¢, X). (5.61)

If the mapping (5.60) is applied to the space of all vector fields on M then the
kernel is the space of divergence-free vector fields. The image space of the mapping
(5.60) is one-dimensional. So the Jacobi-Lie bracket of two vector fields in the
image space

5= {(¥, X)S € X(T"M) : X € X"(M)} (5.62)

is identically zero. This turns s into a Lie subalgebra of X(7*M). In Darboux
coordinates (z%,y,), the symplectic dilation vector field S and the divergence lift

of an arbitrary vector field X = X?9/0z® in X¥(M) are

0
S = —yaga X = —Xb¢bya

0
o’

(5.63)

respectively. Here, we take the closed one-form v = ¢, dx®.

Being a Hamiltonian vector field, a complete cotangent lift X is divergence-free.
So, the space X“*(T* M) of complete cotangent lifts and the space s of vector fields
with linear divergence have trivial intersections. So that we can define the direct
sum X“(T*M) @ s of these spaces. Let us examine the Lie algebra structure in

this space. To get this, we compute the left action of the space s on X“*(T*M)
XH(T"M) x s —> s, (X Y?] = X (1, Y)S. (5.64)

This determines a semi-direct product Lie algebra X“(T*M) x s with the semi-
direct product Lie bracket

(X 4+ X5,V 4+ Y9 = (X, V] + [X5, V] + [X, V7] (5.65)
= [X" Y] =YV (0, X)S + X (4,Y)S. |

Note that X“*(T*M) is a Lie subalgebra of the space of vector fields on the
cotangent bundle T M.

Collective lift. Now we collect the complete cotangent lift and the divergence lift

(5.60) to define a mapping from the space of vector fields with linear divergence
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into the semi-direct product space X“*(T*M) x s of vector fields. We define the
collective lift, denoted by =, by adding the complete cotangent lift (2.91) and the
divergence lift (5.60):

(1]

CXY(M) — X(T*M) x5, X = X7+ X° (5.66)

which is an injective map. Since the complete cotangent lift is Hamiltonian hence
divergence-free, the divergence of the collective lift is equal to the divergence of
X*.

div(E(X)) = —dim(M) (¢, X). (5.67)

The image of a vector field X = X“0/0x® under the collective lift = mapping is

computed to be

[1]

(X) =X oxe

0 <8Xb 0X® ) 0 (5.68)

Oxb Ya 0z Yo Mo

Proposition 5.7: The collective lift operator = defined in (5.66) is a Lie algebra
homomorphism that is

=(X),Z2(Y)] = Z[X, Y], (5.69)

for arbitrary vector fields X and Y in X¥(M).

Proof. A direct calculation proves the following equality, which is valid for vector

fields with linear divergence:
(X Ve + [ X, V9] = [X,Y]. (5.70)

We remark that the crucial role for the validation of this identity is the closure of
the differential one-form . We use the bilinearity of the Jacobi-Lie bracket to

compute
[E(X),2(V)] = [X* + X*, Y + 7]
— [XC*,YC*] 4 [XC*,YE] + [ijyc*] 4 [XE,YE] (571)
=[X,)Y]" + [X,Y] =Z[X,Y],

where we have employed the Lie algebra homomorphism property of the complete

cotangent lift stated in (2.89) and the identity (5.70). O
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Now consider holonomic part of a projectable vector field in (2.100). For a given
vector field X = X®0/0z%, the collective lift Z(X) in (5.68) is a projectable vector
field. So that we can compute its holomomic part as

0 L Oy O
oo T X0 (@) 5 S (5.72)

Notice that the term div(X)S in Z(X) does not give any contribution to the

HE(X) = X ()

holonomic part since it is a pure vertical vector. For vector fields with linear diver-
gence, since both the mapping X — Z(X) (Proposition 5.7) and the holonomic
part operation Z(X) — HZ(X) (Proposition 2.2) are Lie algebra homomorphisms,
their composition is a Lie algebra homomorphism.

Corollary 5.8: The map (5.73)
HEXY(M) — XE(T*M), X = HZE(X) (5.73)
is a Lie algebra homomorphism that is

HEX, Y] = [HE(X), HE(Y ) ]pro- (5.74)

Recall from (2.107) that the vertical representative operation is not a Lie algebra
homomorphism. However, the following proposition demonstrates that it becomes
a Lie algebra homomorphism when its domain is restricted to the image space of
the collective lift mapping =.
Proposition 5.9: The map to the vertical representative UZ=(X) of collective lift
=(X):

Y= : XV(M) — XE(T*M), X — VE(X), (5.75)

is a Lie algebra homomorphism
V=X, Y] = [VE(X), BE(Y)pro- (5.76)

Proof. We first recall that vertical representatives of complete cotangent lifted

vector fields is a Lie subalgebra by satisfying
(VX VY |0 = VX, Y], (5.77)

for arbitrary vector fields X and Y in X(M), see [13, 14]. On the other hand, a

direct calculation proves the following observation:
[BX, Y5 = [X, Y] (5.78)
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So, referring to the identity (5.70) we deduce
[;an*’ Ys]pro + [Xsa myc*]pro = [X; Y}s (579)

where X is the complete cotangent lift whereas X* is the divergence lift. Next,

we compute

[VE(X), VE(Y )]pro = [ VX + VX, VY + VYo
= [UX, VYo + [BX, VY ?]00 + [ VX2, VY00
+ [ VX, VY * 00
= [BX*, VY ] o + [BX, Yoo + [ X7, VY 10
+ [X7, Y oo

— WX, Y] + [X, Y] = V[X,Y]* + VX, Y]
.

(5.80)

where we used the observation that the vertical representative of any divergence-
lifted vector field remains unchanged, as it is inherently a vertical vector field,
that is, W X* = X*. In the fourth line of the computation, we used the equalities
(5.77) and (5.79). O

In coordinates, if X has linear divergence, then its collective lift is in (5.68) and

the vertical representative of the latter is

8xbya+ 8xayb+X x

VE(X) = —( (5.81)

Geometric Pathway. Let II be a one-form on 7). The vertical lift of II gives
a vertical vector field on the iterated cotangent bundle T*7T™Q:

" :7"7"Q — TT*T*Q. u—r Sollompg(u). (5.82)

Following proposition provides a geometric pathway to Lie-Poisson dynamics of
LCS particles, as obtained in Subsection 5.1. More precisely, it states that locally
conformal momentum-Vlasov equations (5.15) is the vertical representative of

collective lift of LCS Hamiltonian vector field 5 generating particle motion.

74



Proposition 5.10: The locally conformal momentum-Vlasov dynamics (5.15) on
LCS manifold (7T7Q, 2y, ¢) is the vertical representative U=({y) of the collective
lift of the LCS Hamiltonian vector field &g

1" = —VE(&p). (5.83)

Proof. The following identity holds for an arbitrary LCS Hamiltonian vector field

$u
VE(€n) = (Le, (D) + div(E)T)’, (5.84)

where the left-hand side is the vertical representative of the collective lift whereas
the right-hand side is the vertical lift operation. Therefore, a direct comparison
of the locally conformal momentum-Vlasov equations (5.15) with the right-hand

side of (5.84) yields the proof. O

We provided generalizations of Vlasov equation both at density and momentum
levels to locally conformal framework. This approach is addressing globalization
problem of Vlasov plasma dynamics. The following diagram summarizes novel
formulations, namely locally conformal momentum-Vlasov (Subsection 5.1) and
locally conformal Vlasov equations (Subsection 5.2 ), located on the left side of

the diagram, as well as their relationships.

LCS m — Vlasov =0 m — Vlasov
Eq.(5.15) Eq.(5.23)
* in (5.6) * in (5.21)
LCS Vlasov =0 Viasov
Eq.(5.37) Eq.(5.41)

Section 5.3 introduced a geometric pathway to LCS momentum-Vlasov dynam-
ics starting from particle motion. The principal outcome is Proposition 5.10.
This geometric framework operates independently of a bracket or Hamiltonian

functional.
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6. CONFORMAL KINETIC DYNAMICS

6.1. Conformal Hamiltonian Dynamics

Let M be a manifold, which is called a symplectic manifold if it admits a closed

non-degenerate two form €2, [70, 71]. Accordingly, we shall denote a symplectic

manifold by a pair (M, ).

A Hamiltonian vector field on M is defined through the covariance equation (2.19).
Recall from (2.20) that the Lie derivative vanishes identically and the divergence

is zero. Relaxing this condition, we define a conformal vector field X§; as [72-74]

for a fixed real number ¢ called conformal parameter. In the sequel, we shall work
on several conformal vector fields making use of subindexes (such as cy) to be
more precise about the parameter. Let us note also that a Hamiltonian vector
field is a conformal vector field with the conformal factor being zero, while the
divergence of a conformal vector field is non-zero. More precisely (for a symplectic

manifold of dimension 2n) it is computed to be
Lxe dp = cndy, div(X§,) = nc, (6.2)

where dp is the symplectic volume defined in (2.6). Integration of the defining
identity (6.1) yields that the flow of a conformal vector field preserves the sym-
plectic two-form up to the conformal factor ¢ and the volume up to the conformal

factor cn that are

pr(Q) = exp(ct)Q,  ¢;(du) = exp(nct)dp, (6.3)
respectively, where exp stands for the exponential function.

For an exact symplectic manifold where 2 = —dO, we define a conformal vector
field as
LX%Q =dH — cO. (64)

For the exact symplectic manifolds, as announced in [74], the formulation (6.4) is

generic for conformal vector fields. That is the conformal vector field X7§, defined
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in (6.1) admits a function H realizing the covariance equation (6.4). Further,
again by citing [74], if the first cohomology of the manifold is vanishing then X,
is written as a combination of the symplectic Hamiltonian vector field Xy and
the Liouville vector field Z as follows. Following [22] we define Z as the image of
the Liouville (canonical) one-form © under the musical isomorphism QF (recall

from (2.3) and (2.5)) induced from the symplectic form €2, namely,
7 :=00), 0=02). (6.5)

It is worth noting that the Liouville vector field is not a Hamiltonian vector field
but a conformal vector field with the conformal factor —1, and with the divergence
—n, as

L;Q=-Q, Lzdp = —ndy, div(Z) = —n. (6.6)

In terms of the Liouville vector field, defined in (6.5), we can express a conformal

vector field as the linear combination
X5 =Xy —cZ, (6.7)

where Xy is the Hamiltonian vector field for the Hamiltonian function. Accord-
ingly, we compute the change of the Hamiltonian function along the conformal

vector field, and its flow ¢, as
Lus, (H) = X(H) — cZ(H) = —cZ(H),  ¢;(H) = H—ciij(H),  (6.8)
respectively, where 1/, denotes the integral curve of the Liouville vector field Z.

We consider the Darboux coordinates (¢, p;) on M assuming that it is locally
isomorphic to the momentum phase space M = T*(@) of a configuration manifold
@. The symplectic Hamiltonian vector field Xy and the Liouville vector field Z
are computed to be

OH 0 0H 0 9,

— T 7 = —pj—, 6.9
"= dp; ¢ oq dp;’ P o, (6.9)

respectively. So the conformal vector field X§, becomes

0H 0 0H 0
H= 77> — - —cp; ) —. 6.10
" Ops g’ <0q1 ) Ipi (6:10)
Then, the dynamics governed by a conformal vector field X is given by
dq O0H dp; OH
g = Do 2 4 ope (6.11)

dt — Op;’ dt  0g¢
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Let us note that in case the conformal factor c is trivial, then (6.11) reduces to

the classical Hamilton’s equations as expected.

6.2. Lie Algebra of Conformal Vector Fields

Consider a symplectic manifold (M,€2). Let us first note that the Jacobi-Lie

bracket of two conformal vector fields is a local Hamiltonian vector field. Indeed,
E[X%,X%}Q = ,CX%‘CX%Q — ,CX}:([,X%Q = (CHCK — CKCH)Q = 0. (612)
As such, we can argue that the space of conformal vector fields is a Lie algebra

ham

and contains the space of Hamiltonian vector fields Xp.m (M) as an ideal.

Let, now, 3 denotes the space of vector fields spanned by scalar multiples (that is
R) of the Liouville vector field Z. Evidently, this space is one-dimensional over R
and may be obtained as

R +— 3, c > cZ, (6.14)

and thus acquires the structure of a trivial Lie algebra. More precisely, being the
linear span (with R) of Z, 3 is a trivial Lie subalgebra of the one-dimensional
projective module over the ring of functions generated by the vector field Z.
Moreover, 3 acts on the space of Hamiltonian vector fields Xpm (M) from the left

as

3 X :{ham(M) — %ham(M>7 (Z, XH) — [Z, XH] = XZ(H)+H- (615)

The realization (6.7) motivates us to have the space Xi,, (M) of conformal vector
fields as the Cartesian product of the space Xpam (M) of Hamiltonian vector fields
and 3 ~ R. Accordingly, we can recast the space X{,, (M) of conformal vector

fields as a central extension of the space Xpam (M) of Hamiltonian vector fields as
Xham(M) x 3 «— X, (M), (Xg,c) = X5 =Xy —cZ. (6.16)

ham

Now we are ready to determine the Lie algebra structure on X¢,  (M). To this
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end, given two conformal fields X§ and X§., we compute their Lie bracket

[(Xi, Xplx = = [ X5, X5l = = [Xu — cuZ, Xp — cpZ]
= —[Xu, Xrp] + cuZ, Xp] + cp[Xn, Z]
(6.17)
= Xa,rye +cuXzryrr — cr Xz +n
= X{HFYS) bon (Z(F)+F)—cp (Z(H)+H)
where we have employed the action (6.15) on the fourth equality.
Let us conclude the present subsection with another characterization of conformal

vector fields that will be useful in the sequel.

To this end, let us recall that we have identified the space Xpam(M) of Hamiltonian
vector fields with the space F(M) of smooth functions (modulo constants). We

now employ this to the identification in (6.16) to obtain

O F(M)x3 — X5, (M),  (H, o) X5 =Xy —cZ (6.18)

ham

In view of (6.17), it is thus possible to endow F (M) x 3 with a Lie algebra structure
so that the mapping ®¢ is a Lie algebra homomorphism. Accordingly, we define

the bracket
(H,cn), (F,cp)]l = ({H, F}*) + cy(Z(F) + F) = cp(Z(H) + H),0)  (6.19)

which happens to be a Lie algebra bracket, satisfying the Jacobi identity.

6.3. Conformal Kinetic Dynamics in Momentum For-

mulation

In order to characterize the dual space X{% (M) of the space X, (M) of conformal

ham

vector fields we shall now consider the Lie algebra F(M) x 3.

For the function space F (M), the dual space is the space of densities Den(M).
Fixing the symplectic volume du, the Lo pairing allows us to identify the dual
space F*(M) with F(M) itself. Further, the identification 3 ~ R implies the
isomorphism 3* ~ R on the level of dual spaces. Accordingly, we may consider
the dual space F*(M) x 3* as F(M) x 3 itself. More precisely, given (H,cy) in
F(M) x 3, and a dual element (f,c*) in F*(M) x 3*, we shall consider the pairing
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given by
(F.c*), (H, em)) = cen + /M FH dp. (6.20)

cx
ham

Accordingly, the dual space X{* (M) is determined by the pairing

(® dp X),, = [ (L Xn = cZ)dp = [ (ILQHAH) — c¥(0))dp
_ /Mm, OH(dH))dp — /M<H, Q4 (0))du
S /Mmﬁ(n), dH)dp — C/M<H’ CH
_ /M ey dH dps + c/M<®, QH(IT) Y dps
= — [ o (@H A dp) = [ N sy (d) + ¢ [ (0, 94()dp
= — [l Ay (dp) +c [ (0, 9()dy
— — [ d(Hisdn) + [ H digrnd+c [ (©,9(I)dn
h /M H Losmdp + c/M<@, O (I1))dp
- /M H divQH () dp + ¢ /M<@, OF(IT)) .

We thus arrive at the dual mapping of the Lie algebra homomorphism ®¢ in (6.18),
that is,

. X (M) — Den(M) x R,

* “~ham

6.21
(M ® dp) — (divm(n)du, /M<@,Qﬂ(n)>du). 021

In order to ensure the non-degeneracy of the pairing, therefore, we present the

dual space as
f(M) = {Il® dp € T (M) @ Den(M) : divQ*(IT) # 0, 622)
/(.0 mydn # 0} ufoy.

This determines the following identification for the two tuple (fdu,c*) with the

one-form sections as
flz) = divQi(ID), o = / (0, Q4(ID)dp. (6.23)
M

Hence, following (2.75) we compute the coadjoint action of the Lie algebra X¢, (M)

ham

on its dual space X (M) as

ad; (M@ dp) = (Lxg, T+ div(X)TT) @ dp = (Lxg, T+ nell) @ dp,  (6.24)
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where we have substituted the divergence of X§ from (6.2). Accordingly, in view
of (2.81) the Lie-Poisson equation, or equivalently the coadjoint flow, is computed
to be

IT = — L IT — cnll. (6.25)

The equality (6.25) is the conformal kinetic equation in terms of momenta.

Momentum-Vlasov Equation. Let us particularly consider the case where the
conformal factor is zero. In this case, one arrives at the pure Hamiltonian flow,
and the Lie algebra associated with this particular case is the space Xpam(M) of
Hamiltonian vector fields. Moreover, the domain of the Lie algebra homomorphism
®° in (6.18) turns out to be the function space F (M), without the extension, that
is

O F(M) — Xpam(M), H— Xy (6.26)
The dual of this linear mapping can be computed similarly to (6.21). As a result,
one can see that, only the first term in the dual operation (®)* in (6.21) remains.

Namely,
% X, (M) — Den(M), I~ fdu:= divQ*(I)dp. (6.27)

This calculation allows us to define the dual space X, (M) of the space of

Hamiltonian vector fields as
X (M) = {lI®dy € T (M) @ Den(M)) : divQ*(IT) # 0} U {0}. (6.28)

Having determined the dual space properly, we can then determine the Lie-Poisson
equations on X7, (M). It follows from (2.20) that a Hamiltonian vector field
is divergence-free. As such, in view of the calculation (2.82), the Lie-Poisson
equation is given by

Il = —ady, I = —Lx, 11, (6.29)

which is called the momentum-Vlasov equation in the literature [11, 12, 15]. We
remark that this system is precisely equal to conformal kinetic dynamics (6.25)

with ¢ being zero.
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6.4. Conformal Kinetic Dynamics in Density Formu-

lation

As was shown above, the dual space of the Lie algebra F(M) x 3 is the product
Den(M) x 3 of the space of densities with real numbers. Accordingly, in view of the
bracket formula (6.19), the coadjoint action of F(M) x 3 on its dual Den(M) X 3

is given by

(adiy o (Fdu, "), (Fcr))
= <(fd:ua *) ad(HCH)(F7 CF)>
< fdu, ), ({H,F}® + cy(Z(F) + F) = cp(Z(H) + H), 0)>
= | (H{H,FYS) + fen(Z(F) + F) = fer(Z(H) + H))dp.
(6.30)

Let us analyze the terms on the right-hand side of the last line one by one. The

first term reads
| HH YO du = [ {5, YO P, (6.31)
M M

while the third term can be written as a multiple of ¢z. The second term, on the

other hand, may be examined through

| ten(Z(P)+ Pyap= [ fenz(F)ap+ [ fFendn
M M M
:/ ch(LZdF)d,u—i-/ fFcgdu
M M
— / Fenin(dF A dp) + / FendF A ugdp + / FFeqdy
M M M
:/ chdF/\LZdu—i-/ fFepdu
M M
= —/ Fcde/\/,Zdu—/ chFdLZdu—l—/ fFcegdu
M M M
= —/ FCH(Lde)d,u—/ chFdiV(Z)du—l—/ fFepdp
M M M

— /M (cuZ(f) + div(Z) fey — fen) Fp.
(6.32)

Notice that, in the third line, we have used the distribution of the interior product

to the wedge product of differential forms:
(tzdF)dp = 1z(dF A dp) + dF N uzdp. (6.33)
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See, dF' A dp is identically zero since its degree is more than the dimension of the
manifold. This observation reads the fourth line in (6.32). Now, in case M is 2n

dimensional, we recall from (6.6) that the divergence of the Liouville vector field

Z is div(Z) = —n. Then,

ad{p e (f, ) = ({f, HYS) —cy Z(f)+en(n+1)f, — /M f(Z(H)+H)du>. (6.34)

We refer to subsection 6.5 for the pure geometric link between the conformal
kinetic equations (6.25) in momentum formulation and the conformal kinetic

equation (6.35) in terms of the density.

The calculation (6.34) gives us the Lie-Poisson dynamics generated by a conformal

vector field X§; as a coupled PDE system

%7]: = {H, 1} + cuZ(f) = culn +1)f,
8 %
a"t » /M F(Z(H) + H)dp,

which we call the conformal kinetic equations.

(6.35)

Consider the Darboux coordinates (¢*,p;) on M = T*Q, and let the Hamiltonian
function be the total energy H = p*/2m + ed(q) of a single particle. Then the

conformal kinetic equations in density formulation (6.35) take the particular form

of 1., Of 09 0f of
. —0" i~ . . 1 - i~ — U,
ot T Pigg " Cogop, T et D —enpig =0

5+ OH (6.36)
- H—pi S dp = 0.
5 /M f(H —p 8pi) 1
If the conformal factor is trivial, then the equation in (6.35) becomes
0
L {11 (6.37)

and, in local coordinates, we are left with the first equation in (6.36) which turns

out to be the Vlasov equation

Of | 1y OF  000f _
ot * mé pzaqj eaqi Op; =0

(6.38)

An Algebraic Route to Conformal Kinetic Equations. Let us now note
that the algebraic structure of F(M) x 3 formulated in (6.19) fits the abstract
formalism presented in Appendix A, more precisely the bracket (A.4). Indeed,

given the left action
>3 X F(M)— F(M), (¢, H)— c(Z(H)+ H) (6.39)
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of 3 on F(M), and the adjoint action
adyF = {H, F}\¥ (6.40)
of F(M) on itself, the bracket (6.19) may be written as
(H,cn), (F,cp)] = (adyF + cy > F — cp» H,0). (6.41)
A direct computation, then, yields the coadjoint action as

ad?H,cH)(fa C*) = (ad;{f + f 2 CH, _b;]f)v (642)
where

ady f={f, H}®),  facyg=(n+1enf —cuZ(f),

(6.43)
03rf = | (Z(H) + H)dp.

Let us note also that the coadjoint action (6.42) fits exactly the one in (6.34).

6.5. From Momentum to Density Formulations

We link now the conformal kinetic equations (6.25) in momentum formulation
and the conformal kinetic equation (6.35) in terms of the density. To this end, we
start with the density function f given in (6.23) and compute its time derivative
in view of the conformal kinetic equations (6.25) in momentum formulation. This

reads

a:: = leQWH) = —(diVQﬁ<£X%H + cHnH))

0 (6.44)
= —diVQjj (ﬁxﬁﬂ) — (CHn)diVQﬂ(H),

where, keeping (6.23) in mind, the second term is equal to —cynf whereas the

first one needs a more detailed observation. To write the first term as a function
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of f we pair it with an arbitrary function using the Ls-pairing and compute

/ leQﬁ(ﬁ)(?{H)Kd[I, :/ <£X§{H,XK>CZ[I, :/ <£XH_CHZn,XK>d[L
M M M
= /M<£XHH,XK>d/JJ — CH /M<£ZH7XK>d,U/

(I, L, Xic)dpt + /M<H,£ZXK>du Ty /M(H,XK>div(Z)du

- M
- /M(H, X gy )dpt + cn /M(H, Xoyer )it + e /M<H, X )div(Z)dp
- /M divQ* (I){H, K} dp + cy /M<H, Xz(kye i )dp — ey /M<H, Xe)dp
_ /M{divm(n), HYS Kdp + cx /M<H, X))y — e(n — 1) /M<H, X )dp
— /M{divm(n), HYS Kdp + ey /M dive* (1) Z (K )du

—cy(n—1) /M divQ*(I1) K dp
= /M{divm(n), HYS Kdy — e /M Z(divQ¥ (I0)) K dys

- / (divQH (1)) K div(Z)dp — ex(n — 1) / divOH (I K dj

M M

— [ HYOKdu—en [ Z(DKduten [ fKndp—cutn—1) [ fKdp

= | (£ HYS = enZ(f) + enf) Kdp.

(6.45)
As a result, we have
dive (Lxg 1) = {f, H}® — ey Z(f) + cnf, (6.46)
via which we obtain
gf: = divO¥(IT) = —dive* (L 1) — (cym)divQ¥(IT)
(6.47)

={H, f} + enZ(f) — cu(n+ 1) .

This is exactly the same as the evolution of the density variable given in the first
line of (6.35). Let us perform a similar analysis for the real variable as well. We

thus compute the time derivative of the scalar variable established in (6.23) to
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arrive at
oc*
ot

_ /M<H’ Zydp = /M(£X%H,Z>du+ /M<an,Z)du
_ /M<LXH_CZH,Z>du+ /M<an, Z)dy
- /M<£XHH, Zydp — ¢ /M<£ZH, Z)dp + /M<cnn, Zdp
_ /M(H,ﬁxHZMu + c/M(H,EZZ)du

+o /M<H, Z2Vdiv(Z)dp + /M<an, Zydp
= /M<H,XZ(H>+H>du
- /M divQH(I) (Z(H) + H)dp

= | f(z) + Hyp.
which coincides with the evolution of the real variable given in the second line of

(6.35).

(6.48)

6.6. Kinetic Conformal Dynamics as Vertical Repre-

sentative

Now we refer to the definitions in Section (2.8) and Section (5.3). Based on these
sections, we establish the following Lie algebra homomorphisms, which describe

the relationship between particle motion and the motion of the continuum:

Particle = in (5.66) Lifted  in (5.81) Kinetic motion
motion, X motion, =(X) of fibers, U=(X).
(6.49)

We do note that this geometric path provides the geometrization of the conformal
kinetic dynamics in (6.25). For the autonomous cases, one reduces the mapping =
to the cotangent bundle and arrives at the momentum Vlasov dynamics in (6.29).
The conformal kinetic dynamics, formulated in terms of the vertical representative
of the collective lift of the conformal Hamiltonian vector field, can be expressed in
the following proposition.
Proposition 6.1: The conformal momentum-Vlasov dynamics (6.25) is the ver-
tical representative U=( X)) of the collective lift of the conformal Hamiltonian
vector field X§

" = —V=(X). (6.50)
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7. CONTACT KINETIC DYNAMICS

7.1. Contact Manifolds

Let M be an odd, say (2n + 1), dimensional manifold. A contact structure on M
is a maximally non-integrable smooth distribution of codimension one, and it is

locally given by the kernel of a one-form 7 such that

dn™ An # 0. (7.1)

Such a one-form 7 is called a (local) contact form [19, 22]. In the present
manuscript, we shall consider the existence of a global contact one-form. A
contact one-form for a given contact structure is not unique. Indeed, if n is a
contact one-form for a fixed contact structure, then An also defines the same
contact structure for any non-zero real-valued function \ defined on M. In short,
we call a (2n + 1)—dimensional manifold M as a contact manifold if it is equipped
with a contact one-form 7 satisfying dn™ A n # 0, and we shall denote a contact

manifold by (M, 7).
Given a contact one-form 7, the vector field R satisfying
trn =1, trdn =0 (7.2)

is unique, and it is called the Reeb vector field. There is, on the other hand, a
musical isomorphism b from the space of sections of the tangent bundle TM to

the sections of the cotangent bundle 7% M defined by
b X(M) — I''(M), Y — wydn+n(Y)n. (7.3)

It is worth noting that the image of the Reeb vector field R under the musical
mapping is the contact one-form 7. We shall denote the inverse of (7.3) by f.
Referring to this, we define a bivector field A on M as

Ala, B) = dn(o, 15). (7.4)
Referring to the bivector field A we introduce the following musical mapping
A THM) — (M), ar— Ae,a) =fa—a(R)R. (7.5)
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The kernel of the mapping A* is spanned by the contact one-form 7 so it fails to be
an isomorphism. A contact manifold (M,n) admits a Jacobi manifold structure
[37, 75], see [76] for a more recent exposition. This realization permits us to define

a Jacobi (contact) bracket
(F,H}'©) = A(dF,dH) + FR(H) — HR(F). (7.6)

See that the bracket satisfies the Jacobi identity but the Leibniz’s identity is

violated due to the last two terms (the Reeb terms) on the right-hand side.

Contact Hamiltonian Motion. For a Hamiltonian function H on a contact
manifold (M,n), there is a corresponding contact Hamiltonian vector field &5
given by

te,n=—H, te, dn = dH — R(H)n, (7.7)

where R is the Reeb vector field, and H is called the contact Hamiltonian function

[77-79]. We also have

(€q) = di — (R(H) + H). (7.8)

Dissipation. Let us denote a contact Hamiltonian system as a three-tuple
(M,n, H), where (M,n) is a contact manifold and H is a smooth real function
on M. A direct computation determines a conformal factor for a given contact
vector field via

Leyn = digyn+ 1, dn = —R(H)n. (7.9)

According to (7.9), the flow of a contact Hamiltonian system preserves the contact
structure, but it preserves neither the contact one-form nor the Hamiltonian

function. Instead, we obtain

L. H=-R(H)H. (7.10)

Being a non-vanishing top-form we may consider dn™ A 1 as a volume form on M.

The Hamiltonian motion does not preserve the volume form since

Le. (dn" An) = —(n+1)R(H)dn" An. (7.11)

Assuming the dimension of M to be 2n + 1, we compute the divergence of a
contact vector field as

div(¢g) = —(n+ DR(H). (7.12)
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However, it is immediate to see that, for a nowhere vanishing Hamiltonian function

H, the quantity H~™+Y(dn)™ A7 is preserved along the motion (see [80]).

A direct computation proves that the contact bracket and the contact vector field
are related as
{F HYO = —ue, 60 = —Legtegn + e, Legn
= —Le, (—F) + 1e, (~R(H)n) (7.13)
— ¢4(F) + FR(H).
This observation is important. We remark that the flow generated by the contact

vector field and the flow generated by the contact bracket are not the same.

Darboux Coordinates and Contactization of a Symplectic Manifold. We
start with an exact symplectic manifold (M, = —dO) and consider the principal
line bundle

(M,n) 2 (M, Q = —dO). (7.14)

For a local coordinate system z on the circle (which we shall consider being R),
and the Darboux coordinates (¢’,p;) on the symplectic manifold, the contact
manifold admits the Darboux coordinates (¢*, p;, z) on M. In this realization, the

contact one-form and the associated Reeb field are

n=dz:—0=dz—pdq, R= ;Z, (7.15)

where © is the pullback of the potential one-form on M. This suggests the
coordinates (q', p;, 2) on the contact manifold M. In this case, the volume form

dy on the contact manifold is computed to be
dp =dz Ndu (7.16)

where dpu is the symplectic volume in (2.6). The bivector A in (7.4) is computed

to be
0 0 0

= - A i— N\ .
oqt  Op; tr 0z  Op;

In terms of the Darboux coordinates, we compute the musical mapping A* in (7.5)

A

(7.17)

as

0 .
(o + piv) =— + a'pi—. (7.18)

A oydgt + aldp; + udz — o 5
Pi

oq B
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Then, in this local picture, the contact bracket (7.6) is
OF 0H OF 0H < . 8F> OH < . 8H> OF
= + i

B 3qi Op; Op; aqi

{F,H}© 7.19)

_piaT% 0. —piaii g(

A symplectic manifold M locally looks like a cotangent manifold. Accordingly,
without loss of generalization, one may substitute the symplectic manifold M with

the cotangent bundle 7*Q. In this case, the contact manifold M locally turns out
to be the extended cotangent bundle 7*Q x R.

7.2. Dynamics on Contact Manifolds

This subsection introduces two different dynamical vector fields that can be
determined on a contact manifold (M,n). To have these realizations, for a given
Hamiltonian function H, we first recall the contact Hamiltonian vector field

definition in (7.8) and write it as

¢ =t(dH) — R(H)R — HR. (7.20)

As we depict in the sequel, the space of such vector fields determines a Lie algebra
as a manifestation of the Jacobi manifold structure of the contact manifold. By
using only the first and third terms on the right-hand side we define a strict

contact Hamiltonian vector field as

Yy = #(dH) — HR. (7.21)

Let us now depict all the algebraic properties of these dynamics in detail.

Contact Diffeomorphisms and Contact Hamiltonian Vector Fields. For
a contact manifold (M,n), a contact diffeomorphism (contactomorphism) is the
one that preserves the contact structure. We denote the group of contact diffeo-

morphisms by [81]
Diffeon(M) = {¢ € Diff(M) : ¢'n =y, v € F(M)}. (7.22)

Here, Diff(M) is standing for the group of all diffeomorphism on M. Notice
that the existence of v in the definition manifests the conformal definition of the
contact structure. A vector field on the contact manifold (M, 7) is a contact vector

field (called also infinitesimal conformal contact diffeomorphism) if it generates
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a one-parameter group of contact diffeomorphisms. Accordingly, the space of

contact vector fields is given by
Xeon(M) = {X € X(M): Lxn=—\n, e F(M)}. (7.23)

Sometimes a contact vector field is denoted by a two-tuple (X, \) to exhibit
the conformal factor A. A direct observation reads from (7.9) that a contact

Hamiltonian vector field 5 is a contact vector field with conformal parameter

A =TR(H) so it belongs to0 Xcon—nam (M), for more details, see [77, 78, 82, 83]. In

this work, our interest is the space of contact Hamiltonian vector fields
Xconnam(M) = {gg € X(M): LN = —H, Le, dn = dH — R(}__[)n} (7.24)

This space is a Lie subalgebra of space of all vector fields as a manifestation of

the identity
€r:€a] = =& ayo- (7.25)
So, one may establish the following isomorphism from the space of real smooth

functions on M to the space of contact Hamiltonian vector fields
L (]:(M>7 {.7 .}(C)) — (xcon—ham(M)v - [.a .]) ’ H — §ﬁ (726)

Referring to the Darboux coordinates (¢°, p;, 2), for a function H = H(q', p;, 2),

the contact Hamiltonian vector field determined in (7.7) becomes

OH 0 OH OH 0 OH -\ 0
7 = - — -+ —pi | — i— — H | —. 7.27
$i Op; 0¢° (8(]1 + 0z p) Op; + (p op; ) 0z ( )
Thus, we obtain the contact Hamilton’s equations for H as
d¢ OH dp; OH  0OH d OH
¢ _ pi _ o4 L, h (7.28)

dt  Op;’ dt  Og Prg. dt " Op;
In particular, the Reeb vector field becomes R = 0/0z. The divergence of a
contact Hamiltonian vector field (7.12) is then

div(ég) = —(n+ D)R(H) = —(n + 1)%21. (7.29)

Contact dynamics finds many applications in various fields of physics especially

in thermodynamics see, for example, [84-88].

Quantomorphisms and Strict Contact Hamiltonian Vector Fields. Let

us consider a contact manifold (M,n). By asking the conformal factor v to be the
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unity for a contact diffeomorphism in (7.22), one arrives at the conservation of the
contact form ¢*n = 7. We call such a mapping as a strict contact diffeomorphism
(or a quantomorphism). For a contact manifold (M,7), we denote the group of

all strict contact diffeomorphisms as
Diffytcon(M) = {¢ € Diff(M) : ¢y = 1} C Diffeon(M). (7.30)

The Lie algebra of this group consists of so-called strict contact vector fields (or,

infinitesimal quantomorphisms, or infinitesimal strict contact diffeomorphism)
Xat—con(M) = {X € (M) : Lxn =0} C Xeon(M). (7.31)

Notice that for a given Hamiltonian function H, the contact Hamiltonian vector
field &5 defined in (7.7) is a strict contact vector field if and only if dH(R) = 0.

This reads the following space of strict contact Hamiltonian vector fields

Xat-con—tam(M) = {Yiy € X(M) : 1y, = —H, ty,dn = dH } C Xeon_nam(M).
(7.32)
Referring to the local realization in (7.15) given in terms of the Darboux coordi-
nates (¢', p;, 2), it is possible to see that to generate a strict contact Hamiltonian
vector field, a function H must be independent of the fiber variable z. For two
functions, those that are not dependent on the fiber variable z, the contact bracket
{e, 0} in (7.19) locally turns out to be equal to the canonical Poisson bracket

on the symplectic manifold M. Accordingly, a direct calculation reads that
Y, Yp] = =Yg, mp©0- (7.33)

Note that, one has the following identities in terms of the musical mapping b in

(7.3) and its inverse § as

b(Yg) =dH — Hn,  Yg=14(dH)— HR. (7.34)

Referring to the Darboux coordinates (¢', p;, z), for a Hamiltonian function H =

H(q', p;) independent of the fiber variable z, the strict contact Hamiltonian vector

field is

0H 9 9H O (azi_H)a

- % 1 . 7.35
= opog ~ og op ' \Uop, 0z (7.35)
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Thus, we obtain strict contact Hamilton’s equations as

dq’ B OH dp; oH dz oH

_ =22 =g . 7.36
at " op dt  og  at Pop (7.36)

See that this flow is divergence-free.

7.3. Contact Kinetic Dynamics in Momentum Formu-

lation

Let M be the extended cotangent bundle with the contact one-form 7. We shall
now determine the kinetic motion of contact particles. To this end, we shall lift

the particle motion.

The Dual Space of Contact Hamiltonian Vector Fields. Let us now

M) of the the space contact vector fields

con— ham(

X con—nam (M ) given in (7.24). We first note that X7

determine the dual space X7

M) is a subspace of the

con— ham(

space I''(M) ® Den (M) of one-form densities. To be more precise, we compute
the Lo-pairing (simply multiply-and-integrate) of an arbitrary contact vector field
¢7 with a one-form density II ® dpu. Making use of the identities of the Cartan

calculus, we obtain

(0@ digabe, = [(TEa)dp = [ (1, 2(dH) — (R(A) + HYR)dn

- —/ 411, d ) du+/ )+ H) (1, p)dp
:—/ Ll d,u+/R ﬁHndu+/HﬁH m
- —/dmﬁﬁdu —l—/LRdH $TL, ) djt + /H 411, )
— [ Hdugdy+ [(ETn)dl A ordy+ [ AL n)dp (7.37)
= [ Haugd ~ | Ha(eT ) A ey
— [ AL n)dirdp + [ H L n)dn
= [ 1 (div(eMdg — erd (L) = (L )div(R) + (1L ) )
= [ (A — Lrfefl,n) + (8110 )

where div stands for the divergence with respect to the contact volume du in

(7.16). Accordingly, once the volume form is fixed, the non-degeneracy of the
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pairing motivates us to define the dual space as
:onfham(M) = {ﬁ € F1<M) : le(ﬂﬁ) - ‘C’R<ﬂﬁ7 77> + <ﬂﬁ> 77> # O} U {O} (738)

We next recall the Lie algebra isomorphism H — &5 of (7.26). Identifying the
dual F(M) with the space of densities on the contact manifold, and fixing the

contact volume form, (7.37) determines the dual of (7.26) as

v :onfham<M> — f*(M)7 1:[ = f_ = le(ljﬁ) - £R<ﬂﬁa 7]> + <ﬂﬁ> 7I>
(7.39)
In terms of the Darboux coordinates (¢°, p;, z), we can compute the density function

f from (7.39) as follows. Consider a one-form section
I = Tdg’ + Midp; + 11.dz. (7.40)

Let us present the three terms on the right-hand side of (7.39) one by one. A

direct calculation reads the contact divergence of I as

_ oI ot - oI, ol o1’
iv(4II) o o n p s + ER +p E (7.41)
Then the second Lie derivative term is computed to be
_ _ I,

The third term is simply (#II,7) = II.. Adding all of these terms we arrive at the

definition of the density function

~ oI ol oI,  oIr -
N — (n— DIL. 7.43
=S (G -G ) - (7.43)
Coadjoint Flow on X’ . (M). Let, as above, Xcon_nam (M) be the Lie algebra

of contact vector fields with the opposite Jacobi-Lie bracket. That is,

ade, & = — [, Ep), (7.44)

which we consider to be the left adjoint action of Xon_pam (M) on itself. Now

dualizing the adjoint action, we arrive at the coadjoint action of Xcon_pam (M) on

its dual X} (M) as

con—ham

ad* : X con—nam (M) x X (M) — X3 (M),

con—ham con—ham

- ’ (7.45)
(adg 1L, &) = (11, ade, p).
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More explicitly, given an arbitrary field £z we have
(adg, T1,65) = (1L, ade, &) = — [{TL, [, &6)dp
= —/<ﬁ,55,q€ﬁ>@ = /<£§gﬁ + div(€y)TL, ) dpe (7.46)
- / (Lo, T — (n+ DR(A)TL &),

where we used (7.12) for the divergence of the contact vector field €. As a result,

the coadjoint action may be presented as

adg T = Le, 1T — (n+ 1)R(H)IL (7.47)
Being the dual space of a Lie algebra, X%, . (M) admits a Poisson bracket

called the Lie-Poisson bracket [6-8]. More precisely, given two functionals A and

B on X} (M) the Lie-Poisson bracket on X3 (M) is defined to be

con—ham con—ham

” _ _ 0B\ — _ 0A 6B\ —
{A, BYSonovon (1) = [ (T adgppon = )= = [(IL[5=. 52 ] ) (7.48)

where 0A/STI stands for the Fréchet derivative of the functional A. Given a
Hamiltonian functional H, the Lie-Poisson dynamics is governed by the Lie-

Poisson equations computed in terms of the coadjoint action, that is,
= — x* . —
IT = {II, H }Fcon-ham = —ad(m/&ﬁﬂ. (7.49)

In particular, for the Hamiltonian functional defined by means of the contact

vector field £z as
H(T) = [ (1, (7.50)
the Fréchet derivative §H /611 of H with respect to the momenta becomes the

vector field . In this case, the Lie-Poisson equation (7.49) takes the form of

M= —Le, T+ (n+ R(HL. (7.51)
Notice that this system governs the dynamics of one-form sections, which reside
in the dual space of contact Hamiltonian vector fields, defined on the contact
manifold. We refer to (7.51) as the contact momentum-Vlasov equation. It
represents an intermediate system that paves the way for what we call the kinetic
equations of contact particles. Before examining the kinetic equations in terms

of density functions, we will first focus on the strict contact case. Later, we will
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arrive at the kinetic equation of contact particles and relate it to the contact

momentum-Vlasov equation (7.51).

The Dual Space of Strict Contact Hamiltonian Vector Fields. Now we con-
sider the algebra (7.32) of strict contact Hamiltonian vector fields %St,con,ham(M ).
Similar to the calculation (7.37) done above, we compute the precise dual of this

vector space by means of Ly-pairing. Accordingly, we have

C@dn Yo, = [(SYndi = [ H(dvEE) + 0 )da. (752)

Once again, we fix the volume form. Then the non-degeneracy of the pairing

(7.52) leads us to define the dual space as
i connam(M) = {S € TY(M) : div(5) + (15,n) # 0} U{0}.  (7.53)

For the contact manifold M, consider the contactization bundle 7 : M +— M
over the symplectic base manifold M. A real-valued function H on the base
manifold can be pulled back to the contact manifold by means of the projection 7.
This gives a real-valued function 7% H which satisfies R(7*H) = 0. So that 7*H
generates a strict contact Hamiltonian vector field Y,«g. As a matter of fact, this
picture is generic for all functions on the contact manifold that do not depend on

the fiber variable. So we arrive at the following isomorphism
[: (‘F(M))v {.7 .}) — (xst—con—ham(M)a - [.7 .]) 3 H— Y:r*H (754)

The computation (7.52) provides the dual of this as

I :t—con—ham(M) — Den(M)v i = 51 <d1V<ﬁi) + <ﬁi, 7]>>d2 ® d,u,
(7.55)
where Den(M) is the space of densities on the symplectic manifold (M, €2). Ac-

cordingly, we have that the density function

flap) = [, (div(S) + (5, m))dz (7.56)
defined on the base manifold (that is the symplectic manifold) M. Referring to
the Darboux coordinates (¢*,p;) on M, and the induced Darboux coordinates
(¢°,pi, ) on M we compute the density function as

oxt 9%, ox, oxXt\ 0%, _
fla,p) = /S1 (aqi ~ oy P (8}% -3 ) + —(n— 1)Zz)dz. (7.57)
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Note that this distribution function is not in the form of a divergence of a vector

field, and thus is not normalized to zero.

Coadjoint Flow on X (M). Let, as above, Xg—con—nham (M) be the Lie

st—con—ham

algebra of contact vector fields with the opposite Jacobi-Lie bracket. That is,

ady, Yp = —[Yg, V5], (7.58)

which we consider to be the left adjoint action of X _con_nham (M) on itself. Now

dualizing the adjoint action, we arrive at the coadjoint action of %St_con_ham(]\Z/ )

on its dual X M) as

: (
st—con—ham

ad” : Xe—con_tam (M) x X (M) —s X (M),

st—con—ham st—con—ham

(ad; %, ) = (3, ade 7).

(7.59)

More explicitly, given an arbitrary field Yz we have

(ady, 5, Yp) = (%, ade, €p) = — /(i, Y, Yl)dp = /<L’YgiYﬁ>@- (7.60)
So we arrive at the coadjoint action as

ady ¥ = Ly, %. (7.61)

The dual space X, (M) has the Lie-Poisson bracket

st—con—ham

B, )= [(2[5 ] ) (762

and for a given Hamiltonian functional H, the Lie-Poisson dynamics is

= {2 H}x = —adyy, 55% = —Ly, %, (7.63)

st—con—ham

where we chose H(X) = [(X,Yj)du. This system governs the dynamics of one-

form sections, which are elements of the dual space X (M). We refer

st—con—ha
to (7.63) as the strict contact momentum-Vlasov equation. Notice that if the
contact Hamiltonian vector field in the contact momentum-Vlasov equation (7.51)
does not depend on the action variable z, then (7.51) reduces to the strict contact
momentum-Vlasov equation (7.63). In the following subsection, we will compute

the kinetic equations for both contact and strict contact cases in terms of the

density variable.
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7.4. Contact Kinetic Dynamics in Density Formula-

tion

Given a Hamiltonian function H on the contact manifold M, one may define two
particle motions on the manifold. One is due to the contact bracket given by
a = {a, H}, and the other is due to the contact vector field {5 given by a = £5(a).
In the symplectic framework, these two definitions coincide but not for the contact
geometry. So we treat these two situations one by one. Let us start with the

kinetic lift of the contact bracket motion.

Kinetic Lift of Contact Bracket Dynamics. In view of the contact bracket

(7.19) of smooth functions, let now
adgK = {H, K}© (7.64)

be the adjoint action of (M) on itself. As was noted above, we shall make use of

the identification F*(M) ~ F(M) with the dual space. This way, the coadjoint

action F(M) on F*(M) is computed from

JE YO K= [ (€a(F) + FR()) K
= [ R (1eyaF)d+ [ KER(H)dp
— [ KdF nigydp+ [ KER()dp
= — [ FaR A, du — [ FRAw,du+ [ KFR(H)dp
_ / Flie, di)dp — / FEdiv(Eg)dp+ / KER(H)dp
= — [ Fea(K)dp+ [ FR(n+)R(H) G+ [ KFR(H)dp
_ / Feq(K)dp + / FE(n+ OR(H)dp + / KER(H)dp

=~ [ P({K, HYO — KR()) + (n+2) [ FKR(H)dp

— [ PO KYd+ (n+3) [ PER(H)d,
(7.65)

that is,

/ (F, YO Ky = / F{H, KYOUi + (n+3) / FER(H)dp (7.66)
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for all smooth functions F, H, and K defined on the contact manifold M. Ac-

cordingly, the coadjoint action appears as

adiy f = —{H, f}'© — (n+3)fR(H). (7.67)

As discussed in the previous subsection, the dynamics on the density level is
determined through the coadjoint action. In particular, for the Hamiltonian

functional
_ / HFdu (7.68)
on F* ~ F, where H is the Hamiltonian function defined on the extended

cotangent bundle, the Fréchet derivative §H/§f becomes H. In this case, the

coadjoint flow may be computed to be

f=—ady, s57f = —adyf. (7.69)

Substituting the action in (7.67) into the coadjoint dynamics, we compute the

kinetic equation of contact particles as

f—{H, YO = (n+3)fR(H). (7.70)

Keeping in mind that the Lie-Poisson dynamics (7.51) in momentum variables
and the Lie-Poisson dynamics (7.70) are related with the Poisson mapping =
given in (7.39), the kinetic equation is computed in Darboux coordinates as
gf:_aﬁaf+aﬁaf <8f8H aHaf> (n+ )f7+7f,
ot Op; 0¢°  0q* Op; Op; 0z  Op; 0 0z
(7.71)

Kinetic Lift of Contact V-Field Dynamics. Given a contact vector field &z,

let us consider the linear mapping

U,

H

L F(M) — F(M),  (§q, K) = §a(K) (7.72)

that takes a function to its directional derivative along 5. A similar calculation

to the one presented in (7.65) hence yields
/ n(FYKdp = / F{H, KYOUi + (n+2) / FRR(H)du.  (7.73)

Accordingly, the dual of (7.72) is given by
U FU(M)— FY(M), [V (f) = {H 1D+ (n+2) fR(H). (7.74)
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We then define the dynamics generated by the dual action as

f=9: (F) = {H, [} + (n+2)JR(H). (7.75)

In terms of the Darboux coordinates (q¢’, p;, z), the kinetic dynamics turns out to
be

of OHOf OHOf <afaH aHaf> i )faH of

9 _ o of L 9 g
ot~ opog | o op, op; 0= Op: 0z 9

(7.76)

A Direct Calculation to Kinetic Dynamics. Instead of geometric construc-
tions, we may use a simplified method of derivation. Evolution of an observable
function a = a(q', p;, z) along the vector field reads

@—5—(@ OH da 8ﬁ+ OH da . 4y OH\ da
i W op; 0¢¢  \ d¢ Y0z 3pi l(‘?pi 0z

(7.77)

In order to construct the kinetic theory, we need to introduce the distribution

function f = f (¢%, s, z), which makes it possible to define the averaged functional

A(F) = [ ald'spis ) Fld' pis2) (7.78)
Evolution of this functional is on the one hand given by
dA da - —
— = iy 2)d L, 7.79
= - (d piy 2)dp (7.79)

while on the other hand, it can also be seen as an evolution of the distribution
function itself,

iy PG P (7.80)

dt ot

Rewriting the former expression in the form of the latter (integrating by parts

while dropping the boundary terms), we obtain (7.76).

Dynamics of Densities for Strict Contact Dynamics. Let us recall the
Poisson mapping in (7.55). This turns the contact kinetic dynamics in (7.70) and
in (7.75) to the Vlasov equation

f+{H f}¥ =0 (7.81)

where the bracket is the canonical bracket. The dynamics on the Lie algebra dual
of quantomorphisms can be thus seen as the standard dynamics of the distribution

function on the phase space of particles.
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7.5. A Hierarchy from Contact to Conformal Dynam-
ics

We have so far provided the generalizations of the Vlasov dynamics for conformal
and contact settings on a pure geometrical setting. To sum up and relate the
dynamical equations we obtained, we shall present in the present section the
hierarchy of the relevant Lie algebras (by means of Lie algebra homomorphisms)
of both the function spaces and the vector fields. We shall then dualize the Lie
algebra homomorphisms to arrive at the momentum and Poisson mappings between
different levels of descriptions, namely the reversible Hamiltonian dynamics, the
conformal Hamiltonian dynamics, and the contact Hamiltonian dynamics. For the
level of particle dynamics the relationship between the conformal and the contact

Hamiltonian dynamics discussed in, for example, [89, 90].

Lie Algebra Hierarchy. In order to begin with the contact geometry let us first
consider the extended cotangent bundle 7*M X R (as a contact manifold), along

with a contact Hamiltonian function
H(q',pi,2) = H(¢',pi) — c2 (7.82)

on it. Then, the contact Hamiltonian dynamics (7.28) takes the particular form

dq" OH dp; oOH d oH ;
7 _ b S o, d—j =rig, ~ Hd,p)+ez (783)

dt — Op;’ dt  0q

The first two equations of (7.83) can be projected to the cotangent bundle T*M,
which gives a reduction to the conformal Hamiltonian dynamics (6.11). In order

to conduct further analysis, we consider two functions
F(ql,p“Z) = F(qlapz) — CFZ, H(QlaphZ) = H(qlapz) — CHZ, (784)
and compute their contact bracket (7.19) as

{F,H}'9) ={F — ¢pz, H — cyz}©
= {F, H} — cy{F, 2} — cp{z, H}'O + cpeg{z, 21O (2:85)
={F, HS — cy{F, 2} — cp{z, H}O

= {F,H}® — cy(F + Z(F)) + cp(H + Z(H)),
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where the contact bracket reduces to (the pullback of) the canonical Poisson
bracket in the third line. A direct comparison of (7.85) with (6.19) reveals that
they look very similar. Accordingly, the choice of the Hamiltonian function (7.82)
motivates us to determine the Lie algebra homomorphism (more precisely, an

embedding)

E:F(T*M) xR — F(T*M x R), (H,cy) — H(q¢',pi,2) = H(¢",ps) — cuz,

(7.86)
endowing F(T*M) x R with the Lie algebra bracket in (6.19), and F(T*M x R)
with the contact bracket in (7.19).

It is possible to carry this Lie algebra homomorphism to the level of vector fields.
To this end, we employ the isomorphisms (7.26) and (6.18) on the domain and the

range of (7.86) in a respected manner to arrive at the Lie algebra homomorphism
T Xpam (T M) X R — Xeon—nam(T"M x R), Xg—£&q (7.87)

where H is the contact Hamiltonian function in (7.82). Finally, in view of
the canonical inclusions of the Lie algebras Xpam(7*M) and F(T*M) into their
extensions Xpam (7" M) xR and F(T* M) xR, we present the following commutative

diagram.
T in (7.87)
Xham (T*M) ——— Xpam(T*M) x R Xcon—ham(T*M x R)
® in (6.26) ®° in (6.18) W in (7.26)
F(T*M) —— F(T*M) xR = (756) F(T*M x R)
(7.88)

Poisson Maps Hierarchy. Let us next dualize the Lie algebra homomorphisms
that appear in the above diagram. To this end, we consider a density function
f = f(q', pi, 2) in the dual space F*(T*M x R) and examine the mapping Z in
(7.86). We thus obtain the dual mapping

=*: FHT*M x R) — F*(T*M) x R*,

f(d pi,2) — (/Rf(qimhz)dz’/T (7.89)

2@ pi ).

*M xR

Let us remark that the first term on the range is indeed in F*(7*M), while the

102



second one is a real number in R* ~ R. More precisely,

f(d',p) r=/Rf(qi,pi,2)dz> ¢ = 2f(d',pi, z)dp. (7.90)

T*MxR

Let us note also that (7.89) being a dual of a Lie algebra homomorphism, the
moments (7.90) constitute a Poisson map. Therefore, we can argue that the
moments in (7.90) map the coadjoint flow (7.70) on the contact level to the
coadjoint flow (6.35) on the conformal Hamiltonian geometry. In terms of one-

forms, given II = IT;dg* + IT'dp; + I.dz we have the projection

(g po) = [ Wla'p2)dz, (¢ p) = [ (¢ pi2)dz L =0,
(7.91)
These maps take the kinetic dynamics in (7.51) to the kinetic dynamics in (6.25).
All these dynamics and projections may now be summarized through the following

commutative diagram.

Con formal Contact
M — Vliasov
(6.29) = M — Vliasov @) M — Vlasov
(6.25) (7.51)
®* in (6.27) J/qw* in (6.21) J{xy in (7.39)

Con formal Contact

Viasov l l

— Viasov — <——-—~—— Vlasov
(6.38) 0 (7:80)

(6.35) (7.76)
(7.92)
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8. CONCLUSIONS

In this thesis, we introduce locally conformally symplectic, conformal, and contact
manifolds. Additionally, we explore discrete dynamics on locally conformally
symplectic manifolds and present the kinetic theory of locally conformal dynamics,

as well as conformal and contact dynamics.

In the second chapter, we provide the fundamental definitions of symplectic and
Poisson manifolds, along with Hamiltonian and Lagrangian dynamics. Further-
more, we introduce Lie algebras and Lie-Poisson dynamics. We also present Jacobi

manifolds, as well as the complete lift and jet decompositions of a vector field.

In the third chapter, we introduce locally conformally symplectic manifolds
and locally conformal Hamiltonian dynamics. We provide a locally conformally
symplectic manifold as an example of a Jacobi manifold. Furthermore, we derive

the locally conformal Euler-Lagrange (LCEL) equations.

We also analyze locally conformal systems from the perspective of discrete dynamics
in the fourth chapter. We examine discrete dynamics in the context of locally
conformal Lagrangian and Hamiltonian systems; see [63]. In this setting, we
present discrete locally conformal Euler-Lagrange and Hamiltonian equations.
Subsequently, we extend this approach to second- and third-order cases, obtaining

Lagrangian dynamics for higher orders.

In the fifth chapter, we develop the kinetic theory of locally conformal dynamics.
We derive the locally conformal momentum-Vlasov equation and the locally

conformal Vlasov equation, see details in [91].

In the sixth chapter, we introduce conformal Hamiltonian dynamics and the Lie
algebra of conformal vector fields. Additionally, we present the formulation of

conformal kinetic dynamics.

We explore contact manifolds and contact dynamics in the seventh chapter.
Furthermore, we derive the Vlasov dynamics in the contact setting, extending the
kinetic theory to this geometric framework. For more information on conformal

and contact settings, see [92].
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APPENDICES

APPENDIX A: DOUBLE CROSS SUM LIE ALGEBRAS

The present section of the appendix contains the construction of a Lie algebra out
of two Lie algebras g and h, admitting mutual actions

>:h®g—g, nR®{—rE  <:b®g—b, nei=nag  (Al)
which are assumed to satisfy

N> [€,&l =6 6L &l +<é) > — (<) > &,

A2
[1,m2] VE = [n,me <E 4 [m <& me] +m < (n2 > &) —n2 < (> §). (4-2)

Such a pair (g, h) of Lie algebras is called a matched pair of Lie algebras, see for
instance [93], see also [94]. Then the vector space direct sum g @ b happens to be
a Lie algebra along with the bracket given by g & b as

[(&1m), (&osm2)] = ([&1, &) +m> & —na> &y [yl +m <& —m2<9&)  (A3)

for any (&1,m), (§&2,72) € g @ bh. The Lie algebra g > b := g & b is called the
double cross sum of the pair (g, b).

Double cross sum construction extends the semi-direct sum construction. Indeed,
choosing for instance the right action in (A.3) to be trivial, that is n<¢ = 0 for
all £ in g and 7 in b, and letting the Lie algebra b to be trivial, that is [y, 72] =0
for all m; and 7, in b, we see at once that the bracket (A.3) reduces to

[(&1,m), (E2,m2)] = ([§1, &) +m>& —me>&1,0). (A4)

Physically the double cross sum construction corresponds to the collective motion
of two dynamical systems. The Lagrangian (Euler-Poincaré) dynamics on double
cross sum Lie algebras were studied in [95-97], and it is followed by the analysis
of the Hamiltonian dynamics on the dual spaces of double cross sum Lie algebras,
[98]. The case of discrete dynamics, on the other hand, has been treated in [99].
The present work, along these lines, concerns the coadjoint flow on the dual space
of a double cross sum Lie algebra.

In order to formulate the coadjoint action of a double cross sum Lie algebra on
its dual space, we shall now fix a number of notations.

Fixing the algebra element £ € g in the left action we define the linear operation
be:bh—g, n—neé. (A.5)
Then, for an arbitrary ¢ € g*, the dual of the mapping b, is obtained to be

be™ 1 g" =%, (b7¢,m) = (C, ben). (A.6)
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Next, we dualize the left action of h on g into a dual right action of h on g*, which
may be given as

an:gt =g, (—Can, {Can &) = (). (A.7)

The linear algebraic dual of the adjoint action gives the coadjoint action. The
dual of (A.4) is then given by

<ad>(k§1,m)<<7 V)v <§27 772>> = Ca V)? ad(fl,n1)<§27 772>>
(¢ 1), ([61, &) +m > & —m2>&61,0))
G 61, &) +m>& —nar &)

adg, ¢, &2) + <C2771,§2> — (bg, ¢, m2)-

To sum up, for given any (£,7) € g ® bh and any (¢,v) € g* @ h*, the coadjoint
action may be formulated as

{
g s
{

adfe,(C,v) = (adi¢ + ¢ an, —bE(). (A.9)

Finally, given a Hamiltonian functional H = H((,v) on the direct sum g* @ b*,
the Lie-Poisson equations (1.8) turn out to be

. « 0H
(= —adsu(—(C<d—,
ov

o¢
. *
V= ﬁga
o¢

(A.10)

which is the abstract evolution equation for ¢ and v.
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